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Abstract. We develop new techniques to study regularity questions for moduli spaces of pseu-
doholomorphic curves that are multiply covered. Among the m ain results, we show that un-
branched multiple covers of closed holomorphic curves are generically regular, and simple in-
dex 0 curves in dimensions greater than four are generically super-rigid, implying e.g. that the
Gromov-Witten invariants of Calabi-Yau 3-folds reduce to s ums of local invariants for �nite
sets of embedded curves. We also establish partial results on super-rigidity in dimension four
and regularity of branched covers, and brie
y discuss the ou tlook for bifurcation analysis. The
proofs are based on a general strati�cation result for modul i spaces of multiple covers, framed
in terms of a representation-theoretic splitting of Cauchy -Riemann operators with symmetries.
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1. Introduction

Motivation. The issue of transversality in Gromov's theory of pseudoholomorphic curves [Gro85]
has always been problematic, and has attracted renewed interest in recent years. While many
powerful symplectic invariants such as Gromov-Witten theory, Hamiltonian Floer homology
and symplectic �eld theory are based on holomorphic curves,most of them run into severe
technical complications unless multiply covered curves can be excluded, thus necessitating rather
sophisticated techniques that typically replace the standard nonlinear Cauchy-Riemann equation
by an abstract perturbation, see e.g. [LT98b, FO99, Rua99, Sie, CM07, HWZ17, Par16]. Aside
from the technical challenges that these methods pose, theyare non-ideal for many applications:
for instance abstract perturbations destroy intersection theory in symplectic 4-manifolds, and
in Calabi-Yau 3-folds they obscure information that one might hope to �nd in the geometric
relationship between simple curves and their multiple covers, as exempli�ed by the Gopakumar-
Vafa formula [GV,BP01,PT14, IP18,DIW].

The motivating principle of this paper is in some sense orthogonal to that of abstract pertur-
bations: our aim will be to extend the transversality theory for the standard pseudoholomorphic
curve equation as far as it can reasonably be pushed, i.e. to prove transversality when it is pos-
sible, and in other cases to isolate the precise phenomena which make it impossible and explain
what is true instead. Let us start by singling out two situati ons in which this program is not
obviously hopeless.

Example 1.1. If u : p� ; j q Ñ pM; J q is a closedJ -holomorphic curve and ' : pr� ; ~|q Ñ p� ; j q is
an unbranched cover of closed connected Riemann surfaces with degreed P N, then the virtual
dimensions of the moduli spaces containingu and u � ' : pr� ; ~|q Ñ pM; J q, also known as the
indices of these two curves, are related by

indpu � ' q � d � indpuq:

Since indpu � ' q is then nonnegative whenever indpuq ¥ 0, there is no obvious reason why
u � ' could not achieve transversality generically, but traditional methods in the theory of
J -holomorphic curves do not prove this except whenu � ' is simply covered, or in certain 4-
dimensional cases [HLS97], or more recently, when indpuq � 0 if a su�ciently large space of
perturbed almost complex structures is allowed [GW17].

Example 1.2. Supposeu : p� ; j q Ñ pM; J q is a closed simply covered curve with index 0 and
' : pr� ; ~|q Ñ p� ; j q is a branched cover of closed connected Riemann surfaces with degreed P N
and Z pd' q ¥ 0 as the algebraic count of branch points. Then combining theRiemann-Hurwitz
formula

(1.1) � � pr� q � d � � p� q � Z pd' q

with the standard index formula for closed holomorphic curves gives the relation

(1.2) indpu � ' q � d � indpuq � p n � 3qZ pd' q � �p n � 3qZ pd' q;

where dimR M � 2n. This shows that u � ' lives in a space of nonpositive virtual dimension
when dimM ¥ 6 and thus cannot achieve transversality if ' has branch points, as the space
of holomorphic branched covers then has dimension 2Z pd' q ¡ 0. It is interesting however to
observe that u must be immersed ifJ is generic, so it has a well-de�ned normal bundleNu Ñ �,
and restricting the linearized Cauchy-Riemann operators for u and u � ' to the normal bundle
and its pullback gives operatorsD N

u and D N
u� ' with indices related by

indpD N
u� ' q � d � indpD N

u q � p n � 1qZ pd' q � �p n � 1qZ pd' q:
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The latter is always nonpositive, soD N
u� ' can be injective, and this condition has a geometric

meaning: it implies that u � ' can never be the limit of a sequence of somewhere injective curves
(see Proposition B.1). In fact, the only other curves nearu � ' are other branched covers of the
form u � ' 1 for ' 1 near ' , and the cokernels of the operatorsD N

u� ' de�ne an obstruction bundle
over the space of branched covers which can be used to computeGromov-Witten invariants.
This phenomenon is known assuper-rigidity, see De�nition 2.3.

Considerable interest in super-rigidity has been motivated by the study of Gromov-Witten
invariants in Calabi-Yau 3-folds, where all moduli spaces of holomorphic curves without marked
points have virtual dimension zero. In this case it can be interpreted as a Morse-Bott condition
for families of \degenerate" (i.e. multiply covered) curves, so that the Gromov-Witten counts of
these curves are expressed by integrating Euler classes of obstruction bundles over �nitely many
such families|these integrals de�ne the so-called \multip le cover contributions," also known as
the local Gromov-Witten invariants of the underlying embedded curves. A substantial body
of results has emerged during the past two decades on local Gromov-Witten invariants and
their consequences for Calabi-Yau 3-folds in the presence of the super-rigidity hypothesis, using
both algebro-geometric [Pan99,BKL01,BP01,BP05,BP08] and symplectic methods [LZ07,Zin11,
DWa]. In spite of these developments, a general result establishing the super-rigidity hypothesis
itself has thus far been unavailable. In the algebraic category it is known to hold in some
cases and not in others [BP06], and while it was conjectured in [BP01] to hold generically in
symplectic manifolds, proofs have been found only in very special settings (e.g. [LP07,LP12] for
certain K•ahler surfaces), and a strategy was even outlinedin [LZ07] to disprove the conjecture
for higher genus curves.

Results. The �rst of the main results stated in §1.1 below settles the super-rigidity question for
symplectic manifolds of dimension at least six: by Theorem A, super-rigidity does hold in this
setting for all simple closedJ -holomorphic curves of index 0 ifJ is generic, and it also holds in
dimension four for curves of low genus. Complementary to this, we will see in Theorem B that
transversality holds for the unbranched multiple covers inExample 1.1, and we will also be able
to prove some transversality results for branched covers (Theorem C). The actual main result
of this paper is Theorem D, which implies the aforementionedresults by stratifying the space
of all multiply covered J -holomorphic curves into smooth submanifolds, with precise formulas
for their dimensions. The dimensions are determined by a general picture of Cauchy-Riemann
type operators with symmetries described in§2.2, which has its origins in Taubes's work on
the Gromov invariant of symplectic 4-manifolds [Tau96a]. As in Taubes's paper, the approach
adopted here also lends itself to the study of bifurcations and wall crossing for multiple covers,
on which we will make some brief remarks in§2.4 but save the detailed examination for future
work.

The di�culty. As with any transversality result, the proof of our main theorem boils down to
establishing that a certain bounded linear operator is surjective. The type of operator that
arises has appeared before, e.g. in the context of wall-crossing arguments [Tau96a, IP18] (see
also [Eft16]), and it has previously been dealt with by various ad hoc methods that su�ce for
certain speci�c applications, but would not be general enough for the problems studied here.
The solution to this di�culty is probably the most technical ly novel element in the present
paper: it is reduced to a local property of Cauchy-Riemann type operators known asPetri's
condition, which involves a \decoupling" between the pointwise linear dependence relations for
local solutions of a linear Cauchy-Riemann type equation and of its formal adjoint equation.
Section 5 of this paper proves that Petri's condition holds generically for Cauchy-Riemann type
operators, and this should be regarded as the main step that makes all of our other results
possible.
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Outlook. While the results in this paper focus speci�cally on closed holomorphic curves, there
is no obvious obstruction to applying the same techniques tostudy punctured curves in sym-
plectic cobordisms. As with [Tau96a] and the Gromov invariant, this can be expected to have
important applications to the foundations of Embedded Contact Homology [Hut14], e.g. for
de�ning cobordism maps and proving invariance without reliance on Seiberg-Witten theory. It
also raises the intriguing possibility of localizing (in the sense of Corollary 1.6 below) and/or
proving integrality results for invariants in symplectic � eld theory [EGH00]. A few special cases
of super-rigidity in the punctured case have previously been observed in [Wen10, Fab13]; those
examples were restricted to dimension four, but the resultsof the present article suggest that
super-rigidity is likely to be a considerably more general phenomenon.

Since the �rst version of this paper appeared, A. Doan and T. Walpuski have initiated a pro-
gram extending the equivariant transversality methods introduced here to more general classes
of elliptic problems; see [DWb]. More recently, Bai and Swaminathan [BS] have also carried
out the �rst step in the bifurcation analysis proposed in §2.4, and applied it toward de�ning an
extension of Taubes's Gromov invariant to Calabi-Yau 3-folds.

1.1. Super-rigidity and transversality theorems. To state the main results, assumepM; ! q
is a symplectic manifold with

dim M � 2n ¥ 4;

and J�x is a smooth almost complex structure that iscompatible with ! , meaning that ! p�; J�x �q
de�nes a Riemannian metric on M . We �x also an open subsetU € M with compact closure,
and consider the space

J pM; ! ; U; J�x q

of smooth ! -compatible almost complex structures onM that match J�x outside of U, with its
natural C8 -topology.

Remark 1.3. The existence of a symplectic form onM is not required for any of the arguments
in this paper, but we are including it in the setup since it is important in applications|all
results could alternatively be stated and proved for the larger space of! -tame almost complex
structures, or for arbitrary almost complex structures on a smooth (not necessarily symplectic)
manifold.

Following the usual convention among symplectic topologists, we will say that a subset of a
topological space is aBaire subset if it is comeager, i.e. it is a countable intersection of open
and dense subsets. The intersection of a countable sequenceof Baire subsets is again a Baire
subset, and by the Baire category theorem, any Baire subset of a complete metric space is dense.
We will say that a given property is true generically (e.g. for genericJ ) whenever there exists a
Baire subset of the space of all admissible data (e.g. inJ pM; ! ; U; J�x q) such that the property
holds for all choices of data in that subset.

Given J P J pM; ! ; U; J�x q, a closed connected Riemann surfacep� ; j q and a J -holomorphic
curve u : p� ; j q Ñ pM; J q, the index of u is the integer

(1.3) indpuq � p n � 3q� p� q � 2c1puq;

where we abbreviatec1puq :� x c1pT M; J q; rusy, rus :� u� r� s PH2pM q. A closed and connected
J -holomorphic curve ~u : pr� ; ~|q Ñ pM; J q is said to be a (d-fold) multiple cover of u if ~u � u � '
for some holomorphic map' : pr� ; ~|q Ñ p� ; j q of degreed ¥ 2, and u is called simple if it is
nonconstant and is not a multiple cover of any other curve.

The notion of super-rigidity was outlined already in Example 1.2; see De�nition 2.3 for a more
precise formulation. We will also use the termFredholm regular to refer to the standard notion
of transversality for moduli spaces of unparametrizedJ -holomorphic curves, cf. Proposition 2.2
below. In each of the following theorems,pM; ! q is a symplectic manifold of dimension 2n with
a compatible almost complex structureJ�x , and U € M is an open subset with compact closure.
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Theorem A (super-rigidity) . If dim M ¥ 6, then there exists a Baire subsetJ reg of the space
J pM; ! ; U; J�x q such that for all J P J reg, every simple J -holomorphic curve of index0 that
intersects U is super-rigid. Moreover, this result also holds whendim M � 4 for all simple
index 0 curves of genus0 or 1.

Super-rigidity has a number of well-known consequences, which are especially important in
the case dimM � 6. These are based partly on the observation that the space ofall covers of
super-rigid curves is an open and closed subset of the ambient moduli space of J -holomorphic
curves, see Proposition B.1 in Appendix B. Applying Gromov compactness and the standard
implicit function theorem for simple curves, plus the fact that simple J -holomorphic curves of
index 0 are generically embedded and disjoint from each other in dimensions greater than four,
this implies:

Corollary 1.4. For generic compatibleJ in a closed symplectic6-manifold pM; ! q, there exist
for each integerg ¥ 0 and real numberE ¡ 0 at most �nitely many distinct simple J -holomorphic
curves u of genusg in homology classesrus � A P H2pM q with c1pAq � 0 and ! pAq ¤ E.
Moreover, these curves are embedded and pairwise disjoint. �

Remark 1.5. Doan and Walpuski [DWa] have recently shown that if one �xes the classA P
H2pM q in Corollary 1.4, then it is not actually necessary to �x the genus g, i.e. for genericJ ,
there exist at most �nitely-many simple curves of any genushomologous toA. Their proof uses
techniques from geometric measure theory.

Using results of Zinger [Zin11] (see also Lee-Parker [LP12]), Theorem A also implies that for
generic J , the space of branched covers of an embedded index 0 curve admits a well-de�ned
obstruction bundle which can be used to compute Gromov-Witten invariants. In particular,
if dim M ¥ 6 and u : p� ; j q Ñ pM; J q is an embeddedJ -holomorphic curve of genusg with
c1puq � 0, one can apply [Zin11, Theorem 1.2] with no marked point constraints to study the
space ofJ -holomorphic curves with image inup� q, so that Theorem A establishes hypothesis (b)
in Zinger's result, implying that the cokernels of the normal operators D N

u� ' for ' varying in the
space „M hpdr� s; j q of degreed nodal holomorphic curves inp� ; j q with arithmetic genus h form
a well-de�ned and oriented orbibundle

Obu Ñ „M hpdr� s; j q

with rank R Obu � p n � 1qp2h � 2 � dp2 � 2gqq. Note that by the Riemann-Hurwitz formula,
the term 2h � 2 � dp2 � 2gq is simply the algebraic count of branch pointsZ pd' q for any map
' in the non-nodal stratum of „M hpdr� s; j q.1 The obstruction bundle is interesting mainly in
the 6-dimensional case, sincen � 3 means that rankR Obu matches the real virtual dimension
of „M hpdr� s; j q, and the count of solutions to an abstract perturbation of the holomorphic
curve equation can then be computed by integrating the Eulerclass epObuq over the virtual
fundamental cycle of „M hpdr� s; j q in the sense of [LT98a,LT98b,FO99]. This produces a formula
for the local Gromov-Witten invariants of the curve u,

N h
d puq �

»

r „M h pdr� s;j qsvir
epObuq PQ;

de�ned for every d P N and h ¥ g. These numbers depend only on the germ of the almost
complex manifold pM; J q at up� q. Note that N g

1 puq � � 1, with the sign depending on the
canonically oriented determinant line of D N

u .
Combining the obstruction bundle discussion with Corollary 1.4, let

N g
A pM; ! q PQ

denote the 0-point Gromov-Witten invariant of pM; ! q for genusg curves in a classA PH2pM q
with c1pAq � 0.

1One must keep in mind however that the non-nodal stratum of „M h pdr� sqmay be empty even if „M h pdr� sq
itself is not, e.g. this is the case wheneverd � 1 and h ¡ g.
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Corollary 1.6 (via [Zin11, Theorem 1.2]). SupposepM; ! q is a closed symplectic6-manifold,
g ¥ 0 is an integer and A P H2pM q satis�es c1pAq � 0. Then for generic ! -compatible almost
complex structuresJ ,

N g
A pM; ! q �

Ņ

i � 1

N g
di

pui q;

where the sum ranges over the (by Corollary 1.4) �nite set of pairwise disjoint embeddedJ -
holomorphic curves u1; : : : ; uN that have genera at mostg and homology classes satisfying
di rui s � A for some d1; : : : ; dN P N. �

In particular in the Calabi-Yau case, with c1pT M; ! q � 0, this corollary localizes all of the
Gromov-Witten invariants of pM; ! q.

We next state two results on transversality for multiple covers.

Theorem B (transversality, unbranched). There exists a Baire subsetJ reg € J pM; ! ; U; J�x q
such that for all J PJ reg, for every simpleJ -holomorphic curveu : p� ; j q Ñ pM; J q intersecting
U and every unbranched holomorphic cover' : pr� ; ~|q Ñ p� ; j q of closed Riemann surfaces, the
J -holomorphic curve u � ' : pr� ; ~|q Ñ pM; J q is Fredholm regular.

Remark 1.7. The case indpuq � 0 of Theorem B has been proved previously in [GW17],
though with stronger assumptions: for technical reasons, it was necessary in that paper to
assume thatup� q is contained entirely in U, and in dimension four also to allow perturbations
of J that are ! -tame but not necessarily ! -compatible. The present paper uses a completely
di�erent approach to the transversality problem and is thus able to remove these restrictions. As
explained in [GW17], the theorem implies an integrality result for the Gromov-Witten invariants
in dimension four.

It is generally harder to achieve transversality for coversu � ' with branch points, e.g. the
index relation (1.2) shows that indpu � ' qcan easily become negative in dimensions greater than
six. More seriously, if u is Fredholm regular, then one can always �nd a smooth family of other
multiple covers near u � ' obtained by varying both u and ' in their respective moduli spaces;
since the latter lives in a space of real dimension 2Z pd' q, the condition

indpu � ' q ¥ indpuq � 2Z pd' q

is evidently necessary in order foru� ' to be Fredholm regular. Observe that if ' hasr ¥ 0 critical
values, then this condition is satis�ed whenever indpuq ¥ pn � 1qr : indeed, each critical value is
the image of at mostd � 1 branch points (counted algebraically), so we haveZ pd' q ¤ pd � 1qr
and (1.2) implies

indpu � ' q � indpuq � p d � 1qindpuq � p n � 3qZ pd' q

¥ indpuq � p n � 1qZ pd' q � p n � 3qZ pd' q � indpuq � 2Z pd' q:

The next result states that the condition indpuq ¥ pn � 1qr is also, in some sense, su�cient.

Theorem C (transversality, branched). There exists a Baire subsetJ reg € J pM; ! ; U; J�x q
such that the following holds for allJ P J reg. Supposeu : p� ; j q Ñ pM; J q is a simple J -
holomorphic curve intersectingU and satisfying

indpuq ¥ pn � 1qr

for some integer r ¥ 0, and ' : pr� ; ~|q Ñ p� ; j q is a holomorphic branched cover of closed
connected Riemann surfaces withr distinct critical values. Then there exists aJ -holomorphic
curve and a holomorphic branched cover

u� : p� ; j � q Ñ pM; J q and ' � : pr� ; ~| � q Ñ p� ; j � q

such that u� , ' � , j � and ~| � are arbitrarily C8 -close to u, ' , j and ~| respectively, andu� � ' � :
pr� ; ~| � q Ñ pM; J q is Fredholm regular.
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Note that whenever indpu � ' q is alsostrictly greater than indpuq � 2Z pd' q, one can combine
this result with the implicit function theorem to deduce the existence of simpleJ -holomorphic
curves that are small perturbations of multiple covers ofu.

The proofs of these theorems are inspired by the work of Taubes [Tau96a], whose de�nition of
the Gromov invariant for symplectic 4-manifolds required aspecial case of Theorem B along with
related bifurcation-theoretic results (cf. §2.4) for multiply covered holomorphic tori. Roughly
speaking, the idea is to study the local structure of spaces of the form

(1.4) M pk; cq :�
 

~u � u � '
�
� dim ker D N

~u � k and dim cokerD N
~u � c

(
;

where k; c ¥ 0 are �xed integers, u varies in the moduli space of simpleJ -holomorphic curves
and ' varies in the moduli space of holomorphic branched covers. Ideally, one would like to
show that these spaces are smooth manifolds for genericJ , and to compute their codimensions
in the space of pairspu; ' q. This turns Theorems A and B into \dimension counting" probl ems,
as whenever one can show that the codimension ofM pk; cq is larger than the dimension of the
ambient space for suitable values ofk and c, one may conclude that either kerD N

~u or cokerD N
~u

must be trivial. This discussion is oversimpli�ed in at least three respects: �rst, we will not
be able to �nd any nice structure on M pk; cq if ' varies in the space ofall branched covers,
but it will help to con�ne it to certain substrata of that spac e in which all branch points have
prescribed branching orders. For similar reasons, it will also help to con�ne u to substrata
in which its number of critical points and their orders are constrained, and this is easily done.
More seriously, the spaceM pk; cqas sketched above can have di�erent codimensions on di�erent
components, as its codimension depends intricately on symmetry information which is ignored
in (1.4). We will therefore need to de�ne a more elaborate version of M pk; cq which depends on
a splitting of the operator D N

~u into summands corresponding to irreducible representations of
the (generalized) symmetry group of the cover. This idea is borrowed directly from [Tau96a],
though the details are somewhat more involved since, in contrast to the case of unbranched
covers of tori, we cannot assume that all covers are regular or that their symmetry groups are
abelian. We will see that once the formalism is developed in su�cient generality, it \breaks the
symmetry" of D N

~u enough to make dimension counting arguments much more e�ective.

Remark 1.8. A slightly di�erent variation on the ideas in [Tau96a] has been implemented by
Eftekhary to prove a partial result toward super-rigidity i n dimension six, see [Eft16].

Here is an outline of the rest of the paper.
After establishing some standard de�nitions and notation, §2 will further elucidate the ideas

sketched above and formulate a precise version of the statement that M pk; cq from (1.4) is a
smooth submanifold, Theorem D. This will then be used as a black box to prove Theorems A,
B and C in §2.3, followed in §2.4 by a brief informal discussion of bifurcation theory. The
remainder of the paper is then devoted to the proof of TheoremD. In §3, we explain the
splitting construction for Cauchy-Riemann operators with symmetries and prove some lemmas
based on a mixture of elliptic regularity for punctured Cauchy-Riemann operators, topology of
covering spaces, and representation theory of �nite groups. The summands in the splitting are
also Cauchy-Riemann operators, whose indices are a somewhat delicate computation, carried
out in §4. In §5 we prove a local genericity result for Cauchy-Riemann operators that takes on
the role usually played by unique continuation in applications of the Sard-Smale theorem, and
the latter will be used in §6 to complete the proof of Theorem D. Finally, §7 deals with super-
rigidity in the four-dimensional case, which is something of an anomaly and requires di�erent
techniques based on intersection theory. The appendices provide various results that may be
considered \standard" and yet, in this author's experience, seem to cause su�cient confusion
among experts to warrant some discussion; their proofs require a few ideas that will in any case
be useful elsewhere in the paper.

