HEAT COEFFICIENTS OF SURFACES WITH CURVED CONICAL
SINGULARITIES

DOROTHEE SCHUETH

ABSTRACT. Let (M, g) be a two-dimensional Riemannian manifold of finite diameter with a coni-
cal singularity. Under the assumption that the metric near the cone point C' is rotationally invari-
ant, but not necessarily flat, we give an explicit formula for the coefficient b1 2(C) in the heat trace
expansion tr(exp(—tAg)) ~eo (4mt) 1 > 520 (M)tj—o—z;?’;o bj/g(C)tj/Q—&—Z;iO ¢j2(C)t/ % log t.
In the case that the Gaussian curvature K of (M, g) satisfies |K(p)| — oo as p — C, we show that
b1/2(C) varies irrationally under constant rescalings of the distance circles near the cone point.
This is a sharp contrast to the behavior of by(C') and of those coefficients b;(C) which appear in
certain known formulas in the case of orbifold cone points or corners of geodesic polygons.

1. INTRODUCTION

After the seminal work of Cheeger [4] on extending the theory of the Laplace operator to Rie-
mannian spaces with singularities, the asymptotic behaviour of the resolvent trace and the heat
trace on manifolds with conical singularities (or, more generally, stratified spaces with a stratum
of conical type) was studied, among others, by Briining and Seeley [2], [3] who considered cer-
tain associated one parameter families of operators using a functional analytic approach. Their
theory was extended to stratified spaces with iterated cone-edge metrics by Hartmann, Lesch,
and Vertman [7], [8]. In the case of two-dimensional Riemannian manifolds with isolated conical
singularities, the metric near such a singularity C' has the form

(1) g = dr® + f(r)*d6?,

where df? is the standard metric on the circle S of length 27, and where f is a smooth function
on some [0,e) with f(0) = 0 and f’(0) > 0. The special case f(r) = const - r corresponds to a
cone point in the classical sense, where the metric near the singularity is flat.

Assume that the conical singularity C is the only singularity of the surface M and that the
closure M = M U {C} of M with respect to the Riemannian distance is compact. We denote
by A the Friedrichs extension of the Laplace operator on functions on M. General results from [2]
imply that in this setting, the associated heat trace has an asymptotic expansion

(2) tr(exp(—tA)) ~ 75 > aj(M) + ) "bijn(C)2 + ¢ n(C)t? logt
j=0 j=0 j=0

for ¢t N\, 0, where the coefficients in the first sum are (possibly regularized) integrals over certain
curvature invariants on M, while the second and third sums depend only on the germ of f at
r = 0 and correspond to the contribution of the cone point C'; see Section 2 for more details. It
is well-known that ag(M) = vol(M). Moreover, by(C) = %(% — (0)) (see [2], p. 424), and, in
our situation, co(C') = 0 (see [2], p. 423/424) and c;j/5(C) = 0 for all odd j (see, e.g., Remark 2.8
below).
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In her dissertation [11], Suleymanova computed by(C) and ¢y(C) for cone points C' of higher
dimensional manifolds under the assumption that the metric near the cone point is of the special
form g = dr?+r2gy on a punctured neighborhood U =~ (0,¢) x N of C, where gy is a Riemannian
metric on the cross section N.

Note that cone points of orbisurfaces constitute a special case of conical singularities — at least
if one assumes full rotational symmetry of a punctured neighborhood of the cone point, such that
it fits into the above setting. Dryden et al. [5] applied general results by Donnelly to derive a
qualitative description of the heat trace expansion for compact orbifolds. No logarithmic terms
occur in that case. For cone points C' of order n in two-dimensional Riemannian orbifolds, it was
shown in [5] that b1 (C) = (ﬁ(?’ﬁ — L4 3—16(71 — L))K(p), where K is the Gauss curvature and p
the point corresponding to C' in an orbifold chart. In [10], the author obtained a similar formula
for b2(C) in the same context; by(C) turns out to be a linear combination of K (p)? and (AK)(p),
where the coefficients are, again, rational functions of the order of the cone point.

The cited results for b1 (C') and by(C') in the orbifold case do not assume full rotational symmetry
of a punctured neighborhood of C.

Ugar [13] obtained explicit formulas for all by(C') for cone points C' of two-dimensional orbifolds
under the special assumption that the orbifold has constant curvature x € R. In our notation,
this corresponds to the case f(r) = Ls,(r) in (1), where n is the order of the cone point and s, is
the modified sine function determined by s/, = —ks,;, s,(0) =0, and s/.(0) = 1. More specifically,
be(C) can then be written as x* times 1p,(n), where n is the order of the cone point and py is
a certain polynomial of order 2¢ + 2. Ucar [13] also proved formulas of the same type for the
contributions of corners of geodesic polygons in surfaces of constant curvature to the Dirichlet
heat trace expansion, regardless of whether the angle at the corner is of the form 7/n or not.

We note here, without proving it in this paper, that in the case of full rotational symmetry
around C, it would be possible to reprove the formulas for by (C') from [5] and for b2(C') from [10]
(or, for the constant curvature case, from [13]) using similar methods as in the current paper,
i.e. relying on the approach of [2]. For this, it plays no role at all whether n = 1/f(0) > 0 is a
natural number or not. Therefore, replacing n by 1/f/(0), we can note that these by(C) depend
rationally on f’(0). Equivalently, under rescalings of f by a constant A > 0, these coefficients
depend rationally on A. (Note that the Gaussian curvature K = —f”/f and its derivatives, which
also appear in the by(C') above, are invariant under constant rescalings of f.)

If p is a point in a smooth two-dimensional Riemannian manifold M and the metric on a
neighborhood of p has full rotational symmetry around p, then the metric near p can be written in
the form (1), where r = d(p, .) and f(r) is the distortion of the length of the distance circle under
the geodesic exponential map exp,, . In that case, it is well-known that f(r) = r— %K (p)r3+0(rt);
in particular, f”(0) = 0. Passing to an orbifold cone point of order n just corresponds to passing
from f to f/n, so f”(0) = 0 still holds for cone points in orbisurfaces. The same, of course, holds
for arbitrary constant rescalings of f.

