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The purpose of this appendix is to summarize all essential facts about Sobolev
spaces that are needed elsewhere in the text. Most of the results stated here may be
considered standard, and many of the proofs (sometimes in much greater generality
than what is stated here) can be found in the comprehensive book by Adams and
Fournier [AF03]. Many of them can also be found in standard PDE books such as
Evans [Eva98], though often not quite at the level of generality that we need. We
will provide proofs for some of the results which are harder to find in the literature
than others.

A.1. Domains in Euclidean space

A.1.1. Definitions. Throughout this section, we consider functions defined on
a nonempty open subset

U ⊂ Rn

with its standard Lebesgue measure, and taking values in a finite-dimensional vector
space that will usually not need to be specified, though occasionally we will assume
it is R or C so that one can define products of functions. Integrals of such functions
f over measurable subsets V ⊂ U will be denoted by

∫

V
f =

∫

V
f(x) dµ(x).

The domain U will also sometimes have additional conditions specified such as
boundedness or regularity at the boundary, though we will try not to add too many
more restrictions than are really needed. The most useful assumption to impose
on U is known as the strong local Lipschitz condition: if U is bounded, then
it means simply that near every boundary point of U , one can find smooth local
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216 Chris Wendl

coordinates in which U looks like the region bounded by the graph of a Lipschitz-
continuous function, and in this case we call U a bounded Lipschitz domain. If
U is unbounded, then one needs to impose extra conditions guaranteeing e.g. uni-
formity of Lipschitz constants, and the precise definition becomes a bit lengthy (see
[AF03, §4.9]). For our purposes, all we really need to know about the strong local
Lipschitz condition is that that it is satisfied both by bounded Lipschitz domains
and by relatively tame unbounded domains such as (0, 1)× (0,∞) ⊂ R2 which have
smooth boundary with finitely many corners—the latter is the most exotic domain
we have any need for in this book.

Given p ∈ [1,∞), we define the Lp-norm for measurable functions on U ⊂ Rn by

‖f‖Lp(U) :=

(∫

U
|f |p
)1/p

,

and extend this to the case p = ∞ as the essential supremum,

‖f‖L∞(U) := ess supU |f |.
We usually abbreviate

‖f‖Lp := ‖f‖Lp(U)

when the domain U is understood and there is no danger of confusion. The Banach
space Lp(U) is defined as the space of equivalence classes of measurable functions
(where f ∼ g means that f and g are equal almost everywhere) whose Lp-norms are
finite. For p = 2, there is also a natural inner product

〈f, f〉L2 := 〈f, g〉L2(U) :=

∫

U
f̄ g,

giving L2(U) the structure of a Hilbert space. (Here we are assuming for simplicity
that f and g are complex valued, but the definition can be extended in obvious ways
to functions with values in more general inner product spaces.) We will often need
to use Hölder’s inequality

∥∥|f | · |g|
∥∥
L1 ≤ ‖f‖Lp · ‖g‖Lq whenever 1 ≤ p, q ≤ ∞ and 1 =

1

p
+

1

q
,

which generalizes easily to

(A.1.1)

∥∥∥∥∥
m∏

i=1

|fi|
∥∥∥∥∥
Lp

≤
m∏

i=1

‖fi‖Lpi for 1 ≤ p ≤ p1, . . . , pm ≤ ∞ with
1

p
=

m∑

i=1

1

pi

for any m ≥ 2.
Denote by

C∞
0 (U) ⊂ C∞(U)

the space of smooth real-valued functions with compact support in U , and recall
that for j = 1, . . . , n, a function f on U is said to have weak partial derivative
∂jf = g if g is another function on U such that the obvious “integration by parts”
formula is satisfied: ∫

U
gϕ = −

∫

U
f∂jϕ for all ϕ ∈ C∞

0 (U).
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In other words, g is a partial derivative of f in the sense of distributions (cf. §2.5).
The n-tuple of all weak first-order partial derivatives of f is often denoted by

∇f := (∂1f, . . . , ∂nf),

so for instance of f : U → Rm, then one can think of the weak gradient ∇f as a
function U → Rmn. The integration by parts formula can obviously be iterated to
define weak derivatives of higher order via the condition

∂βf = g ⇔
∫

U
gϕ = (−1)|β|

∫

U
f∂βϕ for all ϕ ∈ C∞

0 (U),

Here β is a multiindex, i.e. an n-tuple of nonnegative integers (i1, . . . , in) with
degree |β| := i1 + . . .+ in, so the symbol ∂β represents the differential operator

∂β := ∂i11 ∂
i2
2 . . . ∂

in
n .

For k ∈ N and 1 ≤ p ≤ ∞, we now define W k,p(U) as the space of all functions in
Lp(U) that have weak partial derivatives up to order k also in Lp(U), and define the
W k,p-norm by

‖f‖W k,p :=
∑

|β|≤k

‖∂βf‖Lp,

where the sum ranges over all multiindices of degrees 0, 1, . . . , k. This has an obvious
extension to k = 0 as W 0,p(U) := Lp(U). It is straightforward to show that W k,p(U)
is a Banach space for every k and p, and it can always be identified with a closed
subspace of some product of Lp spaces, e.g.

W 1,p(U) ∼=
{
(f0, f1, . . . , fn) ∈

n⊕

j=0

Lp(U)
∣∣∣ ∂jf0 = fj for j = 1, . . . , n

}
.

It follows that W k,p(U) is separable for 1 ≤ p < ∞ and reflexive for 1 < p < ∞,
as a consequences of the corresponding facts about Lp(U). In the case p = 2, these
spaces are also often denoted by

Hk(U) :=W k,2(U),
and they admit Hilbert space structures with inner product

〈f, g〉Hk =
∑

|β|≤k

〈∂αf, ∂αg〉L2.