1.2. Apologies and acknowledgements. The super-rigidity problem has a slightly troubled
history, and as the author of a new paper on the subject, it would behoove me at this point
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to apologize for having caused some of that trouble: I am aware of three previous attempts to
prove some version of Theorem A which were later either withdrawn or revised to prove much
weaker statements, and I was an author of one of them (the original version of [GW17]). To
make matters worse, earlier versions of the present paper also contained a major error in§5 on
which the main results were crucially dependent, causing the paper to be withdrawn for several
months while the o�ending section underwent an extensive rewrite. (For more on the history of
failed super-rigidity proofs, see Appendix D.) With all thi s in mind, I would sympathize with
any reader's inclination to greet this paper with a dose of skepticism, though it seems worth
pointing out that rather than being an attempt to rescue the ( probably unrescuable) proof
originally attempted in [GW17], the approach taken here hasalmost nothing in common with
the previous one, other than the considerable debt that bothof them owe to the ideas of Taubes
[Tau96b,Tau96a].

I would like to thank Dan Cristofaro-Gardiner, Chris Gerig, Michael Hutchings, Eleny Ionel,
Mihai Munteanu, Tom Parker, Cli� Taubes and Aleksey Zinger f or conversations and correspon-
dence which helped to improve my understanding of the problems studied in this paper. Special
thanks are due to Aleksander Doan and Thomas Walpuski for having uncovered a few minor
errors and one major error in the original version; my discussions with them were invaluable in
the e�ort toward �xing those errors. Finally, many thanks to t he anonymous referees for their
impressively careful reading of earlier drafts, which has induced measurable improvements in
the exposition.

2. The main idea

2.1. Some de�nitions. Let us now �x some notation and de�nitions that will be essent ial in
the rest of the paper.

Given integers g; m ¥ 0 and a classA P H2pM q, the moduli space of unparametrized
J -holomorphic curves M g;mpA; J q can be de�ned as the set of equivalence classes of tuples
p� ; j; � ; uq where p� ; j q is a closed connected Riemann surface of genusg, � € � is an ordered
set of m distinct points (the marked points ), and u : p� ; j q Ñ pM; J q is a J -holomorphic map
satisfying rus :� u� r� s � A, with equivalence de�ned by p� ; j; � ; uq � p � 1;  � j;  � 1p� q; u �  q
for di�eomorphisms  : � 1 Ñ �. The Gromov compacti�cation of M g;mpA; J q is the space
„M g;mpA; J q of (equivalence classes of)stable nodal curves pS; j; � ; � ; uq, where nowS may
be disconnected, and the original data are augmented by an unordered set of distinct points in
Sz�, arranged into unordered pairs

� � tt pz1; qz1u; : : : ; t pzr ; qzr uu;

such that uppzi q � upqzi qfor eachi � 1; : : : ; r . We call the pairs t pzi ; qzi unodes, and each individual
pzi or qzi PS a nodal point . The curves in „M g;mpA; J qare required to havearithmetic genus g,
which means that the surface obtained fromS by performing connected sums at all matched pairs
of nodal points is a closed connected surface of genusg. The stability condition requires that any
component ofSzp� Y � qon which u is constant should have negative Euler characteristic. With
this condition, „M g;mpA; J q can be given a natural topology as a metrizable Hausdor� space,
and it is compact wheneverJ is tamed by a symplectic form. A de�nition of the topology may
be found e.g. in [BEH� 03]; for convergent sequences inM g;mpA; J q, it amounts to the notion of
C8 -convergence forj and u after a choice of parametrization for which all domains and marked
point sets are identi�ed. Curves rpS; j; � ; � ; uqs P„M g;mpA; J q with � � H can equivalently be
regarded as elements ofM g;mpA; J q, and are thus called smooth curves to distinguish them
from nodal curves.

Remark 2.1. In this paper, the word \curve" always means \smooth curve" ( i.e. without nodes)
unless the word \nodal" is explicitly included. Similarly, all dimensions and Fredholm indices in
this paper are real (not complex) unless otherwise speci�ed. This usage di�ers somewhat from
the algebraic geometry literature.
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When there is no danger of confusion, we shall sometimes abuse notation by writing equiva-
lence classesrp� ; j; � ; uqs PM g;mpA; J q or rpS; j; � ; � ; uqs P„M g;mpA; J q via the abbreviations
u P M g;mpA; J q or u P „M g;mpA; J q respectively, and we will refer to the restriction of a nodal
curve rpS; j; � ; � ; uqsto any connected component of its domainS as a smooth component
of u. We shall also abbreviate

M gpA; J q :� M g;0pA; J q; and „M gpA; J q :� „M g;0pA; J q:

Recall that M gpA; J q has virtual dimension equal to the index of any curveu PM gpA; J q as
written in (1.3), while the virtual dimension of the moduli s pace with marked points is

vir-dim M g;mpA; J q � vir-dim M gpA; J q � 2m:

The multiply covered curves form a distinguished closed subset of „M gpA; J q. Given any
u P M gpA; J q with domain p� ; j q, and integers h ¥ 0, d ¥ 1, de�ne the space of stablenodal
d-fold covers of u,

„M hpd; uq �
 
rpS; ~|; � ; u � ' qs P„M hpdA; J q

�
� rpS; ~|; � ; ' qs P„M hpdr� s; j q

(
;

so in particular, each smooth component ~ui of ~u P „M hpd; uq belongs to a spaceM gi pdi ; uq of
smooth branched coversu � ' i of some degreeedi ¥ 0, such that

°
i di � d. Note that „M hpd; uq

may in general be strictly larger than the closure ofM hpd; uq in the Gromov topology|to cite
one well-known example, the spaceM 1prS2s; iq of smooth degree 1 holomorphic tori inpS2; iq
is empty, but „M 1prS2s; iq contains a nodal curve with a constant component of genus 1.

Recall next that every J -holomorphic curve u : p� ; j q Ñ pM; J q gives rise to alinearized
Cauchy-Riemann operator

D u : � pu� T M q Ñ 
 0;1p� ; u� T M q;

i.e. the linearization at u of the nonlinear Cauchy-Riemann operator�BJ puq :� T u � J � T u � j P

 0;1p� ; u� T M q, whose zero-set is the space of allJ -holomorphic maps with domain p� ; j q. The
operator D u takes vector �elds along u to p0; 1q-forms valued in the complex vector bundle
pu� T M; J q, and can be written explicitly as

D u � � r � � J puq � r � � j � p r � J q � T u � j

for any choice of symmetric connectionr (cf. [Wena, §2.4]). Recall moreover that wheneveru
is nonconstant, its critical points are isolated and one can�nd a smooth splitting of complex
vector bundles

(2.1) u� T M � Tu ` Nu

such that Tu matches the image ofdu at regular points; see e.g. [Wen10,§3.3] for details. We
shall refer to Nu as the generalized normal bundle of u. In many cases of interest in this
paper, u will be a cover of an immersedJ -holomorphic curvev, soNu is then simply the pullback
of the normal bundle of v via the cover. We de�ne the normal Cauchy-Riemann operator
at u as the restriction of D u to sections ofNu , composed with the projection � N : u� T M Ñ Nu
along Tu , hence

D N
u � � N � D u |� pNu q : � pNuq Ñ 
 0;1p� ; Nuq:

In general, a neighborhood of any element inM g;mpA; J q can be identi�ed with the zero-set
of a smooth Fredholm section of a Banach space bundle, moduloa �nite group action if there
are nontrivial automorphisms. We say that u P M gpA; J q is Fredholm regular whenever it is
a transverse intersection of this section with the zero-section. Note that whenever this condition
holds, it automatically also holds after adding any �nite collection of marked points and viewing
u as an element ofM g;mpA; J q. The implicit function theorem gives the open set of regular
curves in M g;mpA; J q the structure of a smooth orbifold with dimension equal to its virtual
dimension, and local isotropy groups determined by the automorphism groups of the curves|in
particular, the set of regular simple curves forms a manifold, though orbifold singularities can
appear when multiple covers are included. The following convenient repackaging of the regularity
condition comes from [Wen10, Corollary 3.13].
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Proposition 2.2. A closed and connectedJ -holomorphic curveu : p� ; j q Ñ pM; J q is Fredholm
regular if and only if its normal operator D N

u : W k;ppNuq Ñ W k � 1;ppHomCpT� ; Nuqqis surjective
for some (and therefore all) k P N and p P p1; 8q . �

De�nition 2.3. A closed, connected, simpleJ -holomorphic curve u : p� ; j q Ñ pM; J q is called
super-rigid if it satis�es the following:

(1) indpuq � 0;
(2) u : � Ñ M is an immersion;
(3) For all closed connected Riemann surfacespr� ; ~|q and holomorphic maps ' : pr� ; ~|q Ñ

p� ; j q of positive degree, the curve ~u :� u � ' : pr� ; ~|q Ñ pM; J q admits no nontrivial
solutions to the normal linearized equationD N

~u � � 0.

Proposition B.1 in Appendix B proves that if u is a super-rigid curve, then the only possible
sequences that converge to a nodal branched cover ofu consist of other covers ofu. In the
language of the present section, this means:

Corollary 2.4 (of Proposition B.1). SupposepM; J q is an almost complex manifold andu P
M gpA; J q is a super-rigid curve in M . Then for every h ¥ 0 and d ¥ 1, „M hpd; uq is an open
and closed subset of„M hpdA; J q. �

2.2. A strati�cation theorem. We now explain in precise terms the strati�cation result tha t
underlies the main theorems of§1.1.

2.2.1. Splitting the linearization at a doubly covered curve.Supposev : p� ; j q Ñ pM; J q is a
simpleJ -holomorphic curve with genusg ¥ 0, and ' : p� 1; j 1q Ñ p� ; j q is a holomorphic branched
cover with degreed ¥ 1, giving rise to the multiply covered curve u � v � ' : p� 1; j 1q Ñ pM; J q
of genush ¥ 0. We assume as always that � and � 1 are both closed and connected, and for the
sake of intuition, we begin in this subsection with the special cased � 2. The automorphism
group

Aut puq � Aut p' q :�
!

 : p� 1; j 1q �ÝÑ p � 1; j 1q
�
�
� ' � ' �  

)

then contains a unique nontrivial element  , and the space of sections �pNuq has a natural
splitting

� pNuq � � � pNuq ` � � pNuq

where � � pNuq :� t � P � pNuq | � � � � �  u. Splitting 
 0;1p� 1; Nuq � � pHomCpT� 1; Nuqqin the
same way, one obtains a splitting of the normal Cauchy-Riemann operator

(2.2) D N
u � D N

u; � ` D N
u; �

into two operators D N
u; � : � � pNuq Ñ � � pHomCpT� 1; Nuqq. It is not hard to see that D N

u; �

is in some sense equivalent toD N
v , as its domain and target both consist of sections that are

pullbacks via ' of sections over �. The operators D N
u; � and D N

u; � have unique extensions over
the spaces of symmetric/antisymmetric sections of SobolevclassW k;p for k PN and p P p1; 8q ,
giving bounded linear operators

D N
u; � : W k;p

� pNuq Ñ W k;p
� pHomCpT� 1; Nuqq;

and the standard transversality theory for simple curves then implies that D N
u; �

can be assumed
surjective (and also injective if v is immersed with index 0) if J is chosen generically. We will
see that the problem of proving surjectivity or injectivity for D N

u becomes more tractable when
viewed as two independent problems for the operatorsD N

u; � and D N
u; � .

In order to generalize this discussion beyond the degree 2 case, it helps to adopt an alternative
perspective based on representation theory. Let � € � denote a �nite subset that contains all
critical values of ' , and set

(2.3) � 1 :� ' � 1p� q; 9� : � � z� ; 9� 1 :� � 1z� 1;
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so that 9� 1 '
ÝÑ 9� is a smooth covering map with G :� Aut p' q � Z2 as its group of deck

transformations. De�ne
� : G Ñ S2 : g ÞÑ� g

as the isomorphism to the symmetric group ont 1; 2u. We can then identify the covering map
9� 1 '

ÝÑ 9� with �
9� 1� t 1; 2u

	 M
G Ñ 9� : rpz; iqs ÞÑ' pzq;

where G acts on 9� 1 by deck transformations and on t 1; 2u via � . Now if pe1; e2q denotes the
standard basis ofR2, then � also gives rise to a real permutation representation

� : G Ñ GLp2; Rq; � pgqei :� e� g pi q;

and a corresponding real vector bundleV � Ñ 9� de�ned as the Z2-quotient of a trivial bundle
over 9� 1,

V � :�
�

9� 1� R2
	 M

G:

The space of sections of the twisted normal bundle

N �
v :� Nv b R V � Ñ 9�

then has a natural identi�cation with the space of sections of Nu � ' � Nv : indeed, we can
represent sections ofN �

v as Z2-equivariant sections � �
° 2

i � 1 � i b ei of ' � Nv b R R2, which
satisfy the relation � i �  � � �  pi q, thus a corresponding sectionp� P � p' � Nvq can be de�ned
under the identi�cation of 9� 1 with p9� 1 � t 1; 2uq{G by

p� prpz; iqsq � � i pzq:

Under this identi�cation, D N
u becomes a Cauchy-Riemann type operator on the twisted bun-

dle N �
v , de�ned locally by D N

u p� b sq � p D N
v � q b s whenevers is a local section ofV � that has

a constant lift to the trivial bundle 9� 1 � R2.
The above construction appears cumbersome at �rst glance, but it has the following advantage:

the decomposition � pNuq � � � pNuq ` � � pNuq now corresponds to a splitting of the twisted
bundle N �

v into subbundles

N �
v � N � �

v ` N � �
v :� p Nv b R V � � q ` pNv b R V � � q

whereV � � :� p 9� 1� W� q{G are de�ned in terms of the natural splitting of R2 � W� ` W� into
irreducible G-invariant subspaces

W� � R
�

1
� 1



€ R2:

This is the simplest nontrivial example of what turns out to b e a general principle: splittings of
Cauchy-Riemann operators for multiply covered curves arise from decompositions of permutation
representations into irreducible summands. To turn � � � � ` � � into a splitting of Cauchy-
Riemann operators, we still have a small analytical issue tocope with since the bundlesN � �

v

are de�ned over 9� and do not both extend over the punctures. In place of (2.2), we therefore
obtain a splitting

9D N
u � 9D N

u;� �
` 9D N

u;� �
;

where the dots over the operators indicate that we are restricting them to the punctured do-
main 9� 1. We will see in §3.2 how to de�ne suitable weighted Sobolev spaces over9� and 9� 1 so
that the punctured operators have the same indices, kernelsand cokernels as their unpunctured
counterparts.

Remark 2.5. A slightly di�erent approach to de�ning twisted Cauchy-Riem ann operators is
taken by Doan and Walpuski [DWb], who express it in the elegant language of local systems.
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2.2.2. The codimension of a multiply covered curve.We return now to the general case of a closed
connectedJ -holomorphic curveu � v� ' : p� 1; j 1q Ñ pM; J qof genush, wherev : p� ; j q Ñ pM; J q
is simple with genusg and ' : p� 1; j 1q Ñ p� ; j qhas degreed PN. We continue using the notation
9� 1 '

ÝÑ 9� for the d-fold covering map obtained by deleting some �nite subsets that include the
critical values and their preimages. Recall that ' is called regular if | Aut p' q| � degp' q � d.
This condition was secretly important in the above discussion of the d � 2 case, as the de�nition
of the twisted bundle N �

v required identifying 9� with the quotient of 9� 1by deck transformations.
In general, Autp' q can have order smaller thand and may even be trivial, but we can use some
notions from elementary covering space theory to get aroundthis.

De�nition 2.6. The generalized automorphism group of a d-fold branched cover' : � 1 Ñ
� is the quotient G :� � 1p9� q{H , where H is the normal core2 of ' � p� 1p9� 1qq, and 9� and 9� 1 are
de�ned by (2.3) with � as the set of critical values of ' .

Remark 2.7. Like fundamental groups, the generalized automorphism group G of ' : � 1 Ñ �
depends on choices of base points in9� and 9� 1, but its isomorphism class is independent of these
choices. We will see below thatG is a �nite group of order at most d! that is isomorphic to
Aut p' q if and only if ' : � 1 Ñ � is regular, and more generally, G has a natural identi�cation
with the automorphism group of a certain regular branched cover of � that is determined by '
and a choice of base points, and factors through' .

De�nition 2.8. A regular presentation of the holomorphicd-fold branched cover' : p� 1; j 1q Ñ
p� ; j q is a tuple p� ; 9� 2; �; G; �; I; f q consisting of:


 A �nite subset � € � containing the critical values of ' and de�ning the punctured
surfaces 9� and 9� 1 via (2.3);


 A connected surface9� 2 and regular covering map� : 9� 2 Ñ 9� with �nite automorphism
group G :� Aut p� q;


 A set I with d elements;

 A transitive action of G on I , de�ned via a homomorphism � : G Ñ SpI q from G to the

symmetric group on I ;

 A di�eomorphism f : 9� 1 Ñ p 9� 2 � I q{G, where G acts on 9� 2 by deck transformations

and on I via � , such that ' � f � 1 takes the form
�

9� 2 � I
	 M

G Ñ 9� : rpz; iqs ÞÑ� pzq:

We say that p� ; 9� 2; �; G; �; I; f q is minimal if � € � is the set of critical values of ' and
� : G Ñ SpI q is injective. Two regular presentationsp� j ; 9� 2

j ; � j ; Gj ; � j ; I j ; f j q of ' : � 1 Ñ � for

j � 1; 2 are isomorphic if � 1 � � 2 and there exists a di�eomorphism 	 : 9� 2
1 Ñ 9� 2

2, a bijection
� : I 1 Ñ I 2, and a group isomorphism � : G1 Ñ G2 such that:

(1) � 2 � 	 � � 1 and for all g P G1, 	 � g � � pgq � 	;
(2) For all g PG1, � � � 1pgq � � 2p� pgqq � � ;
(3) f 2 � f � 1

1 takes the form
�

9� 2
1 � I 1

	 M
G1 Ñ

�
9� 2

2 � I 2

	 M
G2 : rpz; iqs ÞÑ rp	 pzq; � piqqs:

Most of the regular presentations we encounter in this paperwill be minimal, though an impor-
tant example that is not (in particular where � may contain mo re than just the critical values)
will arise in Example 3.5. Standard results about Riemann surfaces (see§3.1) imply that the
regular cover� : 9� 2 Ñ 9� in any regular presentation can be extended to a holomorphic branched
cover of closed connected Riemann surfacesp� 2; j 2q Ñ p� ; j q such that 9� 2 � � 2z� � 1p� q. Ob-
serve that if i P I and Gi € G denotes the stabilizer of i under the G-action de�ned by � ,

2Recall that the normal core of a subgroup H in a group � is the largest normal subgroup of � that is
contained in H .
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then
9� 2{Gi Ñ

�
9� 2 � I

	 M
G : rzs ÞÑ rpz; iqs

is a di�eomorphism identifying ' � f � 1 with the natural projection 9� 2{Gi Ñ 9� 2{G � 9�. Thus one
can associate to any regular presentation a (non-unique) factorization of � : 9� 2 Ñ 9� by covering
maps 9� 2 Ñ 9� 1 '

ÝÑ 9�, which extends over the punctures to a factorization of � : p� 2; j 2q Ñ p� ; j q
by holomorphic branched covers

p� 2; j 2q Ñ p� 1; j 1q
'

ÝÑ p � ; j q:

We will also show in Lemma 3.2 that ' : � 1 Ñ � always admits a unique isomorphism class of
minimal regular presentations p� ; 9� 2; �; G; �; I; f q, for which G is isomorphic to the generalized
automorphism group of ' , and in this case� : 9� 2 Ñ 9� is isomorphic to ' : 9� 1 Ñ 9� whenever
the latter happens to be already regular (cf. Example 3.4).

Given a choice of regular presentationp� ; 9� 2; �; G; �; I; f q, the discussion of the degree 2
case can be generalized as follows. The transitive action� : G Ñ SpI q induces a permutation
representation � : G Ñ Aut RpRI qon the real vector spaceRI with basis labeled by the elements
of I , and a twisted bundle N �

v � Nv b R V � Ñ 9�, where

V � :� p 9� 2 � RI q{G;

with a natural isomorphism

� pN �
v q � � p' � Nv | 9� 1q � � pNu | 9� 1q

that identi�es D N
u with a Cauchy-Riemann operator

9D N
u;� : � pN �

v q Ñ 
 0;1p9� ; N �
v q;

de�ned on suitable exponentially weighted Sobolev spaces of sections ofN �
v . (The appropriate

functional-analytic setting for this operator will be speci�ed precisely in §3.2.) Any represen-
tation � : G Ñ Aut RpW q on a real �nite-dimensional vector spaceW similarly gives rise to a
twisted bundle N �

v � Nv b R V � Ñ 9�, with V � :� p 9� 2 � W q{G, and a twisted Cauchy-Riemann
operator

9D N
u;� : � pN �

v q Ñ 
 0;1p9� ; N �
v q;

which (up to conjugacy) depends only on 9D N
v and the isomorphism classes of the regular

presentation and the representation� . Now any representation-theoretic decomposition� �
� ` m1

1 ` : : : ` � ` mp
p induces a splitting of the punctured Cauchy-Riemann operator

(2.4) D N
u � 9D N

u;� � p 9D N
u;� 1

q̀ m1 ` : : : ` p 9D N
u;� p

q̀ mp ;

with the following useful property:

Lemma 2.9. The normal Cauchy-Riemann operator D N
u for a multiple cover is surjective or

injective if and only if the same holds for all of the summands9D N
u;� j

in (2.4) with mj ¡ 0.

