INAUDIBILITY OF SIXTH ORDER CURVATURE INVARIANTS

TERESA ARIAS-MARCO AND DOROTHEE SCHUETH

ABSTRACT. It is known that the spectrum of the Laplace operator on functions of a closed Rie-
mannian manifold does not determine the integrals of the individual fourth order curvature in-
variants scal?, |ric|?, |R|?, which appear as summands in the second heat invariant az. We study
the analogous question for the integrals of the sixth order curvature invariants appearing as sum-
mands in as. Our result is that none of them is determined individually by the spectrum, which
can be shown using various examples. In particular, we prove that two isospectral nilmanifolds of
Heisenberg type with three-dimensional center are locally isometric if and only if they have the
same value of |[VR|?. In contrast, any pair of isospectral nilmanifolds of Heisenberg type with
centers of dimension r > 3 does not differ in any curvature invariant of order six, actually not
in any curvature invariant of order smaller than 2r. We also prove that this implies that for any
k € N, there exist locally homogeneous manifolds which are not curvature equivalent but do not
differ in any curvature invariant of order up to 2k.

1. INTRODUCTION

Let (M,g) be a closed Riemannian manifold. The eigenvalue spectrum (with multiplicities) of
the associated Laplace operator Ay = —divggrad, acting on smooth functions is classically known
to determine not only the dimension and the volume of (M, g) (by Weyl’s asymptotic formula),
but also the so-called heat invariants ag(g),a1(g),a2(g),.... These are defined as the coefficients
appearing in Minakshisundaram-Pleijel’s asymptotic expansion

Tr(exp(—tAg)) ~ (4mt) HmMZ52% a.(g)td  for £\, 0.
Here,
ao(g) = vol(M, g),
ai(g) = % s scal dvolg,
as(g) = W}O fM(5sca12 — 2|1fic|2 + 2|R|2)dvolg,

where scal, ric and R denote the scalar curvature, the Ricci tensor and the Riemannian curvature
tensor of (M, g), respectively. In general, each a4(g) is known to be the integral of some curvature
invariant of order 2q on (M, g); see, e.g., [5].

By definition, a curvature invariant is a polynomial in the coefficients of the Riemannian cur-
vature tensor R and its covariant derivatives VR, V2R, ..., where the coefficients are taken with
respect to some orthonormal basis of the tangent space at the point under consideration, and
the polynomial is required to be invariant under changes of the orthonormal basis. Following
the definitions, e.g., in [10], such an invariant is called an invariant of order k if it is a sum of
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terms each of which involves a total of k derivatives of the metric tensor. Each occurrence of R
or any of its contractions involves two derivatives; each occurrence of V adds one more deriva-
tive. (See the proof of Proposition 4.12 below for a more explicit description.) So, for example,
|[VR|? = (VR,VR) is a curvature invariant of order six.

It is well-known that each nonzero curvature invariant must be of even order (see [10]), and
that bases for the space of curvature invariants of order two, resp. four, are given by

{scal}, resp. {scal?,|ric|?, |R|?, Ascal}.

Note that [,, Ascal = 0, but each of the remaining three elements of the above basis of the
space of curvature invariants of order four does appear in the linear combination constituting the
integrand of as(g).

Two closed Riemannian manifolds are called isospectral if their Laplacians have the same eigen-
value spectra, including multiplicities. A geometric property or quantity associated with closed
Riemannian manifolds is called audible if it is determined by the spectrum. By the above, each
aq is audible; in particular, as(g) = az(g’) for any isospectral manifolds (M, g), (M',g¢’). So the
integral of 5scal® — 2|ric|? 4 2| R|? must be the same for both manifolds.

This does not hold for the individual terms in this linear combination: In [14], the second author
gave the first examples of isospectral manifolds that showed that the integrals of scal? and |ric|?
are inaudible; other examples in [15] showed the same for the integral of |R|?.

The aim of this paper is to prove similar results for sixth order curvature invariants. Note the
following formula for as(g) which was proved by T. Sakai in [13]:

a3(9) = gma55 Jas (—142|Vscal|* — 26| Vric|> — 7|V R|?* 4 35scal® — 42scal|ric|® + 42scal | R|?

— 36Tr(Ric) + 20(x) — 8(xx) + 24R) dvoly;
for the definition of the curvature invariants denoted here by (%), (%), R (and two more, R
and (xxx)), we refer to (2) in Section 2.

It is already known that the integral of the individual term |Vscal|? can indeed differ in pairs of
isospectral manifolds: C. Gordon and Z. Szabo constructed pairs of isospectral closed manifolds
one of which has constant scalar curvature, while the other has nonconstant scalar curvature;
see [8].

In this paper, we will show that for each of the individual summands in (1), there exist examples
of isospectral manifolds differing in the integral of that curvature invariant. The most interesting of
these is arguably |V R|? which vanishes if and only if the manifold is locally symmetric. Although
we do not know of any example proving inaudibility of local symmetry, we do show that the
integral of [VR|? is inaudible.

For a few of the sixth order curvature invariants, inaudibility will follow already from known
examples of isospectral manifolds. To study the remaining ones, we will use a certain class of locally
homogeneous manifolds, namely, Riemannian two-step nilmanifolds. These are quotients of two-
step nilpotent Lie groups, endowed with a left invariant metric, by cocompact discrete subgroups.
By local homogeneity, each curvature invariant is a constant function on such a manifold. We
develop some general insight into the structure of the curvature invariants of Riemannian two-step
nilmanifolds (Proposition 4.12) and give explicit formulas for the fourth and some of the sixth

order curvature invariants in this setting (Lemma 4.6, Lemma 4.7). For |VR|?, R and R we give
only partially explicit formulas (Lemma 4.13). These formulas will, however, be sufficient to show

inaudibility of [ |[VR[?, [ R and [ R by using isospectral pairs of nilmanifolds of Heisenberg type.
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The latter constitute a special class of Riemannian two-step nilmanifolds and were introduced
by A. Kaplan; the very first example of isospectral, locally nonisometric Riemannian manifolds
found by C. Gordon [6] in 1993 was a pair of nilmanifolds of Heisenberg type. Within this class,
we prove, in particular, the following results:

e For any pair of isospectral nilmanifolds of Heisenberg type with three-dimensional centers of
the underlying Lie groups, equality of the value of (the constant function) |V R|? on these manifolds

is equivalent to local isometry; the same holds for Rand R (Theorem 5.7). Since isospectral, locally
nonisometric pairs of this type exist, this implies inaudibility of these curvature invariants.

e A pair of isospectral nilmanifolds of Heisenberg type where the dimension of the centers of
the underlying Lie groups is r can never be distinguished by the value of any curvature invariant
of order 2¢ < 2r (Theorem 5.6).

e Two locally nonisometric nilmanifolds of Heisenberg type are never curvature equivalent,
meaning that there is no isometry of the associated metric Lie algebras intertwining the Riemann-
ian curvature tensors (Proposition 5.9). In particular, for any k € N there exist pairs of locally
homogeneous manifolds which are not curvature equivalent, but do not differ in any curvature
invariant up to order 2k (Theorem 5.11).

This paper is organized as follows:

In Section 2, we present some background information about space of sixth order curvature
invariants, introducing a commonly used basis for this space and explaining certain integral rela-
tions between the basis elements. We also observe that for some of the basis elements, it already
follows from known isospectral examples that their integrals are not audible.

In Section 3, we review Riemannian two-step nilmanifolds, a method from [9] for obtaining
isospectral pairs in this class, and some examples. In the case of Heisenberg type nilmanifolds, we
explain the general relation between isospectral, locally nonisometric examples and the existence
of nonisomorphic modules for the Clifford algebra associated with the centers (Remark 3.8).

In Section 4, we gain insight into the structure of the curvature invariants in the general two-step
nilpotent setting (Proposition 4.12), give formulas for the curvature invariants of order two and
four (Lemma 4.6), and also for several curvature invariants of order six (Lemma 4.7, Lemma 4.13).
Those proofs which involve somewhat lengthy calculations are deferred to the Appendix. Applying
the formulas, we prove inaudibility of [ Tr(Ric®), [ |Vric|?, [(x), [(3*), [ (+**) using the examples
from Section 3. As an aside, we also give an example where the isospectral manifolds differ in
|ric|? and in |R|?; although inaudibility of [ |ric/* and [ |R|*> was already known, this is the first
such example in the class of nilmanifolds.

In Section 5 we study the structure of curvature invariants in the special class of Heisenberg

type nilmanifolds. We prove inaudibility of [ IVR|?, J R, i R and the other results mentioned
above (Theorem 5.7, Theorem 5.6, Proposition 5.9, Theorem 5.11).

2. PRELIMINARIES

Let (M, g) be a closed Riemannian manifold of dimension n with Levi-Civita connection V. Let R
be the associated Riemannian curvature tensor; our sign convention is such that

R(X,Y)=Vixy| - [Vx,Vy].

We denote by scal, ric, and Ric the scalar curvature, the Ricci tensor, and the Ricci operator,
respectively.

It is well-known that the space of curvature invariants of order six has dimension 17 provided
that n > 6 (see [10]). A basis for this space (and still a generating system in lower dimensions n)
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is the following, using index notation with respect to local orthonormal bases and the Einstein
summation convention:

scal®, scal|ric|?, scal|R|?, Tr(Ric?), (%) := ricigric;i Rijki, (%%) 1= 1icij Ripgr Ripgr,
R = RijiaRuipqRpqijs B = RixjiRipiqRpigs, |Vscall?, [Vric®, [VR|?,
(k) == Vric, Viricj, scal Ascal, AZscal, (Aric, ric) = —ricijVikricij,
<VQSC31,riC> = (V?jscal) I‘iCz‘j, <AR, R> = _Rijklv?;pRijkl-

The integrals of seven of the invariants in this basis either vanish or can be expressed as a linear
combination of integrals of certain others: First, note that (with our sign convention for A)

Joy A%scal = [},(VAscal, V1) =0,
[3 scal Ascal = [, |Vscal|?,

[3 (Qric, ric) = [, |Vric|?,
fM<AR7 R) = fM IVRJ%.