We denote by
W k,p

0 (U) ⊂W k,p(U), Hk
0 (U) ⊂ Hk(U)

the closed subspaces defined as the closures of C∞
0 (U) with respect to the relevant

norms. Since C∞
0 (U) is dense in Lp(U) for 1 ≤ p < ∞ (see e.g. [LL01, §2.19]),

there is no difference between W 0,p(U) and W 0,p
0 (U) for p < ∞, but in general

W k,p
0 (U) 6= W k,p(U) for k ≥ 1, with a few notable exceptions such as the case

U = Rn (cf. Corollary A.1.2 below).
One further definition: let

W k,p
loc (U) :=

{
functions f on U

∣∣ f ∈ W k,p(V) for all open subsets V ⊂ U
with compact closure V ⊂ U

}
,
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and we say that a sequence fj ∈ W k,p
loc (U) converges in W k,p

loc to f ∈ W k,p
loc (U) if the

restrictions to all precompact open subsets V ⊂ V ⊂ U converge in W k,p(V). Since
U is always assumed open, W k,p

loc (U) is always larger than W k,p(U)—it contains for
instance all smooth functions, even those that blow up near ∂U—and it is not a
Banach space.

A.1.2. Approximation, extension, embedding and compactness. We
shall now state various results relating W k,p(U) to spaces of continuous and/or
differentiable functions. For k = 0, 1, 2, . . . ,∞, let Ck(U) denote the space of func-
tions on U that have continuous derivatives up to order m. Such functions and their
derivatives are not required to be bounded, but one can also define for each integer
k ≥ 0 the norm

‖f‖Ck := ‖f‖Ck(U) := max
|β|≤k

sup
U

|∂βf |,

leading to the Banach space

Ck
b (U) :=

{
f ∈ Ck(U)

∣∣‖f‖Ck <∞
}
.

This contains a closed subspace

Ck(U) ⊂ Ck
b (U)

consisting of functions whose derivatives or orders 0, 1, . . . , k are bounded and uni-
formly continuous on U—the latter is true if and only if these derivatives have
continuous and bounded extensions to the closure U . (There is some abuse of nota-
tion that one should be aware of here, e.g. Ck(Rn) is not the same space as Ck(Rn),
even though Rn is its own closure.) Finally, for 0 < α < 1, we define the Hölder
seminorm |f |Cα of a function on U by

|f |Cα := |f |Cα(U) := sup
x 6=y∈U

|f(x)− f(y)|
|x− y|α ,

and define Ck,α(U) as the Banach space of functions f ∈ Ck(U) for which the norm

‖f‖Ck,α := ‖f‖Ck +max
|β|=k

|∂βf |Cα

is finite.

Theorem A.1.1 ([AF03, §3.17, 3.22]). For any open subset U ⊂ Rn, and any
k ≥ 0, 1 ≤ p <∞, the subspace

C∞(U) ∩W k,p(U) ⊂W k,p(U)
is dense. Moreover, if U ⊂ Rn satisfies the strong local Lipschitz condition, then the
space {

f ∈ C∞(U)
∣∣ f = f̃ |U for some f̃ ∈ C∞

0 (Rn)
}

is also dense in W k,p(U), so in particular,

C∞(U) ∩W k,p(U) ⊂W k,p(U)
is dense. �
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Corollary A.1.2. The space C∞
0 (Rn) is dense in W k,p(Rn) for every k ≥ 0

and p ∈ [1,∞). �

Theorem A.1.3 ([AF03, §5.29]). Assume U ⊂ Rn is an open subset satisfying

the strong local Lipschitz condition. Then a function f ∈ W k,p(U) belongs toW k,p
0 (U)

if and only if the function f̃ on Rn defined to match f on U and 0 everywhere else
belongs to W k,p(Rn). �

While it is obvious from the definitions that functions in W k,p
0 (U) always admit

extensions of class W k,p over Rn, this is much less obvious for functions in W k,p(U)
in general, and it is not true without sufficient assumptions about the regularity
of ∂U . For our purposes it suffices to consider the following case.

Theorem A.1.4 ([AF03, §5.22]). Assume U ⊂ Rn is a bounded open subset
such that ∂U is a submanifold of class Cm for some m ∈ {1, 2, 3, . . . ,∞}. Then
there exists a linear operator E that maps functions defined almost everywhere on
U to functions defined almost everywhere on Rn and has the following properties:

• For every function f on U , Ef |U ≡ f almost everywhere;
• For every nonnegative integer k ≤ m and every p ∈ [1,∞), E defines a
bounded linear operator W k,p(U) →W k,p(Rn).

�

Corollary A.1.5. Suppose U ,U ′ ⊂ Rn are open subsets such that U has com-
pact closure contained in U ′. If U satisfies the hypothesis of Theorem A.1.4, then
the resulting extension operator E can be chosen such that it maps each W k,p(U) for
k ≤ m and 1 ≤ p <∞ into W k,p

0 (U ′).

Proof. Choose a smooth function ρ : U ′ → [0, 1] that has compact support
and equals 1 on U , then replace the operator E given by Theorem A.1.4 with the
operator f 7→ ρ · Ef . �

The next statement is an assemblage of results collectively known as the Sobolev
embedding theorem. To understand its meaning, recall that elements of W k,p(U)
are technically not functions, but rather equivalence classes of functions defined
almost everywhere. Thus when we say e.g. that there is an inclusion W k,p(U) →֒
Cm,α(U), the literal meaning is that for every function f representing an element of
W k,p(U), one can change the values of f in a unique way on some set of measure
zero in U so that after this change, f ∈ Cm,α(U). Continuity of the inclusion means
that there is a bound of the form

‖f‖Cm,α ≤ c‖f‖W k,p

for all f ∈ W k,p(U), where c > 0 is a constant which may in general depend on m,
α, k, p and U , but not on f .

Theorem A.1.6 ([AF03, §4.12]). Assume U ⊂ Rn is an open subset satisfying
the strong local Lipschitz condition, k ≥ 1 is an integer and 1 ≤ p <∞.
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(1) If kp > n and k − n/p < 1, then there exist continuous inclusions

W k,p(U) →֒ C0,α(U) for each α ∈ (0, k − n/p],

W k,p(U) →֒ Lq(U) for each q ∈ [p,∞].

(2) If kp < n and p∗ > p is defined by the condition

1

p∗
=

1

p
− k

n
,

then there exist continuous inclusions

W k,p(U) →֒ Lq(U), for each q ∈ [p, p∗].