Remark 2.10. We will see below that the splitting (2.4) for a multiply cove red curve u � v � '
can be arranged to vary smoothly asv and ' move about in their respective (suitably con-
strained) moduli spaces, so the indices of the summands9D N

u;� j
are constant under such vari-

ations. This immediately gives rise to \no-go" results about transversality and super-rigidity:
the former is impossible on components of the moduli space where the 9D N

u;� j
do not all have

nonnegative index, and the latter requires them instead to have nonpositive index. Conversely,
whenever either of these index conditions holds for all summands given by irreducible represen-
tations, Theorem D below will imply that the desired transversality or super-rigidity result holds
for all pairs pv; ' q lying in some open and dense subset. This is the main idea behind Theo-
rem C, and it similarly can be used to determine the feasibility of obstruction bundle arguments
in general situations.
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It should be emphasized that the representations ofG in this discussion arereal, not complex.
We will need to use the standard fact (see§3.3) that for any �nite group G, real irreducible
representations � : G Ñ Aut RpW q come in three types, characterized via the algebraK :�
EndGpW q of G-equivariant real-linear maps W Ñ W :


 Real type : K � R;

 Complex type : K � C;

 Quaternionic type : K � H.

The endomorphism algebraK � EndGpW q endows the domain and target of the operator 9D N
u;�

with K-module structures, for which 9D N
u;� is K-linear.3

The purpose of the following de�nition will become clear in the statement of Theorem D
below; it is independent of choices due to the uniqueness of minimal regular presentations.

De�nition 2.11. The codimension codimpuq ¥ 0 of the closed, connected,d-fold covered J -
holomorphic curveu � v� ' is a nonnegative integer de�ned as follows. Choose a minimalregular
presentation p� ; 9� 2; �; G; �; I; f q of ' and a complete list of pairwise non-isomorphic irreducible
real representationst � i : G Ñ Aut RpWi qui � 1;:::;p of G, whose equivariant endomorphism algebras
we denote by

K i :� EndGpWi q P tR; C; Hu; i � 1; : : : ; p:

Then

codimpuq :�
p¸

i � 1

t i ki ci ;

wheret i :� dimR K i P t1; 2; 4u, ki :� dimK i ker 9D N
u;� i

and ci :� dimK i coker 9D N
u;� i

for i � 1; : : : ; p.

Example 2.12. When d � 1, u is a simple curve and its generalized automorphism groupG is
trivial, so there is only the trivial representation � : G Ñ Aut RpRq to consider in De�nition 2.11,
with End GpRq � R and 9D N

u;� � D N
u . So in this case, codimpuq � dimpker D N

u q �dimpcokerD N
u q

can be interpreted as a measurement of the failure of transversality at u, and the standard
transversality results imply that all simple curves have codimension 0 for genericJ . One of the
consequences of Theorem D will be that generically, this is also true for generic curves in the
space of multiple covers, though not necessarily for all of them.

2.2.3. Isosymmetric strata. In order to discuss what happens to the splitting of Cauchy-Riemann
operators (2.4) asv and ' move in their respective moduli spaces, we observe that the construc-
tion depends quite heavily on the branching structure of' : � 1 Ñ �, i.e. the number of punctures
� 1 € � 1 and the topological behavior of ' in their vicinity. This necessitates decomposing the
space of all degreed branched covers into strata

¤

h¥ 0

M hpdr� s; j q �
¤

b

M d
b pj q

labeled by their so-calledbranching data b. Choose an integerr ¥ 0, and associate to each of
the numbers i � 1; : : : ; r a nonempty �nite ordered set of natural numbers

b i � p b1
i ; : : : ; bqi

i q

such that
b1

i � : : : � bqi
i � d

and at least one of the numbersb1
i ; : : : ; bqi

i is strictly greater than 1. We denote the totality of
this data by b � p b1; : : : ; b r qand call it branching data of degree d with r critical values .

3In cases whereD N
u is already complex linear with respect to the natural comple x structure on Nu , it is

important to keep in mind that this natural complex structur e has nothing to do with the one induced on 9D N
u; �

when K � C. In fact, these are two distinct complex structures that com mute with each other, and 9D N
u; � is then

complex linear with respect to both of them.



TRANSVERSALITY AND SUPER-RIGIDITY FOR HOLOMORPHIC CURVES 15

Given this, let €M d
b pj q denote the moduli space of all closed and connected unparametrized

j -holomorphic curves' of degreed mapping into p� ; j q with q1 � : : : � qr marked points

� 1
1 ; : : : ; � q1

1 ; � 1
2 ; : : : ; � q2

2 ; : : : ; � 1
r ; : : : ; � qr

r

such that

(1) there are distinct points w1; : : : ; wr P � such that ' � 1pwi q � t � 1
i ; : : : ; � qi

i u for each
i � 1; : : : ; r ;

(2) for each i � 1; : : : ; r and j � 1; : : : ; qi , ' is bj
i -to-1 on a punctured neighborhood of� j

i ;
(3) ' has no critical points outside of the marked points.

Note that we do not require every marked point of ' to be a critical point, but we are assuming
t w1; : : : ; wr u is the set of critical values, whose preimages are marked points and may include
both critical and regular points. For any ' P €M b pj q, we have

Z pd' q �
r¸

i � 1

qi¸

j � 1

pbj
i � 1q;

thus d and b determine the genush of ' via the Riemann-Hurwitz formula, and we shall denote
by

M d
b pj q € M hpdr� s; j q

the image of the natural map €M d
b pj q Ñ M hpdr� s; j q de�ned by forgetting the marked points.

Note that in some cases, the Riemann-Hurwitz calculation may produce a negative genus, which
just means that M d

b pj q is empty. If b is empty, i.e. r � 0, it means every ' P M d
b pj q is

unbranched.
It is a classical fact that M d

b pj q is a smooth manifold of real dimension 2r , as it can be
parametrized locally by the positions of the critical values w1; : : : ; wr P � (cf. Example 3.6).
Moreover, it depends smoothly onj in the sense that if P is any smooth �nite-dimensional
family of complex structures on �, then

¤

j PP

M d
b pj q Ñ P

de�nes a smooth �ber bundle. We will show in §3.1 that regular presentations of ' : � 1 Ñ �
can also be arranged to vary smoothly as' varies with �xed branching data.

Constraints must also be imposed on the simpleJ -holomorphic curve v so that the normal
Cauchy-Riemann operatorsD N

v and D N
u vary smoothly as v moves in its moduli space. Given

integers m ¥ 0 and `1; : : : ; `m ¥ 1, let

M g;mpA; J ; `1; : : : ; `m q € M g;mpA; J q

denote the subset consisting of curves that have critical points of critical order ` i at the i th
marked point for i � 1; : : : ; m and are immersed everywhere else. As explained in Appen-
dix A, the simple curves in this space form a smooth submanifold for generic J , with codi-
mension 2n

°
i ` i in M g;mpA; J q. Moreover, the generalized normal bundlesNv of curves v P

M g;mpA; J ; `1; : : : ; `m q can be regarded as a smooth family (cf. Lemma 6.4). This is notgen-
erally true if v is allowed to move freely in M g;mpA; J q, as the topology of Nv changes when
critical points of v appear, disappear or change order.

Given an integer d P N and branching data b of degreed with r ¥ 0 critical values, de�ne

M d
b pM g;mpA; J ; `1; : : : ; `m qq € M hpdA; J q

to be the set of all curves admitting representatives of the form u � v � ' : p� 1; j 1q Ñ pM; J q,
where ' : p� 1; j 1q Ñ p� ; j qparametrizes an element inM d

b pj qand v : p� ; j q Ñ pM; J q is a simple
curve that intersects U and (after labeling its critical points as marked points in a suitable order)
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parametrizes an element ofM g;mpA; J ; `1; : : : ; `m q. If J is generic onU, then standard results
give M d

b pM g;mpA; J ; `1; : : : ; `m qqthe structure of a smooth manifold with

dim M d
b pM g;mpA; J ; `1; : : : ; `m qq � 2r � p n � 3qp2 � 2gq � 2c1pAq � 2

m̧

i � 1

pn` i � 1q:

Since every closed connectedJ -holomorphic curve belongs to such a space for a unique (up
to ordering) choice of branching data b and critical orders `1; : : : ; `m , these spaces form a
smooth strati�cation of the moduli space of all J -holomorphic curves. They are sometimes called
isosymmetric strata , as they have the property that all curves in the same connected compo-
nent of M d

b pM g;mpA; J ; `1; : : : ; `m qqhave isomorphic generalized automorphism groups. More
importantly, each isosymmetric stratum admits a smooth family of normal Cauchy-Riemann
operators D N

u with a smooth family of splittings as in (2.4) with respect to the irreducible
representations of their generalized automorphism groups.

2.2.4. Walls. Here is the main strati�cation result.

Theorem D (strati�cation) . There exists a Baire subset

J reg € J pM; ! ; U; J�x q

such that the following holds for allJ PJ reg. For all choices of integersg; m ¥ 0, d; `1; : : : ; `m ¥
1, branching data b of degreed and homology classesA P H2pM q, the smooth isosymmetric
stratum M d

b pM g;mpA; J ; `1; : : : ; `m qqis a union of countably many pairwise disjoint connected
smooth submanifolds, referred to in the following aswalls , which have the following properties:

(1) For u P M d
b pM g;mpA; J ; `1; : : : ; `m qq, the vector spacesker D N

u and cokerD N
u form the

�bers of smooth vector bundles over each wall;
(2) The codimension in M d

b pM g;mpA; J ; `1; : : : ; `m qqof the wall containing any given curve
u is codimpuq.

Remark 2.13. The statement of Theorem D is speci�cally geared toward the applications
treated in this paper, but for di�erent purposes one could formulate various other versions,
e.g. one could add more marked points toM g;mpA; J ; `1; : : : ; `mq and impose intersection con-
straints on them, or one could consider generic �nite-dimensional families t JsusPP of almost
complex structures and thus replaceM g;mpA; J ; `1; : : : ; `m q with a parametric moduli space of
pairs pu; sq where s PP and u is Js-holomorphic. Either would require no serious modi�cations
to the proof, other than more cumbersome notation (cf. Remark 5.34).

Remark 2.14. A natural guess for the precise de�nition of the walls mentioned in Theorem D
would be that they are maximal connected subsets ofM d

b pM g;mpA; J ; `1; : : : ; `m qqsatisfying the
constraint that dim ker D N

u and dim cokerD N
u are constant. In fact, smooth walls can be de�ned

in that way using the methods of [DWb], but the actual de�niti on used in this paper is slightly
more complicated: it requires a choice of a smooth family of minimal regular presentations, and
the constraint to impose is then that for every �nite-dimensional representation � of the result-
ing generalized automorphism group, the kernels and cokernels of the twisted Cauchy-Riemann
operators 9D N

u;� should have constant dimension asu varies in the wall. This would give the
same result as the simpler de�nition if one could guarantee that every summand in the splitting
(2.4) of D N

u appears with positive multiplicity, i.e. that mi ¡ 0 for each of the irreducible repre-
sentations � i , but the latter is not always true. As a consequence, a maximal connected subset
on which kerD N

u and cokerD N
u have constant dimension may in general contain multiple walls

of varying codimensions, distinguished from each other by twisted Cauchy-Riemann operators
corresponding to representations that play no role in the splitting of D N

u . This phenomenon is
harmless: the important detail for our purposes is that whenever transversality or super-rigidity
fails for a particular curve u, it implies that u belongs to a wall whose codimension is positive
and satis�es certain estimates. The converse is neither true nor necessary.
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We need two further ingredients in order to turn Theorem D into a powerful enough tool for
proving the theorems of §1.1. The �rst is an index calculation for the twisted operators 9D N

u;� .
The precise result is stated and proved in§4, but for the main applications we only need the
following estimate, which is a corollary:

Lemma 2.15. Given a J -holomorphic curvev : p� ; j q Ñ pM; J q with normal Cauchy-Riemann
operator D N

v , a d-fold branched cover' : p� 1; j 1q Ñ p� ; j q with r ¥ 0 critical values, a regular
presentation p� ; 9� 2; �; G; �; I; f q for ' and a representation � : G Ñ Aut RpW q, the resulting
twisted Cauchy-Riemann operator 9D N

u;� for u � v � ' satis�es

dim W �
�
indpD N

v q � p n � 1qr
�

¤ indp9D N
u;� q ¤ dim W � indpD N

v q:

Moreover, if the regular presentation is minimal and � is a faithful irreducible representation
with EndGpW q � K P tR; C; Hu, then the second estimate can be improved to

indK p9D N
u;� q ¤ dimK W � indRpD N

v q � p n � 1qr;

and this estimate is strict in the caseK � R unless all branch points of' have branching order2.

For the proof of super-rigidity, we will need the next result as a means of improving the upper
bound in Lemma 2.15 for representations that are not faithful.

Lemma 2.16 (see §3.4.3). Under the assumptions of Lemma 2.15, suppose the regular pre-
sentation is minimal, and the splitting (2.4) of D N

u includes a summand 9D N
u;� for which the

representation � : G Ñ Aut RpW q is not faithful. Then ' : p� 1; j 1q Ñ p� ; j q admits a factoriza-
tion by holomorphic branched covers

p� 1; j 1q Ñ p� 1
0; j 1

0q
' 0ÝÑ p � ; j q

with degp' 0q   d, and 9D N
u;� is conjugate to an operator 9D N

u0 ;� 0
de�ned with respect to a regular

presentation p� ; 9� 2
0; � 0; G0; � 0; I 0; f 0q for ' 0, where u0 :� v � ' 0 : p� 1

0; j 1
0q Ñ pM; J q, G0 :�

G{ ker � , and
� 0 : G{ ker � Ñ Aut RpW q

is the faithful representation of G0 determined by � . Moreover, D N
u0

also admits a splitting in
the form (2.4) which has 9D N

u0 ;� 0
as a summand.

2.3. Proof of the main theorems modulo strati�cation. Let us now take the results of
the previous section as black boxes and prove the main theorems from §1.1.

Proof of Theorem A (super-rigidity) in dimension greater than four. We argue by induction on
the degreesd PN of branched covers. Ford � 1, we only need to know that generic perturbations
of J su�ce to make all simple index 0 curves through U regular and immersed; this is standard
(see Appendix A for the immersion property). Thus for d ¥ 2, assume we have already found a
Baire subset inJ pM; ! ; U; J�x q for which all branched coversu :� v � ' with v : p� ; j q Ñ pM; J q
a simple curve of index 0 and degp' q ¤ d � 1 have D N

u injective. Suppose' P M d
b pj q has

r ¥ 0 critical values and degp' q � d and D N
u is not injective for u :� v � ' . Then picking

the minimal regular presentation p� ; 9� 2; �; G; �; I; f q for ' and decomposing� into irreducible
representations� ` `1

1 ` : : : ` � ` `p
p of G splits D N

u into twisted Cauchy-Riemann operators 9D N
u;� i

for i � 1; : : : ; p with

ki :� dimK i ker 9D N
u;� i

;

and at least one of theki must be strictly positive by Lemma 2.9. If ki ¡ 0 and � i is non-faithful,
then Lemma 2.16 identi�es 9D N

u;� i
with a summand of D N

u0
for some other coveru0 of v with

strictly smaller degree, implying dim ker D N
u0

¡ 0 and thus violating the inductive hypothesis.
We can therefore assumeki ¡ 0 for some faithful representation � i . But then Theorem D and
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Lemma 2.15 imply that u lives in a submanifold of the 2r -dimensional space of branched covers
of v with branching data b, having dimension at most

2r � t i ki

�
ki � indK i p9D N

u;� i
q
�

¤ 2r � t i ki rki � p n � 1qr s � r r2 � t i ki pn � 1qs � t i k2
i   0

since we are assumingn ¥ 3. This gives a contradiction and thus completes the induction. �

In dimension four, the above argument fails to exclude the possibility of dim ker 9D N
u;� i

� 1 for
some real-type repesentation� i , and this is why we do not know whether super-rigidity always
holds in dimension four. We will prove in §7 that it does hold for covers of genus zero and one
curves, using di�erent techniques based on intersection theory.

Proof of Theorem B (transversality, unbranched). Supposev : p� ; j q Ñ pM; J q is a simple curve
intersecting U and ' : p� 1; j 1q Ñ p� ; j q is a d-fold unbranched cover for which u :� v � '
is not Fredholm regular, hence by Prop. 2.2,D N

u is not surjective. Fixing the minimal regular
presentation of ' and considering the splitting (2.4), we �nd a twisted Cauchy-Riemann operator
9D N

u;� i
with

ci :� dimK i coker 9D N
u;� i

¡ 0

for some irreducible representation� i : G Ñ Aut RpWi q of the generalized automorphism group
G of ' , with End GpWi q � K i P tR; C; Hu. Supposev has exactly m ¥ 0 critical points, with
critical orders `1; : : : ; `m , so viewing these as marked points allows us to considerv as an element
in the spaceM g;mpA; J ; `1; : : : ; `mq, which has dimension

dim M g;mpA; J ; `1; : : : ; `mq � indpvq � 2m � 2nZ pdvq ¥ 0:

The count of critical points Z pdvq also appears in the relation between indpvq and ind D N
v :

indeed, writing v� T M � Tv ` Nv , we can viewdv as a holomorphic section of HomCpT� ; Tvq,
hence

Z pdvq � c1
�

HomCpT� ; Tvq
�

� � c1pT� q � c1pTvq � � � p� q � c1pTvq;

implying c1pNvq � c1pv� T M q � c1pTvq � c1pv� T M q � � p� q � Z pdvq. Plugging in this into the
Riemann-Roch formula then gives

ind D N
v � p n � 1q� p� q � 2c1pNvq � p n � 3q� p� q � 2c1pv� T M q � 2Z pdvq

� indpvq � 2Z pdvq:

Meanwhile, ' lives in a discrete stratum of the space of branched covers since it has no branch
points, and Lemma 2.15 reduces to an equality

indK i
9D N

u;� i
� dimK i Wi � indRpD N

v q:

Now using Theorem D, we �nd that if J is generic,u lives in a manifold of dimension at most

dim M g;mpA; J ; `1; : : : ; `m q � t i ci pci � indK i
9D N

u;� i
q

� indpvq � 2m � 2nZ pdvq � t i ci pci � dimK i Wi � ind D N
v q

� indpvq � 2m � 2nZ pdvq � t i ci pci � dimK i Wi � rindpvq � 2Z pdvqsq

� p 1 � t i ci dimK i Wi q rindpvq � 2m � 2nZ pdvqs

� 2t i ci dimK i Wi � rpn � 1qZ pdvq � ms � t i c2
i   0;

where we note that pn � 1qZ pdvq � m ¥ 0 sincen ¥ 2 and every critical point has order at
least 1. �

Proof of Theorem C (transversality, branched). Assumev : p� ; j q Ñ pM; J q is simple and satis-
�es indpvq ¥ pn � 1qr , while ' : p� 1; j 1q Ñ p� ; j q has degreed P N and r critical values. If J is
generic, then by Proposition A.1 the moduli space containing v has an open and dense subset
consisting of immersed curves, so we are free to assumev is immersed and thus indpvq � ind D N

v .
The key observation is then that by Lemma 2.15, the twisted operators 9D N

u;� all have nonnegative
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index, hence Theorem D implies that all of them are surjective unlesspv; ' q lies in a countable
union of submanifolds with positive codimension. �

2.4. Some remarks on wall crossing. Part of the point of Taubes's twisted bundle setup
in [Tau96a] was to understand bifurcations of isolatedJ -holomorphic tori under generic 1-
parameter deformations in J . While bifurcation theory is not the main topic of this artic le, it
should be clear that such a theory could be developed based onTheorem D, thus we take this
opportunity to make a few observations about it.

Remark 2.17. In the time since the present article �rst appeared in preprint form, some
interesting cases of the bifurcation analysis proposed below have been worked out in detail by
Bai and Swaminathan, see [BS].

If t JsusPr0;1s is a generic homotopy of compatible almost complex structures whose endpoints
are generic, then as mentioned in Remark 2.13, one can modifyTheorem D to the statement
that the parametric moduli space

M d
b pM g;mpA; t Jsu; `1; : : : ; `m qq

consisting of pairspu; sq where s P r0; 1s and u P M d
b pM g;mpA; J s ; `1; : : : ; `m qqis strati�ed by

smooth submanifolds characterized by the dimensions of thekernels and cokernels of twisted
Cauchy-Riemann operators, and their codimensions are given by the same formula. In this
setting, supposet v� u is a smooth 1-parameter family of simpleJsp� q-holomorphic curves with
index 0 for some functionsp� q P r0; 1s, and t u� � v� � ' � u de�nes a corresponding 1-parameter
family of unbranched covers. The latter have index 0 and willbe regular for almost every� ,
but a bifurcation or \wall crossing" phenomenon occurs at any parameter value � 0 for which
the family t u� u passes (necessarily transversely) through one of the codimension 1 walls given
by Theorem D. When this happens, most of the twisted operators 9D N

u � 0 ;� remain both injective
and surjective, but there will be exactly one irreducible representation � for which

dim ker 9D N
u � 0 ;� � dim coker 9D N

u � 0 ;� � 1;

and � is necessarily of real type. Whenever� is not faithful, one can factor ' � through a cover
p' � of smaller degree and instead examinepu� :� v� � p' � , so that � becomes faithful without loss of
generality (cf. Lemma 2.16). For the trivial representation, this means replacingu� with v� itself,
so regularity fails for the underlying simple curve at � � � 0: as shown in [Tau96a], this is the case
where the family t v� u undergoes abirth-death bifurcation. The other interesting phenomenon
examined by Taubes was thedegree-doublingbifurcation, in which v� remains regular but it has
a double coveru� � v� � ' � which loses regularity at � � � 0, causing an additional 1-parameter
family of simple curves t w� u to collide with t u� u at � � � 0. This is what happens when 9D N

u � ;�
remains an isomorphism for the trivial representation but acquires 1-dimensional kernel and
cokernel for the nontrivial irreducible representation of Z2.