Three more relations are give by the following proposition:

(2)

(3)

Proposition 2.1.
i) [ VQScal ric) = —1 [, [Vscal|?,
(i) [y (%) fM( |Vscal|? — Tr(Ric?) + (x)),
(i) [y, R= S (3| Vscal|? — |Vric|? + F|[VR[* — Tr(Ric®) + () + 5 (xx) — iR)

Proof. From [10], formula (2.19) we have

Vf‘ﬂjscal A?scal + 1| Vscal|? + (VZscal, ric).
From this we derive (i) by integrating and using the facts that | M AZscal = 0 and, analogously,
I ijijscal = 0. For (ii), we first notice that

fM(V?jricik)ricjk = — [ (Vjrica, Viricjp) = — [}, (xxx).

Moreover, formula (2.16) from [10] says

(V Tic )ricjy = $(V?scal, ric) + Tr(Ric®) — (x).
Therefore, we obtain (ii) by integrating this on both sides and using (i). Finally, formula (2.20)
from [10] is

Vi prics = —A scal + 2|Vscal|2 2| Vric|? + 2(V?scal, ric) + (Aric, ric) 4 3(s#x)
+ 2Tr(Ric®) - 2(+) + § (AR, R) + 3(+) — B — {R.

To obtain (iii), we first integrate this on both sides and again use the facts that [, A?scal = 0
and [}, V?jkiricjk = 0. Then we use the two last equalities of (3) as well as (i) and (ii). O

ijki

On the other hand, note that each of the remaining ten curvature invariants does appear in
formula (1) for the third heat invariant. Now, for each of the ten expressions

[ag | Vscall?, [, |Vric|?, [, IVR|?, [, scal®, [, scallric|?, [, scal|R|?,

Jor Te( Ric?) )y Sar () [a (%), fo%

constituting ag one can ask whether its integral is audible; i.e., whether it is determined by the
spectrum of the Laplace operator on functions. Since a choice of basis was involved, the analogous

(4)
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question might of course be asked for any fixed linear combination other than that appearing in (1),
such as, for example,

(5) Jog Go5), [y B

from the left hand sides in Proposition 2.1. The most interesting of the above invariants is the
integral over |VR|?: It is zero if and only if the metric is locally symmetric. Although we do not
know any examples showing that local symmetry itself is inaudible, we will indeed prove that the
value of |[VR|? is inaudible. For sake of completeness, we will prove that actually none of the
twelve integrals just mentioned is audible.

Remark 2.2. For a few of these this is obvious already from known isospectral examples:

(i) As already mentioned in the Introduction, in [8] a pair of isospectral closed manifolds was
constructed with the property that one of them had constant scalar curvature while the other did
not; in particular,

[is | Vscal|? is not audible.

(ii) In [7], continuous families of isospectral metrics were constructed with the property that
the maximal value of the scalar curvature changes during the deformation. More specifically,
Example 8 of that paper gave a family of isospectral metrics g(t), t € [0, %] on M = S° x (R?/7?)
whose volume element coincides with the standard one and whose scalar curvature at (x,z) €
S5 x T? depends only on = € S® and is equal to (using Proposition 6 of [7])

13 1
—— +5-44 =((2 - 5t)2] + 23 + (4 + 8t)z3 + 427 + (10 — 3t)z3 + 9z

2 2
+ 21/5t — 40tz 25 — 2V 15tz 25 + 24/ 3t — 24t223725).

The integral of the third power of this expression over x € S® is a nonconstant function of ¢. More
precisely, this integral turns out to be a polynomial in ¢ with leading term ¢3- (454 — 1358 + (90 —
720)C), where A := [gsaldx = [gsa§du, B = [g rix2dr, C = [ss #1323 dw; we have B = 3C
and A = 15C, so 454 — 135B — 630C = —360C # 0. In particular,

f M scal® is not audible.

(iii) In [15], continuous families of left invariant isospectral metrics g; on certain compact Lie
groups G were constructed. By homogeneity, the functions scal(g;), |ric|?(g¢), | R|*(g¢) are constant
on G for each fixed t. Since ag(g:) = vol(gs) is constant in ¢, it follows by considering a1(g;) =
%fG scal(g;) that scal(g;) is constant in t, too. However, as shown in [15], the term |ric|?(g;) is
nonconstant in ¢ in these examples; by considering as(g;) it follows that |R|?(g;) is nonconstant
in ¢, too. Hence, these examples show that

[iy scallric|? and [, scal|R|? are not audible.

(iv) In the following, we will show the same for the remaining eight invariants from (4) and (5). For
this, we will be able to use isospectral pairs of locally homogeneous isospectral manifolds (more
precisely, pairs of isospectral, locally non-isometric two-step nilmanifolds). In this case, each
curvature invariant is a constant function on the manifold. Therefore, and since two isospectral
manifolds have the same volume, proving that the integral of a certain curvature invariant is
different for two given locally homogeneous isospectral manifolds amounts to showing that they
differ in the (constant) value of the curvature invariant itself.
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3. ISOSPECTRAL TWO-STEP NILMANIFOLDS
Let v :=R™ and 3 := R" be endowed with the standard euclidean inner product.

Definition 3.1. With any given linear map j : 3 3 Z — jz € s0(v), we associate the following
objects:

(i) The two-step nilpotent metric Lie algebra (g(j), ( , }) with underlying vector space R™*" =
v®3, endowed with the standard euclidean inner product ( , ), and whose Lie bracket [ , Y
is defined by letting 3 be central, [v,0]? C 3 and (jzX,Y) = (Z,[X,Y]?) for all X,Y € v
and Z € ;.

(ii) The two-step simply connected nilpotent Lie group G(j) whose Lie algebra is g(j), and
the left invariant Riemannian metric g(j) on G(j) which coincides with the given inner
product (, ) on g(j) = T.G(j). Note that the Lie group exponential map exp’ : g(j) —
G(j) is a diffeomorphism because G(j) is simply connected and nilpotent. Moreover, by
the Campbell-Baker-Hausdorff formula, exp’ (X, Z) - exp? (Y, W) = exp/ (X + Y, Z + W +
X, Y)) for all X,Y €vand Z, W €.

(iii) The subset I'(j) := exp’(Z™ @ $Z") of G(j). If j satisfies [Z™,Z™]9 C Z" then the
Campbell-Baker-Hausdorff formula implies that I'(j) is a subgroup of G(j); moreover, this
subgroup is then discrete and cocompact.

Remark 3.2. (i) Note that each Riemannian two-step nilmanifold is locally isometric to some
(G(j4),9(j)): In fact, each simply connected, two-step nilpotent Lie group G, endowed with a left
invariant metric g, can be viewed as some (G(j),¢g(j)). Namely, let 3 be a linear subspace of the
metric Lie algebra (g, g.) associated with (G, g) such that [g,g] C 3 C 3(g), let v be the orthogonal
complement of 3 w.r.t. g., and define j : 3 — so(v) by 9(jzX,Y) = g(Z,[X,Y]).

(ii) Asis well-known, G(j) admits uniform discrete subgroups I if and only if there ezists a basis
of g(j) such that the corresponding structure constants of [ , 7 are rational. Even if this is a case,
then T'(j) from Definition 3.1(iii) might not be a subgroup. We will use I'(j) in Proposition 3.4
below and in explicit examples, while allowing other I' in general statements.

(iii) The group O(v) x O(3) acts on the real vector space of linear maps j : 3 — s0(v) by

((4,B)j)(Z) = Ajp-1(5 A"

We call j and j' equivalent if there exists (A4, B) € O(v) x O(3) such that j* = (A, B)j. In that case,
(A, B) provides a metric Lie algebra isomorphism from (g(j), ( , )) to (g(5'),(, )). This condition
is also necessary: The metric Lie algebras (g(j),( , )) and (g(j'),( , )) are isomorphic if and only
if j and j' are equivalent (see [9]). This, in turn, is equivalent to (G(j),¢(j)) and (G(5'),9(5"))
being isometric by a result from [17] concerning nilpotent Lie groups. Moreover, isometry of
(G(5),9(5)) and (G(5'),9(5")) is equivalent to local isometry of pairs of quotients (T\G(j), 9(j)),
(T"\G(j"),9(j")) of these groups by any choice of discrete subgroups I',I”, provided the quotients
are endowed with the associated Riemannian quotient metrics. These quotient metrics are again

denoted g(7), resp. g(j').
Definition 3.3.
(i) Two linear maps j,j7 : 3 — so(v) are called isospectral if for each Z € 3, the maps
Jz.jy € so(v) are similar, that is, have the same eigenvalues (with multiplicities) in C.
Since each jz is skew-symmetric, this condition is equivalent to the following: For each
Z € 3 there exists Az € O(3) such that j7, = AZjZA;. Note that Az may depend on Z.
(ii) Two lattices in a euclidean vector space are called isospectral if the lengths of their ele-
ments, counted with multiplicities, coincide.
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The following proposition is a specialized version of a result from [9]; see [16], Remark 2.5(ii)
for an explanation about how to derive it from the original, more general version.

Proposition 3.4 ([9] 3.2, 3.7, 3.8). Let j,j’ : 3 — s0(v) be isospectral. Assume that both [Z™, 7™}’
and [Z", 2" are contained in Z'. For each Z € 7" assume that the lattices ker(jz) N Z™ and
ker(j7,) N Z™ are isospectral. Then the compact Riemannian manifolds (I'(j)\G(j),9(j)) and
(T(FH\G(5"),9(3")) are isospectral for the Laplace operator on functions.