(3) If kp = n, then there exist continuous inclusions

W k,p(U) →֒ Lq(U), for each q ∈ [p,∞).

Moreover, the spaces W k,p
0 (U) admit similar inclusions under no assumption on the

open subset U ⊂ Rn.

Remark A.1.7. The statement about W k,p
0 (U) for arbitrary U follows immedi-

ately from the case U = Rn, since there is always a canonical continuous extension
map W k,p

0 (U) → W k,p(Rn). More generally, the Rn case implies these embeddings
for W k,p(U) whenever U ⊂ Rn is a domain for which bounded extension operators
as in Theorem A.1.4 exist.

Under the same assumption on the domain U , one can apply Theorem A.1.6 to
successive derivatives of functions in W k,p(U) and thus obtain the following inclu-
sions for any integer d ≥ 0:

(A.1.2) W k+d,p(U) →֒ Cd,α(U) if kp > n and 0 < α ≤ k − n/p < 1,

(A.1.3) W k+d,p(U) →֒ W d,q(U) if kp > n and p ≤ q ≤ ∞,

(A.1.4) W k+d,p(U) →֒ W d,q(U) if kp < n and p ≤ q ≤ p∗, with
1

p∗
=

1

p
− k

n
,

(A.1.5) W k+d,p(U) →֒ W d,q(U) if kp = n and p ≤ q <∞.

This last inclusion can then be composed with (A.1.2) for an arbitrarily large choice
of q, giving another inclusion

(A.1.6) W k+d,p(U) →֒ Cd−1,α(U) if kp = n and 0 < α < 1.

Remark A.1.8. The embedding theorem suggests that one should intuitively
think of W k,p(U) as consisting of functions with “k − n/p continuous derivatives,”
where the number k − n/p may in general be a non-integer and/or negative. This
provides a useful mnemonic for results about embeddings of one Sobolev space into
another, such as the following.
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Corollary A.1.9. Assume U ⊂ Rn is an open subset satisfying the strong local
Lipschitz condition, 1 ≤ p, q <∞, and k,m ≥ 0 are integers satisfying

k ≥ m, p ≤ q, and k − n

p
≥ m− n

q
.

Then there exists a continuous inclusion W k,p(U) →֒ Wm,q(U). �

By the Arzelà-Ascoli theorem, the natural inclusion

Ck,α′
(U) →֒ Ck,α(U)

for α < α′ is a compact operator whenever U ⊂ Rn is bounded, i.e. sequences
bounded in Ck,α′

(U) have convergent subsequences in Ck,α(U). It follows that if
U ⊂ Rn in (A.1.2) is bounded and α is strictly less than the extremal value k −
n/p, then the inclusion (A.1.2) is also compact. A similar statement holds for the
inclusion (A.1.4) when p ≤ q < p∗, and this is known as the Rellich-Kondrachov
compactness theorem. We summarize these as follows:

Theorem A.1.10 ([AF03, §6.3]). Assume U ⊂ Rn is a bounded Lipschitz do-
main, k ≥ 1 and d ≥ 0 are integers and 1 ≤ p <∞.

(1) If kp > n and k − n/p < 1, then the inclusions

W k+d,p(U) →֒ Cd,α(U) for α ∈ (0, k − n/p),

W k+d,p(U) →֒ W d,q(U) for q ∈ [p,∞)

are compact.
(2) If kp ≤ n and p∗ ∈ (p,∞] is defined by the condition 1/p∗ = 1/p − k/n,

then the inclusions

W k+d,p(U) →֒ W d,q(U) for q ∈ [p, p∗)

are compact.

�

Remark A.1.11. Since the domain U in Theorem A.1.10 is bounded, the inclu-
sion W k+d,p →֒ W d,q for kp ≤ n is also well defined and compact for 1 ≤ q < p: this
follows from the fact that Lp(U) ⊂ Lq(U) in this case since U has finite measure.

Corollary A.1.12. If U ⊂ Rn is a bounded Lipschitz domain, then for every
integer k ≥ 1 and every p ∈ [1,∞), the natural inclusion

W k,p(U) →֒W k−1,p(U)
is compact. �

The following simple estimate is commonly known as Poincaré’s inequality.

Theorem A.1.13 ([AF03, §6.30]). Suppose U ⊂ Rn is an open subset that lies
between two parallel (n − 1)-dimensional planes in Rn. Then for each p ∈ [1,∞],
there exists a constant c > 0 depending only on p such that

‖f‖Lp(U) ≤ c‖∇f‖Lp(U) for all f ∈ C∞
0 (U).

�



222 Chris Wendl

A.1.3. Products, compositions, and rescaling. The results of this section
are especially useful for applications in nonlinear analysis. All of them may be
viewed as corollaries of the Sobolev embedding theorem, so in particular they hold
for the same class of domains U ⊂ Rn, and the restrictions on U can be dropped at
the cost of replacing each space W k,p by W k,p

0 .
For the next result, we consider Sobolev spaces of functions valued in C, so

that pointwise products of functions are well defined almost everywhere (see Re-
mark A.1.16 on further generalizations of this setting). We say that there is a
continuous product map,

W k1,p1(U)× . . .×W km,pm(U) →W k,p(U),
or a continuous product pairing in the case m = 2, if for every set of functions
fi ∈ W ki,pi(U) with i = 1, . . . , m, the pointwise product function f1 · . . . · fm is in
W k,p(U) and there is an estimate of the form

‖f1 · . . . · fm‖W k,p ≤ c‖f1‖W k1,p1 · . . . · ‖fm‖W km,pm

for some constant c > 0 not depending on f1, . . . , fm. The case m = 2, k1 = k2 = k
and p1 = p2 = p is especially interesting, as the space W k,p(U) is then a Banach
algebra. More generally, one can ask under what circumstances multiplication by
functions of classW k,p defines a bounded linear operator on functions of class Wm,q.
A hint about this comes from the world of classically differentiable functions: mul-
tiplication by Ck-smooth functions defines a continuous map Cm → Cm if and only
if k ≥ m. The corresponding answer in Sobolev spaces turns out to be that func-
tions of class W k,p need to have strictly more than zero derivatives in the sense of
Remark A.1.8, and at least as many derivatives as functions of class Wm,q.