In [Tau96a], no further bifurcations beyond these two typesare possible: this can be attributed
to the fact that since Taubes only considers unbranched covers of tori, all covers are regular and
abelian. As a consequence, all the complex irreducible representations in the picture are 1-
dimensional, implying that the only faithful real-type irr educible representations one needs to
consider are the trivial representation of the trivial group and the nontrivial representation of Z2.
We should not expect this fortunate situation to hold more generally: for unbranched covers with
higher genus, one certainly encounters generalized automorphism groups that are non-abelian
and thus have faithful real-type representations of dimension greater than one. These should
presumably give rise to bifurcation phenomena involving covers of arbitrarily high degree.

In the context of super-rigidity, it is also important to con sider bifurcations that involve
branched covers of index 0 curves under generic homotopies of J . Inspecting the proof of
Theorem A, one should expect to see interesting phenomena whenever the dimension that was
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estimated at the end of the proof turns out to be at least � 1, i.e.

2r � t i ki

�
ki � indK i p9D N

u;� i
q
�

¥ � 1:

Assuming we're in dimension at least six, this can only meant i � ki � 1 and either r � 0 or
n � 3. The caser � 0 means the cover is unbranched, so this is what we discussed in the previous
paragraphs. Bifurcations involving branched covers can evidently also occur in dimension six,
and in this case the improved index bound from Lemma 2.15 mustbe an equality. The scenario
is therefore that the rank of the obstruction bundle over the space of coverst v� � ' � u jumps at
a particular parameter value � � � 0 and for some isolated element' � 0 in the space of branched
covers with only simple (i.e. two-to-one) branch points: this can presumably cause both a change
in the Euler class of the obstruction bundle and the breakingo� of a new family of simple curves
from v� 0 � ' � 0 . Once again the irreducible representation involved must be of real type but can
have arbitrary dimension, meaning we should not expect any limitation on the degree of ' � 0 ,
contrary to the situation in [Tau96a].

3. Splitting Cauchy-Riemann operators with symmetries

In this section we give a detailed account of the twisted bundle formalism behind Theorem D
and prove several lemmas required for its proof, as well as Lemma 2.16. Instead of talking
directly about J -holomorphic curves, we shall work in the context of abstract Cauchy-Riemann
operators on vector bundles and their pullbacks.

3.1. Regular presentations of branched covers. The notion of a regular presentation was
introduced in De�nition 2.8. The following standard result from the theory of Riemann surfaces
(see e.g. [Don11, Chapter 4, Theorem 2]) allows us to move freely back and forth between
talking about holomorphic branched covers of closed Riemann surfaces and honest covering
maps of punctured surfaces.

Lemma 3.1. Supposep9� ; j q is the complement of a �nite set of points � in a closed connected
Riemann surfacep� ; j q, p9� 1; j 1q is a connected noncompact Riemann surface, and

' : p9� 1; j 1q Ñ p 9� ; j q

is a holomorphic covering map of �nite degree. Then there exists a closed connected Riemann
surface p� 1; j 1q with a �nite set of points � 1 € � 1 such that p9� 1; j 1q admits a biholomorphic
identi�cation with p� 1z� 1; j 1q and ' extends over the punctures to a holomorphic branched cover
' : p� 1; j 1q Ñ p� ; j q with ' � 1p� q � � 1. �

Assume ' : p� 1; j 1q Ñ p� ; j q is a d-fold holomorphic branched cover of closed connected
Riemann surfaces with branching datab as de�ned in §2.2, having r ¥ 0 distinct critical values.
Recall from De�nition 2.8 that for a regular presentation p� ; 9� 2; �; G; �; I; f q of ' , � € � is a
�nite set containing the critical values of ' , giving rise to the punctured surfaces

9� : � � z� ; 9� 1 :� � 1z� 1;

where � 1 :� ' � 1p� q.

Lemma 3.2. There exists a natural bijection between the set of isomorphism classes of regular
presentations of ' and the set of pairsp� ; H q where � € � is a �nite subset containing the
critical values of ' and H is a �nite-index normal subgroup H € � 1p9� q that is contained in
' � p� 1p9� 1qq. This bijection matches any minimal regular presentation to the smallest possible
choice of � and largest possible choice ofH , i.e. the normal core of ' � p� 1p9� 1qq. Moreover,
if ' is regular and p� ; 9� 2; �; G; �; I; f q is a minimal regular presentation, then there exists a
di�eomorphism g : 9� 1Ñ 9� 2 such that � � g � ' .
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Proof. Given a �nite set � € � containing the critical values of ' , pick a base point w P 9�
and let ~� : U Ñ 9� denote the universal cover, with U de�ned as a space of homotopy classes
of paths beginning at w, so that � 1p9� q :� � 1p9� ; wq acts naturally on U as the group of deck
transformations for ~� . Lifting loops based at w to paths in 9� 1 then de�nes a homomorphism

~� : � 1p9� q Ñ Sp' � 1pwqq: 
 ÞÑ~� 


so that the covering map 9� 1 '
ÝÑ 9� can be identi�ed with

9� 1 �
�
U � ' � 1pwq

� M
� 1p9� q Ñ 9� : rpz; � qs ÞÑ~� pzq;

where � 1p9� q acts on U by deck transformations and on' � 1pwq via ~� . We claim that

ker ~� € � 1p9� q

is the normal core of ' � p� 1p9� 1qq. Indeed, selecting a base pointw1 P ' � 1pwq € 9� 1 to de�ne
� 1p9� 1q :� � 1p9� 1; w1q, we have

' � p� 1p9� 1qq �
!


 P � 1p9� q
�
�
� ~� 
 pw1q � w1

)
;

which obviously contains ker ~� . Changing the base pointw1 P ' � 1pwq changes the subgroup
' � p� 1p9� 1qqby conjugation with arbitrary elements of � 1p9� 1q, and the normal core is the in-
tersection of all these conjugates, which we can now recognize as the intersection of all the
stabilizers of the permutation action on ' � 1pwq, and that is ker ~� .

SupposeH € � 1p9� q is a �nite-index normal subgroup contained in ' � p� 1p9� 1qq, and therefore
also in ker ~� . Then ~� descends to the �nite group G :� � 1p9� q{H , giving a homomorphism

� : G Ñ Sp' � 1pwqq;

which is injective if and only if H � ker ~� . It is now possible to de�ne a regular presentation
p� ; 9� 2; �; G; �; ' � 1pwq; f q of ' with � as the natural quotient projection

9� 2 :� U {H �ÝÑ U { � 1p9� q � 9�

and
9� 1 �

�
U � ' � 1pwq

� M
� 1p9� q

f
ÝÑ

�
9� 2 � ' � 1pwq

	 M
G

de�ned via the quotient projection U Ñ U {H � 9� 2. Observe that if we chooseH � ker ~�
and ' is regular, then ' � p� 1p9� 1qq € � 1p9� q is normal and is therefore identical to H , so the
natural identi�cation of 9� 1 with U

L
' � p� 1p9� 1qq � U {H � 9� 2 gives an isomorphism between the

covering maps' and � .
Finally, suppose p� ; 9� 2; �; G; �; I; f q is a regular presentation of' , and de�ne the subgroup

H :� � � p� 1p9� 2qq, which is normal since � : 9� 2 Ñ 9� is regular and has �nite index since
Aut p� q � G � � 1p9� q{H is �nite. We claim H € ' � p� 1p9� 1qq: indeed, any 
 P H is represented
by a loop 9� based at w that lifts to a loop 
 2 in 9� 2 and thus has d lifts to 9� 1 � p � 2 � I q{G
in the form 
 � t iu for i P I . We can therefore useH to de�ne the regular presentation from
the previous paragraph, with G � � 1p9� 2q{H acting on ' � 1pwq via ~� , and we claim that this
is isomorphic to p� ; 9� 2; �; G; �; I; f q. Indeed, choosing a base pointw2 P � � 1pwq € 9� 2, the
identi�cation f : 9� 1Ñ p 9� 2 � I q{G provides a bijection

� : ' � 1pwq Ñ I such that f pw1q � rp w2; � pw1qqsfor w1 P ' � 1pwq;

and combining this with the natural identi�cation of 9� 2 with U {H gives an isomorphism of
regular presentations. �

Lemma 3.3. Supposep� ; 9� 2; �; G; �; I; f q is a minimal regular presentation of ' : p� 1; j 1q Ñ
p� ; j q, and let � : p� 2; j 2q Ñ p� ; j q denote the branched cover of closed Riemann surfaces
provided by Lemma 3.1 such that9� 2 � � 2z� � 1p� q. Then for each w P � and � P � � 1pwq € � 2,
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the branching order of � at � is the least common multiple of the branching orders of' at all
z P ' � 1pwq. In particular, � and ' have the same sets of critical values.

Proof. If k P N is the branching order of � at � , we can �nd punctured neighborhoodsUw € 9�
of w and U� € 9� 2 of � and identify both with the half-cylinder r0; 8q � S1 with coordinates
ps; tq such that � ps; tq � p ks; ktq. Let G� € G denote the group of automorphisms of� that
�x � ; since � : 9� 2 Ñ 9� is a regular cover, G� is necessarily a cyclic group of orderk, with a
generator g P G� that acts on U� � r 0; 8q � S1 as the rotation ps; tq ÞÑ ps; t � 1{kq. Appealing
again to regularity, we can then restrict the identi�cation 9� 1 � p 9� 2 � I q{G to U� and obtain an
identi�cation

' � 1pUwq � p U� � I q
M

G� :

The connected components of' � 1pUwq are then in bijective correspondence to the orbits of the
G� -action on I de�ned by � : G Ñ SpI q, with the branching order kz PN of each corresponding
point z P ' � 1pwqgiven by the number of points in its respective orbit in I . By the orbit-stabilizer
theorem, all of these numberskz must divide k � | G� |. If ` is their least common multiple, we
conclude that g` P G� acts trivially on I , which meansg` is the identity since � : G Ñ SpI q is
injective for the minimal regular presentation, hence` � k. �

Example 3.4. If ' is regular with Aut p' q � G, then it admits a canonical minimal regular
presentation p� ; 9� 2; �; G; �; I; f q where 9� 2 :� 9� 1, � :� ' , I :� G, and the action � : G Ñ SpGq
of G on itself is de�ned by left multiplication

� gphq :� gh:

Here the identi�cation 9� 1 f
ÝÑ p 9� 2 � Gq{G sendsz P 9� 1 to rpz; eqs, where e P G is the identity

element. The action of G on 9� 1 � p 9� 2 � Gq{G by deck transformations can now be presented
as the action via right multiplication

G � 9� 1 Ñ 9� 1 : pg;rpz; hqsq ÞÑ rpz; hg� 1qs:

Notice that any regular presentation in which � : G Ñ SpI q acts on I both transitively and
without �xed points is isomorphic to one of this form, since for any i P I , the map G Ñ I : g ÞÑ
� gpiq de�nes a bijection that transforms the action by left multip lication into � .

Example 3.5. The following construction underlies Lemma 2.16: any proper normal subgroup
H € G gives rise to a factorization of' : p� 1; j 1q Ñ p� ; j q in the following way. Let I {H denote
the set of orbits for the action � |H : H Ñ SpI q. Then G{H is a �nite group and � descends to
a homomorphism

� H : G{H Ñ SpI {H q;

which acts transitively on I {H . The regular cover � : 9� 2 Ñ 9� � 9� 2{G now factors through the
obvious projections

9� 2 Ñ 9� 2
H :� 9� 2{H

� HÝÑ 9� � 9� 2{G;

and � H : 9� 2
H Ñ 9� is a regular holomorphic cover with automorphism group G{H . We can thus

de�ne
9� 1

H :�
�

9� 2
H � p I {H q

	 M
pG{H q

' HÝÑ 9� : rpz; iqs ÞÑ� H pzq;

as well as a factorization of' : 9� 1Ñ 9� by covering maps

9� 1 �
�

9� 2 � I
	 M

G ÝÑ 9� 1
H

' HÝÑ 9� ;

where the �rst map is also de�ned via the obvious quotient projections. It follows from
Lemma 3.1 that 9� 1

H and 9� 2
H each arise by puncturing closed connected Riemann surfaces

p� 1
H ; j 1

H q and p� 2
H ; j 2

H q respectively, and in particular we obtain a factorization of ' via holo-
morphic branched covers

p� 1; j 1q Ñ p� 1
H ; j 1

H q
' HÝÑ p � ; j q
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with degp' H q ¤ d equal to the number of distinct orbits of the H -action on I , hence

degp' H q   d

holds whenever the action ofH on I is nontrivial. Note that ' H inherits from this construction a
regular presentation p� ; 9� 2

H ; � H ; G{H; � H ; I {H; f H q, though it need not be minimal and � may
contain points that are not critical values of ' H , even if p� ; 9� 2; �; G; �; I; f q is minimal. This is
the main reason why non-minimal regular presentations havebeen included in the discussion.

It will be important to understand how the various objects constructed out of a regular
presentation vary smoothly under changes in' and j . To this end, we shall �x the following
data for the remainder of §3:


 ' : p� 1; j 1q Ñ p� ; j q is a holomorphic branched cover of degreed P N with branching
data b;


 p� ; 9� 2; �; G; �; I; f q is a regular presentation of' ;

 P is a connected smooth Banach manifold;

 V € 9� is an open subset with compact closure;

 t j � u� PP is a smooth family of complex structures on � that match j outside of V;

 t  � u� PP is a smooth family of di�eomorphisms  � : � Ñ � which restrict to the identity

on V and are j -holomorphic near �.
We shall abbreviate the family of closed Riemann surfaces determined by j � as

� � :� p � ; j � q;

and denote by
� : p� 2; j 2q Ñ p� ; j q; � 2 � � � 1p� q € � 2

the holomorphic branched cover of closed surfaces providedby Lemma 3.1 such that 9� 2 � � 2z� 2.
These choices produce a family of punctured Riemann surfaces

9� � :� p � z� � ; j � q where � � :�  � p� q € � ;

and we de�ne
' � :�  � � ' : � 1Ñ � ; j 1

� :� ' �
� j � on � 1;

where we observe thatj 1
� is always well de�ned and matchesj 1 near � 1 since � is holomorphic

near �. This makes
' � : � 1

� Ñ � �

a smooth family of holomorphic branched covers, where

� 1
� :� p � 1; j 1

� q;

and they restrict to holomorphic covering maps of puncturedsurfaces 9� 1
�

'
ÝÑ 9� � , where

9� 1
� :� p 9� 1; j 1

� q:

Example 3.6. Suppose � is the set of critical values of ' , r :� | � |, P is the 2r -dimensional open
ball B 2r , j � :� j for all � , and  � : � Ñ � is chosen to be any smooth family of di�eomorphisms
supported near � that are holomorphic in a smaller neighborhood of � and such that  0 � Id
and

B 2r Ñ � � r : � ÞÑ p � pw1q; : : : ;  � pwr qq
is an embedding onto an open subset, where �� t w1; : : : ; wr u. Then the branched covers
' � : p� 1; j 1

� q Ñ p� ; j q parametrize a neighborhood of' in M d
b pj q.

Example 3.7. If v0 : p� ; j 0q Ñ pM; J 0q represents a simple element of the moduli space
M g;mpA; J 0 ; `1; : : : ; `m q de�ned in Appendix A and J0 is generic, then one can enhance the
previous example as follows to parametrize a neighborhood of u0 :� v0 � ' in the space
M d

b pM g;mpA; J 0 ; `1; : : : ; `mqq. A neighborhood of v0 in M g;mpA; J 0 ; `1; : : : ; `m q can be iden-
ti�ed with a smooth submanifold X of �B� 1

J0
p0q, where �BJ0 : T � B Ñ E is the nonlinear

Cauchy-Riemann operator de�ned on the product of B :� W k;pp� ; M q with a Teichm•uller
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slice T through j 0, cf. Appendix A. Here T is a �nite-dimensional smooth family of com-
plex structures on �, which can all be arranged to match j 0 near �. A neighborhood in
M d

b pM g;mpA; J 0 ; `1; : : : ; `mqqis now parametrized by

P :� B 2r � X;

namely via the curvesv � p � � ' q : p� 1; ' �  �
� j q Ñ pM; J 0q for each � :� p �; pj; v qq PP, and we

associate to these parameters the familiesj � :� j and  � :�  � .

Example 3.8. Enhancing the previous example one step further, supposeJ " is an in�nite-
dimensional Banach manifold consisting of smooth almost complex structures and we consider
a neighborhood ofpv0; J0q in the universal moduli space

U � pJ " ; `1; : : : ; `m q � tp v; Jq | J PJ " ; v PM g;mpA; J ; `1; : : : ; `m qu:

Such a neighborhood can be identi�ed with a �nite-codimensional submanifoldX in the in�nite-
dimensional Banach manifold �B� 1p0q € T � B � J " , where �Bpj; u; J q :� �BJ pj; u q. De�ning
P :� B 2r � X and the families t j � u and t  � u as in Example 3.7, the parameter spaceP is now
in�nite dimensional.

Observe that the branched covers in the family' � all have essentially the same topological
properties, e.g. their branch points and automorphism groups are identical. It is therefore trivial
to extend p� ; 9� 2; �; G; �; I; f q to a smooth family of regular presentations

p� � ; 9� 2; � � ; G; �; I; f q

for ' � , where � � :�  � � � . By the same reasoning as above, we can de�ne on �2 a smooth
family of complex structures j 2

� :� � �
� j � such that

� � : � 2
� Ñ � � ; � 2

� :� p � 2; j 2
� q

becomes a smooth family of holomorphic branched covers, restricting to a smooth family of
holomorphic covering maps 9� 2

�
� �ÝÑ 9� � , de�ned on the family of punctured Riemann surfaces

9� 2
� :� p 9� 2; j 2

� q:

3.2. Cauchy-Riemann operators on closed and punctured domains. Fix a complex
vector bundle

pE; J q Ñ p� ; j q

of rank m ¥ 1, and de�ne the rank m bundle of complex-antilinear maps

F � HomCpT� ; Eq � � 0;1T � � b E:

Recall that a �rst-order real-linear partial di�erential op erator D : � pEq Ñ � pF q � 
 0;1p� ; Eq
is then called aCauchy-Riemann type operator on E if it satis�es the Leibniz rule

D pf � q � p �Bf q� � f D �

for all � P � pEq and f PC8 p� ; Rq, where �Bf � df � i df � j P 
 0;1p� q. The space

CRRpEq

of all such operators is an a�ne space modelled on the space ofsmooth real-linear bundle maps
� pHomRpE; F qq � 
 0;1p� ; EndRpE; J qq. The pullback of D P CRRpEq via ' : p� 1; j 1q Ñ p� ; j q
de�nes a Cauchy-Riemann operator

' � D : � pE ' q Ñ � pF ' q;

where we de�ne two bundles over �1 by

E ' :� ' � E; F ' :� HomCpT� 1; ' � Eq � � 0;1T � � 1b E '

and characterize' � D via the relation

p' � D qp� � ' q � ' � pD � q for all � P � pEq:
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Example 3.9. If v : p� ; j q Ñ pM; J q is a J -holomorphic curve with generalized normal bundle
Nv Ñ �, its normal Cauchy-Riemann operator D N

v belongs to CRRpNvq, and if u � v � ' :
p� 1; j 1q Ñ pM; J q, then Nu � ' � Nv and D N

u � ' � D N
v PCRRpNuq.

Remark 3.10. Note that the operator �B : C8 p� ; Cq Ñ 
 0;1p� qused in our de�nition of Cauchy-
Riemann type operators makes�Bf twice the complex-antilinear part of the di�erential df . This is
a common convention inJ -holomorphic curve theory, but di�ers from the standard convention in
complex analysis. We will also often use the symbol�B to mean the coordinate-based di�erential
operator

�B :� B s � iBt ;

acting on functions valued in a complex vector space and de�ned on open domains inC with
complex coordinates � it . The alternative convention would be to write �B � 1

2pBs � iBt q.