In (1), however, we allow more general functions f, as long as they are smooth on [0, ) for some
e > 0 and satisfy f(0) = 0 and f/(0) > 0. In particular, we allow f”(0) # 0. Since K = —f"/f
in the coordinates from (1), the inequality f”(0) # 0 is equivalent to |K(p)| — oo for p — C.
On the other hand, if a punctured neighborhood of the singularity happens to be isometric to a
rotational surface embedded in R3 then f’(0) = sin ¢, where ¢ is the sine of the angle between
the axis and the initial direction of the profile curve; if ¢ < 7/2 then the inequality f”(0) # 0 is
equivalent to nonzero curvature of the profile curve at its initial point (see Remark 2.3).

If f7(0) # 0 in (1), then, unlike in the orbifold case, half powers of ¢ can occur in the middle
sum of (2), and logarithmic terms can occur, too. For example, it turns out that ¢ (C) =
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—45/"(0)2/f'(0) (see Remark 2.8). The main goal of this paper is to prove the following explicit
formula for by /(C):

2f"(0) /1 2 2y 12 2
3 by o(C) = <=L 20 [ (o (1 = u?) = ~hoo(l — du,
where a := 1/f/(0) and iLk@ is defined as follows for all k € Ny and a > 0: For z € C with |2] < 1
and |1 — z| < 1, first let

00 k
Pro(2) =) aFnf(1—2)"=(-(1- z)i ;a .
F 7;) < dz) 1—(1-2)

This turns out to define a meromorphic function in a neighborhood of the origin, with a pole in
z = 0. Denote its regular part (obtained by subtracting the principal part of the Laurent series)
by h; % (z) and let

7 1 re re
hi,a(z) == ;(hki(z) - hki(()));
see Section 3 for a detailed discussion of these functions.
Our formula for by /5(C) differs fundamentally from the one which is stated in [12] and claims

this coefficient to be equal to J}I/l((g)) . %f/;r. (More precisely, 1/f'(0) is written on p. 10 of that
paper as cot ¢ instead of 1/sin ¢, where ¢ is the opening angle in the case of embedded rotational
surfaces as above; however, this small mistake is not the main reason for the difference between the
formula from [12] and our result.) See Remark 3.3 for more details concerning this discrepancy.

Moreover, in contrast to the situation for the by(C) as described above, it turns out that if
f"(0) # 0 then by /5(C) does not depend rationally on the scaling factor A when one replaces f by
Af — or equivalently, when one rescales small distance circles around C' by A. In fact, the integral
in (3) turns out to be a non-rational function of @ = 1/f/(0). To the author’s knowledge, this
is the first instance where such an irrational behaviour of a coefficient in the heat expansion of
conical singularities is detected.

This paper is organized as follows: In Section 2 we recall, adapted to our special setting, the
necessary background from [2] concerning the description of A near the singularity in terms of a
certain one parameter family of operators A(r), the associated scaled boundary operators and the
expansion of the trace of their resolvents, thereby arriving at a first description of the contributions
of the singularity to the coefficients of the asymptotic expansion of the resolvent trace. We also
recall the relations between these and the corresponding coefficients of the heat trace expansion.
In Section 3 we derive our explicit formula for b; 5(C') (Corollary 3.15), and in Section 4 we prove
that if f(0) # 0 then by /5(C) is f”(0)/f'(0) times an irrational function of f'(0) (Theorem 4.1).

2. PRELIMINARIES

Notation and Remarks 2.1. (i) In this paper, (M, g) will always denote a two-dimensional
Riemannian manifold of finite diameter with one conical singularity C'. We assume that the
closure of M with respect to the Riemannian distance is compact and equals M = MU{C}.

(ii) By definition of the notion of conical singularity, there exists € > 0 such that the punctured
e-neighborhood U, of C is isometric to (0,¢) x S* equipped with the metric

dr® + f(r)*d6?

for some f € C°°(]0,¢),R>g) with £(0) = 0 and f’(0) > 0. Here, d§? denotes the standard
metric on S with length 27.
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Remark 2.2. In the above coordinates, the Gaussian curvature K is given by

K=—f"/f.
Therefore, for p — C we have
—f"(0)/f(0), f"(0) =0,
K(p) = o0, f"(0) <o,
—00, 17(0) > 0.

In particular, f”(0) # 0 is equivalent to |K(p)| — oo for p — C.

Remark 2.3. (i) In the special case that U. can be embedded isometrically as a surface of
revolution around the x-axis in R? with profile curve (0,e) > r ~ (x(r),0,2(r)) € R3 of
unit speed with z(r) > 0 and z(r) > 0 for all 7, one has f(r) = z(r), 2> + /> = 1, and
2’2" 4+ f'f” = 0. In particular, f/(0) < 1.

(ii) If f/(0) < 1 in the situation of (i), then 2/(0) > 0, and the curvature x(0) of the profile
curve in the (x, z)-plane in its initial point is given by

oy < @ UDRM0) _ f10) _ f1(0)

where ¢ = arctan(f’(0)/2'(0)) = arcsin(f’(0)) € (0, §) is the angle between the z-axis and
the initial direction of the profile curve. In particular, f”(0) # 0 is equivalent to x(0) # 0
in this situation.

-tan @,

Remark 2.4. (i) Following [2], p. 423, we note that in the setting of 2.1(ii) the associated
Laplacian

A= _fil(arfar) - f728g
on U; is conjugate, via the map u 124, to the operator
1

1
Dim =02+ 17 (<0 - {7V 4 315"

=— 0} +r2A(r)
on (0,¢) x S, where each
P LRGP 1)
fE2T 4 f0)2 T2 )

acts on C*(S1). Note that A smoothly extends to r = 0.
(ii) We have

r?/f(r)? = (f'(0) + gf”(o) +0(?) 72 = f/(0)72(1 = rf"(0)/(0) + O(r))
and, thus,
r2f' )2/ f(r)? = (L =7 f"(0)/F/(0)(1 + 7 f"(0)/'(0))* + O(?) = 1+ 7"(0)/ f(0) + O(r?).