Theorem A.1.14. Assume U ⊂ Rn is an open subset satisfying the strong local
Lipschitz condition, k, p, m and q satisfy the same numerical hypotheses as in
Corollary A.1.9 (so in particular W k,p(U) embeds continuously into Wm,q(U)), and
kp > n. Then there exists a continuous product pairing

W k,p(U ,C)×Wm,q(U ,C) →Wm,q(U ,C) : (f, g) 7→ fg.

Corollary A.1.15. If U ⊂ Rn is an open subset satisfying the strong local
Lipschitz condition and 1 ≤ p < ∞ and k ∈ N satisfy kp > n, then W k,p(U ,C) is a
Banach algebra.

Remark A.1.16. While the results above are stated for spaces of complex-valued
functions, they extend in obvious ways to functions valued in any spaces for which
pointwise products can be defined, e.g. Theorem A.1.14 implies the existence of
continuous product pairings

W k,p(U ,Hom(Ra,Rb))×Wm,q(U ,Ra) →Wm,q(U ,Rb) : (f, g) 7→ fg

under the same assumptions on k, p, q,m and U .
The following preparatory lemma will be useful both for proving the product

estimate and for further results below. It is an easy consequence of Theorem A.1.6
and Hölder’s inequality.



Lectures on Holomorphic Curves (Version 3.4) 223

Lemma A.1.17. Assume U ⊂ Rn is an open subset satisfying the strong lo-
cal Lipschitz condition, m ≥ 2 is an integer, and we are given positive numbers
p1, . . . , pm ≥ 1 and integers k1, . . . , km ≥ 0. Let I :=

{
i ∈ {1, . . . , m}

∣∣ kipi ≤ n
}
.

Then for any q ≥ 1 satisfying

∑

i∈I

(
1

pi
− ki
n

)
<

1

q
≤

m∑

i=1

1

pi
,

there is a continuous product map

W k1,p1(U)× . . .×W km,pm(U) → Lq(U).
Proof. By the generalized Hölder inequality (A.1.1), it suffices to show that for

any q ≥ 1 in the stated range, one can find numbers q1, . . . , qm ∈ [q,∞] satisfying
1/q = 1/q1 + . . .+ 1/qm for which Theorem A.1.6 provides continuous inclusions

W ki,pi(U) →֒ Lqi(U)
for each i = 1, . . . , m. Whenever kipi > n, this inclusion is valid with qi chosen freely
from the interval [pi,∞], so 1/qi can then take any value subject to the constraint

0 ≤ 1

qi
≤ 1

pi
.

If on the other hand kipi ≤ n, then we can arrange 1/qi to take any value in the
range

1

pi
− ki
n
<

1

qi
≤ 1

pi
.

Adding these up, the range of values for
∑

i
1
qi
that we can achieve in this way covers

the stated interval. �

Proof of Theorem A.1.14. By density of smooth functions, it suffices to
prove that an estimate of the form

‖fg‖Wm,q ≤ c‖f‖W k,p‖g‖Wm,q

holds for all f ∈ C∞(U) ∩W k,p(U) and g ∈ C∞(U) ∩Wm,q(U). Equivalently, we
need to show that for all f and g of this type and every multiindex α of degree
|α| ≤ m, there is a constant c > 0 independent of f and g such that

‖∂α(fg)‖Lq ≤ c‖f‖W k,p‖g‖Wm,q .

Since f and g are smooth, we are free to use the product rule in computing ∂α(fg),
which will then be a linear combination of terms of the form ∂βf · ∂γg where |α| =
|β|+ |γ|, hence we have reduced the problem to proving a bound

‖∂βf · ∂γg‖Lq ≤ c‖f‖W k,p‖g‖Wm,q

for every pair of multiindices β, γ with |β|+ |γ| ≤ m. Since ∂βf ∈ W k−|β|,p(U) and
∂γf ∈ Wm−|γ|,q(U), the result follows if we can assume that for every pair of integers
a, b ≥ 0 satisfying a + b ≤ m, there exists a continuous product pairing

(A.1.7) W k−a,p(U)×Wm−b,q(U) → Lq(U).
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If (k−a)p > n, thenW k−a,p →֒ L∞ and (A.1.7) is immediate sinceWm−b,q →֒ Lq(U).
For the remaining cases, we shall apply Lemma A.1.17, noting that the condition
1/q ≤ 1/p+ 1/q is trivially satisfied.

If (m− b)q > n but (k−a)p ≤ n, then the hypotheses of the lemma are satisfied
if and only if

1

p
− k − a

n
<

1

q
.

Since 1
p
− k

n
≤ 1

q
− m

n
by assumption, we have

1

p
− k − a

n
=

1

p
− k

n
+
a

n
≤ 1

q
− m

n
+
a

n
≤ 1

q

since a ≤ m, and equality holds only if a = m, b = 0 and k − n/p = m − n/q,
which implies mq > n. In this case Wm−b,q = Wm,q →֒ L∞, and the pairing (A.1.7)
follows because W k−a,p = W k−m,p embeds continuously into Lq: the latter follows
from Theorem A.1.6 since 1

p
− k−m

n
= 1

q
.

Finally, when (k − a)p ≤ n and (m− b)q ≤ n, the hypotheses of the lemma are
satisfied since(

1

p
− k − a

n

)
+

(
1

q
− m− b

n

)
≤ 1

p
− k

n
+

1

q
− m

n
+
m

n
=

(
1

p
− k

n

)
+

1

q
<

1

q
,

where we’ve used the assumption kp > n and the fact that a+ b ≤ m. �

For the next result, we consider functions valued in a Euclidean space Rm, and
fix an open subset Ω ⊂ Rm. If kp > n so that W k,p(U ,Rm) ⊂ C0(U ,Rm), then

W k,p(U ,Ω) :=
{
f ∈ W k,p(U ,Rm) | f(U) ⊂ Ω

}

is an open subset of W k,p(U ,Rm).