Fixing Hermitian bundle metrics x ; yE and x ; y� on E and T� respectively, we can integrate
real parts of bundle metrics to de�ne real-valued L 2-pairings x ; yL 2 on � pEq and � pF q, which
determines aformal adjoint operator D � : � pF q Ñ � pEq via the relation

x�; D � yL 2 � x D � �; � yL 2

for all smooth sections � P � pF q and � P � pEq with compact support.4 Viewing D as a
Fredholm operator on Sobolev spacesW k;ppEq Ñ W k � 1;ppF q for some k P N and p P p1; 8q ,
we can then identify cokerD with ker D � € � pF q, which is the L 2-orthogonal complement of
im D € W k � 1;ppF q and is a �nite-dimensional space of smooth sections by elliptic regularity.
Using the Riemann-Roch formula indpD q � m� p� q � 2c1pEqand computing the algebraic count
of branch points Z pd' q from the Riemann-Hurwitz formula, the (real) Fredholm indi ces ofD
and ' � D are related by

indp' � D q � d � ind D � mZ pd' q:

In order to exploit the topological constructions in the previous section, we will need to work
with Cauchy-Riemann type operators on punctured surfaces instead of closed surfaces. We shall
now show that this can be done without loss of generality by choosing suitable weighted Sobolev
spaces. Assume

E � Ñ � �

is a smooth family of rank m complex vector bundles with complex structuresJ� , equipped with
a smooth family of Cauchy-Riemann operatorsD � P CRRpE � q. Denote the restrictions of the
bundles E � and

F� :� HomCpT� � ; E � q

to the punctured surfaces 9� � by

9E � :� E � | 9� �
; 9F� :� F� | 9� �

� HomCpT 9� � ; 9E � q:

Restricting D � to 9� � then de�nes a family of Cauchy-Riemann type operators

9D � PCRRp 9E � q:

In order to understand the functional-analytic properties of 9D � , we must examine its asymptotic
behavior fairly carefully. Fix local holomorphic coordinate charts to identify a neighborhood of
each w P � in � with the closed unit disk D € C, with w corresponding to 0P D, and use the
maps  � introduced at the end of §3.1 to produce from these a smooth family of holomorphic
charts on neighborhoods of � pwq P� � for � P P. In these coordinates, use the biholomorphic
map

r0; 8q � S1 Ñ Dzt0u : ps; tq ÞÑe� 2� ps� it q

4The compact support condition is vacuous in the present cont ext since � is compact, but the same de�nition
is also valid on punctured domains.
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to de�ne cylindrical ends of 9� � with holomorphic coordinates ps; tq P r0; 8q � S1. Choose also a
smooth family of trivializations of E � near � � and denote the resulting trivialization of 9E � over
the cylindrical ends by �. The relative �rst Chern number 5 of 9E � is then given by

(3.1) c�
1 p 9E � q � c1pE � q PZ:

For any tuple of real numbers
� � t � w PRuwP� ;

we can use the chosen coordinates and trivializations over the cylindrical ends of 9� � to de�ne
the Sobolev space withexponential weights

W k;p;� p 9E � q :�
!

� PW k;p
loc p 9E � q

�
�
� e� w s� P W k;ppr0; 8q � S1q on the end near � pwq P� �

)
:

We will also write
L p;� p 9E � q :� W 0;p;� p 9E � q:

Note that sections � PW k;p;� p 9E � qhave exponential decay at any end where� w ¡ 0, but one can
also take � w   0, in which case� may be unbounded with exponentialgrowth near w. In order
to emphasize when we are using negative exponential weights, we associate to� � t � wuwP� the
inverse set of weights

� � :� t� � wuwP� :
The asymptotic coordinates and trivializations also naturally give rise to asymptotic trivializa-
tions of 9F� � HomCpT 9� � ; 9E � q, so we can similarly de�ne the Banach spaceW k � 1;p;� p 9F� q, which
is a completion of some subset of 
0;1p9� � ; 9E � q determined by the asymptotic conditions.

Choose a smooth� -parametrized family of Hermitian bundle metrics and connections on E �
which match the trivial metric and connection in our chosen family of trivializations near � � .
Any Cauchy-Riemann type operator on E � can then be written as D � � �Br � A for some
A P 
 0;1p� � ; EndRpE � qq, where �Br :� r � J� � r � j � : � pE � q Ñ 
 0;1p� � ; E � q. In the chosen
coordinates and trivialization near a point w P � � , the p0; 1q-form A can be written as

A � Apwq
� pzqd�z

for some smooth functionApwq
� : D Ñ EndRpCmq. The restriction of A to an EndRp 9E � q-valued

p0; 1q-form 9A � P 
 0;1p9� � ; EndRp 9E � qqcan then be written on the corresponding cylindrical end
as

9A � � 9Apwq
� ps; tq p� ds � i dt q

where

(3.2) 9Apwq
� ps; tq :� 2�e � 2� ps� it qApwq

�

�
e� 2� ps� it q� ;

and given a section� P � p 9E � q expressed as a function� ps; tq PCm with respect to the trivial-
ization on the same end, 9D � � on this end takes the form

(3.3) 9D � � �
�

Bs� � iBt � � 9Apwq
� �

	
p� ds � i dt q � :

�
�B� � 9Apwq

� �
	

p� ds � i dt q:

(Here and in further local expressions below, we are using the abbreviation �B :� B s � iBt as
mentioned in Remark 3.10.) Observe that 9Apwq

� ps; �q Ñ 0 with all derivatives as s Ñ 8 . This
expression shows that 9D � extends to a bounded linear operator

9D � : W k;p;� p 9E � q Ñ W k � 1;p;� p 9F� q

for any choices ofk PN, p P p1; 8q and exponential weights� � t � w PRuwP� . Operators of this
type are standard in Floer-type theories, and especially insymplectic �eld theory. Appealing
to the Fredholm theory on punctured surfaces developed in [Sch95], the asymptotic decay of

5Recall that for any complex line bundle E over a surface � with a trivialization � speci�ed outside of s ome
open subset in � with compact closure, the relative �rst Cher n number c�

1 pE q P Z is de�ned by algebraically
counting the zeroes of a generic section that is constant with respect to � wherever the latter is de�ned. This
de�nition extends uniquely to higher rank bundles via the re lation c� 1 ` � 2

1 pE1 ` E2q � c� 1
1 pE1q � c� 2

1 pE2q.
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9Apwq
� ps; �q means that 9D � : W k;pp 9E � q Ñ W k � 1;pp 9F� q is controlled at every puncture by the so-

called trivial asymptotic operator � iBt : H 1pS1; Cm q Ñ L 2pS1; Cmq, for which 0 is an eigenvalue
of maximal multiplicity. In this sense, the asymptotics are degenerate, i.e. in the SFT setting,
such an operator can arise as the linearized Cauchy-Riemannoperator of a holomorphic curve
asymptotic to periodic orbits that live in Morse-Bott famil ies foliating an open set. In particular,
9D � : W k;p Ñ W k � 1;p is not Fredholm, but it becomes Fredholm when we introduce suitable

weights: conjugating 9D � : W k;p;� Ñ W k � 1;p;� with a map of the form 	 p� q � ef � for a suitable
function f : 9� � Ñ R (cf. [HWZ99, §6] or [Wen10,§2.1]) produces a commutative diagram

(3.4)

W k;p;� p 9E � q
9D �ÝÝÝÝÑ W k � 1;p;� p 9F� q

Ÿ
Ÿ
ž 	

Ÿ
Ÿ
ž 	

W k;pp 9E � q
pD �ÝÝÝÝÑ W k � 1;pp 9F� q;

where pD : W k;p Ñ W k � 1;p is another Cauchy-Riemann type operator whose asymptotic opera-
tors are o�set by constants depending on the weights� , and thus is Fredholm for suitable choices.
In particular, the computation in (3.7) and (3.8) below will show that imposing the exponential
growth condition e� �s � P W k;ppr0; 8q � S1q on each cylindrical end for su�ciently small � ¡ 0
adjusts the asymptotic operators of pD � so that each acquires an e�ective Conley-Zehnder index
m relative to the trivialization �.

We need to be a bit cautious with the weights when discussing elliptic regularity and formal
adjoints: as a rule, the Sobolev constantsk P N and p P p1; 8q can be changed freely, but
the weights cannot. The following are immediate consequences of (3.4) after applying standard
regularity arguments to pD � , plus (in the case of Lemma 3.12) the fact that Cauchy-Riemann
operators with nondegenerate asymptotics automatically impose exponential decay conditions
on their kernels (cf. [Sch95, Prop. 3.1.26]):

Lemma 3.11. Supposek P N, 1   p   8 , and � � t � w P RuwP� is any choice of exponential
weights. If � PL p;� p 9E � q is a weak solution to 9D � � � � for � PW k � 1;p;� p 9F� q, then � P W k;p;� p 9E � q.

�

Lemma 3.12. Suppose1   p   8 and the weights� are chosen such that 9D � : W k;p;� p 9E � q Ñ
W k � 1;p;� p 9F� q is Fredholm. If � P L p;� p 9E � q is a weak solution to 9D � � � 0, then � P W k;q;� p 9E � q
for all k PN and q P p1; 8q . �

To discuss the formal adjoint on punctured domains, one should de�ne real L 2-products for
� p 9E � q and � p 9F� q in terms of a family of Hermitian bundle metrics on E � and Riemannian
metrics on 9� � that are compatible with the conformal structure and standard on the cylindrical
ends; in particular, the right metric to use on the cylindrical ends is the Euclidean metric in
the coordinates ps; tq P r0; 8q � S1, so that ends have in�nite area and the metric does not
extend over the punctues. The key technical point is then thefollowing: there are well-de�ned
L 2-pairings

(3.5) L p;� b L q;� � Ñ R : � b � ÞÑ x�; � yL 2

whenever 1{p � 1{q � 1, and using the density ofC8
0 , the usual relation

(3.6) x�; 9D � � yL 2 � x 9D �
� �; � yL 2

for smooth compactly supported sections� and � remains valid whenever� PW 1;p;� � p 9E � q and
� P W 1;q;� p 9F� q for 1{p � 1{q � 1. Using (3.4), one �nds 9D �

� � 	 pD �
� 	 � 1, from which one can

check that 9D �
� : W k;p;� p 9F� q Ñ W k � 1;p;� p 9E � q satis�es the Fredholm property and Lemmas 3.11

and 3.12 under the same conditions on� as 9D � : W k;p;� � p 9E � q Ñ W k � 1;p;� � p 9F� q. The next
result appears standard at �rst glance, but the reader should be cautioned that it depends on
inclusions W k;p;� ãÑ W k;p;� � which hold only when all the weights are nonnegative, so e.g.one
does not obtain any similar result with the roles of 9D � and 9D �

� reversed.
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Proposition 3.13. Assume k P N, 1   p   8 , and � � t � w ¥ 0uwP� is a set of nonnegative
exponential weights such that

9D � : W k;p;� � p 9E � q Ñ W k � 1;p;� � p 9F� q

is Fredholm. De�ning its formal adjoint as a bounded linear map

9D �
� : W k;p;� p 9F� q Ñ W k � 1;p;� p 9E � q

and using the obvious inclusionsW k;p;� p 9F� qãÑ W k � 1;p;� p 9F� qãÑ W k � 1;p;� � p 9F� q, we have

W k � 1;p;� � p 9F� q � im 9D � ` ker 9D �
� :

In particular, coker 9D � is isomorphic to the space of all sections inL q;� p 9F� q for 1{p � 1{q � 1
that are L 2-orthogonal to im 9D � € L p;� � p 9F� q under the pairing (3.5).

Proof. If � P im 9D � X ker 9D �
� , then � � 9D � � for some � P W k;p;� � p 9E � q € W 1;p;� � p 9E � q, while

� also belongs toW 1;q;� p 9F� q for 1{p � 1{q � 1 by Lemma 3.12. Thus � has a well-de�ned
L 2-pairing with itself and (3.6) gives

} � }2
L 2 � x �; 9D � � yL 2 � x 9D �

� �; � yL 2 � 0:

To show that im 9D � � ker 9D �
� is W k � 1;p;� � p 9F� q, note �rst that it is a closed subspace since

9D � is Fredholm. Then in the casek � 1, the contrary would mean there exists a nontrivial
� P pL p;� � p 9F� qq� � L q;� p 9F� q for 1{p � 1{q � 1 such that x 9D � �; � yL 2 � 0 for all � P W 1;p;� � p 9E � q
and x�; � yL 2 � 0 for all � P ker 9D �

� . The �rst condition means � P ker 9D �
� by Lemma 3.12

and thus contradicts the second unless� � 0. To extend this result to all k P N, note that if
� P W k � 1;p;� � p 9F� q € L p;� � p 9F� q then the k � 1 case gives� P W 1;p;� � p 9E � q and � P ker 9D �

� such
that 9D � � � � � � . Then Lemma 3.12 implies� PW k � 1;p;� p 9F� q € W k � 1;p;� � p 9F� q, implying that
9D � � is also in W k � 1;p;� � p 9F� q, so Lemma 3.11 implies� PW k;p;� � p 9E � q and we are done. �

This discussion extends easily to the pulled back operators

' �
� D � PCRRp' �

� E � q and ' �
�

9D � PCRRp' �
�

9E � q

on bundles over � 1
� and 9� 1

� respectively. Observe that since9� 1
�

' �ÝÑ 9� � has no branch points,
d' � gives a bundle isomorphismT 9� 1

� Ñ ' �
� T 9� � and we can thus identify

F ' �
� | 9� 1

�
� HomCpT 9� 1

� ; ' �
�

9E � q � HomCp' �
� T 9� � ; ' �

�
9E � q � ' �

�
9F� ;

so that ' �
�

9D � can be viewed as a map �p' �
�

9E � q Ñ � p' �
�

9F� q. We can now de�ne �xed holomorphic
cylindrical coordinate systems ps; tq P r0; 8q � S1 on punctured neighborhoods of each point
� P � 1 � ' � 1

� p� � q such that ' � takes the form

9� 1
� • r 0; 8q � S1 ' �ÝÑ r 0; 8q � S1 € 9� � ;

ps; tq ÞÑ pk� s; k� tq;

wherek� PN is the branching order of ' at � . Pulling back the trivializations � on E � near � �
to de�ne corresponding trivializations of ' �

� E � near � 1, we obtain asymptotic trivializations of
' �

�
9E � and ' �

�
9F� on the cylindrical ends and can thus de�ne weighted Sobolev norms for sections

of these bundles, producing a bounded linear operator

' �
�

9D � : W k;p;� p' �
�

9E � q Ñ W k � 1;p;� p' �
�

9F� q

for all choices ofk P N, p P p1; 8q and exponential weights � � t � � P Ru� P� 1. If � � t � wuwP� is
a choice of weights for 9D � , there is an induced set of weights for' �

�
9D � de�ned by

' � � :�
 
k� � ' p� q

(
� P� 1 ;

where k� P t1; : : : ; du again denotes the branching order of' at � .
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Proposition 3.14. Supposek P N, p P p1; 8q , and the exponential weights� � t � wuwP� are
chosen to satisfy

0   � w  
2�
d

for every w P � . Then for any D � PCRRpE � q, the operators

9D � : W k;p;� � p 9E � q Ñ W k � 1;p;� � p 9F� q;

' �
�

9D � : W k;p;� ' � � p' �
�

9E � q Ñ W k � 1;p;� ' � � p' �
�

9F� q

are Fredholm and satisfy

indp9D � q � indpD � q; and indp' �
�

9D � q � indp' �
� D � q:

Moreover, the maps � pE � q Ñ � p 9E � q and � p' �
� E � q Ñ � p' �

�
9E � q de�ned by restricting smooth

sections to the corresponding punctured domains de�ne isomorphisms

ker D �
�ÝÑ ker 9D � and kerp' �

� D � q �ÝÑ kerp' �
�

9D � q:

Proof. We will prove the correspondence betweenD � and 9D � , as the result for the pulled back
operators follows by the same argument simply replacing thebundles E � Ñ � and 9E � Ñ 9� �

with ' �
� E � Ñ � 1 and ' � 9E � Ñ 9� 1

� respectively.
The Fredholm property for 9D � and the index calculation follow from the usual index formula

for Cauchy-Riemann operators on Riemann surfaces with cylindrical ends, proved in [Sch95] (see
also [Wene, Lecture 5]), supplemented by the transformation (3.4) to handle the exponential
weights (cf. [HWZ99, §6]). In particular, the condition � 2�   � � w   0 for each w P � �

guarantees that 9D � is conjugate (cf. (3.7) and (3.8) below) to a Cauchy-Riemanntype operator
W k;pp 9E � q Ñ W k � 1;pp 9F� q with nondegenerate asymptotic operators at every puncturewhose
Conley-Zehnder indices with respect to the trivialization � are m � rankC E � . In light of (3.1),
the index formula from [Sch95] thus gives

indp9D � q � m� p9� � q � 2c�
1 p 9E � q � m � |� � | � m� p� q � 2c1pE � q � indpD � q:

Note that doing the same computation for the pulled back operators requires the stronger
condition � 2� {d   � � w   0 in order to ensure that all of the pulled back weights in the set
� ' � � lie in the interval p� 2�; 0q.

To understand the kernels, observe that since any� P ker D � is smooth, its restriction to 9� �

belongs to W k;p;� � p 9E � q and is thus in ker 9D � .6 Conversely, we need to show that any section
� PW k;p;� � p 9E � qannihilated by 9D � can be extended over the punctures to a section inW k;ppE � q,
which is then automatically annihilated by D � . This will follow from the asymptotic elliptic
theory of the equation 9D � � � 0. Indeed, recall from (3.3) that on the cylindrical end near
any puncture w P � � , the function � ps; tq PCm representing � P ker 9D � in some trivialization
satis�es

�B� � 9Apwq
� � � 0;

and
� � e�s f for somef PW k;ppr0; 8q � S1; Cmq;

where � :� � w P p0; 2� q. Then f � e� �s � satis�es the Cauchy-Riemann type equation

(3.7) �Bf � p � � 9Apwq
� qf � B sf � r� iBt � p � � 9Apwq

� qsf � 0:

Since 9Apwq
� ps; �q Ñ 0 as s Ñ 8 , this equation is asymptotic to the equation pBs � A � qf � 0 for

the asymptotic operator

(3.8) A � :� � iBt � � : H 1pS1; Cm q Ñ L 2pS1; Cmq;

6Note that � | 9� �
would not belong to W k;p; � � p 9E � q in general if � were an arbitrary (not necessarily smooth)

section of class W k;p on E � , nor if any of the exponential weights were nonnegative|the latter in particular
permits sections in W k;p; � � p 9E � q that do not decay to zero at in�nity, which is crucial since ar bitrary smooth
sections � P ker D � may indeed be nonzero at points in � � .
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which can be regarded as a densely de�ned unbounded self-adjoint operator on L 2pS1; Cm q.
The function Apwq

� : D Ñ EndRpCm q is smooth by assumption, and (3.2) then implies that the
derivatives B� 9Apwq

� ps; tqof 9Apwq
� for arbitrary multi-indices � satisfy exponential decay conditions

|B� 9Apwq
� ps; tq| ¤ M � e� 2�s

for suitable constants M � ¡ 0. Applying [Sie08, Theorem A.1],f therefore satis�es

f ps; tq � e�s reptq � r ps; tqs;

wheree : S1 Ñ Cm is a nontrivial eigenfunction of A � with eigenvalue �   0, and the remainder
r ps; tq PCm decays to zero with all its derivatives uniformly in t ass Ñ 8 . The spectrum of A �
is t 2�k � � | k PZu € R, hence the assumption� P p0; 2� q implies � ¤ � � , and we conclude that

� ps; tq � ep� � � qs reptq � r ps; tqs

is bounded on the cylindrical end; in fact, one can use this toshow that the smooth function
Dzt0u Ñ Cm : z ÞÑ� pzq de�ned via the transformation z � e� 2� ps� it q has �nite W 1;p-norm on
Dzt0u. Moreover, � pzq has a continuous extension toz � 0: indeed, the extension is obviously
� p0q � 0 if �   � � , while in the case � � � � , the eigenfunction eptq is necessarily constant,
so that � ps; �q converges to this constant value ass Ñ 8 . All these conditions together imply
that the continuous extension of � over the punctures is of classW k;p, e.g. the casek � 1 is a
standard exercise using the de�nition of weak derivatives (cf. [Wena, Exercise 2.118]), and the
general case follows from this by elliptic regularity. �

Remark 3.15. Since sections inW k;p;� � p 9E � q and its pulled back counterpart need not be
bounded when the weights� � are negative, the punctured operators in Proposition 3.14 cannot
be interpreted in any reasonable way as linearizations of nonlinear Cauchy-Riemann operators,
e.g. W k;p;� � p 9E � q in this case is not a subspace of a tangent space in any reasonable Banach
manifold. For our purposes, the exponential growth condition is merely a technical convenience
so that we can consider operators with the right index and theright kernel and cokernel while
dealing with honest covering maps instead of branched covers. The geometrically meaningful
operators are still D � and ' �

� D � , on unpunctured domains.

Remark 3.16. SupposeE � , � � and D � are independent of � but ' � moves in M d
b pj q as �

varies, e.g. this is the relevant situation for the proof of super-rigidity. There is then a subtle
but important di�erence between what Proposition 3.14 says about 9D � and what it says about
' �

�
9D � . The former is a family of operators whose relationship to each other for di�erent values of

� is not obvious from the de�nitions, but the proposition impl ies that they are all in some sense
equivalent to a single operatorD on the closed domain, so they all have isomorphic kernels. No
such thing can be assumed for the pulled back operators: while ' �

�
9D � must have the same index

for all � , there is nothing in this setup to stop the dimension of its kernel from varying wildly
with � .

3.3. A digression on representation theory. In preparation for the twisted bundle con-
struction in the next section, we now collect some general facts from representation theory.

