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Due: Thursday, 21.01.2021 (23pts total)

Problems marked with (%) will be graded. Solutions may be written up in German or
English and should be submitted electronically via the moodle before the Ubung on the
due date. For problems without (%), you do not need to write up your solutions, but it is
highly recommended that you think through them before the next Tuesday lecture. You
may also use the results of those problems in your written solutions to the graded problems.

Note: Several results relevant to this problem set were stated but not proved (at least
not with all details) in lecture, and you may feel free to use them in your solutions unless
otherwise indicated. These include:

e For any distribution A and test function @, @ % A is a smooth function satisfying
0%(p*A) = (0%p) * A = =+ 0*A for all multi-indices a. (Theorem 10.27 in the notes)

o If A € 2'(Q) has first derivatives 01A,...,0,A € P'(Q) that are all representable
by continuous functions on 2 — R", then A is representable by a C'-function on .
(Theorem 10.33 in the notes)

Problem 1 (x)
Consider the locally integrable real-valued function f(z) := |z| on R.

1 if 0
(a) Prove that f has weak derivative f'(z) = 1 v [3pts]!
-1 ifz<0
(b) Prove that f’ is not weakly differentiable, but its derivative in the sense of distribu-
tions is 20 € Z'(R). [3pts]

Problem 2
Consider the real-valued function f(x) := In|z| on R.

(a) (*) Show that fisin L{ (R) and its distributional derivative Ny e 7'(R) isﬂ

N(p) = p.v. J;R ¢lz) dr := lim ¢lz) dex for ¢e Z(R). [6pts]

T e—0t lz|=e T

(b) Show that for any smooth compactly supported function ) : R — R, the smooth
function 9 = f : R — R satisfies

Wrpfw) = [ ey =t [ 20,

e—0t |y*1'|26 r—1Y

for all x € R.

!Note that there is no need to define f'(0) in Problem 1(a) since {0} = R is a set of measure zero.

2The notation p.v. in Problem 2 stands for “Cauchy principal value” and is defined as the limit on the
right hand side. The limit is necessary since 1/z is not a locally integrable function and thus z — @(x)/x
is not always in L'(R) for ¢ € Z(R).
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Problem 3
Let W oP(£2) denote the space of functions on @ < R™ whose restrictions to every open
subset U <  with compact closure are in WP (U). Prove:

(a)

() If f is an absolutely continuous function on an interval [a, b], then its classical
derivative f’ (defined almost everywhere) is also its weak derivative on the domain
(a,b), hence f e Whi((a,b)). [3pts]

Hint: For any ¢ € 2((a,b)), ¢f defines an absolutely continuous function on [a, b]
that vanishes at the end points.

If fe Wllocl(ﬂ) for an open subset {2 R, then on every compact subinterval [a,b]
Q, f is equal almost everywhere to an absolutely continuous function.

Hint: Compare the weak derivatives of f and the function g(x) := § f'(t) dt on [a, b].

(¥) Part (b) implies that every f € W11(Q) on an open interval Q < R can be
assumed continuous after changing its values on a set of measure zero. Assuming this
modification has been made, prove that there exists a constant ¢ > 0 independent
of f such that

[flco < el flwrs forall  feWh{(Q).

In other words, there is a continuous inclusion WhH(Q) — CP(9).
Hint: Prove that |f(x) — f(y)| < |f'|1 for all x,y € Q, and deduce from this that
[f @) = [ flco = f'Lr for all z € Q. [5pts]

Show that for Q = (—1,1), the continuous inclusion W1(Q) < C°(Q) in part (c)
is not compact.

Hint: Describe (by drawing a picture) an L'-convergent sequence of smooth functions
fi+ (=1,1) — R such that | f}|z1 is bounded but the L!-limit is discontinuous.

Comment: The Sobolev embedding theorem gives continuous inclusions WP < C° when
kp > n with domains (2 < R", but no such inclusion exists in general for the so-called
“Sobolev borderline cases” where kp = n, of which W11 on © — R is an example. For this
reason, the result of part (c) is slightly surprising, though part (d) implies that there is
no improved inclusion Whl < C%* for any o > 0. If there were, then WhH! < C9 would
be compact on bounded intervals Q — R due to the compactness of C%* — C°, which
follows from Arzela-Ascoli.

Problem 4
When (2 is a nonempty bounded interval (a,b) < R, the Sobolev embedding theorem gives

continuous inclusions

1
WP(Q)— Cc*(Q) if 0O<a<l, l<p<wanda<l-—-
p

w2lQ) - c% Q) if 0<a<l.

Without citing the theorem, prove this as follows:

(a)

(b)
()

Deduce the inclusions W21 < 0% for « € (0, 1] from a continuous inclusion W21 <
C'! using Problem 3.

Deduce the inclusion WP < C? for every p > 1 from Problem 3.

(#) For a < z < y < b, the fundamental theorem of calculus implies |f(x) — f(y)| <
| f/ 2t () for f € WEP(Q) since (by Problem 3) f can be assumed absolutely
continuous. Use Holder’s inequality to deduce a Holder-type estimate |f(z) — f(y)| <
el flle - |z —y|* for 0 < o <1 —1/p whenever p > 1. [3pts]