Moreover,

A(r) == —

r2f"(r)/ f(r) = rf"(0)/f'(0) + O(r?).
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Hence,

o) 70)) 2" F0)
) £(0)
1-— 7(0) +O(r ))

+0(r?)

<

Afr)=— - <1— IO o )) 892—1(1+r ”(0)> LIO L 062
-4

- 1 . //(
= Fope <1 7(0)

1 1 1
(4) A(0) = F(0)? % 1271
and
(5) A(0) = kA(0) with ky = —- O

f'(0)

Remark 2.5. We denote by A the Friedrichs extension of the Laplacian on the singular surface M.
For m > dim(M)/2 = 1, the resolvent (A + 22)™™ is of trace class; see, e.g. [3], p. 275. Moreover,
there is an asymptotic expansion as z — oo:

oo (e @] [e.e]
(6)  tr(A+25)" ~ Y ajp (M) TRE Z bjm(C)z 2™ 4 Z cjm(C)z 2™ I log z,

j=0 i=0 '
where the coefficients in the first sum are (possibly regularized) integrals over certain curvature
invariants on M, while the second and third sums depend only on the germ of f at + = 0 and
consist of contributions of the cone point C'. This follows (using dim(M) = 2 and dim(C) = 0) as
a special case of either [3], Theorem 5.2, or [8], Theorem 1.1, each with slightly different notation.

Corollary 2.6. The heat trace associated with A has the asymptotic expansion

(7) tr(exp(—tA)) ~ 14 Z a; (M)t + i b j2(C)t/2 + i ¢j/2(C)t7/ logt,
— —
for t (0, where the relation to the coefficients jof (6) is as follojus:
o (01) = s 00)
®) hlC) = (=€) + P e 0)
03/2(C) = Q(F(m‘j)) ()

for each j € Np.

Proof. The existence, in itself, of the asymptotic expansion (7) is well-known; e.g., it is a special
case of [2], Theorem 7.1. The explicit relations (8) to the coefficients in the resolvent expansion
are a bit hidden in the formulas on p. 416 of that (more general) paper. The argument is as
follows: Let v C C denote the contour {\ : arg(\ + 1) = £7/4}, traversed upward. Then

- 1)!
tre A = tl_mw / e P tr(A — XN)T™d.
2ms 5
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We insert (6) with z = v/—\ and use the equations

NN N =
o / /2)

' T'(n/2)
e (A2 log VA dA = — 7140/ 2 g0 p 4 TU2 V) 14 /2
/7 I(n/2) [(n/2)?
for all t > 0 and n € N. Comparing coefficients then yields (8). O

Remark 2.7. We will now summarize some facts, mainly from [2], in order to establish formulas
for the resolvent expansion coefficients b; ,,(C) and ¢;n,(C) in our specific situation.
(i) Recall from Remark 2.4 that A on
U. ~ (0,e) x S*
is conjugate to
L=—-0?+7r2A(r).
We choose a modification A of A as in [2], p. 396; in particular, A is defined on all of [0, 00),

coincides with A in some neighborhood of 7 = 0, and A(r) is an elliptic operator on C*°(S?!) for
each r. The corresponding modification of L is the “boundary operator”

Ly = =02 +r2A(r).

For any t > 0, let ~ B
A(r) == Altr)
and consider the “scaled boundary operator”
Lb,t = —83 + T'_2At(7“).

Writing

bi(2) = (Lye + 257,
we recall from [2], Lemma 4.9, that for each m > dim(M)/2 = 1, the operators G}',(z) have
kernels G}, (r, s; 2) such that each G},( ., .; z) is a continuous map from (0, 00) x (0,00) into the
space of trace class operators on

H := L*(5',dh?),
and then Gy, satisfies
(10) Gy (tr,ts; z/t) = t2m_1Gth(r, s 2),
where
Gb = Gb,l-

Moreover, by [2], Theorem 4.2, pGy;(2) is of trace class for each p € C*°([0, 00),R) with compact
support, and

tr(chZ}t(z)) = /00 o(r) try Ggft(r, r;2)dr.
In particular, ’
tr(eGy'(2)) = /OO o(r,rz)dr
with ’

o(r, Q) == p(r)tryg Gy (r,r; (/).
By formula (4.18) in [2],

(11) o(r,¢) = ¢(r) - r*"trg Gy (1, 1;¢),
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which is a consequence of (10). Since the operators Ly, are elliptic with resolvents Gy, it follows
that there is an asymptotic expansion of the form

(12) Z 90 U] 2m+d1m(M) 27 _ Z 90 )<—2m+2—2j
7=0

for ¢ — oo (see, e.g., [2], p. 421, or [3], p. 286).
(ii) From now on, we let ¢ be a smooth cut-off function on [0, c0) with compact support and

©(r) = 1 near r = 0;

in particular, all derivatives of ¢ in r = 0 vanish. We also denote by ¢ the corresponding function
on U, and its extension to M by zero outside U.. The asymptotic expansion (12) and the Singular
Asymptotics Lemma (see [2], p. 372) now imply

/ 7“ ’r‘Z d’I“N Z][ —2m+2 2j ( ) ( )dT Z—2m+2—2j

0
(13) + Z][ a’jr 0o (r, Q) dC - 2~
- 1 (2m—3+2¢) —2m+42-2¢
N : 1
+Z (om = 3+2€)U 0) -z og z

for z — co. Here, { denotes the regularized integral:

][ p(r) dr == Resg|s—1 M,
0

where My : s — fooo r*~Lu(r) dr is the Mellin transform of u, and Resg|s=1 Mp is the coefficient
at (s —1)Y (i.e., the constant term) in the Laurent expansion around s = 1 of a meromorphic
continuation of My; see [9], Section 2.1 for a thorough introduction to these concepts. Note that,
equivalently,

(14) ][000 p(r) dr = Reso|s—o /000 reu(r)dr.