Example 3.5. Let m := 4, r := 3, and for Z = (c1,c2,c3) € 3 = R3 let jyz, resp. jy, be the
endomorphism of v = R* given by the matrix

0 —2c1 —2¢co —2c3 0 —c1 —co —c3

gi; c?), 7003 —cgl ) resp. i; 2(6]3 7%)63 —22051 )

2c3 —c2 C1 0 c3 —2c2 2c1 0
with respect to the standard basis of R%. This pair of maps 7,j’ is a special case of an example
from [9]. The eigenvalues of both jz and j}, are {£i|Z|,£2i|Z|}, each with multiplicity one if
Z # 0; so j and j' are isospectral. Moreover, ker(jz) = ker(j,) = {0} for Z # 0. Therefore,

all conditions from Proposition 3.4 are satisfied and (I'(j)\G(j),9(4)), T(G)H\G('),9(j")) are
isospectral. In Section 4 (see Corollary 4.3), we will use this example to show inaudibility of

[as Tr(Ric?).

Example 3.6. Let m := 5, r := 3, and for Z = (c1,c2,c3) € 3 = R3 let jyz, resp. jy, be the
endomorphism of b = R® given by the matrix

0 0 0 —c3 co 0 —c3 O 0 0
0 0 c3 0 —c1 cg O 0 0 0
0 —c3 0 O 0 , resp. 0 0 0 —c3 c2 ,
cg 0 0 O 0 0 0 ¢33 0 —c1
—co ¢c1 0 O 0 0 0 —c2 1 0

with respect to the standard basis of R%. In [16], it was shown that this pair of maps j,j’
satisfies the conditions of Proposition 3.4, so (I'(4)\G(5), 9(j)) and (I'(')\G(5),9(j")) is a pair of
isospectral eight-dimensional manifolds. This pair of manifolds was used in [16] to demonstrate
that integrability of the geodesic flow is an inaudible property. In Section 4 (see Proposition 4.8)
we will use it to prove inaudibility of

fM|Vric|2, fM(*), fM(**), and fM (x5k).

Example 3.7. If j,5' : 3 — so(v) are both of Heisenberg type, that is, if j2 = j7? = —|Z|*1d,
for all Z € 3, then j and j’ are obviously isospectral because the eigenvalues of both of j; and
Jty then are +i|Z], each with multiplicity (dimv)/2. Moreover, ker(jz) = ker(j%) = {0} for all
Z # 0. Therefore, if the matrix entries of each jz, with respect to {Xi,...,X,,} are integer,
then all conditions of Proposition 3.4 are satisfied and (I'(j)\G(5),9(5)), (T(7)\G('),9(j")) are
isospectral. Note that it was such a pair of manifolds which Gordon constructed in [6] as the very
first example of isospectral, locally non-isometric manifolds; in the notation of Remark 3.8 below,
these were the ones associated with j = ,0‘((5270) and 7' = p?’L1 .

In Section 5 below we will use pairs of isospectral nilmanifolds of Heisenberg type to prove
inaudibility of

[uIVRZ, [, R, and [, R.
More precisely, we will show that for any pair N = (T\G(j),9(4)), N' = (I'\G(j'),9(j")) of
isospectral nilmanifolds of Heisenberg type we have the equivalences

(6) fN’VRP:fN/ ’VR‘Q@INRZIN'R*:)INRZIN' R,
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and, in case dimj = 3, that each of these equalities is equivalent to local isometry of N and N’
(see Theorem 5.7). Since there do exist locally nonisometric isospectral examples with dimj = 3,
this will prove the desired inaudibility statements.

On the other hand, in case dimz > 3 we will show that the three equalities from (6) are always
true, regardless whether N and N’ are locally isometric or not. Even more, the integral of each
of the sixth order curvature invariants occurring in ag will coincide for isospectral pairs N, N’ if
dimg > 3; actually, the same will hold for any curvature invariant of order strictly smaller than
2dimj (see Theorem 5.6).

Remark 3.8. Locally nonisometric pairs of isospectral nilmanifolds of Heisenberg type with r-
dimensional center of the underlying Lie group exist precisely for r = dimz € {3,7,11,15,...}.
More precisely:

(i) By the condition j2 = —|Z|*Id,, the map j : 3 — so(b) extends to a representation of the
real Clifford algebra C,., turning v into a module over C,; the Clifford multiplication by Z is given
by jz : b — v. Each such module decomposes into copies of simple modules; see [11], p. 31. In [3]
it was proved that if m is a simple module over C)., endowed with an inner product with respect
to which the Clifford multiplication with each Z € R" is skew-symmetric, then there exists an
orthonormal basis of m with respect to which all matrix entries of the Clifford multiplications
with the elements Zy,..., Z, of our given orthonormal basis of R" are in {1,0, —1}.

For each r € {3,7,11,15,...} there are exactly two simple real modules m’, and m” over C,
up to isomorphism; see, e.g., [11], p. 32. For a given such r, these two simple C,-modules have
the same dimension d,. They can be distinguished by the action of w, := Z1 -...- Z, € C,: After
possibly switching names, w, acts on m/, as Id and on m” as —Id. Moreover, replacing the Clifford
multiplication of each Z € R" on m’, by its negative gives a module isomorphic to m” .

It follows by the above result from [3] that we can identify both m’. and m” with R% in such
a way that for both modules, the Clifford multiplications with Z1, ..., Z, have matrix entries in
{—1,0,1} with respect to the standard basis of R¥. For (a,b) € Ny x Ny let ,07(’a7b) denote the
representation of C; on v := (R%)®@H) viewed as (m” )P @ (m" ).

For any pair (a,b), (a/,b") in Ng x Ng with a+b = o'+ but {a, b} # {a’,V'}, consider the maps
J,7 :R" =3 — so(v) = so(m), where m := (a + b)d, and where jz := pfmb)(Z), Iy = pza,’b,)(Z)
for each Z € 3 =R" C C,.

Then j,j’ is a pair of maps as in Example 3.7 and thus yields a pair of isospectral nilmanifolds
of Heisenberg type. Moreover, these are not locally isometric. To see this, we show that j and j
are not equivalent in the sense of Remark 3.2(iii):

First note that the products jz, - ... jz. = pap)(wr) and jy - ... jy = p(arp)(wr) are equal
to Id on the respective m/, components and to —Id on the m” components of v. In particular,

(7) (Tr(jz, ---52.))% = ((a = b)dy)? # (@' = V)dr)? = (Te(jy, - - 57,))*

On the other hand, suppose there were A € O(v), B € O(3) such that j%, = Ajg-1,A7! for all
Z € 3. Note that B~1(Zy) -...- B"Y(Z,) = det(B~Yw, (see [11], p. 34). Thus, we would have
gy - Jy =det(B) 1 Ajz, ... jz, A7, contradicting (7) since det(B) € {£1}.

(ii) In the context of (i), the metric Lie algebras associated with pfmb) and pfb@) are isomorphic;

an isomorphism is obviously given by &3 3 (X, Z) — (X, —Z) € v®3. In particular, (G(j), 9(j))
and (G(j'),g(j")) are isometric if j = Plab) j = Pl iy a0d {a,b} = {d',V'}.
(iii) Since each real module over C) is decomposable into simple modules, it follows that for r €

{3,7,11,15,...} each linear map j : 3 — so(v) of Heisenberg type must be equivalent in the sense
of Remark 3.2(iii) to one of the maps Pla,p) from (i). On the other hand, for r ¢ {3,7,11,15,...},
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there exists only one simple module over C, up to isomorphism (see [11], p. 32). Thus, in any
pair of maps j,j’ : R” — so0(v) of Heisenberg type with r ¢ {3,7,11,...}, j and j' are equivalent
and cannot yield locally nonisometric nilmanifolds.

4. CURVATURE INVARIANTS OF TWO-STEP NILMANIFOLDS

We use the notation from Definition 3.1(i), (ii). We consider a fixed linear map j : 3 — so0(v) and
write, for simplicity, [, ]:= [, }’. Let {X1,..., X}, resp. {Z1,...,Z.}, denote an orthonormal
basis of v, resp. 3, and let V, R, ric denote the Levi-Civita connection, the curvature tensor, and
the Ricci tensor associated with the metric g(j). Recall our sign convention for R from Section 2.

Lemma 4.1. Let J :=J(j):=> . _; j%a. For X, Y, U,V € v and Z,W € 3 we have

(1) VXY:%[X7Y]:%Zg=1<jZaX7Y>Za€37 VXZ:VZX:—%jZXGU, VzW = 0.

(i) (R(n1,n2)nz,ng) = 0 whenever n; € {v,3}, i =1,...,4, and either none or an odd number
of the n; is v. Moreover,
(RX,0)Y, V) = 301020, Y Wiz, X, V) = 3(52.X,Y) (2.0, V)
= 312X, U)(jz.Y, V),
(R(X,Y)Z.W) = (R(Z,W)XY) = —1(ljz. jw]X,Y),
(R(X, 2)Y,W) = ;(jwX,jzY) = —1(izjw X,Y).
(iif) ric(X,Y) = 3(JX,Y), r1ic(X,Z)=0, ric(Z,W)=—1Tr(jziw).
Proof. In principle, all these formulas can be found in [4]. Alternatively, (i) follows from the
Koszul formula and the definitions. From (i), one easily derives the first and third statements
of (ii) and
(~VxVuY + Vv, oY, V) = 1 Gun X, V) — 1xYs V)
= 1 am (U2 U Y )z, X, V) = (2. X, U)iz. Y. V),
from which the second statement of (ii) follows by skew-symmetrization w.r.t. X and U. Moreover,
(R(X, 2)Y, W) = —(VxVzY, W) = {[X,jzY], W) = 3(jw X, jzY).
Part (iii) follows directly from (i) and (ii) by taking traces and using the skew-symmetry of jz, . O
Remark 4.2. Let j’ : 3 — so(v) be isospectral to j.