3.3.1. Real permutation representations and subrepresentations. Given a �nite set I with d :�
|I | P N elements and a �nite group with a homomorphism

� : G Ñ SpI q : g ÞÑ� g

de�ning a transitive group action on I , we denote byRI the real vector space spanned by basis
vectors t ei ui PI , with an inner product such that this basis is orthonormal. We shall use the
boldface symbol� to denote the corresponding reald-dimensional representation ofG,

(3.9) � : G Ñ Aut RpRI q such that � pgqei :� e� g pi q:
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We will be interested in the decomposition ofRI into irreducible G-invariant summands. This
can be understood in terms of its complexi�cation

� C : G Ñ Aut CpCI q;

de�ned by viewing t ei ui PI as a complex basis ofCI . In general, we say that a complex represen-
tation � : G Ñ Aut CpVq is the complexi�cation of a real representation� : G Ñ Aut RpW q
if V is isomorphic to W ` iW such that G acts on the latter by the complex-linear exten-
sion of its action on W . Recall from [Ser77,§13.2] that irreducible complex representations
� : G Ñ Aut CpVq come in three mutually exclusive types:


 Real type : V admits a complex-antilinear G-invariant involution. Then � is the com-
plexi�cation of a real irreducible representation � : G Ñ Aut RpW q. It follows that � is
isomorphic to its dual representation � � : G Ñ Aut CpV � q, and all G-equivariant linear
maps W Ñ W are given by scalar multiplication:

EndGpW q � R:


 Complex type : � is not isomorphic to its dual representation � � : G Ñ Aut CpV � q.
Then � ` � � : G Ñ Aut CpV ` V � q is the complexi�cation of a real irreducible represen-
tation � : G Ñ Aut RpW q obtained from � : G Ñ Aut CpV q by setting W :� V and using
the obvious inclusion AutCpV q € Aut RpW q. The algebra of G-equivariant real-linear
maps onW is then

EndGpW q � C:


 Quaternionic type : � is not of real type but is nonetheless isomorphic to its dual
representation. Then � ` � : G Ñ Aut CpV ` Vq is the complexi�cation of a real
irreducible representation � : G Ñ Aut RpW qobtained from � : G Ñ Aut CpV qby setting
W :� V and using the obvious inclusion AutCpV q € Aut RpW q, and the algebra of
G-equivariant real-linear maps onW is isomorphic to the quaternions:

EndGpW q � H:

We shall also refer to a real irreducible representation as \of real / complex / quaternionic
type " according to which of these three constructions it comes from. With this classi�cation in
mind, we denote the various complex irreducible representations of G by

� j; K : G Ñ Aut CpVj; Kq;

where K stands for R, C or H depending on the type, and arrange a complete list of pairwise
non-isomorphic irreducible representations in the form

� 1;R; : : : ; � p;R; � 1;C; � �
1;C; : : : ; � q;C; � �

q;C; � 1;H ; : : : ; � n;H:

This gives rise to a corresponding complete list

� 1;R; : : : ; � p;R; � 1;C; : : : ; � q;C; � 1;H ; : : : ; � n;H

of pairwise non-isomorphic real irreducible representations

� j; K : G Ñ Aut RpWj; Kq satisfying EndGpWj; Kq � K;

where for eachj , the complexi�cation of � j; K is � j; R for K � R, � j; C ` � �
j; C for K � C, and

� j; H ` � j; H for K � H. Note that the G-equivariant endomorphisms endow eachWj; K with the
structure of a left K-module such that the representation� j; K is K-linear.

We recall a standard fact from representation theory:

Proposition 3.17. Every �nite-dimensional representation � : G Ñ Aut pW q of a �nite group
G has a uniqueisotypic decomposition , meaning a splitting W � W1 ` : : : ` WN such that:

(1) For each i � 1; : : : ; N , Wi € W is a G-invariant subspace on which� is isomorphic to
a direct sum of copies of a single irreducible representation;

(2) The irreducible representations corresponding any two distinct subspaces in the splitting
are not isomorphic.



32 CHRIS WENDL

�

Since � C itself is a complexi�cation of a real representation, everysubspace in the resulting
isotypic decomposition of CI is either identical or orthogonal to its complex conjugate, where
the conjugate always carries the dual representation. Thuswe can uniquely decomposeCI into
pairwise orthogonal G-invariant complex subspaces

(3.10) CI � X 1;R ` : : : ` X p;R ` X 1;C ` sX 1;C ` : : : ` X q;C ` sX q;C ` X 1;H ` : : : ` X n;H ;

where eachX j; R and X j; H is of the form Yj; K ` iYj; K for some real subspaceYj; K € RI , and each
X j; C has trivial intersection with RI . Next, observe that every irreducibleG-invariant subspace
in CI is either identical to its complex conjugate or intersects it trivially: indeed, any other
option would produce an intersection which is a nontrivial but smaller G-invariant subspace.
We can thus further decomposeX j; R and X j; C into irreducible G-invariant subspaces

X j; R � V ` k j
j; R ; X j; C � V ` m j

j; C

for some integerskj ; mj ¥ 0, where eachVj; R summand in X j; R can be assumed of the form
Wj; R ` iW j; R for some irreducibleG-invariant real subspaceWj; R € Yj; R. In X j; H, the irreducible
G-invariant subspaces cannot be complexi�cations since thecorresponding representation is not
realizable over R, thus these subspaces have trivial intersection withRI and can instead be
arranged in conjugate pairs:

X j; H � V ` ` j
j; H `

†
V ` ` j

j; H

for some integers` j ¥ 0. From this decomposition of � C we can immediately read o� a corre-
sponding decomposition of� : we have

(3.11) RI � Y1;R ` : : : ` Yp;R ` Y1;C ` : : : ` Yq;C ` Y1;H ` : : : ` Yn;H;

where the summands are allG-invariant and pairwise orthogonal, Yj; K � X j; K X RI for K � R; H,
and Yj; C � p X j; C ` sX j; Cq X RI , hence,

dimR Yj; K �

#
dimC X j; K if K � R or H;
2 dimC X j; K if K � C:

These summands admit further (non-unique) decompositionsinto real irreducible G-invariant
subspaces

Yj; R � W ` k j
j; R ; Yj; C � W ` m j

j; C ; Yj; K � W ` ` j
j; H :

3.3.2. The regular case. We now specialize the above discussion to the case

I :� G; � gphq :� gh;

in which case � : G Ñ Aut RpRGq is the so-calledregular representation of G. By a stan-
dard theorem in complex representation theory, the complexi�cation � C : G Ñ Aut CpCGq then
contains every irreducible complex representation� j; K : G Ñ Aut CpVj; Kqas a subrepresentation
with multiplicity equal to dim C Vj; K . This implies a similar fact about � that we will make use
of in §6 for proving Theorem D:

Lemma 3.18. The real regular representation � : G Ñ Aut RpRGq contains every irreducible
representation � j; K : G Ñ Aut RpWj; K q of G as a subrepresentation with multiplicity equal to
dimK Wj; K . �

Next, recall that the action of G on itself by right multiplication

G Ñ SpGq : g ÞÑ� 1
g; � 1

gh :� hg� 1

commutes with � and thus de�nes a second permutation representation

� 1 : G Ñ Aut RpRGq; � 1pgqeh � ehg� 1
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which commutes with � , giving rise to a representation

(3.12) G � G Ñ Aut RpRGq : pg; hq ÞÑ� pgq� 1phq:

By another standard theorem of complex representation theory, the summands in the isotypic
decomposition (3.10) ofCG are then invariant under the complexi�cation of the pG � Gq-action
(3.12), and they de�ne irreducible complex representations of G � G. In particular, � 1 therefore
preserves each isotypic component for� but does not preserve any further decomposition of
that component into irreducible G-invariant subspaces. For future use, we note one additional
fact from complex representation theory: the action ofG � G on an isotypic component in CG

corresponding to a given irreducible representation� : G Ñ Aut CpV q is isomorphic to V b V � ,
with G � G acting by

pG � Gq � p V b V � q Ñ V b V � : ppg; hq; v b � q ÞÑ� pgqv b � � phq�;

cf. [Ser77,§6.2].

3.3.3. Non-faithful representations. An important special case of the factorization construction
in Example 3.5 arises when

� : G Ñ Aut RpW q

is an irreducible representation that is not faithful. Choosing H to be any nontrivial normal
subgroup of G contained in its kernel

H € ker � € G;

G{H then inherits an irreducible representation

� H : G{H Ñ Aut RpW q:

For example one can takeH � ker � , in which case� H becomes faithful. Now if � : G Ñ SpI q
is a transitive action on the set I of d elements, let

� H : G{H Ñ SpI {H q

denote the induced action on the setI {H of H -orbits, and consider the corresponding permu-
tation representations

� : G Ñ Aut RpRI q; � H : G{H Ñ Aut RpRI {H q:

Lemma 3.19. Under the assumptions described above, the multiplicity of� : G Ñ Aut RpW q as
a subrepresentation of� : G Ñ Aut RpRI q matches the multiplicity of � H : G{H Ñ Aut RpW q as
a subrepresentation of� H : G{H Ñ Aut RpRI {H q.

Proof. Observe that in terms of the real/complex/quaternionic distinction described in §3.3.1,
� and � H are necessarily of the same type: indeed, the spaces of linear maps on W that are G-
equivariant or pG{H q-equivariant are the same sinceH acts trivially on W . The multiplicities of
both are therefore determined in the same way by the multiplicities of the correspondingcomplex
irreducible representations in the complexi�cations of � and � H respectively, thus it will su�ce
to prove a similar statement about complex representations. Namely, assume� : G Ñ Aut CpVq
is complex irreducible, H € ker � € G is a normal subgroup and� H : G{H Ñ Aut CpVq is the
resulting irreducible representation of G{H . By orthonormality of characters, it will su�ce to
prove

x� � ; � � y � x � � H
; � � H y;

where the inner product of characters� � : G Ñ C is given in general by

x� � ; � � 1y :�
1

|G|

¸

gPG

‡� � pgq� � 1pgq PC:

For each i P I , let Gi € G denote the stabilizer subgroup fori under the G-action on I via � .
Since the action is transitive, the orbit-stabilizer theorem implies |Gi | � | G|{d. The trace of
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a permutation matrix is the number of elements that it �xes, i n other words the number of
stabilizer subgroups that it belongs to, hence for eachg PG,

� � pgq �
�
� i P I

�
� g PGi

( �
� :

This implies

(3.13) x� � ; � � y �
1

|G|

¸

i PI

¸

gPG i

� � pgq:

This can be simpli�ed since G acts transitively on I , so the subgroupsGi for distinct i P I are
all conjugate. By the conjugation-invariance of characters, this implies that all d of the sums
over Gi in (3.13) are identical, so plugging in |Gi | � | G|{d, we have

x� � ; � � y �
1

|Gi |

¸

gPG i

� � pgq;

where i P I in this expression can be chosen arbitrarily.
To write down a similar expression forx� � H

; � � H y, de�ne for each i P I

H i :� H X Gi € G;

which is a subgroup of both H and Gi and is normal in the latter. There is then a natural
inclusion of Gi {H i as a subgroup ofG{H , and it is the stabilizer subgroup of ris PI {H for the
permutation action of G{H on I {H . The same computation thus gives

x� � H
; � � H y �

1
|Gi {H i |

¸

rgsPG i {H i

� � H prgsq �
|H i |
|Gi |

¸

rgsPG i {H i

� � H prgsq:

Finally, observe that � � pgq � � � H prgsqfor each g P G since both are traces of the same linear
operator acting on V , so one can replace the last expression with a sum overg P Gi , giving

x� � H
; � � H y �

1
|Gi |

¸

gPG i

� � pgq � x � � ; � � y:

�

3.4. Twisted bundles and splittings of operators. We can now make precise the splitting
of pulled back Cauchy-Riemann type operators that was sketched in §2.2.

3.4.1. Twisted bundles from representations.We associate to any representation� : G Ñ
Aut RpW q the family of real vector bundlesW �

� Ñ 9� � de�ned by

W �
� �

�
9� 2

� � W
	 M

G;

where G acts on W via � and on 9� 2
� by deck transformations, so that � � : 9� 2

� Ñ 9� � identi�es
9� � with 9� 2

� {G. This gives rise to complex vector bundles 9E �
� ; 9F �

� Ñ 9� � of rank m � dimR W ,
de�ned by

9E �
� � 9E � b R W �

� ; 9F �
� � 9F� b R W �

� � HomCpT 9� � ; 9E �
� q:

Each of the bundlesW �
� has a canonical 
at structure, i.e. it comes with a well-de�ned notion

of constant local sections, thusD � P CRRpE � q determines a family of Cauchy-Riemann type
operators

9D �
� : � p 9E �

� q Ñ � p 9F �
� q � 
 0;1p9� � ; 9E �

� q

such that 9D �
� p� b vq � 9D � � b v whenever v is a constant local section ofW �

� . Since 9D �
� P

CRRp 9E �
� q, it is Fredholm in suitable Banach space settings, in particular as a bounded linear

operator
9D �

� : W k;p;� � p 9E �
� q Ñ W k � 1;p;� � p 9F �

� q

for any k P N, p P p1; 8q , and negative exponential weights� � � t� � wuwP� with all � w ¡ 0
su�ciently small. We will formulate a precise version of thi s statement and compute the index in
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§4. Observe that aside from its obvious dependence onD � , 9D �
� depends on our choice of regular

presentation for ' and on the representation� , but both of them only up to isomorphism.
If � is irreducible with EndGpW q � K P tC; Hu, then the resulting left K-module structure of

W induces a leftK-module structure on each �ber of the twisted bundles 9E �
� and 9F �

� , for which
the twisted operator 9D �

� commutes with the action of K, thus its kernel and cokernels are also
left K-modules. Note that if K � C, the resulting complex structure on 9E �

� and 9F �
� is di�erent

from the one de�ned by J ; the latter does not commute with 9D �
� unlessD � is a J -linear operator

to start with.
The most important special case of the above construction is9E �

� Ñ 9� � , where � : G Ñ
Aut RpRI q is the permutation representation associated to our regular presentation of ' . We
de�ne 9E �

� � 9E � b pRI q�
� Ñ 9� � as above and can identify it canonically with

9E �
� �

�
� �

�
9E � b RI

	 M
G;

so that sections of 9E �
� are written as G-equivariant sections of� �

�
9E � b RI , hence

� �
¸

i PI

� i b ei

for � i P � p� �
�

9E � q. Here G-equivariance means that for allz P 9� 2
� and g PG,

� pgzq � p 1 b � pgqq� pzq �
¸

i PI

� i pzq b e� g pi q;

hence

(3.14) � i pzq � � � g pi qpgzq for all z P 9� 2
� , g PG and i P I:

Writing 9� 1
� � p 9� 2

� � I q{G, this relation gives rise to a bijective correspondence

� p 9E �
� q Ñ � p' �

�
9E � q : � ÞÑp�

p� prpz; iqsq � � i pzq
(3.15)

and thus natural isomorphisms

(3.16) W k;p;� � p 9E �
� q Ñ W k;p;� ' � � p' �

�
9E � q

for every k ¥ 0 and p P p1; 8q , where we recall from§3.2 that the pulled back exponential
weights are de�ned by

' � � :�
 
k� � ' p� q

(
� P� 1 ;

with k� P t1; : : : ; du denoting the branching order of ' : � 1 Ñ � at � P � 1. The reason for
using these particular weights in the isomorphism (3.16) isas follows. We observe �rst that
if ' : r0; 8q � S1 Ñ r 0; 8q � S1 is a holomorphic covering map of the formps; tq ÞÑ pms; mt q
and Zm is de�ned to act on r0; 8q � S1 via the transformation ps; tq ÞÑ ps; t � 1{mq and its
iterates, then the map f ÞÑf � ' de�nes for each integerk ¥ 0 and p P p1; 8q an isomorphism
from W k;ppr0; 8q � S1q to the closed subspace ofW k;ppr0; 8q � S1q consisting of Zm -invariant
functions. It follows that for any exponential weight � , a function f on r0; 8q � S1 is of class
W k;p;� if and only if f � ' is of classW k;p;m� . The global consequence of these observations is
that for � P � p 9E �

� q and the corresponding sectionp� P � p' �
�

9E � q, the W k;p;� ' � � -norm of p� can be
bounded in terms of theW k;p;� � -norm of � , and vice versa.

Observe that pRI q�
� Ñ 9� � also has a well-de�ned real bundle metric since� acts on RI by

orthogonal transformations, so endowingE � with a Hermitian bundle metric induces a Hermitian
bundle metric on 9E �

� � 9E � b pRI q�
� such that the correspondence (3.15) also preservesL 2-

products. After writing down a similar correspondence for the bundles 9F �
� and ' �

�
9F� , we obtain
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an identi�cation between the Cauchy-Riemann operators ' � 9D � and 9D �
� :

(3.17)

W k;p;� � p 9E �
� q

9D �
�ÝÝÝÝÑ W k � 1;p;� � p 9F �

� q
Ÿ
Ÿ
ž �

Ÿ
Ÿ
ž �

W k;p;� ' � � p' �
�

9E � q
' �

�
9D �ÝÝÝÝÑ W k � 1;p;� ' � � p' �

�
9F� q;

3.4.2. Splitting the twisted Cauchy-Riemann operator. If W € RI is any G-invariant subspace
and � : G Ñ Aut RpW q denotes the resulting subrepresentation, then we obtain corresponding
subbundles

9E �
� € 9E �

� ; 9F �
� € 9F �

�

such that 9D �
� takes sections of 9E �

� to sections of 9F �
� , acting as the operator 9D �

� . Under the
correspondence (3.15), one can understand this as identifying � p 9E �

� q and � p 9F �
� q with closed

subspaces
� � p' �

�
9E � q € � p' �

�
9E � q; � � p' �

�
9F� q € � p' �

�
9F� q;

with a similar de�nition for closed subspaces of the relevant weighted Sobolev spaces, such that
' �

�
9D � restricts to a bounded linear operator

W k;p;� ' � �
� p' �

�
9E � q

' �
�

9D �ÝÑ W k � 1;p;� ' � �
� p' �

�
9F� q;

which is conjugate to 9D �
� : W k;p;� � p 9E �

� q Ñ W k � 1;p;� � p 9F �
� q and will thus be Fredholm with any

negative exponential weights that are close enough to 0. Nowif

RI � W1 ` : : : ` WN

is a decomposition of� into subrepresentations� j : G Ñ Aut RpWj q for j � 1; : : : ; N , we obtain
a direct sum decomposition

9D �
� � 9D � 1

� ` : : : ` 9D � N
� ;

which is equivalent via (3.17) to a decomposition of' �
�

9D � over a splitting of Banach spaces

W k;p;� ' � � p' �
� E � q �

Nà

j � 1
W k;p;� ' � �

� j
p' �

� E � q

and the corresponding decomposition ofW k � 1;p;� ' � � p' �
� F� q. Observe that if the subspaces

W1; : : : ; WN € RI are pairwise orthogonal, then the corresponding spaces of sections of ' �
�

9E �

and ' �
�

9F� are L 2-orthogonal as a consequence. It is useful to note that whenever two of the
representations� i : G Ñ Aut RpWi q and � j : G Ñ Aut RpWj q are isomorphic, theG-equivariant

isomorphism Wi Ñ Wj induces bundle isomorphisms 9E � i
� Ñ 9E � j

� and 9F � i
� Ñ 9F � j

� that identify
9D � i

� with 9D � j
� , so these two operators have isomorphic kernels and cokernels. This implies:

Lemma 3.20. Suppose� j : G Ñ Aut RpWj q for j � 1; : : : ; N is a collection of representations
of G, and � : G Ñ Aut RpW q is another representation such that

� �
Nà

j � 1
� ` k j

j

for some integersk1; : : : ; kN ¥ 0. Then there exist isomorphisms

ker 9D �
� �

Nà

j � 1

�
ker 9D � j

�

	 ` k j
and coker 9D �

� �
Nà

j � 1

�
coker 9D � j

�

	 ` k j
:

In particular, if � is the permutation representation � : G Ñ Aut RpRI q, this gives isomorphisms

kerp' �
�

9D � q �
Nà

j � 1

�
ker 9D � j

�

	 ` k j
and cokerp' �

�
9D � q �

Nà

j � 1

�
coker 9D � j

�

	 ` k j
:
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�

3.4.3. Non-faithful representations revisited. Here is a proof of Lemma 2.16. For the present
discussion we drop the parameter� from the notation since it does not play any important role.

Suppose� : G Ñ Aut RpW q is a representation andH € ker � € G is a nontrivial normal
subgroup of G, giving rise to a representation

� H : G{H Ñ Aut RpW q;

and (following Example 3.5) a factorization of ' : � 1Ñ � as

� 1Ñ � 1
H

' HÝÑ � :

By assumption we are using a minimal regular presentation and thus � : G Ñ SpI q is injective,
soH acts nontrivially on I , implying degp' H q   d. Writing 9� 2

H � 9� 2
L
H , the obvious projection

map
�

9� 2 � W
	 M

G Ñ
�

9� 2
H � W

	 M
pG{H q

is then an isomorphism of real vector bundles over9� and thus gives rise to a canonical iden-
ti�cation between the twisted bundles 9E � and 9E � H with their Cauchy-Riemann operators 9D �

and 9D � H . To prove the lemma, we now just need to observe that Lemma 3.19 implies � is a
subrepresentation of� if and only if � H is a subrepresentation of� H , hence the corresponding
twisted operators appear simultaneously as summands in thedecompositions of' � 9D and ' �

H
9D

from Lemma 3.20.

Remark 3.21. In the situation above, one should interpret ker 9D � as the set of all sections in
kerp' � 9D q that are pullbacks of sections in ker 9D � H (interpreted as a subspace of kerp' �

H
9D q) via

the branched cover � 1 Ñ � 1
H .

3.4.4. The regular case revisited.Now consider the special case where� is the regular represen-
tation G Ñ Aut RpRGq, de�ned via

� : G Ñ SpGq; � gphq � gh:

We saw in Example 3.4 that this means' � : 9� 1
� Ñ 9� � are all regular covers isomorphic to

� : 9� 2
� Ñ 9� � , and the action of G on 9� 1

� � p 9� 2
� � Gq{G by deck transformations takes the form

grpz; hqs:� rp z; � 1
gphqqs

where � 1 : G Ñ SpGq is the action of G on itself by right multiplication, � 1
gphq � hg� 1. The

induced G-action on spaces of sections� of ' �
�

9E � is de�ned by

pg� qprpz; hqsq:� � pg� 1rpz; hqsq � � prpz; hgqsq:

Recall now from §3.3.2 that the permutation representation � 1 : G Ñ Aut RpRGq arising from
� 1 commutes with � and preserves the isotypic components of� . It therefore de�nes an action
on 9E �

� by �ber-preserving bundle isomorphisms, and these isomorphisms preserve each of the
subbundles in the splitting

(3.18) 9E �
� �

pà

j � 1

p 9E �
� qj; R `

qà

j � 1

p 9E �
� qj; C `

nà

j � 1

p 9E �
� qj; H

corresponding to the isotypic decomposition (3.11) of� . In particular, this G-action by bundle
isomorphisms gives a linearG-action on each of the subspaces �pp9E �

� qj; Kq € � p 9E �
� q, and there is

a similar action on sections of 9F �
� such that the restriction of 9D �

� to each of these subspaces is
G-equivariant. Its kernel and cokernel thus inherit natural G-actions. Under the correspondence
(3.15), this action on sections of 9E �

� matches the action by deck transformations on �p' �
�

9E � q.
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Lemma 3.22. Suppose� : G Ñ SpGq is de�ned by left multiplication, � 0 : G Ñ Aut RpW q is an
irreducible representation of G, and � : G Ñ Aut RpYq denotes the corresponding summand in
the isotypic decomposition (3.11) of the regular representation � : G Ñ Aut RpRGq. Then every
irreducible subrepresentation for the naturalG-action on ker 9D �

� or coker 9D �
� is isomorphic to � 0.