(iii) The coefficients b; ,,(C) and ¢;,(C) in the asymptotic expansion (6) of tr(A + 22)~™ for
z — 0o are the same as in the asymptotic expansion of tr(yp (A + 22)™™) which, in turn, are
the same as in the asymptotic expansion of tr(¢Gj'(z fo (ryrz)dr (see, e.g., 3], p. 284).
From (13) it follows that
1
(2m—1+j)!

1o .
- ﬁ ][(; CQm 1 87]”|7":O try Gb,r(lv 1; <> dC?

bj,m(c>: ][0 C2m 1+]62m 1+] (74 C) C

(15)

where for the second equation one uses (11) and ¢(r) = 1 near r = 0, and

( ) (C) O) ] Odd,
16 Cjm = 2m—1+j .
8 m ‘ §+% j)(o)v J even.
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(iv) Note that for r sufficiently close to 0, the asymptotic expansion of o(r, () for { — oo is the
same as that of the integral over (S, dvol 2492) of the value of the operator kernel of (A+¢?/r%)~™
n (p,p), where p = (r,0). Consider the well-known the asymptotic expansion

H(t,p,p) ~ 4tZW

for t — 0 of the heat kernel H of A, that is, the (interior) operator kernel associated with et
Using the first formula of (9) and the above, one obtains, for all sufficiently small r > 0:

e [ s NI

for ¢ — oo. Since g on U, is rotationally invariant, we can write u;(r) := u;(r,0) and get

ZC—2m+2 20 =2 () f () - W

o

O’(T’, C) ~

J=0

for { — oo; thus,
1 9 949; (m—2+4j)!
) = 5T B ) - e
for all j € Ny and all sufficiently small > 0 (see also formula (3.19) of [11] which concerned the
special case f(r) = r with general dimension of M). In particular, (16) now implies:

(a7) ©) 0, J odd,
17 Cim C m— : . m,1+l ! i
g m : % : 63 1+]|r:0 (T2m+]f(7“)u1+%(r)) : (Onfl)%)’ J even.

Remark 2.8. (i) Recall that
1 1 1
uo(r) =1 and uy(r) = gscal(r) = gK(r) = —gf"(r)/f(r).
In particular, both fug and fu; are smooth in » = 0. By (17), this implies

CO,m(C) =0
(as well as c¢_2 n(C) = 0 for the hypothetical coefficient c¢_3 ,,(C)). This is well-known; see, e.g.,

(2], p. 423/424. Since cj;u(C) = 0 for all odd j by (16), one concludes using (8): ¢o(C) = 0,
61/2(0) = 0, bo(C) = bO,m(C)a and

(m—1)!

I(m+3)

Moreover, ua(r) = 1=K (r)*> = 15 f”(r)?/f(r)?. One easily derives using (17):
nl(€) = PO/ 10)

and, consequently, c1(C) = —g5f”(0)%/f/(0). Note that the above statements about g, (C) and
c2.m(C) do agree with those given in Proposition 3.3 of [12], while our explicit formula for b ,,,(C)
in Corollary 3.15 will differ fundamentally from the one given in Proposition 3.5 of [12]; see also
Remark 3.3(i) below.

(ii) Just for a moment, let us consider the special case that a punctured neighborhood of C' in
M = M U{C}, after removing one radial geodesic, is isometric to the interior of a compact subset
of a smooth surface. In that case, the Gaussian curvature and, therefore, each of the functions u;

(18) b12(C) = b1,m(C).



HEAT COEFFICIENTS OF SURFACES WITH CURVED CONICAL SINGULARITIES 9

smoothly extends to » = 0. By (17) this implies that all ¢;,,(C) vanish, and so do the c;/(C).
So, in that setting, no logarithmic terms occur in the asymptotic expansions (6) and (7). For cone
points in orbisurfaces this is, of course, well-known (even without the assumption of full rotational
invariance of the metric); see, e.g., [5].

3. AN EXPLICIT FORMULA FOR by /5(C)

The explicit value of by(C) = bom(C) is well-known: By [2], p. 424, interpreted in our notation
(see also [11], Lemma 4.1), one has:

1 1
bo(C) = — [ —— — f(0
) =35 (75~ 7' O)
In this section, we will compute b; /2(0). Note that this is also the purpose of Proposition 3.5
in [12], which does, however, not agree with the results that we obtain in Corollary 3.15 and The-

orem 4.1 below. This will be in part, but not only, be a consequence of the difference between (5)
and formula (3.1) of [12].

Remark 3.1. Let
Lo := Ly = =02 + 1 2A(0),
the so-called “frozen” operator. Its resolvent is
Go = Gb,()

and can be written as

GoQ)= P X+ra+) ' ®m,
a€spec(A(0))

where the sum is over all eigenvalues of A(0), and the endomorphism 7, of L?((0, ) x S*) denotes
fiberwise projection onto the eigenspace E, of the eigenvalue a of A(0); that is,

(ma@)(r,0) = (projg, (¢(r, .)))(0).
From Lemma 4.3 of [2] it follows that
8r|r:0Gb7T = _G[)X_l/zA,(O)X_l/2G0 ,

where X is the operator acting on functions on (0, £) x S! as multiplication by the first coordinate.
Since A’(0) commutes with Ly and, thus, with Gy, it follows that

(19) Orr—o trrr Gy (1,15¢) = —m ey (GG A'(0))(1, 1;€).
Recall from (4) that A(0) > —21. For each eigenvalue a of A(0) write

oy T

By formula (7.9) of [2], the operator (—02 +r~2a +¢?)™™ has a kernel k(o) Which is given on the
diagonal by

k™ () = ! Loyt I K
y(a)(r7rvg) = m <_2C3C> T y<a>(7"€) u(a)(TC)7

where I, and K, are the Bessel functions of the first and second kind, respectively. In particular,

m 1 1o\
k(e (1,15¢) = m— 1) <_2§8§> 1) (O K@) (€)
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and, by formula (7.10) of [2],

- 1 1 a\™!
trg Go'(1,1;¢) = (m— 1)1 <_2C3C> L) (O) Ky(a) (€),
a€spec(A(0))

where the eigenvalues of A(0) are repeated according to their multiplicity dim(F,) from now on.
Note that on the image of 7, the operator A’(0) = kyA(0) acts as multiplication by the number
kfa, where ky = —f”(0)/f(0) as in (5). Thus,

, 1/ 109\
(GO0 = Y (o) RO Rw(@kads
aespec(A(0))

By (15) and (19), this implies:
banlC©) = € 0ot G (1, 1:6) e
(20) T (G A O)(1 1) dC

k 0 1 a m
= o ]ﬁ ¢ <_2gag> > alw(QKyw(Q)d

a€spec(A(0))

Lemma 3.2.