(i) Since jz and j are similar by definition, we have Tr(j%) = Tr(j5?) for all Z € 3. Thus,
by polarization,

(8) Tr(jzjw) = Tr(jy iy ) for all Z, W € ;3.

(ii) In particular, by Lemma 4.1(iii), the Ricci operators associated with g(j) and g(j") coincide
on 3. Therefore, Tr(Ric(g(j))%) and Tr(Ric(g(j'))?) are equal if and only if Tr(J3) =
Tr(J'3), where J' := . _, j?? is defined analogously as J.

Corollary 4.3. The two isospectral manifolds from Ezample 3.5 differ in the value of Tr(Ric?).

Proof. Here J and J' are diagonal with diagonal entries —12, —6, —6, —6, resp. —3, —9, -9, —9. In
particular, Tr(J3) = —2376 # —2214 = Tr(J'3). The statement now follows from Remark 4.2(ii).
O
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Definition 4.4. Let ¢ € N. For each tuple (k1,...,ka,) in {1,...,¢}?? which arises as a permu-
tation of (1,1,2,2,...,q,q), i.e., which contains each entry exactly twice, we define the following
polynomial invariants of j of order 2q:

Ik1 k)\‘ ‘k# qu Z TI' ]Zak .. .jzakk) Caat Tr(jZa,w .. .jZaqu ),

where the sum is taken according to the Einstein summation convention: For each pair k; = k;
the sum runs over oy, once from 1 to 7. So the sum has exactly 7¢ summands (and not r2¢). We
also write Ty, gy | lkykag TOT Thy ey lkp. o (7) if the context is clear. Moreover, we will usually
replace the numbers £; by other symbols; for example, 1,503 := 1212

With J as defined in Lemma 4.1, we have for ¢ = 1:
Toa = 22:1 Tr(j%a) = Tr(J);

note that I, = 0 since Tr(jz,) = 0 for each a. For ¢ = 2, the nonvanishing invariants of the
above form are exactly

Lnalps = 2on,p—1 Trliz, ) Tr(iz,) = (Te(]))?,
Tnags = 2oo,p-1 T0(5%,5%,) = Te(J?),
Loglap = 2on.p=1(Tr(iz.d25))?;
Lagap = 3,51 Tr(12032502032)-
Some examples for ¢ = 3 (not a complete list):
Toapyys = 2221 TT(JJ'Zg JjZB),
Laopypy = 22,7:1 Te(Jjzs52,32552,)
Laapylpy = 22,7:1 Tr(szngW)Tr(jzngﬂ,)a
Lonigylag = 2ot piymt 1052002, T0 (525 52,) T (5245 2,)

Iaﬁ'ﬂaﬁ’y = Zg,ﬁ;y:l(Tr(jZajZﬁ]Z'y))2
Note that it follows from skew-symmetry of the jz that Tr(jz,jz,jz,) = —Tr(jz.jzsJz,) and
thus 1,5y80y = —Lapy|asy- The invariant I,g,1q3, Will play a crucial role in the Heisenberg type

case (see Section 5).

Remark 4.5. If j and j' are equivalent in the sense of Remark 3.2(iii) then it follows that
Ty enloleking (3) = Thy. o do). ko (') for each of the invariants from Definition 4.4.

Lemma 4.6. For the curvature invariants scal (of order two) and scal®, |ric|?, |R|?> (of order
four) we have:

(i) scal = ITr(J) = 1Lm
( ) Sca12 = 1_16(T( ) - 16 aa|BB
(iif) [ric|* = %T r(J%) + 1 15laslap = Iaaﬁﬁ + 16 Lapjap
(iv) |RP> = 1Tr(J?) + 31ugjas + §1apas = 31aass + 21agjas + 1apas
Proof. (i), (ii), and (iii) are very easy to prove using Lemma 4.1(ii). We defer the proof of (iv) to
the Appendix. O

Lemma 4.7. Let (%), (xx) be as in (2). Then we have
(i) () = f51aap8 + T5laapylsy
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.. 1 1 1 1
(ii) (**3 = g{aaﬁwﬁ + glfaaﬁvﬁw + glfaaﬁwﬁv + ?Iavﬁ'y\aﬁ
(iii) [Vric* = —3Tr(J%) + glaasyrs — §laasy|sy — 331an187108

1 1 1 1
= ~1laappyy + §laapyys — §laasyisy — 321an1Byla8
We defer the proof of Lemma 4.7 to the Appendix.

Proposition 4.8. The two isospectral manifolds from Example 3.6 differ in each of the values of
(%), (%), (%), and |Vric|?.

Proof. Here, J and J’ are diagonal with entries —2, —2, —1,—1, -2, resp. —1,—1,—2, -2, -2. In
particular, Tr(J3) = Tr(J’3). By an easy computation, Tr(JjzsJjzs) = =8 for B =1,2,3, and
Te(J' 5y, J'jy,) = Te(J'jY, J'5y,) = =8, but Tr(J'j,. J'j}, ) = —10. Therefore,

(9) Loapyys(j) = —24 # =26 = Iaagwg(j’).
Also, Tr(Jjz,jz,) = 0 whenever 3 # v, and the same for j'; so

. 3 . . .
Iaaﬁfy\ﬁ’y(j) = Zﬁ:l TI“(JJ%B)TI“(]%B) =—4-2-4-2-6-4= Iaaﬁ'ﬂﬁ’y(]/)'

In particular, the values of (k) are different for the two manifolds. The same statement for (ssx)
now follows immediately from Proposition 2.1(ii) and Remark 4.2(ii), together with the fact that
Vscal = 0 on both manifolds, and that Tr(J?) = Tr(J'3) (see above).

Since the terms lyapy,4 and Inapgygy also occur in (x*), the statement about (xx) will follow
once we show that the two manifolds do not differ in any of the remaining two summands of (xx)
from Lemma 4.7(ii). We here have jéﬁ = —j%ﬁ for § =1,2,3 and (jzﬁjzw)2 = 0 whenever 8 # ~;
the same statements hold for j’. So I,g,p, here happens to be Tr(—J?) = —14 = Tr(—J'?) for
both manifolds. Finally, note that Tr(jz,jz,) = 0 for a # 3, and the same for j'. Thus, in this
example, Ioygjas = Younet Tr((iz.92,)2)Te(5%,) = Yoy Te(i, ) Tr(j3,) = —2-2-2-2 -4 4,
and the same for j’.

The statement about |Vric|? now follows immediately: By (9), the two manifolds differ in the
second summand of the formula from Lemma 4.7, while the remaining summands are the same
for both; for the fourth summand, this follows either from the above considerations or directly
from equation (8). O

Remark 4.9. As an aside, we will use the formulas from Lemma 4.6 to give an example of a
pair of isospectral nilmanifolds differing in the integrals of the fourth order curvature invariants
|ric|? and |R|? (see Example 4.10 below). Although these are not the first examples of isospectral
manifolds with this property (see the Introduction), they are the first such examples in the category
of nilmanifolds. Considering the heat invariants ag, a1, and a9, note that a pair of isospectral,
locally homogeneous manifolds differs in |ric|? if and only it differs in |R|?. In the case of two-step
nilmanifolds, it follows from Lemma 4.6(iii) and Remark 4.2(i) that such a pair differs in |ric|? if
and only it differs in the value of Tr(J?). In Example 3.5, we had Tr(J3) # Tr(J’3). Nevertheless,
the values of Tr(.J?) and Tr(.J'2) happen to coincide in that example, so we need a different one.
The following is related to an example from [15], Proposition 3.6(ii) (after replacing jz,(t) from
that context by 3jz,(t/3) — ild, evaluating at ¢ = 0, resp. ¢ = 2, and identifying C?* with RY).

Example 4.10. Let m := 6, r := 2, and for Z = (c1,c2) € 3 = R? let jyz, resp. J%, be the
endomorphism of v = R given by the matrix

0 0 3ce c1+4co 0 0 0 2co ca ci1+ca O 0
0 0 0 0 Cc2 0 *202 0 202 0 Cc2 0
—3ca 0 0 0 0 —ci1+cee2 —co  —2c2 0 0 0 —c14eo
—ci—c2 00 0 0 3e ) TESp. —ci—c2 0 0 0 22 ;

0 —C2 0 0 0 0 0 —C2 0 7202 0 202
0 0 ci1—c2 —3c2 O 0 0 0 c1—cy —c2 —2c2 0



12 TERESA ARIAS-MARCO AND DOROTHEE SCHUETH
w.r.t. the standard basis of RS. The maps j and j’ are isospectral since J(er,e2)
same characteristic polynomial A6+ (2¢2 +21c3) A%+ ((c2 +9¢3)? 4+ 3¢3) A2 +c3(c3 +8¢3)%. Moreover,
ker(fie, c0)) = ker(j(clm)) = {0} if ca # 0; for ¢ = 0,c; # 0 both kernels are span{Xs, X5}.
Therefore, all conditions of Proposition 3.4 are satisfied and (I'(5)\G(5), (7)), (C(G)I\G("),9(5"))
are isospectral. A direct computation reveals Tr(J?2) = 630 # 598 = Tr(J'?). By Remark 4.9, this
implies that the two manifolds differ in the value of |ric|?, and also in the value of |R|?%.

and jéq,cg) have the

Proposition 4.12 below concerns the structure of curvature invariants of arbitrary order of two-
step nilpotent Lie groups with left invariant metrics. This description will enable us to arrive at
certain conclusions for higher order curvature invariants in a special case (see Theorem 5.6). We
first need the following observation:

Remark 4.11. Using Lemma 4.1(i), (ii) repeatedly, one sees that (V% APR)(B’ C)D, E) with
Ai,...,A,,B,C,D,E € {Xy,...,Xs,,Z1,...,2Z,} is a linear combination of terms of order p + 2
in j which are (if not zero) of the form

(10) <jZa1 . jZa2X£13X€2> et <]Zo¢‘7 . ‘jZap+2X€2a71’X£2a>'

Moreover, the multiset {X,,..., X, Zay,- s Za,.,} Of vectors occurring in (10) arises from
the multiset {A;,...,4,,B,C,D,E} by possibly enlarging it by one or several pairs of equal
vectors from {Z1,...,Z,}; the vectors from v are the same in both multisets. In particular,

<(v€117...7ApR)(B’ C)D, E) = 0 if the multiset {41,...,A,, B,C, D, E} contains an odd number of

vectors from v, or no such vectors at all.