Theorem A.1.18. Assume U ⊂ Rn is an open subset satisfying the strong local
Lipschitz condition, Ω ⊂ Rm is an open subset, and p ∈ [1,∞) and k ∈ N satisfy
kp > n. Then for any N ∈ N, the map

Ck(Ω,RN)×W k,p(U ,Ω) →W k,p(U ,RN) : (Φ, f) 7→ Φ ◦ f
is well defined and continuous, where Ck(Ω,RN) carries the topology of Ck-convergence
on compact subsets.

Proof. We will show first that if f ∈ W k,p(U ,Ω) is smooth, then Φ ◦ f belongs

to W k,p(U ,RN) for every Φ ∈ Ck(Ω,RN). Note that since f(U) ⊂ Ω is necessarily
compact, we lose no generality by shrinking Ω if necessary to a subset that still
contains f(U) but has compact closure so that Φ belongs to the Banach space
Ck(Ω,RN). Then

|Φ ◦ f(x)− Φ(0)| ≤ ‖Φ‖C1(Ω) · |f(x)|
for all x ∈ U , implying

‖Φ ◦ f − Φ(0)‖Lp ≤ ‖Φ‖C1(Ω) · ‖f‖Lp,

hence Φ ◦ f ∈ Lp(U ,RN).
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For ℓ = 1, . . . , k, we can regard the ℓth derivative of Φ as a bounded and uni-
formly continuous map from Ω into the vector space of symmetric k-multilinear
maps from Rm to RN , denoting this by

DℓΦ : Ω → Hom((Rm)⊗k,RN).

Now for any multiindex α with |α| ≤ k, the derivative ∂α(Φ ◦ f) is a linear combi-
nation of terms of the form

(A.1.8) (DℓΦ ◦ f)(∂β1f, . . . , ∂βℓf),

where ℓ ∈ {1, . . . , |α|} and |β1|+ . . .+ |βℓ| = |α|. This expression satisfies

∥∥(DℓΦ ◦ f)(∂β1f, . . . , ∂βℓf)
∥∥
Lp(U)

≤ ‖DℓΦ‖C0(Ω) ·
∥∥∥∥∥

ℓ∏

j=1

|∂βjf |
∥∥∥∥∥
Lp(U)

if the product on the right hand side has finite Lp-norm. The latter is trivially
true if ℓ = 1. To deal with the ℓ ≥ 2 case, note that ∂βjf ∈ W k−|βj|,p(U) for each
j = 1, . . . , ℓ, so the necessary bound will follow from the existence of a continuous
product map

W k−m1,p(U)× . . .×W k−mℓ,p(U) → Lp(U)
for mj := |βj|, and we claim that such a product map does exist whenever kp > n
and m1, . . . , mℓ ≥ 0 are integers satisfying m1 + . . . + mℓ ≤ k. To see this, note
first that since W k−mj ,p →֒ L∞ whenever (k − mj)p > n, it suffices to prove the
claim under the assumption that (k −mj)p ≤ n for every j = 1, . . . , ℓ. In this case,
Lemma A.1.17 provides the desired product map if the condition

ℓ∑

j=1

(
1

p
− k −mj

n

)
<

1

p
≤

ℓ∑

j=1

1

p

is satisfied. And it is: using kp > n, ℓ ≥ 2 and m1 + . . .+mℓ ≤ k, we find

ℓ∑

j=1

(
1

p
− k −mj

n

)
= ℓ

(
1

p
− k

n

)
+
m1 + . . .+mℓ

n

≤ 1

p
+ (ℓ− 1)

(
1

p
− k

n

)
<

1

p
.

We’ve shown that Φ ◦ f ∈ W k,p(U ,RN), and moreover,

‖Φ ◦ f − Φ(0)‖W k,p ≤ ‖Φ‖Ck(Ω) · C(‖f‖W k,p)

for some continuous function C : [0,∞) → [0,∞) with C(0) = 0.
Next, suppose f ∈ W k,p(U ,Ω) is not necessarily smooth but fi ∈ W k,p(U ,Ω)

is a sequence of smooth functions converging to f in W k,p, while Φi ∈ Ck(Ω,RN)
converges to Φ ∈ Ck(Ω,RN) in Ck. Then fi is also C0-convergent, thus DℓΦi ◦ fi
converges to DℓΦ ◦ f in C0(U ,RN), and each of the derivatives ∂βjfi appearing
in (A.1.8) also converges in Lp(U). In light of the continuous product maps dis-
cussed above, it follows that each derivative ∂α(Φi ◦ fi) for |α| ≤ k is Lp-convergent,



226 Chris Wendl

and its limit is necessarily the corresponding weak derivative ∂α(Φ ◦ f), hence (see

Exercise A.1.19 below) Φ ◦ f ∈ W k,p(U ,RN) and Φi ◦ fi W k,p

−→ Φ ◦ f . �

Exercise A.1.19. Show that if fi is a sequence of smooth functions on an open

set U ⊂ Rn with fi
Lp

→ f and ∂αfi
Lp

→ g for some multiindex α and functions
f, g ∈ Lp(U), then ∂αf = g in the sense of distributions.

The following result on coordinate transformations of the domain can be proved
in an analogous way to Theorem A.1.18, though it is considerably easier since there
is no need to worry about Sobolev product maps (and thus no need to assume kp > n
or impose regularity conditions on the domain).

Theorem A.1.20 ([AF03, §3.41]). Assume k ∈ N, 1 ≤ p ≤ ∞, and U ,U ′ ⊂
Rn are open subsets with a Ck-smooth diffeomorphism ϕ : U → U ′ such that all
derivatives of ϕ and ϕ−1 up to order k are bounded and uniformly continuous. Then
there is a well-defined Banach space isomorphism

W k,p(U ′) →W k,p(U) : f 7→ f ◦ ϕ.
�

Remark A.1.21. One should be careful about applying too much topological
intuition to Theorem A.1.20. For example, there exists a diffeomorphism ϕ from the
open unit ball Bn to Rn, but f 7→ f ◦ϕ cannot define a surjective map W k,p(Rn) →
W k,p(Bn); in particular the image of this map cannot include functions in Ck(Bn)
that fail to decay to zero at the boundary. The problem here is that while ϕ may
be a diffeomorphism, it is not bounded and neither are its derivatives, i.e. ϕ 6∈
Ck(Bn,Rn), although ϕ−1 ∈ Ck(Rn, Bn).