Proof. Suppose �rst that � 0 is of either real or quaternionic type, in which case the complexi�-
cation X :� Y ` iY € CG of Y € RG is also an isotypic component for the complexi�ed regular
representation � C : G Ñ Aut CpCGq. We shall denote the restriction of � C to X by

� : G Ñ Aut CpX q;

and let � 0 : G Ñ Aut CpV qdenote the underlying complex irreducible representation. Regarding
these complex representations as real representations onX and V respectively gives rise to
corresponding twisted bundles and Cauchy-Riemann operators on them, along with a natural
linear inclusion of vector bundles

9E �
� ãÑ 9E �

� such that ker 9D �
� � ker 9D �

� X � p 9E �
� q:

It will be useful to think of 9E �
� as acomplexi�cation of 9E �

� , in the following sense. While 9E �
� is

already a complex vector bundle, 9E �
� � 9E � b R X �

� naturally carries two complex structures J�

and i , which commute with each other: the former acts on� b v P 9E � b R X �
� by J� � b v and the

latter by � b iv , using the fact that � is a complex representation andX �
� is therefore naturally

a complex vector bundle. From this perspective, 9D �
� is the natural i -complex-linear extension

of 9D �
� to its complexi�ed domain, and the representations de�ned by the G-action on ker 9D �

�
and coker 9D �

� will be the complexi�cations of the real representations it de�nes on ker 9D �
� and

coker 9D �
� respectively. In the following we shall use the symbol \b i " to denote complex tensor

products of vector spaces and bundles withi (instead of J� ) as the complex structure.
Recall now that as an isotypic component of the complex regular representation, X admits a

complex-linear isomorphism toV b i V � such that for all g P G, � pgq acts on V b i V � as � 0 b 1,
while � 1pgq acts as1 b � �

0. The isomorphism X Ñ V b i V � thus gives rise toi -complex bundle
isomorphisms

9E �
� Ñ 9E � 0

� b i V � ; 9F �
� Ñ 9F � 0

� b i V � ;

where we are abusing notation to letV � denote the trivial bundle over 9� � with �ber V � , and
this identi�es 9D �

� with 9D � 0
� b 1. We therefore have

ker 9D �
� � ker 9D � 0

� b i V � ; coker 9D �
� � coker 9D � 0

� b i V � ;

with G acting on both by 1 b � �
0 , hence all irreducible subrepresentations in these spacesare

isomorphic to � �
0, which is isomorphic to � 0 since the latter is not of complex type. Viewing

these as complexi�cations of real representations on ker9D �
� and coker 9D �

� as explained above, it
follows via the correspondence between real and complex irreducible representations outlined in
§3.3.1 that all the irreducible real subrepresentations areisomorphic to � 0.

The main di�erence if � 0 is of complex type is that Y ` iY € CG is no longer an isotypic
component for � C, but is instead the direct sum of two isotypic components related to each
other by complex conjugation

Y ` iY � X ` sX € CG;
corresponding to some complex irreducible representation� 0 : G Ñ Aut CpVq and its non-
isomorphic dual � �

0 : G Ñ Aut CpV � q. Writing � : G Ñ Aut CpX q and �� : G Ñ Aut CpsX q
for the restriction of � C to these subspaces, we can then think of9D � ` ��

� � 9D �
� ` 9D ��

� as the
complexi�cation of 9D �

� . A repeat of the argument above using the isomorphismsX � V b i V �

and sX � V � b i V then gives ani -complex-linear isomorphism

ker 9D � ` ��
� � p ker 9D � 0

� b i V � q ` pker 9D � �
0

� b i Vq;

with G acting via 1 b � �
0 on the �rst summand and 1 b � 0 on the second, and a similar

isomorphism for cokernels. It follows that every irreducible subrepresentation in either ker 9D � ` ��
�
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or coker 9D � ` ��
� is isomorphic to one of� 0 or � �

0, and the desired result for real subrepresentations
again follows via the correspondence between real and complex representations in§3.3.1. �

Continuing in the setting of Lemma 3.22, let K � EndGpW q P tR; C; Hu and write k �
dimK ker 9D � 0

� , c � dimK coker 9D � 0
� . By Lemma 3.18,� � � ` m

0 with m :� dimK W , so Lemma 3.20
gives dimK ker 9D �

� � km and dimK coker 9D �
� � cm. Lemma 3.22 meanwhile decomposes the

representation de�ned by the G-action on ker 9D �
� as � ` `

0 for some ` ¥ 0, so ker 9D �
� � W ` ` .

Comparing dimensions, we deducè � k, and applying the same argument to the cokernel
then likewise identi�es the representation de�ned by the G-action on coker 9D �

� with � ` c
0 . The

following consequence is the origin of the codimension formula in Theorem D (cf. 3.23).

Corollary 3.23. In the setting of Lemma 3.22, let K � EndGpW q. Then the space ofG-
equivariant real-linear maps ker 9D �

� Ñ coker 9D �
� satis�es

dimR HomG
�

ker 9D �
� ; coker 9D �

�

�
� dimR K � dimK ker 9D � 0

� � dimK coker 9D � 0
� :

�

3.5. Setting up the implicit function theorem. We assume throughout this section that
p� ; 9� 2; �; G; �; I; f q is the minimal regular presentation of ' : � 1Ñ �. Suppose

� i : G Ñ Aut RpWi q; i � 1; : : : ; N

is a complete list of pairwise non-isomorphic real irreducible representations forG, with

K i :� EndGpWi q; and t i :� dimR K i P t1; 2; 4u:

Recall that all of the data we have been considering depends smoothly on a parameter � ,
which lives in a connected Banach manifoldP as described at the end of§3.1. Any N -tuples
of nonnegative integersk � p k1; : : : ; kN q and c � p c1; : : : ; cN q now determine subsets of this
parameter space

Ppk; cq :�
!

� PP
�
�
� dimK i ker 9D � i

� � ki and dimK i coker 9D � i
� � ci for all i � 1; : : : ; N

)
:

Note that Ppk; cq is automatically empty unless ki � ci � indK i
9D � i

� for all i � 1; : : : ; N , and
these indices do not depend on the parameter� . Assuming this condition holds, we would now
like to present Ppk; cq locally as the zero-set of a smooth map to a �nite-dimensional vector
space, and to compute its derivative in a special case.

We start by translating the conditions de�ning Ppk; cq into conditions on the pulled back
operators p' �

�
9D � for a suitable family of regular covers p' � : p� � Ñ 9� � with Aut pp' � q � G. This

can be de�ned by replacing the homomorphism� : G Ñ SpI q with the action of G on itself by
left multiplication, i.e. let

p� : G Ñ SpGq : g ÞÑp� g; p� gphq :� gh;

so that p� � ; 9� 2; � � ; G; p�; G; Idq becomes a minimal regular presentation for

p� � :�
�

9� 2
� � G

	 M
G

p' �ÝÑ 9� � : rpz; gqs ÞÑ� � pzq;

or rather for the extension of this map to a branched cover of closed surfaces as provided by
Lemma 3.1. In keeping with our usual notational convention, p� � is a �xed smooth surface p�
with a �xed G-action by deck transformations but a � -dependent family of conformal structures
p| � � p' �

� j � , which are �xed on the cylindrical ends.
Denote the isotypic decomposition of the regular representation p� : G Ñ Aut RpRGq by

p� �
Nà

i � 1

p� i ;
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wherep� i � � ` ` i
i for integers ` i which are strictly positive by Lemma 3.18. Then by Lemma 3.20,

kerpp' �
�

9D � q �
Nà

i � 1
ker 9D

p� i
� �

Nà

i � 1

�
ker 9D � i

�

	 ` ` i
;

cokerpp' �
�

9D � q �
Nà

i � 1

coker 9D
p� i
� �

Nà

i � 1

�
coker 9D � i

�

	 ` ` i
;

so � PPpk; cq implies

(3.19) dim kerpp' �
�

9D � q �
Ņ

i � 1

t i ` i ki :

Lemma 3.24. Every � P Ppk; cq has a neighborhoodU� € P such that U� X Ppk; cq is the set
of all � PU� for which (3.19) holds.

Proof. Since all the operators 9D � i
� are Fredholm and they depend continuously on� , we can

assume dim ker9D � i
� ¤ dim ker 9D � i

� for all i � 1; : : : ; N if � is su�ciently close to � . Thus (3.19)
can only be satis�ed if none of these inequalities are strict, which means� PPpk; cq since every
` i is positive. �

Recall from §3.2 that the weighted Sobolev spacesW k;p;� p' � � pp' �
�

9E � q and W k � 1;p;� p' � � pp' �
�

9F� q
are de�ned in terms of �xed families of trivializations of E � near � � and holomorphic cylindrical
coordinates which allow us to compute Sobolev norms on the cylindrical ends. Given � P Ppk; cq,
choose a neighborhoodU� € P that is di�eomorphic to a ball and small enough to satisfy
Lemma 3.24. By assumption the bundlesE � depend smoothly on� , which means there is a
well-de�ned smooth bundle pE Ñ P � � with pEp�;z q � p E � qz. Choosing a suitable connection on
the latter, we can use parallel transport along paths of the form p� ptq;  � ptqpzqq PU� � � with
� ptq radiating outward from � to de�ne a smooth family of complex bundle isomorphisms

	 � :  �
� E � Ñ  �

� E �

which respect these �xed trivializations near � � and satisfy 	 � � Id. These give rise to isomor-
phisms 9E � Ñ 9E � covering the di�eomorphisms  � �  � 1

� : 9� � Ñ 9� � . Notice that there are also
natural real bundle isomorphisms

d � : T � Ñ  �
� T� ;

so that d � � d � 1
� gives a family of isomorphismsT 9� � Ñ T 9� � covering 9� �

 � �  � 1
�ÝÑ 9� � , and they

respect the chosen holomorphic cylindrical coordinates onthe ends. These then induce smooth
families of isomorphisms of complex bundles overp�,

p' �
�

9E � Ñ p' �
�

9E � ; p' �
�

9F� Ñ p' �
�

9F�

which again are the identity for � � � and are also equivariant with respect to the natural
G-action by bundle isomorphisms covering deck transformations of p�. Acting with these on
sections produces� -parametrized families of G-equivariant Banach space isomorphisms which
we shall also denote by 	 � :

W k;p;� p' � � pp' �
�

9E � q 	 �ÝÑ W k;p;� p' � � pp' �
�

9E � q;

W k � 1;p;� p' � � pp' �
�

9F� q 	 �ÝÑ W k � 1;p;� p' � � pp' �
�

9F� q:
(3.20)

Here 	 � � Id.
We can now use these isomorphisms to de�ne for� P U� a smooth family of G-equivariant

Fredholm operators with �xed domain and target space,

(3.21) pD � :� 	 � 1
� � p' �

�
9D � � 	 � : W k;p;� p' � � pp' �

�
9E � q Ñ W k � 1;p;� p' � � pp' �

�
9F� q;
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such that

U� X Ppk; cq �

#

� PU�

�
�
�
�
�

dim ker pD � �
Ņ

i � 1

t i ` i ki

+

:

In order to present the latter as the zero-set of a smooth map,let us abbreviate

X � :� W k;p;� p' � � pp' �
�

9E � q; Y � :� W k � 1;p;� p' � � pp' �
�

9F� q;

so (3.21) de�nes a smooth map

U� Ñ L GpX � ; Y � q : � ÞÑpD � ;

where L GpX � ; Y � q denotes the Banach space of bounded real-linear mapsX � Ñ Y � that are
G-equivariant. Since pD � � p' �

�
9D � is Fredholm, we can choose a splitting

X � � V � ` kerpp' �
�

9D � q;

such that V � € X � is a closed subspace andpD � maps V � isomorphically to its image. By
Proposition 3.13, we can similarly split

Y � � impp' �
�

9D � q ` kerpp' �
�

9D �
� q;

where kerpp' �
�

9D �
� q is equivalently the space of all sections inW k � 1;p; p' � � pp' �

�
9F� q that are L 2-

orthogonal to impp' �
�

9D � q. In terms of these splittings, pD � can be written in block form

pD � �
�

D 11
� D 12

�
D 21

� D 22
�



;

where after shrinking U� if necessary, we can assume without loss of generality thatD 11
� : V � Ñ

impp' �
�

9D � q is invertible for all � PU� . We can therefore de�ne a map

F � : U� Ñ HomG
�

kerpp' �
�

9D � q; kerpp' �
�

9D �
� q

�

� ÞÑD 22
� � D 21

� pD 11
� q� 1D 12

� :
(3.22)

Lemma 3.25. A parameter � PU� belongs toPpk; cq if and only if F � p� q � 0.

Proof. De�ne for each � P U� the Banach space isomorphism

T �
�

1 �p D 11
� q� 1D 12

�
0 1



PL pV � ` kerpp' �

�
9D � qq � L pX � q:

Then pD � T �
�

D 11
� 0

D 21
� F � p� q



, and sinceD 11

� is invertible,

ker pD � � kerppD � T q � t 0u ` ker F � p� q � ker F � p� q:

The latter can only have the same dimension as kerpp' �
�

9D � q if F � p� q vanishes. �

Observe that by Lemma 3.22, Corollary 3.23 and Schur's lemma,

(3.23) dim HomG
�

kerpp' �
�

9D � q; kerpp' �
�

9D �
� q

�
�

Ņ

i � 1

t i ki ci :

The lemma implies via the implicit function theorem that a neighborhood of � in Ppk; cq is a
smooth submanifold with the same codimension that appears in Theorem D whenever we can
show that the linearization

dF � p� q : T� P Ñ HomG
�

kerpp' �
�

9D � q; kerpp' �
�

9D �
� q

�

is surjective.
We will need a precise formula for this linearization in the following special case. Suppose we

have a smooth path


 : p� �; � q Ñ P with 
 p0q � � and 9
 p0q � Y PT� P

such that for all � � 
 ptq:
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(1) E � � E � (i.e. there is a canonical complex bundle isomorphism);
(2)  � � Id;
(3) j � � j � .

We are then free to choose the bundle isomorphisms 	� and consequently the Banach space
isomorphisms (3.20) to be the identity for all � � 
 ptq, so pD 
 ptq � p' �

�
9D 
 ptq, where D 
 ptq is a

smooth family of Cauchy-Riemann operators on the �xed bundle E � Ñ � � . Di�erentiating this
family gives a real-linear bundle map

AY :� B t D 
 ptq
�
�
t � 0

P � pHomRpE � ; F� qq;

and we then �nd that

LpYq :� dF � p� qY PHomG
�

kerpp' �
�

9D � q; kerpp' �
�

9D �
� q

�

takes the form

LpYq� � �
�
pp' �

� AY q�
�
;(3.24)

where � is the projection

Y � � impp' �
�

9D � q ` kerpp' �
�

9D �
� q �ÝÑ kerpp' �

�
9D �

� q:

The local genericity result developed in§5 below is geared toward proving that operators such
as L are surjective.

4. Index computation

The goal of this section is to compute the Fredholm index of the twisted Cauchy-Riemann type
operators introduced in §3.4. We will use the notation of §3 but dispense with the parameter�
since it is not important for the index computation, hence ' : p� 1; j 1q Ñ p� ; j q is a �xed branched
cover, and p� ; 9� 2; �; G; �; I; f q is a �xed regular presentation. The complex vector bundlesE
and F with their restrictions 9E and 9F to the punctured domain 9� are assumed to have rank

m :� rankC E PN;

and we assume
� : G Ñ Aut RpW q

is a (not necessarily irreducible or faithful) representation of G with

n :� dim W P N:

The resulting twisted bundles over 9� can be written as

9E � � 9E b R W � ; 9F � � 9F b R W � ;

in terms of the 
at real vector bundle W � :� p 9� 2 � W q{G Ñ 9�, and any Cauchy-Riemann type
operator D PCRRpEq then gives rise to the twisted operator

9D � : � p 9E � q Ñ � p 9F � q:

We need a bit more notation in order to state a formula for indp9D � q. Recall that while the deck
transformations G � Aut p� q act on 9� 2 without �xed points, their extensions to biholomorphic
self-maps of � 2 may �x some of the punctures, so for eachw P � and � P � � 1pwq € � 2 :�
� � 1p� q, we can consider the stabilizer subgroup

G� :� t g PG | g� � � u;

which is necessarily cyclic. Restricting� to G� then de�nes a representationG� Ñ Aut RpW q,
which splits W into G� -invariant subspacesW � W� ` W 1

� such that G� acts on W� trivially
and on W 1

� as a direct sum of nontrivial representations. We de�ne the number

nw :� dim W 1
� P t0; : : : ; nu:
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As implied by the notation, this depends onw P � but not on the choice of preimage � P � � 1pwq:
indeed, sinceG acts transitively on � � 1pwq, any two choices of� give rise to conjugate subgroups
G� , and using orthonormality of characters, one can compute

nw � n � dim W� � n �
1

|G� |

¸

gPG�

� � pgq;

an expression which depends only on the congugacy class ofG� .

Theorem 4.1. Under the assumptions detailed above, the operator

9D � : W k;p;� � p 9E � q Ñ W k � 1;p;� � p 9F � q

is Fredholm for any k PN, p P p1; 8q and negative exponential weights� � � t� � wuwP� satisfying
0   � w   2� {|G| for all w P � . Its index is

indp9D � q � n � indpD q � m
¸

wP�

nw :

The dimensions and indices in the above statement are all real, but note that if � is irreducible
with K :� EndGpW q P tC; Hu, then the integers n and nw are automatically divisible by
t :� dimR K P t2; 4u, hence so is indp9D � q. Let us state the corollary for the faithful case in
terms of the K-linear index since it is most useful in this form.

Corollary 4.2 (cf. Lemma 2.15). Assume p� ; 9� 2; �; G; �; I; f q is the mimimal regular presen-
tation, and that � is faithful and irreducible with EndGpW q � K P tR; C; Hu. Then

indK p9D � q ¤ pdimK W q � indRpD q � m|� |;

and if K � R, then the inequality is strict unless all branch points of' have branching order2.

Proof. By Lemma 3.3, the stabilizer subgroupsG� are nontrivial for all � P � 2, and the conclu-
sion about branch points of order 2 will hold if and only if all of them are isomorphic toZ2. Now
if � is faithful, it follows that all nontrivial elements g PG� for � P � 2 also act nontrivially on W ,
hence the decomposition ofW into G� -invariant subspaces contains at least a 1-dimensionalK-
linear subspace on whichG� acts nontrivially, giving nw ¥ dimR K for all w P �. This implies
the upper bound, and in the caseK � R, it is an equality if and only if nw � 1 for all w P �,
meaning eachG� acts onW as thepn � 1q-fold direct sum of the trivial representation plus a real
1-dimensional nontrivial representation, which is required to be faithful. But the only nontrivial
faithful real 1-dimensional representation of any �nite group is the nontrivial representation
of Z2, henceG� � Z2. �

Remark 4.3. Doan and Walpuski have recently shown that an index formula equivalent to that
of Theorem 4.1 can also be derived from Kawasaki's orbifold Riemann-Roch theorem [Kaw79].
From this perspective, branch points are regarded as orbifold singularities instead of punctures;
see [DWb, Appendix 2.B].

The remainder of this section is devoted to the proof of Theorem 4.1, which we shall break
down into �ve steps.

Step 1: Some notation .
It will be convenient �rst to complexify the representation . We de�ne V :� W ` iW and the
complex representation

� : G Ñ Aut CpVq

such that � pgq|W � � pgq for all g P G. Note that for w P � and � P � � 1pwq € � 2, the trivial
representation ofG� on V is the complexi�cation of the trivial real representation o n W , so the
splitting W � W� ` W 1

� explained above complexi�es to a splitting V � V� ` V 1
� , where V� € V

is the largest complex subspace on whichG� acts trivially, allowing us to write

nw � dimC V 1
� � n � dimC V� :
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The complexi�ed representation now gives rise to a complex 
at bundle V � :� p 9� 2 � V q{G,
corresponding twisted bundles

(4.1) 9E � :� 9E b R V � ; 9F � :� 9F b R V � ;

and a twisted Cauchy-Riemann operator

9D � : W k;p;� � p 9E � q Ñ W k � 1;p;� � p 9F � q:

The following point is important to understand: the tensor p roducts in (4.1) are real, thus 9E �

and 9F � each inherit two complex structuresJ and i , whereJ comes from the complex structure
of E and i from that of V : they commute with each other and are de�ned by

J p� b vq :� J� b v; ip� b vq :� � b iv:

In this sense, 9D � can be regarded as thei -complex-linear extension of 9D � to complexi�cations
of the latter's domain and target space|this notion of \comp lexi�cation" ignores the fact that
these spaces already have native complex structuresJ and treats them as real vector spaces,
which is appropriate since 9D � need not beJ -complex linear. We therefore obtain the relation

indp9D � q �
1
2

indp9D � q;

and we shall compute indp9D � qby regarding 9D � as a real-linear Cauchy-Riemann type operator
on the complex vector bundlep 9E � ; J q. Since rankC 9E � � rankC E �dimR V � 2mn, the punctured
Riemann-Roch formula from [Sch95,§3.3] (or equivalently [Wene, Lecture 5]) gives

(4.2) indp9D � q � 2mn � � p9� q � 2c�
1 p 9E � ; J q �

¸

wP�

� �
CZpA �

w � � wq;

where � is an arbitrary choice of asymptotic trivialization , and � �
CZpA �

w � � wq PZ are Conley-
Zehnder indices that depend on certain asymptotic operators A �

w to be discussed below and the
exponential weight � � w P p� 2� {|G|; 0q associated to each puncturew P �. The main di�culty
of the calculation is in choosing a suitable asymptotic trivialization in which both c�

1 p 9E � ; J qand
� �

CZpA �
w � � wq can be computed.