Proposition 4.12. Let ¢ € N. On a two-step nilpotent Lie group G(j), endowed with the left
invariant metric g(j), each curvature invariant of order 2q can be expressed as a linear combination
of polynomial invariants of j of the form Iy, p,|..|k..ksy aS 0 Definition 4.4.

Proof. According to [12], p. 4646 (see also [1], p. 75ff.), each curvature invariant of order 2q is a
linear combination of certain Weyl invariants of the form

(11) W =Tr,(V'R®...® VPR),

where v € N, p; € Ny foreach i € {1,...,v}, p1+...+p,iseven, 2g =2v+p1+...+p,, 0 € San,
2N = 4v 4+ p; + ... + py, and Tr, denotes the complete trace with respect to o. The latter is
defined as the sum according to the Einstein summation convention with respect to equal indices
k; = k; in the expression

(VPR®...0 V™ R)(esy, - €5, ) = (VI R)(esy s ses, ) oer (VPR)(

e ...,e
kpy+4 SkaN_—p, -3’ ) sk2N)’

where {e1,...,e,} is an orthonormal basis of the tangent space at the point under consideration
and (kq,...,kon) arises from (1,1,2,2,3,3,..., N, N) by the permutation o.

In our case, by Remark 4.11, each summand of W in (11) is a linear combination of products
of terms as in (10), so W itself is a linear combination of terms of the form

(12) <jZa51 M 'jZasc XZ“’I Y qu2> et <jZOfsd b 'jZas2q X£u2a_1 ? X£u2a>7

with each s; and each u; occurring exactly twice. Summation over pairs of equal u; will trans-
form (12) into a term of the form Tr(jz,, ...jz., ) .. Tr(jz,, -..Jz,, ) in which still each k;
1 A 2 2

q
occurs exactly twice; summation over pairs of equal indices k; then yields Iy, )., Ky kg ]

We conclude this section by giving some partial results for |VR|?, R, R which we will use in
Section 5 to prove their inaudibility:
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Lemma 4.13.
() IVRP? = = 3lapsjasy + L1,
(i) R= _%Iaﬁvlaﬁv + Lo,
(iif) R= _%Iaﬁvlaﬁv + Ls,
where Ly, Ly, Ly are universal linear combinations of certain other N
occurring subtuples (ki,...,kx), ..., (ku,...,ke) are of even length.

s in which all

We defer the proof of Lemma 4.13 to the Appendix.

5. CURVATURE INVARIANTS OF HEISENBERG TYPE NILMANIFOLDS

We continue to use the notation from Definition 3.1(i), (ii), and we now always consider linear

maps j : 3 — s0(v) of Heisenberg type. Recall from Example 3.7 that this means jz = —|Z|?Id,
for all Z € 3. By polarization, this is equivalent to
(13) Jziw + jwiz = —2(Z,W)Id, for all Z,W € ;.

Again, let {X1,..., X} and {Z1,...,Z,} be orthonormal bases of v and 3, respectively.

Lemma 5.1. In the Heisenberg type case, the following holds:

(i) jziw = —jwjz for all Z,W € 3 with Z L W.

(ii) Let k € N and (aq,...,ax) € {1,...,7}*. Let £ € {0,...,k} and B1 < ... < B¢ be such
that {B1,...,Pe} consists precisely of those a; which occur an odd number of times in
(a1,...,ak). Then there exists ¢ € {0,1}, depending only on the tuple (a1,...,ax), but
not on j, such that

JZay -+ J2ay, = (1) iz, - Gz,
where in case £ =0, the empty product Iz, "'jZﬂz 1s to be read as Idy.

(iii) If ¢ is a positive even number and Bi,...,B¢ € {1,...,r} are pairwise different then
Te(jz,, .- jzs,) = 0.

(iv) Let € be positive, but strictly smaller than r, and let By, ...,B¢ € {1,...,r}. If £ is odd or
if B1,..., B¢ are pairwise different, then Tr(jZBl . 'jzﬁe) =0.

Proof. Part (i) is trivial by (13). For (ii), one first repeatedly uses (i) to arrange the factors in
nondecreasing order w.r.t. the values of the «;; the statement then follows from j%a. = —Id,. If ¢
is positive and even, and fi,..., ¢ are pairwise different, then (i) and the cyclicitgf of the trace
imply Tr(jzg, ---Jzs,) = —Tx(jzs, 025, - --J25,_ ) = —Tr(jz, - jz,,), hence (iii).

For proving (iv), it now suffices to consider the case that ¢ is odd. Since ¢ < r, we can
choose o € {1,...,7} \ {B1,...,B¢}. Then, using jZ = —Jjz. and (i), we have Tr(jiz, ...Jjz,,) =

Tl“(jzajzﬁl ...jZBZ(—jZa)) = Tr(j%ajzﬁ1 "'jzﬁz) = —Tr(jzﬁ1 "'jZBZ)7 hence (iv). O

Corollary 5.2. In the Heisenberg type case, the following holds:
(1) Any Ii,. ky|..|kp..kng @8 @0 Definition 4.4 in which all the occurring subtuples (ki, ..., ky),
ooy (ks ..o kag) are of even length can be expressed as a universal polynomial in m = dimv

and r = dimg which does not depend on j.

(ii) If at least one of the subtuples of odd length occurring in Ty koo koq bECOMIES STTICELY
shorter than r or equal to one after eliminating pairs of equal indices k; = k; within that
subtuple, then Iy, k). |ky..koq = O-
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Proof. Let d be the length of one of the subtuples, and let Tr(jz,, ... jz,,) be the corresponding
factor in one of the r? summands occurring in the sum as which I, x| |k,..ko, 1S defined.

By Lemma 5.1(ii), Tr(jz,, - --Jjz.,) can be simplified to either £Tr(Idy) = £m (where the sign
does not depend on j) or to a new term which involves only pairwise different Z,, and whose
length d’ < d is positive and has the same parity as d.

In this latter case, if d and hence d’ is even, then the new term vanishes by Lemma 5.1(iii).
This proves part (i). If d is odd, then the condition of (ii) implies, a forteriori, that d’ < r or
d' =1 (note that there might be even more equal indices «; in (aq,...,aq) than equal indices k;
in the corresponding subtuple of Ik;l---kk‘---‘ku---kﬁq)' So in this case, the new term vanishes by
Lemma 5.1(iv). This proves part (ii). O

Proposition 5.3. (i) In the Heisenberg type case, each curvature invariant of order two or
four and each of Tr(Ric3), (x), (¥x), (), |Vric|> can be expressed as a universal poly-
nomial in m = dimv and r = dimg which does not depend on j.

(il) Any two isospectral nilmanifolds of Heisenberg type do not differ in any of the curvature
invariants mentioned in ().

Proof. For (i), just observe using Lemma 4.6 and Lemma 4.7 that each of these curvature invariants
is a universal linear combination of terms satisfying the condition of Corollary 5.2(i). Part (ii)
follows from (i) and Remark 5.4 below. O

Remark 5.4. Any two isospectral nilmanifolds of Heisenberg type share the same dimensions
m = dimv and also the same dimensions r = dimj.

To see this, let NV and N’ be two isospectral nilmanifolds of Heisenberg type, associated with
j:R" = s0(R™) and j' : R” — so(R™'), respectively. Then necessarily m 4 r = m’ + 1/ since
the dimension is spectrally determined. Moreover, the two manifolds must have the same volume
and the same total scalar curvature, thus scal(g(j)) = scal(g(j')). By Lemma 4.6(i) this means
Tr(J) = Tr(J'); hence —mr = —m/r’. Together with m+r = m’+7' this implies {m,r} = {m’/,r'}.
Using the classification of nilmanifolds of Heisenberg type from [2], or recalling from Remark 3.8
that R™ is a module over C, and inspecting the dimensions of the simple real modules over C,
in [11], one sees m > r and m’ > 1’. So indeed we have m =m’ and r = r'.

Proposition 5.5. Let j,7' : 3 =R" — s0(v) = so(m) be of Heisenberg type.
(1) If 2q < 2r then Iy, k. fku oy (F) = Diyodes]o k. ko (') for each of the invariants from
Definition 4.4.
(ii) In the case 2q = 2r, the only invariants from Definition 4.4 in which j and j' can possibly
diﬁer are the Ikl---kr‘kq—u)---k‘,—(r)’ where T € Sr. Note th,(],t Ikl...kr|k.,.(1)...k7.(r) = :l:-[kl...kr\kl...kr
due to Lemma 5.1(i), depending on the sign of the permutation T.
(iii) j and j' are equivalent in the sense of Remark 3.2(iii) if and only if Iy, g k. k. (J) =

Ty eyl ()

Proof. By Corollary 5.2, j and j’ cannot differ in Iy, kl...lkp.. ka, UDIESS at least one of the subtuples
(ki,... k)), «ooy (Kus ... kag) is of odd length at least dimy = r, after eliminating any pairs of
equal indices occurring within that subtuple. Each of the remaining (at least r) indices has to
occur in one of the other subtuples (recall that each k; occurs exactly twice in (ki, ..., ks,)). But
this implies 2¢ > r + r and, in the case 2q = 2r, that there are exactly two subtuples, both of
length r. This shows (i) and (ii).