We conclude this section with a rescaling lemma that is useful for the proof of
local nonlinear regularity in §2.11. We denote by

Bn, Bn
ǫ ⊂ Rn

the open balls of radius 1 and ǫ respectively about the origin.

Lemma A.1.22. Assume p ∈ [1,∞) and k ∈ N satisfy kp > n, and for each
f ∈ W k,p(Bn) and ǫ ∈ (0, 1], define fǫ ∈ W k,p(Bn) by

fǫ(x) := f(ǫx).

Then there exist constants C > 0 and r > 0 such that for every f ∈ W k,p(Bn),

‖fǫ − f(0)‖W k,p(Bn) ≤ Cǫr‖f − f(0)‖W k,p(Bn) for all ǫ ∈ (0, 1].

Proof. Let β denote a multiindex of order |β| = k. Then using a change of
variables, we have

‖∂β(fǫ − f(0))‖pLp(Bn) = ǫkp
∫

Bn

|∂βf(ǫx)|p = ǫkp−n

∫

Bn
ǫ

|∂βf(x)|p

≤ ǫkp−n‖∂βf‖Lp(Bn) ≤ ǫkp−n‖f − f(0)‖W k,p(Bn),

and ǫkp−n → 0 as ǫ→ 0 since kp− n > 0.
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Next, suppose |β| = m ∈ {1, . . . , k− 1}. Then ∂βf and ∂βfǫ are in W
k−m,p(Bn),

and if (k −m)p < n, Theorem A.1.6 gives a continuous inclusion

(A.1.9) W k−m,p(Bn) →֒ Lq(Bn)

with q > p satisfying 1/q+(k−m)/n = 1/p. Likewise, if (k−m)p ≥ n, then (A.1.9)
is a continuous inclusion for arbitrarily large choices of q ≥ p. We will therefore
assume in general that (A.1.9) holds with q ∈ (p,∞) satisfying

1

q
+

1

r
=

1

p
,

where r = n
k−m

if (k −m)p < n and otherwise r = p+ δ for some δ > 0 which may
be chosen arbitrarily small. Given this, we use Hölder’s inequality and find

‖∂β(fǫ − f(0))‖Lp(Bn) = ǫmp

∫

Bn

|∂βf(ǫx)|p = ǫmp−n

∫

Bn
ǫ

|∂βf(x)|p

≤ ǫmp−n‖∂βf‖pLq(Bn
ǫ )
‖1‖pLr(Bn

ǫ )

≤ ǫmp−n [Vol(Bn
ǫ )]

p/r ‖∂βf‖pLq(Bn)

≤ cǫmp−n [Vol(Bn
ǫ )]

p/r ‖∂βf‖p
W k−m,p(Bn)

≤ cǫmp−n [Vol(Bn
ǫ )]

p/r ‖f − f(0)‖p
W k,p(Bn)

for some constant c > 0. Writing Vol(Bn
ǫ ) = Cǫn for a suitable constant C > 0, the

exponent on ǫ in this expression becomes

mp− n +
np

r
,

which is positive whenever r = p+ δ with δ > 0 sufficiently small since m ≥ 1, and
in the case r = n/(k −m), it becomes simply kp− n > 0.

Finally, to bound the Lp-norm of fǫ−f(0) itself, we can use the fact that f ∈ W k,p

is Hölder continuous, i.e. it satisfies

|f(x)− f(0)| ≤ c‖f − f(0)‖W k,p(Bn)|x|α for all x ∈ Bn

for suitable constants c > 0 and α ∈ (0, 1). Thus

‖fǫ − f(0)‖pLp(Bn) =

∫

Bn

|f(ǫx)− f(0)|p ≤ cp‖f − f(0)‖p
W k,p

∫

Bn

|ǫx|αp

= cp‖f − f(0)‖p
W k,pǫ

αp

∫

Bn

|x|αp

= ǫαp
cpVol(Sn−1)

αp+ n
‖f − f(0)‖p

W k,p.

�
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A.1.4. Difference quotients. If f is a function on Rn, then for every i =
1, . . . , n and h ∈ R \ {0}, the difference quotient

Dh
i f(x1, . . . , xn) :=

f(x1, . . . , xi−1, xi + h, xi+1, . . . , xn)− f(x1, . . . , xn)

h

defines a function Dh
i f on Rn. The total difference quotient of f is then the

n-tuple of functions

Dhf := (Dh
1f, . . . , D

h
nf),

so for example if f : Rn → Rm, then Dhf : Rn → Rmn. The transformation
f 7→ Dh

i f is obviously linear for any fixed number h, and it satisfies a Leibniz rule

Dh
i (fg) = Dh

i f · g + f ·Dh
i g

whenever pointwise products of f and g can be defined (e.g. if both are real or
complex valued). It also commutes with differentiation

Dh
i (∂jf) = ∂j(D

h
i f)

on any function f for which ∂jf can be defined (weakly or strongly). Clearly if
f ∈ W k,p(Rn), then Dhf ∈ W k,p(Rn) for every h ∈ R\0, and if f is supported in an
open subset U ⊂ Rn, then Dhf is supported in an arbitrarily small neighborhood
of U for sufficiently small |h|. Moreover, if f is a function defined only on U ⊂ Rn,
then on any open subset V ⊂ U with compact closure in U , Dhf can be defined on
V for |h| sufficiently small.

The following result about difference quotients is useful for proving local regu-
larity of solutions to PDEs, as in Chapter 2.

Theorem A.1.23. Assume V ⊂ U ⊂ Rn are open subsets with V having compact
closure contained in U , 1 ≤ p <∞, and k ∈ N.

(1) If f ∈ W k,p(U), then Dhf converges in W k−1,p(V) to ∇f as h→ 0.
(2) Suppose p > 1, f ∈ W k−1,p(U) and the difference quotients Dhf satisfy a

uniform bound in W k−1,p(V) as h→ 0. Then f |V ∈ W k,p(V).
The next few results are intended as preparation for the proof of Theorem A.1.23.