1 s S F(y(a)+%+%)
bi,m(C) = ———Resp|s— (=2 :
1,m(C) (m—1)! €80|5=0 4\f <m+ + 2> ( 2) aesp;(A(O))a T (v(a) +% %)

where the elements a € spec(A(0)) are counted with multiplicity.

Proof. By formula (7.11) of [2] (substituting m + 1 for m in that formula), we have

© of 1 0\™ 1w+l T +g+§—m)
|7 (“5ep) BB = ot (U5 (i ) bt

For w = 2m + s, this gives:

e (seig) womiom=gizr (me e 3)r ()R

Together with (20) and (14), this implies the statement. O

Remark 3.3. (i) In view of the factor I'(—35) in the formula from Lemma 3.2, the fact that I'
has a pole at s = 0 plays an important role for the subsequent computation of by ,,(C). Note that
this is a very different situation compared to formula (7.12) of [2], which gives a similar expression
concerning (in our notation) by, (C). As it is, the pole of I" at s = 0 seems to have been ignored
in the computation starting in the lower part of p. 9 in [12]. In that paper, b1m(C) is claimed to

7 m4+L m
be equal to j;c,((g)) . 95557(7::21) (see p. 9 of [12]), that is, —ky - 92\1}(7: i) (in our notation). This

would mean that by /5(C) were equal to f/((o)) 963/;. Note that this expression is constant under

constant rescalings of f and contradicts our formula for by ,,(C) in Corollary 3.15 below, as well
as its irrational dependence on f’(0) described in Section 4.
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(ii) The numbers v(a) = y/a + 1, when a runs through spec(A(0)) (with multiplicities) consti-
tute the series
0, o, o, 20, 200, 3, 3, 4o, 4o, . ..
This follows immediately from (4), recalling that o = %.

(iii) In the following we will use the Beta function

I‘(z)I‘(w) _ ! _ p\z—ljw—-1
11<z+w)_/0(1 £)F w1 gy,

considered as a meromorphic function in z € C for each fixed w € C\ {0,—1,—2,...}, and vice
versa. The integral on the right side converges only for Re(z) > 0 and Re(w) > 0, but can, in
other cases, be interpreted using the above formula.

(iv) The functional equation I'(z+1) = 2I'(z) implies functional equations for the Beta function,
for example:

B(z,w) =

Y B w+ 1) and Bz 4+ 1w —1) = —

w w—1

B(z,w) = B(z,w)

Corollary 3.4. Using a = v(a)? — %, we conclude from Lemma 3.2 and Remark 3.3(ii):

ky
b1m(C) = —mReSO\S:O [¥m(s) - ha(s)]
where ¥y, is the meromorphic function given by
L(m+ 3+ 5)T(=3)
I'(—s) ’

U (s) =

and

1 (1 +5)(—s) > <a2 9 1> L(no+ 5+ 5)(—s)
4

n?_ =
— I‘(na—i—%—%)

Remark 3.5. Note that v, has no pole at s = 0. Thus, it is holomorphic in some open neigh-
borhood of s = 0. Its value at s =0 is

Um(0) = 2T (m + 3)

The function h, is meromorphic in some neighborhood of s = 0. We are going to show that h,
does actually not have a pole in s = 0, either; see Corollary 3.15.

Definition 3.6. For each a > 0, k € Ny, and z in
(21) W:={ze€C:|z|]<land|l—z2 <1}

we write
o
hiol(z) = Z oFfnF(1 - z)me,
n=0

where (1—2)"* := exp(nalog(1—2z)); here, log denotes the main branch of the complex logarithm.

Note that for n = 0, the summand a*n*(1 — 2)"® of hy o(2) equals 1 for k = 0 (and 0 for
k > 0). Taking this into account, we obtain (noting that the term 43 in the bracket of the

following equation serves for achieving the correct coefficient —i in the first term of h,(s) from
Corollary 3.4):
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Corollary 3.7. For the function hy from Corollary 3.4 we get, using the monotone convergence
theorem for the integral over (0,1),

1

! 1 .
ha(s) = / <2h2,a(t) — iho,a(t) + 4) (1-— t)i_%t_s_l dt.
0
Notation and Remarks 3.8. Let a > 0.
(i) For each z € W (which was defined in (21)) we have
oo
1 1
hoa(z) =) ((1—2)%)" = e = a &
7;] 1—(1-2) az— (5)22+ (5)2% —
1 1 1 1 1
e Wl R 1)
az 1—Qa(2) az 2 < a) +0(2),
where
1 1
Qa(z) = Q(a —1)z— E(Q —D(a—-2)22+...

is a power series vanishing in z = 0 and converging for each |z| < 1. Thus, hg , has a meromorphic
extension, denoted hg o again, to the open unit disc and has a simple pole at z = 0 with residue é
In particular, the function

1 1
Z = ho}a(z) — @ = h07a(2) — ahoyl(z)

is holomorphic in some open neighborhood of z = 0.
(ii) More precisely, the meromorphic function hg, on the open unit disc has a pole in z if and
only if |1 — 2| =1 and

log(l1—2)€i- (22N (-%,%))
(in fact, if |1 — 2| = 1 then the condition [z| < 1 is equivalent to log(1 — 2) € i(—%,%)). For
a < 6, this is satsfied only for z = 0. For a > 6, there are additional poles in the open unit disc.
Among these, the ones with the smallest nonzero distance to z = 0 are the points 1 — exp(:t%)

with norm 2 ‘sin(g)‘. Thus, the function z — ho(2) — é is holomorphic on the open disc

(22) Vo i ={2 € C:|z] <1y}, where ro := {; sin x| i Séif 6,
and the above function is still holomorphic on
(23) Wy =W UV,.