The “only if” statement of (iii) is a special case of Remark 4.5. For the converse, let j and j’
be nonequivalent. By Remark 3.8(ii), (iii), it follows that » € {3,7,11,15,...}, and that j, ;" are
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equivalent to certain p{,, ,, resp. p(,, ) With a+b=m = a' +b, but {a,b} # {a’,b'}; in particular,
la — b # |a’ —b'|. Note that since r is odd, Tr(jz,, ---jz,, ) = 0 whenever a1,...,q, are not
pairwise distinct (recall Lemma 5.1(ii) and (iv)). Moreover, (Tr(jz,, - --jz,,))* does not change
under permutations of a,...,a, due to Lemma 5.1(1). So Iy, k. |ky..k, (J) = 7!(Tr(jz, - jz.))2,
and similarly for j'. Now Iy, g k. .k, () 7 Tk key sk, (J7) follows by (7) from Remark 3.8(i). O

Theorem 5.6. (i) Any two isospectral nilmanifolds of Heisenberg type with dimj = r cannot
differ in any curvature invariant of order 2q < 2r.
(il) Any two isospectral nilmanifolds of Heisenberg type with centers of dimension strictly
greater than three (r > 3) do not differ in any of the sixth, eighth, tenth or twelfth order
curvature invariants.

Proof. (i) By Proposition 4.12, each curvature invariant of order 2¢ is a linear combination (with
universal coefficients) of certain Tty . kal..|kp..koq- Thus, the statement follows immediately from
Remark 5.4 and Proposition 5.5(i).

(ii) For the sixth order curvature invariants, this follows directly from (i). The statement for
eighth, tenth and twelfth order curvature invariants equally follows from (i) after recalling from
Remark 3.8 that any two isospectral nilmanifolds of Heisenberg type with r > 3 are either locally
isometric (and the statement thus trivial) or satisfy r € {7,11,15,... }, thus r > 7. O

Theorem 5.7. Let N, N’ be two isospectral nilmanifolds of Heisenberg type associated with Lie
algebras satisfying r = dimg. If r = 3 then the following conditions are equivalent:

(a) N and N’ are locally isometric.
N and N' have the same value of |[VR|?*.

(b)
(¢) N and N' have the same value of R.
(d) N and N’ have the same value of R.
If r # 3, then (b), (¢), (d) are true regardless of (a).
Proof. Trivially, (a) implies each of the other three statements. Moreover, if r ¢ {3,7,11,15,...}

then (b), (c), (d) are true by Remark 3.8(iii). Let g(j), g(j') be the metric Lie algebras associated
with N, N’. By Lemma 4.13 and Corollary 5.2(i), each of (b), (c), (d) is equivalent to

(14) Iozﬁ’y|ozﬁ’y(j) = Iaﬂ'y\aﬁ’y(j,)'
For r > 3, this is always true by Theorem 5.6(i). For r = 3, (14) is equivalent to (a) by Proposi-
tion 5.5(iii) and Remark 3.2(iii). O

Corollary 5.8. In any pair of isospectral, locally nonisometric manifolds of Heisenberg type as-
sociated with Lie algebras satisfying r = dimg = 3, the two manifolds differ in each of the values

of [VR|?, R, R. Since such pairs do ezist (see Remark 3.8(i)), neither [IVRJ? nor [ R nor [ R
is audible.

Two locally homogeneous manifolds (M, g), (M’,¢') are called curvature equivalent (of order
zero) if for p € M, p' € M’ there exists an euclidean isometry F : (T,,M, g,) — (I;yM’, g;,) which
intertwines the Riemannian curvature operators; that is, F(R(X,Y)Z) = R(F(X), ( ) EF(Z)
for all X,Y,Z € T,M. The following result provides a certain contrast to Theorem 5.6(i):

Proposition 5.9. Let N and N’ be any two nilmanifolds of Heisenberg type (without restriction to
the dimensions of the centers). If N and N' are not locally isometric, then they are not curvature
equivalent.
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For the proof, the following lemma will serve as the key:

Lemma 5.10. Let j : 3 = R" — so(v) = so(m) be of Heisenberg type. Write g := g(j) and
view R as an endomorphism of g A g by requiring (R(A, B)C,D) = (R(A A B),C A D) for all
A, B,C,D € g, where the inner product on g A g is defined in the usual way by bilinear extension
of (EANF,CAD) = (E,C)(F,D) — (E,D)F,C). Write R*"" := Prypy © R|,,,, where Propy :
gAg— vAb denotes orthogonal projection. Then for all ¢ € N we have

Tr((R*))) = (=) (3 Dpy. kglbrky — 3Ikr.kighrky 72— 7 +m)?—r(2—7)7).

Proof. As always, let {X1,...,X,,} and {Z1,...,Z,} be orthonormal bases of v, resp. 3. For
Z e welet Ez =3 1" XpNjzX) € vAv. Note that E is defined independently of the choice
of orthonormal basis in v. If Z € 3 is a unit vector then

|Ez|* = >0 1 ( Xk A jz X, Xo A jzXo)
= > o1 (X X0) (G2 X1, 12 X0) — (X, Gz Xe) (Ko, 52 Xk)) = —2Tr(j3) = 2m.

Using polarization we see that {Ez,,..., Ez } C vAv is an orthogonal set of vectors of norm v/2m.
Define @ : 0 Av -0 A0 by ®(XAY):=>" 17z X Njz Y. Using that {jz, X1,...,Jz, Xm} is
again an orthogonal basis of v, we obtain:

P(Ez) =01 2ope1 (120 Xk N 52,52 Xk)
=3 1> (32 Xk N 2i2. Xk — §2. Xk N2(Z, Z0) Xi) = (-1 + 2)Ey

for Z € 3. Let Prg : v Av — v A b denote orthogonal projection to £ := span{Ey,,...,Ez }. Note
that ® is symmetric. Thus, the previous formula implies ®(£) = £, ®(£+) = £+, and

(15) ®oPrg=Prgo®=(2—1r)Prs.

On the other hand, for X,U,Y,V € v, the formula for (R(X,U)Y,V) from Lemma 4.1(ii) easily
translates into

(RIXAU),YAV)Y =30 ((-3(i2. X Njz ,UY AV) = XX AU, Ez,){Ez,,Y AV))
=—HO(X AU),YAV) =L -2m(Pre(X AU),Y AV)
(recall that |Ez_ | = v/2m), hence
R = —1(® + mPrg).
Using (15) and Tr(Prg) = r we conclude
Tr((R™°)%) = (=)0 (Tr(@®)+ 30, (9)2—r)0PmPr) = (=D (Te(@) 4 r((2—r+m)?—(2-7)7)).
The statement thus follows from
Tr(®9) = 35 (PUXp A Xo), Xi A Xg) = 5 30— (U Xk A Xo), Xi A X)
= 32— Dt stg=1 Ty« 20y Xk N G0y« - 570, Xy Xk N X0)
= 52yt (T2 20y 520> = T2 20y - 20y 0y -+ G70y)

1
= 5 (Tky . kglbrokg — Lk kgky. k)
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Proof of Proposition 5.9. Let N and N’ be curvature equivalent; we are going to show that they
are locally isometric. Let F': g(j) = v®3 — g(j’) = v/®3’ be a euclidean isometry of the associated
Lie algebras which intertwines the curvature tensors. Then F' also intertwines the Ricci tensors.
Note that here in the Heisenberg type case we have Ric(g(j))|, = —3Idy and Ric(g(j))|, = T1d;
by Lemma 4.1(iii), and similarly for j'. Since F' has to preserve the eigenspace associated to the
negative, resp. positive eigenvalue, we have F(v) = v’ and F(3) = 3'; in particular, m = m’ and
r = r’. The restriction of F' to v now induces a linear map from v A v to v’ A v’ which intertwines
R(g(5))*" and R(g(j))*"\*'; in particular, these operators have the same trace, and so do their
g-th powers for any ¢q. Applying Lemma 5.10 in the special case g := r, we conclude

Iy e or ks () = Thy ooy der () = Tiey ooty ot (G) = Ty oy e (37)-

The second terms on each side of this equation coincide by Proposition 5.5(ii). Thus, the first
terms have to coincide, too. By Proposition 5.5(iii) this implies that j and j' are equivalent in
the sense of Remark 3.2(iii); so N and N’ are indeed locally isometric. 0

Together with Remark 3.8(i) and Theorem 5.6(i), the previous proposition implies:

Theorem 5.11. For any k € N, there exist pairs of locally homogeneous Riemannian manifolds
which are not curvature equivalent, but do not differ in any curvature invariant of order up to 2k.

APPENDIX

Proof of Remark 4.6(iv).