Lemma A.1.24. For any open subset U ⊂ Rn and continuously differentiable
function f on U , the difference quotients Dh

i f converge to ∂if uniformly on compact
subsets as h→ 0.

Proof. Fix a compact subset K ⊂ U . Then for every x ∈ K and h ∈ R \ {0}
sufficiently small, the mean value theorem gives

Dh
i f(x) = ∂if(x

′)

where

x′ := (x1, . . . , xi−1, xi + th, xi+1, . . . , xn) ∈ U
for some t ∈ [0, 1], so in particular, |x′−x| ≤ |h|. We then have |∂if(x)−Dh

i f(x)| =
|∂if(x)− ∂if(x

′)|, and the result follows since both x and x′ may be assumed to lie
in a compact subset of U , on which ∂if is uniformly continuous. �
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Proposition A.1.25. Suppose 1 ≤ p < ∞, U ⊂ Rn is an open subset and f ∈
W 1,p(U). Then on any open subset V ⊂ U with compact closure in U , Dhf → ∇f
in Lp(V) as h→ 0.

Proof. We show first that for any f ∈ W 1,p(U),
(A.1.10) ‖Dh

i f‖Lp(V) ≤ ‖∂if‖Lp(U), i = 1, . . . , n

for every V ⊂ U with compact closure in U and every h 6= 0 sufficiently small such
that Dh

i f is defined on V. Indeed, if f ∈ W 1,p(U) ∩ C∞(U), then denoting the
standard basis of Rn by (e1, . . . , en), we have

∣∣Dh
i f(x)

∣∣ =
∣∣∣∣
f(x+ hei)− f(x)

h

∣∣∣∣ =
∣∣∣∣
1

h

∫ 1

0

d

dt
f(x+ thei) dt

∣∣∣∣

=

∣∣∣∣
∫ 1

0

∂if(x+ thei) dt

∣∣∣∣ ≤
∫ 1

0

|∂if(x+ thei)| dt.

Then since any measurable function g : [0, 1] → R satisfies
(∫ 1

0

|g(t)| dt
)p

≤
∫ 1

0

|g(t)|p dt

by Jensen’s inequality, this gives

‖Dh
i f‖pLp(V) =

∫

V

∣∣Dh
i f(x)

∣∣p dµ(x) ≤
∫

V

(∫ 1

0

|∂if(x+ thei)| dt
)p

dµ(x)

≤
∫

V

∫ 1

0

|∂if(x+ thei)|p dt dµ(x) =
∫ 1

0

∫

V
|∂if(x+ thei)|p dµ(x) dt

≤
∫ 1

0

‖∂if‖pLp(U) dt = ‖∂if‖pLp(U).

This estimate extends to every f ∈ W 1,p(U) by density of smooth functions.
Next, suppose f ∈ W 1,p(U) and ǫ > 0 is given. Choose a smooth approximation

fǫ ∈ W 1,p(U) ∩ C∞(U) with ‖f − fǫ‖W 1,p(U) < ǫ/3. By Proposition A.1.25, Dh
i fǫ →

∂ifǫ in C
0
loc on U as h→ 0, and since V has finite measure, this implies we can find

δ > 0 such that |h| < δ implies ‖Dh
i fǫ − ∂ifǫ‖Lp(V) < ǫ/3. Now by (A.1.10),

‖Dh
i fǫ −Dh

i f‖Lp(V) ≤ ‖∂ifǫ − ∂if‖Lp(U) ≤ ‖fǫ − f‖W 1,p(U) < ǫ/3,

so combining these estimates gives ‖Dh
i f − ∂if‖Lp(V) < ǫ whenever |h| < δ. �

The proof of the next proposition will require the following standard result from
real analysis, known as the Banach-Alaoglu theorem; see for instance [LL01,
§2.18].

Theorem A.1.26 (Banach-Alaoglu). For any measurable subset U ⊂ Rn, if
1 < p < ∞, then every bounded sequence fj ∈ Lp(U) has a weakly convergent
subsequence, i.e. after passing to a subsequence, one can find a function f∞ ∈ Lp(U)
such that for every ϕ ∈ Lq(U) with 1/p+ 1/q = 1,

∫
U fjϕ→

∫
U f∞ϕ. �



230 Chris Wendl

Proposition A.1.27. Suppose V ⊂ U ⊂ Rn are open subsets such that V has
compact closure contained in U , 1 < p < ∞, f is a measurable function on U with
‖f‖Lp(V) <∞, and there exist constants C > 0 and δ > 0 such that

‖Dh
i f‖Lp(V) ≤ C whenever 0 < |h| < δ.

Then f |V has a weak partial derivative ∂if in Lp(V).
Proof. For any sequence hj → 0 of sufficiently small nonzero real numbers, the

sequence D
hj

i f is bounded in Lp(V), thus the Banach-Alaoglu theorem implies that
after passing to a subsequence, one finds a function g ∈ Lp(V) such that

∫

V
(D

hj

i f)ϕ→
∫

V
gϕ

for all ϕ ∈ Lq(V), where 1/p + 1/q = 1. In particular, this is true for all test
functions ϕ ∈ C∞

0 (V), and in this case there is an “integration by parts” relation
∫

V
(D

hj

i f)ϕ =

∫

V

f(x+ hjei)− f(x)

hj
ϕ(x) dµ(x)

= −
∫

V
f(x)

ϕ(x− hjei)− ϕ(x)

−hj
dµ(x) = −

∫

V
fD

−hj

i ϕ.