(iii) For each k € Ny and z € W, we have

1

diihk’a(z) = nz::lozknk ‘na(l —2)" 7t (1) = — = zhk+1’a(2)'

Hence,

k
(24) hra() = (~0- 27 ) haale)

Consequently, (i) implies that for each k € Ny, the function hj o has a meromorphic extension to
the open unit disc, with the same set of poles as hg o. Moreover, since hg o (2) — é is holomorphic
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near z = 0, it follows that for each £ € Ny, the singular part hiizg(z) of the Laurent series of

hi.o(2) at z =0 is given by

(25) hine(2) = 1 <—(1 - z)i)k <1> = Lhia(e) = lh?;iﬁ%)

« z

(iv) We denote the regular part of hy o(z) with respect to the pole at z = 0 by

re sin, 1
hki(z) = hpa(2) — hk,ag(z) = hial(z) — Ehk,l(z).

This is again a holomorphic function on the open set W, from (23). Equation (24) implies that
h, % satisfies the analogous equation

k
(20) B = (~0-2 L) 1),
(v) For future use, we also introduce the following functions:
hpa(2) 3= e (2) = i 6 (0)
and pos
ibk,a(z) — hk,a<z)

z

These are again holomorphic on the open set W, from (23).

(vi) Note that ho(z) for general a > 0 is not defined on any open neighborhood of z = 1.
However, it extends continuously (with value ho (1) = 1) to the limit point z = 1 of the open set
W C W,. Using equation (24), one easily sees that each of the functions hy, ,, extends continuously
to z = 1 (with value hgo(1) = 0 for £ > 0). Obviously, continuous extendability in z = 1 now

follows for each of the functions h};ei and kaya, too. In particular, for each k£ € Ny and o > 0, we
obtain a continuous function A
hk,a : [O, 1] — R
on the closed unit interval (which coincides with the restriction of the holomorhpic function
hi.o : Wo — C on the half-open interval [0,1) ).
Lemma 3.9. For each o > 0 we have:
(i)
! sin, s_1 1 1 ! s_1 1
/ RS (1 —t)2 "2t dt = / (1 —t)z72t7° " dt.
0o 2a Jo
(ii) The function
1 ). S
sor [ g - pibeta
0 K
vanishes identically in s € C.
Proof. (i) By Remark 3.8(i),

27 hsing -
(27) ani(z) = —

Thus, the left hand side of the statement equals

1
B(24Z —s—1)=at 22" p(24- )= _—B(24+- -
“ <2+2’ § > “ —s—1 2T 7f) T2t )

where we have used Remark 3.3(iv) in the first equation.
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(ii) By equation (25),

n d 1 )2 1
ahy o (z) = (—(1 - Z)dz> ((1 — z)22> =(1-25+(1-2)5
Thus,
! in s_1 s 5 s 3
/0 ah;ag(t)(l —t)272t "1t = 2B <2 + 208~ 3) +B <2 + 208~ 2>
£43 s 3
=222 +1|B(-+5,-5-2] =
—s—3+ <2—|—2, S ) 0,
where Remark 3.3(iv) is used in the last equation. O

Definition 3.10. (i) For each o > 0 we define a complex power series P, (w) by

1

o0

P, (w) = Z %B'Haﬁle
17 ’
= (7 +1)!
where the B; denote the Bernoulli numbers. The radius of convergence of F, is
2
R, = il
o

We write
Uy:={2€C:|z| <1and |log(l —2)| < Ry}

(ii) We define a families of holomorphic functions @ and d;, (k € Np) on the open unit disc

{z€C:|z| <1} by .

- _ D (2) — Dx(0)

¢ =
K(2) .
Remark 3.11. (i) The kth derivative P(¥) of P, satisfies
° 1 . )
9 PFE () = Z B. JAk+1,

for all w € C with |w| < R, .

(ii) The functions ®; are indeed holomorphic on the open unit disc because the singularity
of @y at z = 0 is removable (with value ®¢(0) = %) Consequently, the functions @y, too, are
holomorphic on the open unit disc. Moreover, we note that the functions ®; continuously extend
to the limit point z = 1 (with value 1 for & = 0 and value 0 for £ > 0). Consequently, the
functions ¥, too, continuously extend to the point z = 1. In particular, ®; and d;, induce

continuous functions @y, : [0,1] — R and &, : [0,1] — R, respectively.

Lemma 3.12. Using the notation of 3.8, we have the following for each o > 0:
(i) For all z € Uy,

hoa(2) = _ozlog(ll—z) - éPa(log(l —2)) and
B(2) =~ @o(z) — ~ Pa(loa(1 - 2)).
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Moreover, for all z € Uy, NUY,
1
Teg L\ _
hg(z) = ~ (P — Pa)(log(1 - 2)).

(ii) For each k € Ng and all z € U,

(29) W2 (2) = —u(2) — =P (log(1 — 2)).
Moreover, for all z € U, NU7,
TE 1
hi(z) = —(P" = P{)(log(1 - 2))
Ly B(l— @ log(1 - ).
a .:0]!‘(j+k+1)

In particular,

. 11
(30) hi2(0) = — mB’““(l — af L),
(iii) For each k € Ng and all z € U, ,
. 1. 1
hio(z) = —=®p(2) — — (P (log(1 — 2)) — PP
al2) = —~Bi(z) = — (PP (log(1 - 2)) - PI(0))
(31) 1 s 1
) - Y Ik 1oa(1 — 2)7).
o k(2) oz ; PGkt JHk+10 (log(1 — z)7)

Proof. (i) For all z € U, we have

hoa(z) = 1 _ 1 o alog(l—2) . 1
Oal®) =97 (1—2)® 1—exp(alog(l—2))  exp(alog(l—2))—1 alog(l— z)
1 1 1 1
= 2P o T gt )R

This shows the first statement. The second statement follows by (27). In order to conclude the
third statement, we let o = 1 in the first statement, which gives