For A € g, write R4 : g x g 2 (B,C) — R(A,B)C € g, and consider the canonical extension of
(, ) to tensors of this form. We start by computing individual formulas for (R4, Rp) because we
will need them below in the proof of Lemma 4.7(ii). For U,Y € v we have, by Lemma 4.1(ii),

® (RU|yxo s BY |oxo) = 2bpam1 (B(U, Xi) Xo, Xa) (R(Y, Xi) X, Xa)
= 15 Zhtamt b1 (25U, Xa) (Gizs X Xe) = (G2,U, Xe) (525 Xk, Xa)
— 225U, Xi)(jzs X0, Xa))-
- (2,Y, Xa) Gz, X Xo) = {52,V Xz, X Xa) = 202, Y, X )iz, Xo, Xa))
= 16 Xpymr (P + 12+ 22)(iz, U, jz,Y ) izs, i z,)
+(1-2+1-2-2-2){jz,U.jz,jz,52,Y))
= 3301 (2502, U Y) T2 (izpdz,) + (i2552,2552,0,Y)),
o (RUlosys By |oxz) = 2ohet 2opy=1 (B, Xi)Zg, Zy)(R(Y, Xi) Z3, Zy)
= 15 2ot 2oyt 25 52, U Xi) (52552, )Y, Xi) = =15 21 lizs0 92, 12U, Y)
= — 5 2 5=1002502,32552,U,Y) + § 251 (325 iz, U, Y ),
® (Rulsno s By 500 T (BU s By [5x5) = 22001 2o 4=1 (B(U, Z8) Zy, Xi)(R(Y, Z3) Z, Xi)
= 1 S b1 Uz, U, 52, Xi) (2, Yo 52, Xk) = § 21 (32592, Us §2552,Y)
= 13510z, iz, UY).

Hence,
(16)
(Ru, Ry) = Y5 1 (202502, U, V)T (Gzs52,) + §(52532,52552,U0,Y ) + § Y31 (525 T3z, U, Y).
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For W € 3 we have RW’@X@ =0 and

o (R |pol” + [RW [ys]* = 22001 Yote l (BW, X)X, Za)? = § D0 emr S (G X Gz Xi)?
= § X0 liwiza? = §Te(J55),
o [Rw|jxol” = X0imt Cact (RW, Za) X, Xo)® = 15 Sopemt o (W 2. Xk Xe)®
= 16> liwize = Jzeiw | = §Te(J5%) — 3 Snsi Te(jwizaiwiz,)
and thus for Z, W € 3, using polarization,
(17) (Rz,Rw) = £ Te(J(zjw + jwiz)) — 5 Some1 Tr(izi2. W iza)-
Moreover, (Rx,Rz) =0 for all X € v, Z € 3 by Lemma 4.1(ii). Using (16) and (17), we obtain

IR = 3201 (R, Bx,) + Xo—1(Rzay Rz.) = §laplap + 3lapas + ilaaps + laaps — §lapas,
from which the statement follows. O

Proof of Lemma 4.7.
(i) First note that by Lemma 4.1 and since J is symmetric,

ZZ?Z,a,b:l ric( Xy, Xo)ric(Xq, Xp) (R(Xk, Xo) X, Xp)
= 1 Y tan=1 (I Xk, Xo) (T Xa, Xp)-
> (1025 Xas Xe) (525 X Xo) = §(125 Xies Xo) (G125 X Xo) — 5525 X Xa) (125 X0, X))
= 15 om et b1 (U2 Xas TXi) (25 Xy T Xa) = (25 KXo TX ) (525 Xar T Xa)
— 2z, Xk, Xa)(jzs T Xk, TXa))
= 165 S p1((=iizs ], Jjzs) = 0= 2(jz,, Jjzs0)) = 15 Yope1 3T0(J iz, 525) = 15 laasys-
Moreover, ric(v,3) =0, (R(3,3)3,3) = 0, and
2 D ke 2oy TiC( Xy, Xo)rie(Zg, Zy ) (R(Xy, Zg) Xy, Zy)
= 16 2oht=1 2opret T Xy XO)Tr (G252, ) (32,552, Xker Xe) = 15 21 (TG 2552,)Tx (G 2552,)
- %Iaaﬁvlﬁw
Thus,
(*) = %Iaaﬁwﬁ + %Iaaﬁvlﬁv
(ii) By definition of (xx) and by Lemma 4.1(iii),
(x) = Diim1 5 (T X, Xo) (R Rx,) — Yo =1 1 T0(320d25) (R > Rz,)-
Thus, using (16) and (17),

(%) = 3> pe 1<257 (32552, X IXi) T (255 2,) + 552552, 5255 2, Xkr T X))
4 Ui iz, X, T X))
— 12 b1 (2,02, (§Te(T (G202, + 52,525)) = § Yotees 122552092, 52.))

3 1 1 1

= EIaaﬁvlﬁ'y + ELMB“/BW + EIQaBWB - EIMB“/IBW + Elﬁava\ﬁv
1 1 1 1

= EIQaBW\B“/ + slaapysy + slaapys + @Ia'yﬁvlaﬁ'
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(iii) For X,Y € v and Z € 3, we have (Vyric)|,,, = 0, (Vyric)|;,, = 0 and
((Vyric)(Z, X))? = (3ric(X,jzY) — iric([Y, X], 2))?
= (3(JX,jzY) + § X joy Tr(iz,92)(iz, Y, X))?, hence
(Vyric)? = 25700 30 (F5(0 X0, 52, V) + 15 21 (I X0, 52, V) Tx (252, (G2, Yy Xo)
+ a1 w1 10520z, )T (iz,52,) (G2, Yy Xe) Gz, Y, X))
= > (512, Y P+ § X hy Te(iz02,)(2, Y T3z, Y)
+ 35 Yon g1 T0(i20dz,) T (i2,52,)(i2. Y 52,Y)). Thus,
\(Vric)\n\Q = > (3142, — %2221 Tr(jzs52,)Tr(Jjz,525)
— 35 >t et (52032, Tx(jz,52,) T (G20 525))
= —gT(J°) - §laaprisy = 331aplan|5r
where \(Vric)’UP denotes > 1t |Vx,ric|?>. For X,Y € v and W € 3, we have (Vyyric)
(Vric) ;5o = 0, (Vwric)|,,, = 0, and
((Vwric)(X,Y))? = (= 3ric(iw X, Y) — iric(X, jwY))* = (A (Jjw X, Y) + 2(JX, jwY))?, hence
Vwricl = {5 3% ooy (Toiw Xie, Xo)? + (T Xk jw Xe)? + 2w X, Xe) (T X, jw Xo)
= | Jjw* — §(Jjw, jwJ). Thus,
|(V1”iC)|5|2 = Y b1 (310025 P + §Te(Jiz Jiz,)) = —3T0(J?) + §laasyys:
where |(Vric)|,|? denotes >\ _; |V z,ric|?. So,

0,

loxs =

B

|Vric? = |(Vrie) | + [(Vric)||* = =3Te(J%) = §laapyisy = 33laplariy + §laasys-
O
Proof of Lemma 4.13.
(i) The various contributions
(18) > ((VaR)(B,C)D, E)?
to |VR|?, where each of A, B,C, D, E runs through either the orthonormal basis {X71,..., X;,}
of v or the orthonormal basis {Z1,...,Z,} of 3, can by Remark 4.11 be nonzero only in the cases

where v occurs an even number of times. If v occurs exactly twice then, again by Remark 4.11,
each ((VaR)(B,C)D, E) is a linear combination of terms of the type (jz,, jZa,JZa, X¢, X¢,), where
(X, X0ys Zoys Zagy Zay) 18 just some permutation of (A, B,C, D, E). The sum in (18) will thus
be a linear combination of sums of the type

Z(jzasl jZa52 jZaSS X£u1 Y X£u2 > <jZaS4 jZaS5 jZaSG Xeul ? XZuQ >?

where (s1,s9,s3) and (sq4, S5,5¢) are the same up to permutation, and the summation is done
w.r.t. pairs of equal indices s; and u;. Summation over equal pairs of u; yields

= 2020y 920 Zs, T 20, 320y 2, )

which equals —Ig s:5,5,5055, On€ of our invariants from Definition 4.4 in which only subtuples of
even length occur (in this case, only one subtuple, and this one of length six). Hence, sums
as in (18) with exactly two occurrences of v contribute only to the term L; from the assertion.
Therefore it remains to consider sums as in (18) with exactly four occurrences of v.
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Due to the symmetries of R, the contribution of such sums is equal to
(19) SAVWR)(X,Y)U,V)* + 43 (VX R) (W, Y)U,V)?,

where both sums are taken over X, Y, U,V € {Xy,..., X}, W € {Z1,...,Z,}. For the first
term in (19), we note using Lemma 4.1(i), (ii) and the skew-symmetry of the maps jw, jz, that
(VwR)(X,Y)U,V) is the sum of the following twelve summands:

(a) ~(VwVxVyU,V) = =g X 50wiz, X, V)(jz, Y, U),

<VyVXVWU V %ZB jijﬂX U><jz,8Y V s
—(Vixy]VwU, V) = =1 > 30iz,0wU, V) (jz, X, Y
where the sums are taken over 8 € {1,...,7}. Now ((Vy R)(X,Y)U, V)2 is the square of the sum

of the twelve terms. The square of each single one of them will just lead to a contribution to Lq:
For example, the square of the term in (a) is 6—4 times

> 5wz, X, V) iz, Y, U)Gw iz, X, V) (iz, Y, U),
which after summation over X, Y, U,V € {Xy,..., Xy} gives — > 5 Tr(jwiwiz,iz, )T (jz,i2,):
summation over W € {Z;,..., Z,} thus yields — another invariant in which only subtuples

of even lengths (here, four and two) occur.
Next, consider the product of the terms in (a) and (b) which is —g; times

> 5 iwizs X, V)iz, Y. U) Gw iz, Y, V){iz, X, U).
One easily checks that this leads to an invariant with just one subtuple of length six. The technical
reason is that here, there is no way to group the four factors into subsets which would not be
linked to each other by the occurrence of any common vectors from {X,Y, U, V}.