By Lemma A.1.24, D
−hj

i ϕ→ ∂iϕ uniformly on V and thus also in Lq(V), so taking
the limit of the integrals, we’ve shown

∫

V
gϕ = −

∫

V
f∂iϕ for all ϕ ∈ C∞

0 (V),

in other words, ∂if = g ∈ Lp(V). �

Proof of Theorem A.1.23. The two statements in the theorem follow by
applying Propositions A.1.25 and A.1.27 respectively to ∂αf for every multiindex α
with |α| ≤ k − 1, using the fact that Dh(∂αf) = ∂α(Dhf). �

A.2. Compact manifolds

In this and the next section, suppose M is a smooth n-dimensional manifold,
possibly with boundary, and π : E → M is a smooth complex vector bundle of
rank m. This comes with a “bundle atlas” A(π), a set whose elements α ∈ A(π)
consist of the following data:

(1) An open subset Uα ⊂M ;

(2) A smooth local coordinate chart ϕα : Uα

∼=−→ Ωα, where Ωα is an open
subset of Rn

+ := {(x1, . . . , xn) ∈ Rn | x1 ≥ 0};
(3) A smooth local trivialization Φα : E|Uα

∼=−→ Uα × Cm.

Smoothness of ϕα and Φα means as usual that for every pair α, β ∈ A(π), the
coordinate transformations

ψβα := ϕ−1
β ◦ ϕα : Ωαβ

∼=−→ Ωβα, Ωαβ := ϕα(Uα ∩ Uβ)



Lectures on Holomorphic Curves (Version 3.4) 231

and transition maps

gβα : Uα ∩ Uβ → GL(m,C) such that Φβ ◦ Φ−1
α (x, v) = (x, gβα(x)v)

for x ∈ Uα ∩ Uβ, v ∈ Cm

are smooth, and we shall assume the bundle atlas is maximal in the sense that
any triple (U , ϕ,Φ) that is smoothly compatible with every α ∈ A(π) also belongs
to A(π).

Any α ∈ A(π) now associates to sections η : M → E their local coordinate
representatives

ηα := pr2 ◦Φα ◦ η ◦ ϕ−1
α : Ωα → Cm,

where pr2 : Uα × Cm → Cm, and the representatives with respect to two distinct
α, β ∈ A(π) are related by

ηβ = (gβα ◦ ϕ−1
β )(ηα ◦ ψαβ) on Ωβα.

For p ∈ [1,∞] and each integer k ≥ 0, we then define the topological vector space

of sections of class W k,p
loc by

W k,p
loc (E) :=

{
η :M → E

∣∣ sections such that ηα ∈ W k,p
loc (Ω̊α,C

m)

for all α ∈ A(π)
}
,

where convergence ηj → η in W k,p
loc (E) means that ηαj → ηα in W k,p

loc (Ω̊α,Cm) for all
α ∈ A(π). Note that Ωα is not necessarily an open subset of Rn since it may contain

points in ∂Rn
+ = {0}×Rn−1, but its interior Ω̊α is open in Rn, and W k,p

loc (Ω̊α) is thus
defined as in §A.1.1.

It turns out that W k,p
loc (E) can be given the structure of a Banach space if M is

compact. This results from the fact thatM can then be covered by a finite subset of
the atlas A(π), but we must be a little bit careful: not all charts in A(π) are equally
suitable for definingW k,p-norms on sections, because e.g. even a nice smooth section
η ∈ Γ(E) may have ‖ηα‖W k,p(Ω̊α)

= ∞ if Ωα ⊂ Rn
+ is unbounded. One way to deal

with this is as follows: we will say that α ∈ A(π) is a precompact chart if there
exists α′ ∈ A(π) and a compact subset K ⊂ M such that

Uα ⊂ K ⊂ Uα′ .

When this is the case, Ωα ⊂ Rn
+ is necessarily bounded, and the transition maps

between two precompact charts necessarily have bounded derivatives of all orders,
as they are restrictions to precompact subsets of maps that are smooth on larger
domains. If M is compact, then one can always find a finite subset I ⊂ A(π) such
that M =

⋃
α∈I Uα.

Definition A.2.1. Suppose E →M is a smooth vector bundle over a compact
manifold M , and I ⊂ A(π) is a finite set of precompact charts such that {Uα}α∈I
is an open cover of M . We then define W k,p(E) as the vector space of all sections
η :M → E for which the norm

‖η‖W k,p := ‖η‖W k,p(E) :=
∑

α∈I
‖ηα‖W k,p(Ω̊α)

is finite.
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The norm in the above definition depends on auxiliary choices, but it is easy to
see that the resulting definition of the space W k,p(E) and its topology do not. In
fact:

Lemma A.2.2. If M is compact, then W k,p(E) = W k,p
loc (E), and a sequence ηj

converges to η in W k,p
loc (E) if and only if the norm given in Definition A.2.1 satisfies

‖ηj − η‖W k,p(E) → 0.

Proof. It suffices to show that if ‖ · ‖W k,p(E) is given by Definition A.2.1, then
for every precompact chart β ∈ A(π), there is a constant c > 0 such that

‖ηβ‖W k,p(Ω̊β)
≤ c‖η‖W k,p(E).

To see this, choose a partition of unity {ρα :M → [0, 1]}α∈I subordinate to the finite
open cover {Uα}α∈I . Now η =

∑
α∈I ραη, and each ραη is supported in Uα, so (ραη)

β

has support in Ωβα = ϕβ(Uα ∩ Uβ). Thus using Theorem A.1.20 with the fact that
gβα, ϕ

−1
β , ψαβ and ψβα = ψ−1

αβ are all smooth functions with bounded derivatives of
all orders on the domains in question, we find

‖ηβ‖W k,p(Ω̊β)
=

∥∥∥∥∥
∑

α∈I
(ραη)

β

∥∥∥∥∥
W k,p(Ω̊β)

≤
∑

α∈I
‖(ραη)β‖W k,p(Ω̊βα)

=
∑

α∈I
‖(ρα ◦ ϕ−1

β )(gβα ◦ ϕ−1
β )(ηα ◦ ψαβ)‖W k,p(Ω̊βα)

≤ c
∑

α∈I
‖ηα‖W k,p(Ω̊αβ)

≤ c
∑

α∈I
‖ηα‖W k,p(Ω̊α)

.

�

Corollary A.2.3. If M is compact, the norm on W k,p(E) given by Defini-
tion A.2.1 is independent of all auxiliary choices up to equivalence of norms.

With these fundamentals in place, it is an easy exercise to generalize most of the
results of §A.1 to the setting of a bundle over a compact manifold.

continue from here

A.3. Domains with cylindrical ends
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