Py(log(1 — 2)) = —ho1(2) — log(ll—z) . —2 _ log(ll—z) — _®y(2)

for all z € Uj.
(ii) This follows from (i) using (26), (28), and

d 4 .
(<0 =214 ) (1 = 2) = j(log(1 — )"
z
for all j € Z.
(iii) This is an immediate consequence of (29), (28), and log(1) = 0. O

Remark 3.13. Note that the open set U, on which P,(log(1 — z)) converges does, in general,
not contain the entire open disc V;, from (22) on which the functions h;;% are holomorphic. The
reason is that the formulas from Lemma 3.12 do not directly express hj > (z) as a power series in z.
Doing this would rearrange the summation and make the resulting po{zver series converge on V.
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Proposition 3.14. The function hs from Corollary 3.4 satisfies

hate) = [ (205300 - g0 ) a -5

D=

=5 tat

_ /01 <21}2,a(t) _ ;Bo7a(t)> (1—t)5—4rat,

where h}° and IA”L;wé are defined as in 3.8(v).

Proof. Note that the second equation is immediate, so it remains to show the first equation. Recall
from Corollary 3.7 that
! 1 1 51
ta(s) = [ (2haalt) - ghaa) + 1) -0 2
0

We already know from Lemma 3.9(ii) that we can replace hg o by h;i;g in this formula. Moreover,
by (30) and Bo+2+1 = Bg = 0,

hiya(0) =0,
so we can actually replace hg o by hy, in the above formula. Tt remains to show that

L1 g 1 1 ,
(32) / (hz“;g(t) — ~hgB(0) + ) (1—t)s 2t Lat =0.
0 2% 20 4

By Remark 3.8(i) (or (30) and By = —1) we have

1/1
ho.a(0) = ~5 <a - 1> ;
giving —3hg5(0) + § = 4. Now (32) follows from Lemma 3.9(i). O

Using continuity of the functions }A‘Lk@ on the closed interval [0, 1] (recall 3.8(vi)), we now obtain:

Corollary 3.15. The function hy from Corollary 3.4 has a finite value at s = 0. In particular,
that Corollary together with Remark 3.5 and Proposition 3.14 implies

. m l 1 N N 1
bim(C) = —Zwif_l)!%bm(o)ha(o) = _W/o <h2,a(t) - i%,a(ﬂ) (L—t)"2dt
. m 1 1 R R
— _m/o <h2,a(1 —u?) — iho,a(l — u2)> du,

where, as introduced before, ky = —f"(0)/f'(0), a = 1/f'(0), and the functions hyo are defined
as in 3.8(v). Using (18), we finally conclude

1
(33) hya(€) =~ [ (ﬁg,au—u?) _ iﬁo,au—u?)) du

4. IRRATIONAL DEPENDENCE OF by /5(C) ON CONSTANT RESCALINGS OF THE DISTANCE CIRCLES

In this section, we will show that if f”(0) # 0 then, under rescalings \f of f by a constant A > 0,
the coefficient by /5(C) is not a rational function of A. Since, by 2.1, the length of the distance
circles is 27 f(r) for small 7 > 0, this means that by /»(C) does not depend rationally on the scaling
factor for constant rescalings of small distance circles aronnd C'if f”(0) # 0. Note that the factor
kf=—£"(0)/f'(0) in (33) is invariant under such rescalings, while f’(0) changes linearly. Recall
that « is just the inverse of f’(0). So, what we intend to show is that the integral in (33) — or,
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equivalently, « times that integral — is not a rational function of the parameter o. The aim of this
section is, thus, to prove the following theorem:

Theorem 4.1.
1/ 1.
(34) F:(0,00) 3 aw— / (ahZa(l —u?) — Zaho,a(l — u2)) du € R
0

is not a rational function of c. In particular, if f"(0) # 0 then by 5(C) does not change rationally
under constant rescalings of the distance circles near the singularity C'.

We first give several preparations for the proof.

Definition 4.2. For each a > 0 let

Lemma 4.3. For each k € Ny there exists a constant A, > 0, independent of o, such that for
each 0 <a <1,

max {|aizk7a(1 —u?)|:u e [O,ca]} < Ag.

Proof. The definitions and formulas of 3.8 together with (30) imply that

k
ahha@)::i<”<‘<1-=@;i> hﬁi@d—-ahgian>

“H{(0-92) (i) o)

This implies that for each fixed k& € Ny, ozliLk@(z) is a linear combination of finite products of the
terms

[u—y

N

1 1
Sl (12"
Oé, Z? Z? 1_(1_Z)a7 ( Z)
Consequently, OéiLk@(l — u?) is a linear combination of finite products of the terms
1 2 1 204.

G T

For each 0 < a <1 one has ¢ < e 2 < % and, for every u € [0, ¢y,

1 1 1 1
2 2 -
0<u §u°‘§e”<§ and O<1_u2§1_u2a§1_6_ﬂ<2-

In view of the structure of aﬁ;ﬁa(l — u?) described above, these estimates obviously imply the
statement. 0

Proposition 4.4. For each j € N write

(log(u?))’

1
2 eR and I ::/ 7j(u) du € R.
- 0

7;:(0,1) 3 u—

Then, for all k € Ng and r € N we have

T

1 1
~ ~ [ .
35 / Oéhk;a 1—U2 du-—/ <I>k 1—’1,L2 du — E - J B; k 10[7 k 1+O Oér kt1
( ) 0 7( ) 0 ( ) ; 1]'(] k 1) J+ ( )
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as a N\, 0, where @y, is as in Definition 3.10(ii). In particular, for each r € N, the function F
from (34) satisfies

Fla) = —/01 (ézu—u?) - ici»ou—u?)) du

L 5 I; L T i+3
ot — _J . B. J+ r+3
e (s 1 gy Bowae?™ o™

as o — 0.

Proof. First of all, note that the numbers I; are indeed finite: The integrand 7; of I; extends
continuously to v = 1 (with value —log/(1) = —1 for j = 1 and value 0 for j > 1); moreover,
powers of log are integrable over the unit interval.