The only pairings of different terms from (a)—(1) above where this does not happen are the
following twelve:

(20) ((a) or (d)) <= ((g) or (4)), ((b) or (h)) «— ((¢) or (k)), ((¢) or (1)) ¢— ((f) or (i),

For example, the product of the terms in (a) and (g) is

(b) (VwVyVxU, V)= §350wiz,Y,V){jz, X, U),
() (VwVinU V)= 1Y 50wiz,U V)(jz; X,Y),
(d)  (VowxVyU, V)= §3 5z, dwX, V>(JZﬁY U),
(€ —(VyVuuxU,V) = =53 50z,0w X, U){jz,Y,V),
() —(Vivwx U V) = —1 X plizsiw X, Y )iz, U, V),
(@) (VxVeuyUV)= §Xsz,0wY,U)(jz, X, V),
(h) —(VywyVxU, V) = =53 5(iz,dwY, V) {jz, X, U),
i) —(VixvunU V)= §250wiz,X,Y)(jz,U, V),
(0 (VxVyVwU, V) = =g Y5 (iwiz, Y, U) iz, X, V),

k) ) = ( )

) ( )

aaﬁv\ﬁw

(21) _6_14 257fy<joZBX7 V> <jZBY7 U> <jZ—ijY7 U> <jZ'yX7 V>
which after summation over X Y, U,V becomes _6l4 ZByTr(jZVjoZB)Tr(jzﬁjzij). Summa-
tion over W finally yields —g 4 Lapigya = _G%Iaﬁv\aﬁw Similarly, the product of the terms in (a)

and (j) is

61 L Wiz, X V) Uiz, YV, UMz, Y, U iz, X, V).
which gives —éTr(jZﬂ/joZB)Tr(jzﬂ/jwjzﬁ) = _élaﬁv\aﬁv again. For each of the pairings from
(20), note that whenever the two terms to be paired differ in sign, they also differ in the order of
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Jw and jz, in their first factors. Just as we saw for (a) <+ (g) and (a) <> (j), this leads each time
to a negative multiple of I,g.43,- Altogether, we obtain

2- (4 ) (—a) +4- ( ) +4- (= ))Iaﬁ'y\aﬁ'y %Iaﬁw\aﬁw

as the contribution to |VR|? of the first summand in (19), apart from its contributions to L;.
For the second summand in (19), we compute that (VxR)(W,Y)U,V) is the sum of

(@) —(VxVwVyU, V)= 0,
(b)) (VxVyVwU,V) = =5 > 5(iwiz, Y, U){jz, X, V),
() (VxVy U, V)= 0,
(@) (VeoxwVyU V)= g> 50z, dwX,V){jz,Y.U),
(€) —(VyVvawU, V) = =53 50z,0w X, U)(jz, Y, V),
() ~(Vivawy U V) = =1 X 5z,0w X, Y )iz, U, V),
@) (VwVeeyU V)= §350wiz,U, V) (iz, X,Y),
M) —(VoxryVwU, V) = =g > 50z, dwU, V) (jz, X, Y),
i) —(VwwmU V)= 0,
(") (YwVyVxU V)= §330wizY,V){jz, X, U),
k) —(VyVwVxU, V)= 0,

) —(ViwyVxU,V) = 0.

Similarly as above, the only pairings which do not just contribute to L; now are

) <= (d), () «—= (1), (f) «—= ((¢g) or (1))

Again, each of these pairings gives a negative multiple of 1,303, All in all, we obtain

3
4-2- ( 64 64+2 ( ))Iaﬁvlaﬁv Zlaﬁvlaﬁv

as the contribution to [V R|? of the second summand in (19), apart from its contributions to L;.

The statement now follows by —% — % = —%.

(ii) The various contributions
(22) >_(R(A, B)C,D)(R(C,D)E, F)(R(E, F)A, B)
to R, where each of A, B,C, D, E, F runs through either the orthonormal basis {Xy,..., X,,} of v
or the orthonormal basis {Z1,...,Z,} of 3, can by Lemma 4.1(ii) be nonzero only in the cases
where each of the tuples
(23) (A7 B7 C7 D)? (C7 D7 E7 F)7 (E7 F7 A7 B)

contains either two or four vectors from b.

If each of them contains exactly two vectors from v, then each summand in (22) is, again by
Lemma 4.1(ii), a linear combination of products of three terms of the form (jz, jz., X, Xe,)-
The sum in (22) will thus be a linear combination of sums of the type

Z<jZasl jZaSQ Xful Y X€u2 ><jZa53 jZaS4 X€u3 Y X£u4 ><jZa55 jZas6 X£u5 Y X£u6 >’

with each s; and each wu; occurring exactly twice. Here, summation over equal pairs of u; will
obviously always lead to invariants Iy, g,|..|k,..ks i Which all subtuples are of even length (6,
or 4 and 2, or three times 2). Hence, such sums will contribute only to the term Lo from the
assertion.
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So let at least one of the tuples from (23) consists of vectors in v. If A, B,C, D € v then either
E, F must both be in v or both in 3. Therefore, the contributions of sums as in (22) where at
least one of the tuples from (23) consists of vectors in v is equal to
(24)

S (R(X, Y)U,VY(R(U,V)S, TYR(S, T)X,Y) + 35 (R(X, YU, V)(R(U, V) Z,W)(R(Z, W)X, Y),
where the first sum is taken over X, Y,U,V,S,T € {Xi,...,X,,} and the second sum over
XY, U,V e{X,...,Xn}and Z,W € {Z1,...,Z,.}. For the first term in (24), we note that
(RIX,Y)UVNR(U,V)S, T)(R(S,T)X,Y) =
Zg,ﬁ,*y:l (%<jZaY7 U><jZaX7 V> - %(jZaX7 U><jZaY7 V> - %(jZaX7 Y><jZaU7 V>)
(3025V. )2, U T) = 10z, U, Sz, Vo T) = 5(52,U, V) (2,8, T))
(102, T, X052, 8,Y) = 152,85, X){jz, T,Y) = 35z, T){jz, X, Y))
for X,Y,U,V,S,T € v. For a,b,c € {1,2,3} denote by (a * b * c) the sum over «, 3,7 of the a-th
summand in the first line, the b-th summand in the second, and the ¢-th summand of third line
of (25). Then (3 * 3 * 3) obviously yields, after summation over X, Y, U, V,S,T € {Xy,...,Xn},
a multiple of I,,3,|a3, and thus contributes only to Lg. Five of the other (a*bx c) (for example,
(1%1%1)) lead to multiples of certain I, s, in which the only subtuple is of length six (the
reason being, just as we noted in the proof of (i), that there is no way to group the six factors
into subsets which would not be linked to each other by the occurrence any common vectors from

{X,Y,U,V,S,T}); these again contribute only to Ls. The only products which instead lead to a
multiple of I5,|03y are (1% 1%2), (1%2%1), (2% 1x1), and (2 x2x2). For example,

(L 1%2) = =57 30, 5,02, Y, Uiz, U, T) (G2, T, Y )32, X, V) G2,V S) i 2, S, X)

which after summation gives —6%1 Zaﬂﬁ Tr(j2,d2552,) T (20 G2502,) = —6i4[a57|a57. The result
is the same for each of the three other products just mentioned. So we obtain

(25)

4- (_Gﬁ)laﬁvlaﬁv - _%Iaﬁvlaﬁv
as the contribution to R of the first summand in (24), apart from its contributions to Lo.
For the second summand in (24), we compute
(RX,YV)UV)(R(U,V)Z,W)(R(Z,W)X,Y) =
(26) 2221 (%<jZaY7 U> <jZaX7 V> - %(jZaX7 U> <jZaY7 V> - %(jZaX7 Y> <jZaU7 V>)
The first two summands from the first line, multiplied with the factors from the second line, will,

after summation, yields multiples of certain I, s, in which the only subtuple is of length six; this
gives a contribution to Lo. The remaining term is

—35 2al2a X, Y Wiz UV )iz, gw U, V) liz, jw] X, Y)

which after summation over X,Y, U,V gives —3% S (Tr(jz. iz, jw]))?; using skew-symmetry of
the maps involved, this simplifies to —% >~ (Tr(jz.jzjw))?. Summation over Z,W € {Z1,...,Z,}
thus gives _%Iaﬁfﬂaﬁw' Hence, we obtain

3 (_%)Iaﬁvlaﬁv

as the contribution to R of the second summand in (24), apart from its contributions to Ls. The

statement now follows by —% — % = —1—76.
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(iii) Although it would be possible to prove (iii) directly, similarly to the above proofs for (i)
and (ii), we prefer to use the results of (i), (ii) together with those from Lemma 4.7 and the
integral relation from Proposition 2.1(iii). If G(j) admits a compact quotient, then it follows from
local homogeneity and Proposition 2.1(iii) that

R = —|Vric]? + L|VR[? — Tr(Ric®) + (%) + L (x) — 1R

N[

From Lemma 4.1(iii) one easily derives Tr(Ric3) = %Iaaﬁﬁw - G%Iaﬁ\ﬁﬂ/lﬂ/w thus, Tr(Ric®) con-
tributes to Lz only. Now by (i), (ii) and Lemma 4.7, the right hand side is indeed of the form

1 3 1 7 _ 17
1 (=M apylasy — 77 (=16 aylapy T Ls = —51Lapylasy + L3,

where L3 is a linear combination of invariants in which only subtuples of even length occur. So
we have proved the statement of (iii) in the case that G(j) admits a compact quotient.

The statement in the general case now follows by continuity. In fact, any G(j) for which j is a
rational map w.r.t. the standard rational structures on 3 = R” and so(v) = so(m) does admit a
compact quotient, and the rational maps are dense in the space of all linear maps j : 3 — so(v). O
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