By By = 1 and the definition of F, the first statement of the lemma immediately implies the

6
second. It remains to prove the first statement. Fix k € Ng. For any a>0and r €N let

Co R “ .
D,(a,r) = ahgo(1 —u?) + @ 1—u ) du + ———— B a”’““,
() i= [ (a1 =) + i Z o B B
D* 1 P (1 — u?) + ®p(1 W du JHktl
(OZ?T) L Za(a k,a( —u )+ k‘( —U +Z ]+k+1) ]+k+10{

where ¢, = e 2a as in Definition 4.2. For the rest of this proof, we may assume that o < 1; in
particular, cq < 3. Our aim is to show that D, (a, 1) 4+ D*(a, 1) € o(a" 1) as a \, 0.

We will first show that Dy (a, ) € o(a™), meaning that it is in o(a™) for each n € N, as a \, 0.
From Lemma 4.3 and Remark 3.11(ii) we easily conclude that the first integral in D.(a,7) is
indeed in o(a>). Moreover, for each j € N one has [ log’(v)dv = (—1)7;! - UZS o 5 (—log(v))*.

Hence, recalling that log(c,) = —2~ and ¢, € o(a®), we have:

2c
/ i 7;(u) du
0

. / i log” (u?) du
0

for each j7 € N. This implies D, (a, ) € o(a™).
In order to prove (35), it remains to show that D*(a,r) € o(a”t*+1). Note that for u € [cy, 1]
we have |log(u?)] < . This implies that the compact set {1—u? : u € [cq , 1]} is contained in U, ;

A
< 3-2jj!'caz%d(g)sa * e o(a™)
S=!

<

2
1—cs

recall Definition 3.10. In particular, the power series P(ik) (w) converges uniformly on the compact
2

set {log(u?) : u € [ca,1]}. Using (28) and the fact that the function u lig_(ZQ) is bounded on

[ca , 1], it follows that the series

o
(log(u ;
B. J+k+1
1_U2Z]l j+k‘+1) Jtk+1e

converges uniformly in u € [¢y,1]. By (31), the corresponding limit function is
u s —ahy (1 —u?) — Op(1 — u?)

with @ from Definition 3.10(ii). In particular,

iwg ozj+k+1:_/l(o‘ﬁ (1 —u?) + D41 — u?)) du
2 ]‘ ] (J T L T 1) j+k+1 o k.« k .



HEAT COEFFICIENTS OF SURFACES WITH CURVED CONICAL SINGULARITIES 19

Hence,

s fl 7i(u) du :

D*(r,a) = — Z Jea IV B oJ e+l
) N (s Jj+k+1
Pt (J+k‘+1)
du .
ol TRt2 Z ) _Jea IV T B j—r—1
k410 .
] + k+1) 7"
j= r+1

This is in o(a”**1), as claimed. O

Corollary 4.5. The function F from (34) continuously extends to a function F : [0,00) — R.
This function is infinitely differentiable at o = 0, and the corresponding Taylor series ToF of F
around 0 is given by

ToF(a) = — /01 (&2(1 —u?) — %@0(1 - u2)> du

ot - S — B. J+
i ]Zl <j! G+3) 4 Gy TR

where I; is as in Proposition 4.4.

Theorem 4.6. The Taylor series ToF of F' around 0 has convergence radius 0.

Proof. Since Bj;3 = 0if j € N is even, only the summands with j odd actually occur in ToF'. For
each n € N one has (noting that log(u?) = 2log(u))

1— 22n
I o — 2277,—1
2n—1 in

see, e.g., [6], p. 550. In particular, for each odd j € N,

7" Ba|;

g 1= g2 12018
Let
V= — I] _ 1 . Ij+2
J Jle(G+3) 4 (j+3)!
for all j € N. Then for all odd j € N we obtain:
. 2+l _ 1 . 2J+3 _ 1
V. = 97 4B, _ : : +31B
’ <2(J+1) G 1By 213G +3) 1Byl
2t : (+2)( +3)
— oi+l _ 1 Bi, 4.27%1 1
(G+3)-(j+3) <( ) 2 [ Bj1] — ( )| Bj+3]
_ 2711 By ((2j+1 _ 1)(j +2)(j+3) [Bj+1] (273 _ 1)>
G+ +3) 2 | Bj+3]

_ 2:7_17rj+3|'Bj+3| ((27+1 —1)D; — (2773 — 1)),
G+3)-(G+3)

where
(J+2)(+3) [Bj+1]

D, = .
! w2 |Bjts]
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Bagul [1] recently proved that
2(2n)! 32n < Bo < 2(2n)! 32n
7T2n(22n _ 1) 32n _ 2n 7T2n(22n _ 1) 32n _ B
foralln € N, all @« <1 and all 5> 9(1 — %) ~ 1.704875. We use « := 1, 8 := 2 in this formula
and conclude, for each odd j € N:

D~ 1 (2j+3 _ 1)(3j+3 —2) B (2j+3 _ 1)(3j+1 _ %
179 (2T ) (3L 1) (0 - )3T — 1)

and
+3 i+1 _ 2 i+3 j+1
(2 —1)D, — (23— 1) > (2 =10 —3311—_(213 -HET-1)
7 2131
BECRE
Consequently,

s 2Bl T 9
PTG+ (+3) 9 -1
for each odd j € N. Using limsup;_,, "%/|B;43]/(j + 3)! = 5-, we conclude
. 2
(36) limsup "*/|V;| > 3> 0.

Jj—o0

>0

Recall from Corollary 4.5 that the coefficient of a/*3 in TyF () is V; - Bj13 for each odd j € N.

Now (36) implies that
limsup "/|Vj| - |Bj+3| = o0.

Jj—00

Thus, the radius of convergence of Ty F' is indeed zero. O

Proof of Theorem 4.1. By Theorem 4.6, the continuous extension F' : [0,00) — R from Corol-
lary 4.5 of our original F' : (0, 00) — R cannot coincide with the restriction of any analytic function.
Since rational functions are analytic, F' cannot be rational. Theorem 4.1 now follows. O
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