Denote
d1 :� degp� q � | G|;

and for eachw P � and � P � � 1pwq € � 2, let

k� P t1; : : : ; d1u

denote the branching order of� at � , meaning � is a k� -to-1 map on a small punctured neigh-
borhood of � . We can then choose punctured neighborhoodsUw € 9� and U� € 9� 2 of w and �
respectively, with holomorphic cylindrical coordinates ps; tq P r0; 8q � S1 on each such that

� ps; tq � p k� s; k� tq

in coordinates on U� . In these coordinates, anyg P G� necessarily preserves the endU� and
takes the form gps; tq � p s; t � j {k� q for somej P t0; : : : ; k� � 1u. This means that G� is a cyclic
group of order k� , and it has a canonical generatorg� PG� such that

g� ps; tq � p s; t � 1{k� q on U� :

In addition to the cylindrical coordinates, let us choose complex trivializations of E on each
of the corresponding neighborhoods of �, thus giving an identi�cation

(4.3) 9E |Uw �
�
r0; 8q � S1�

� Ew

for each w P �. For any choice � P � � 1pwq € � 2, this also gives us an identi�cation of 9E � |Uw

with

(4.4)
��

r0; 8q � S1�
� p Ew b R Vq

� M
G� ;
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where the action of G� � Zk � on
�
r0; 8q � S1

�
� p Ew b R Vq is determined by

g� �
�
ps; tq; � b v

�
�

�
ps; t � 1{k� q; � b � pg� qv

�
:

This picture can now easily be extended to the \circle compacti�cation" of the punctured surface:
let s� and s� 2 denote the compact surfaces with boundary obtained by replacing each cylindrical
end r0; 8q � S1 in 9� and 9� 2 respectively by the compact topological manifoldr0; 8s � S1. The
connected components ofBs� and Bs� 2 are then in bijective correspondence with the punctures
w P � or � P � 2 respectively, and the choice of cylindrical coordinates identi�es each of these
components with S1. We shall denote the boundary components accordingly byS1

w ; S1
� for w P �

or � P � 2, hence
Bs� �

§

wP�

S1
w ; Bs� 2 �

§

� P� 2

S1
� :

The covering map � : 9� 2 Ñ 9� now extends to a continuous covering map

�� : s� 2 Ñ s�

which restricts on the boundary components to

� � :� �� |S1
�

: S1
� Ñ S1

� p� q : t ÞÑk� t;

and eachg P G also extends naturally to a continuous deck transformation�g : s� 2 Ñ s� 2 of �� ,
such that if gp� q � � 1, then �g maps S1

� Ñ S1
� 1 via the canonical di�eomorphism composed with

a translation. The identi�cations (4.3) and (4.4) then yiel d obvious extensions of 9E and 9E � as
topological vector bundles

sE Ñ s� ; sE � Ñ s� ;

and we have
sE � �

�
�� � sE b R V

� M
G:

Step 2: Asymptotic operators on the twisted bundle .
With the essential notation in place, we can now discuss asymptotic operators. Recall that
after choosing a suitable Hermitian inner product on 9E over the cylindrical ends, any Cauchy-
Riemann type operator 9D on 9E Ñ 9� with reasonable asymptotic behavior determines real-linear
operators

A w : � psE |S1
w

q Ñ � psE |S1
w

q;

for eachw P �, see e.g. [Wen10,§2.1]. These can be regarded as unbounded self-adjoint operators
on L 2psE |S1

w
q with dense domain H 1psE |S1

w
q, and we sayA w is nondegenerate whenever its

kernel is trivial, in which case it determines aConley-Zehnder index

� �
CZpA wq PZ

relative to any choice of complex trivialization � of sE |S1
w

. In the case where 9D is the restriction
to 9� of some operator D P CRRpEq on �, the operators A w are very simple and were already
computed in §3.2: they are each the so-calledtrivial asymptotic operator

A w � � J Bt ;

whereBt is a well-de�ned di�erential operator on sE |S1
w

since the �bers are all canonically identi-
�ed with Ew . This operator is degenerate, but the introduction of negative exponential weights
� � w   0 identi�es 9D with another Cauchy-Riemann type operator whose corresponding asymp-
totic operators are A w � � w , which are nondegenerate for any� w ¡ 0 su�ciently small.

Denote by
A �

w : � psE � |S1
w

q Ñ � psE � |S1
w

q

the asymptotic operators associated to 9D � for each w P �. These are easiest to understand by
considering the pulled back Cauchy-Riemann operator

� � 9D � : W 1;p;� � � � p� � 9E � q Ñ L p;� � � � p� � 9F � q;
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whose asymptotic operators we will denote by

� � A �
� : �

�
p�� � sE � q|S1

�

�
Ñ �

�
p�� � sE � q|S1

�

�

for � P � 2. The relation
�

� � 9D �
	

p� � � q � � �
�

9D � �
	

for sections � P � p 9E � q gives rise to the
following relation between asymptotic operators:

(4.5)
�

� � A �
�

	
pf � � � q � k� �

�
A �

w f
	

� � � for f P �
� sE � |S1

w

�
and � P � � 1pwq.

This can be proved via a local computation as in§3.2: writing � ps; tq � p ks; ktq in suitable
holomorphic cylindrical coordinates and 9D � � � p �B� � B� qp� ds � i dt q for some matrix-valued
function B ps; tq after a choice of trivialization for 9E � over the end nearw, A �

w is represented in
this trivialization by the operator � iBt � B p8 ; tq by de�nition. The corresponding trivialized
formula for � � 9D � then comes from

� � 9D � p� � � q ps; tq � � �
�

9D � �
	 �

�
�
ps;tq

�
� �B� pks; ktq � B pks; ktq� pks; ktq

�
p� dpksq � i dpktqq

�
� �B � k B pks; ktq

�
p� � � qps; tq � p� ds � i dt q;

hence� � 9D � appears in trivialized form as the sum of�B with the zeroth-order term kB pks; ktq.
The trivialized formula for � � A �

� is thus � iBt � k B p8 ; ktq, which explains the factor of k�

appearing in (4.5).
For the following discussion, �x w P � and � P � � 1pwq. The de�nition of 9D � implies that

� � 9D � acts on sections� b v P � p� � 9E b R Vqsuch that p� � 9D � qp� b vq �
��

� � 9D
�
�
�

b v whenever
v : 9� 2 Ñ V is constant. From this, one deduces that for any sectionf b v P �

�
�� � sE b R V |S1

�

�

where f is an arbitrary smooth map S1
� Ñ Ew and v : S1

� Ñ V is constant, we have

(4.6) � � A �
� pf b vq � �p J Bt f q b v:

Now to write down a formula for A �
w , we can use the natural identi�cation of �

� sE � |S1
w

�
with

the space ofG� -equivariant loops in Ew b R V ,

�
� sE � |S1

w

�
�

!
F PC8 pS1

� ; Ew b R Vq
�
�
� F pt � 1{k� q � g� � F ptq for all t PS1

�

)
:

Acting on G� -equivariant loops F , (4.5) and (4.6) imply

(4.7) A �
wF � �

1
k�

J Bt F;

where it is understood that J Bt acts on the tensor product by taking F � f b v to pJ Bt f q b v
wheneverv is locally constant.

Step 3: Trivializations and Conley-Zehnder indices .
This is the step in which it is helpful to be working with the complexi�cation 9D � rather than
directly with 9D � . In order to choose a suitable trivialization � and compute � �

CZpA �
w � � wq,

we shall �rst split A �
w into a direct sum of operators onJ -complex line bundles. Observe that

sE |S1
w

� S1
w � Ew is already canonically trivial, so any complex basis ofEw gives a splitting of

A �
w over an m-fold direct sum of isomorphic J -complex bundles of rank 2n,

sE � |S1
w

�
�

L �
	 ` m

;

where
L � � S1 � p C b R Vq

M
G�

and the generator of G� � Zk � acts by g� � pt; f b vq � p t � 1{k� ; f b � pg� qvq. Note that L �

carries two commuting complex structures,J and i , which act on the �rst and second factor of
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the tensor product respectively. Further: V admits a complex basispv1; : : : ; vnq consisting of
eigenvectors of� pg� q, and we can then de�ne integerspj P t0; : : : ; k� � 1u for j � 1; : : : ; n by

� pg� qvj � e2�ip j {k � vj :

Here we can identifyV 1
� € V as the subspace spanned by allvj such that pj ¡ 0. Identifying V

with Cn via this eigenbasis yields a splitting

L � � L �
1 ` : : : ` L �

n ;

where for j � 1; : : : ; n,
L �

j :� S1 � p C b R Cq
M

Zk � ;

with the generator 1 P Zk � acting by 1 � pt; f b vq � p t � 1{k� ; f b e2�ip j {k � vq. This bundle again
carries the two commuting complex structuresJ and i acting on the �rst and second factors
of the tensor product respectively; it has complex rank 2 with respect to either one. Finally,
since J acts i -complex-linearly on C b R C, we can �nd eigenvectors f � P C b R C such that
Jf � � � if � , so the splitting C b R C � Cf � ` Cf � gives a splitting of J - and i -complex vector
bundles

L �
j � L �

j; � ` L �
j; � ;

with

(4.8) L �
j; � � p S1 � Cq

M
Zk � ;

where the generator 1P Zk � acts by 1 � pt; f q � p t � 1{k� ; e2�ip j {k � f q. Both L �
j; � and L �

j; � are
complex line bundles overS1, carrying two complex structures J and i , which satisfy J � i on
L �

j; � but J � � i on L �
j; � . This splitting of bundles gives a splitting of A �

w in the form

(4.9) A �
w �

�
nà

j � 1

�
A �

j; � ` A �
j; �

	
� ` m

;

where for j � 1; : : : ; n, A �
j; � acts on

� pL �
j; � q �

!
f PC8 pS1; Cq

�
�
� f pt � 1{k� q � e2�ip j {k � f ptq for all t PS1

)

by

A �
j; � f � 	

1
k�

i Bt f:

Since L �
j; � are complex line bundles,� �

CZpA �
j; � � � wq can be computed in terms of winding

numbers of eigenfunctions ofA �
j; � , using the relation proved in [HWZ95, Theorem 3.10]. In

particular, if (as will turn out to be true in our case) all eig enspaces ofA �
j; � have real dimension 2,

then

(4.10) � �
CZpA �

j; � � � wq � 2 wind� pf j; � q � 1;

where f j; � P � pL �
j; � q is any nontrivial eigenfunction of A �

j; � � � w with the largest possible
negative eigenvalue. AZk � -equivariant function f : S1 Ñ C satis�es A �

j; � f � �f if and only if
it is a complex multiple of

(4.11) f � ptq :� e� ik � �t ; � 	
2�p j

k�
P2� Z:

Observe that since 0  � w   2� {d1 ¤ 2� {k� , every eigenvalue� thus satis�es � � � w � 0; this
proves that the perturbed asymptotic operatorsA �

j; � are all nondegenerate and thus establishes

the Fredholm property for 9D � . Now to apply (4.10), we need to �nd the unique eigenvalue
� � 2� p̀ � pj {k� q for ` PZ such that

2�
�

` �
pj

k�



� � w   0   2�

�
p̀ � 1q �

pj

k�

�
� � w :
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Since 0  � w   2� {d1, this condition is equivalent to

` ¤ 	
pj

k�
  ` � 1;

so choosing the appropriatè PZ and plugging in (4.11) leads to the formulas

f j; � ptq :�

#
1 if pj � 0;
e� 2�i pk � � pj qt if pj ¡ 0;

f j; � ptq :� e2�ip j t :

(4.12)

Let � �
j for j � 1; : : : ; n denote a choice ofJ -complex trivializations of L �

j; � such that

wind� �
j pf j; � q � wind� �

j pf j; � q � 0; j � 1; : : : ; n;

and denote by � w the resulting J -complex trivialization of

(4.13) sE �
�
�
�
S1

w

�

�
nà

j � 1

�
L �

j; � ` L �
j; �

	
� ` m

:

By (4.10), we now have

�
� �

j
CZ pA �

j; � � � wq � �
� �

j
CZ pA �

j; � � � wq � 1;

and thus by (4.9), � � w
CZ pA �

w � � wq � 2mn. Note that, a priori, this construction of � w depends on
an arbitrary choice � P � � 1pwq, but the fact that � � w

CZ pA �
w � � wq turns out to be independent of

this choice tells us that � w is uniquely determined up to homotopy. Performing this construction
for all punctures w P �, we will denote the resulting asymptotic trivialization o f 9E � simply by �.
We've proved:

Lemma 4.4. For the asymptotic trivialization � described above and each puncturew P � ,
� �

CZpA �
w � � wq � 2mn. �

Step 4: The relative �rst Chern number .
It remains to compute c�

1 p 9E � ; J q. Consider the pullback � � 9E � � � � 9E b R V . The �rst factor
in this tensor product has a canonical homotopy class of asymptotic trivializations, which we
shall denote by � � 	 0, as it is the pullback of an asymptotic trivialization 	 0 for 9E, satisfying
c	 0

1 p 9Eq � c1pEq. Moreover, the second factor is globally trivial, thus � � 9E � carries a canonical
asymptotic trivialization, denoted by 	, such that

c	
1 p� � 9E � q � dimR V � c� � 	 0

1 p� � 9Eq � 2n � degp� q �c	 0
1 p 9Eq � 2nd1 � c1pEq:

If � � � denotes the pullback of � to an asymptotic trivialization o f � � 9E � , we then have

c�
1 p 9E � q �

1
d1c

� � �
1 p� � 9E � q �

1
d1

�
c	

1 p� � 9E � q � deg	 p� � � q
�

� 2n � c1pEq �
1
d1 deg	 p� � � q;

(4.14)

where deg	 p� � � q PZ denotes the sum over all punctures� P � 2 of the degrees of the transition
maps S1 Ñ GLp2mn; Cq that change 	 to � � �. We can compute the latter for each w P � and
� P � � 1pwq € � 2 as a sum of winding numbers over a line bundle decomposition analogous to
(4.13), namely

�� � sE �
�
�
S1

�
� � �

�

�
sE �

�
�
S1

w

	
�

�
nà

j � 1

�
� �

� L �
j; � ` � �

� L �
j; �

	
� ` m

;

where pulling back (4.8) via the projection � � : S1 Ñ S1{Zk � gives the trivial line bundle

� �
� L �

j; � � S1 � C;
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with the pulled back trivialization � �
� � �

j such that the special eigenfunctionsf j; � in (4.12) have
zero winding ast traversesS1. The restriction 	 � of 	 to � � � sE �

�
�
S1

�
is now the direct sum of the

standard trivializations on each of the factors � �
� L �

j; � , thus

(4.15) deg	 � p� �
� � wq � m

n¸

j � 1

rwindS1 pf j; � q � windS1 pf j; � qs:

There is an important sublety here: recall that J � � i on L �
j; � , hence the orientation induced

by J on L �
j; � is the opposite of the obvious one, and the sign of windS1 pf j; � q must be reversed

accordingly, giving

windS1 pf j; � q �

#
0 if pj � 0;
pj � k� if pj ¡ 0;

windS1 pf j; � q � � pj :

Plugging this into (4.15), we have

deg	 � p� �
� � wq � m

¸

j Pt1;:::;n u; pj � 0

p� k� q � � mk � dimC V 1
� :

Summing over all � P � 2 and plugging into (4.14) then gives

c�
1 p 9E � q � 2n � c1pEq �

m
d1

¸

� P� 2

k� dimC V 1
� :

Since dimC V 1
� � nw is independent of � P � � 1pwq for each w P �, and

°
� P� � 1pwqk� � d1, this

implies:

Lemma 4.5. c�
1 p 9E � q � 2n � c1pEq � m

°
wP� nw . �

Step 5: Conclusion of the proof .
Finally, we combine Lemmas 4.4 and 4.5 and plug into (4.2) to obtain

indp9D � q � 2mn � � p9� q � 4n � c1pEq � 2m
¸

wP�

nw � 2mn |� |

� 2

�

mn � � p� q � 2n � c1pEq � m
¸

wP�

nw

�

;

and thus
indp9D � q � n rm� p� q � 2c1pEqs � m

¸

wP�

nw :

The expression in brackets is indpD q, so this completes the proof of Theorem 4.1.

5. Petri's condition

5.1. The main local result. Standard proofs of transversality results via the Sard-Smale the-
orem (cf. [FHS95, MS12]) typically require some kind of unique continuation lemma, which for
J -holomorphic curves usually means the similarity principle. In this section we will establish
a local result about Cauchy-Riemann type operators that plays this role in the proof of Theo-
rem D. It combines the usual unique continuation property with an additional \quadratic" local
condition that can be achieved under generic zeroth-order perturbations.

For any pair of smooth real vector bundlesE and F over the same manifoldM , one can de�ne
the Petri map

� : � pEq b � pF q Ñ � pE b F q; � p� b � qppq :� � ppq b � ppq:
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Since we plan to discuss purely local conditions, let us amend this by �xing a point p P M and
considering the space ofgerms of smooth sections atp,

� ppEq :� � pEq
L
� ;

where �; � 1 P � pEq represent the same element of �ppEq if and only if they match on some
neighborhood ofp. The Petri map then descends to alocal Petri map at p,

� : � ppEq b � ppF q Ñ � ppE b F q:

It is easy to see that � is never injective, e.g. its kernel contains f � b � � � b f � for any two
sections � P � pEq, � P � pF q with a smooth function f : M Ñ R. It will sometimes become
injective, however, if the domain is restricted to certain spaces of solutions to linear PDEs. To
express this properly, let us assumeD : � pEq Ñ � pF q is a linear partial di�erential operator
with smooth coe�cients, and D � : � pF q Ñ � pEq is its formal adjoint with respect to a choice of
bundle metrics on E; F and volume form on M . For any point p P M , both operators descend
to linear maps on the spaces of germs of smooth sections atp, which we will denote by

D p : � ppEq Ñ � ppF q; D �
p : � ppF q Ñ � ppEq:

We will also assumeD and D � uniquely determine (via extension or restriction) linear maps

D : X pEq Ñ Y pF q; D � : X � pF q Ñ Y � pEq;

where X pEq, Y � pEq, Y pF q and X � pF q are vector spaces of sections (or equivalence classes of
sections de�ned almost everywhere) of the respective bundles; in typical examples, these will be
Sobolev spaces, sometimes with exponential weight conditions if M is a noncompact manifold
with cylindrical ends. Let us add two conditions of a local nature, both of which are satis�ed
for a wide class of elliptic operators, including those of Cauchy-Riemann type:


 (regularity) Every section in kerD € X pEq or ker D � € X � pF q is smooth.

 (unique continuation at p) The maps kerD Ñ ker D p and kerD � Ñ ker D �

p that
send each section to its germ atp are injective.

The terminology in the following de�nition is adapted from t he work of Doan and Walpuski
[DWb], who borrowed it in turn from algebraic geometry (see e.g. [ACGH85]).

De�nition 5.1. SupposeD : X pEq Ñ Y pF q is a di�erential operator with formal adjoint
D � : X � pF q Ñ Y � pEq satisfying the conditions speci�ed above, andp P U € M . We say that
D satis�es

(1) Petri's condition , if the restricted Petri map ker D b kerD � �ÝÑ � pE b F q is injective;
(2) Petri's condition over U if there is no nontrivial element t Pker D b ker D � such that

� ptq P� pE b F q vanishes identically onU;

(3) the local Petri condition at p if the map ker D p b ker D �
p

�ÝÑ � ppE b F q is injective;
(4) Petri's condition to in�nite order at p if there is no nontrivial element t P ker D p b

ker D �
p such that � ptq has vanishing derivatives of all orders atp.

Every condition on the list in De�nition 5.1 implies the prev ious one; note that the implication
p3q ñ p2q in particular follows from our regularity and unique contin uation assumptions. The
�rst two conditions are global in nature, as ker D and kerD � depend on the global properties
of D , including the choice of domainsX pEq and X � pF q. These kernels will always be �nite
dimensional in the cases we consider, so that it seems unsurprising (if non-obvious) that Petri's
condition might hold. In contrast, the third and fourth cond itions are much stronger and more
surprising because kerD p and kerD �

p are in general in�nite dimensional, but the local conditions
are also more powerful, e.g. it will be extremely useful to observe that they are preserved under
pullbacks via branched covers of the base.

Remark 5.2. As de�ned above, the global versions of Petri's condition may in general depend
not only on the operator D but also on the auxiliary geometric data (bundle metrics andvolume
form) used to de�ne D � , but the local conditions are independent of these choices.Indeed,
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whenever D �
1 and D �

2 are two operators arising as formal adjoints ofD via di�erent choices
of the geometric data, there is a smooth bundle automorphism� : F Ñ F that maps local
solutions of D �

1 � � 0 to local solutions of D �
2 � � 0, so that 1 b � : E b F Ñ E b F identi�es

the two di�erent versions of ker � € ker D p b ker D �
p.

Remark 5.3. It is clear from the de�nition that the set of points p PM at which the local Petri
condition is not satis�ed is open. We will see in§5.4 that Petri's condition to in�nite order can
sometimes be shown to hold at all points in a dense subset of some regionU € M , so it follows
in this situation that the local Petri condition also holds a t all points in U.

It should be emphasized that whenever we refer to the above de�nition, we will be regarding
all vector spaces asreal vector spaces so that \b " means the real tensor product, even in cases
where D happens to be complex linear. The only exception is Example 5.5 below, which is a
digression from the main topic at hand.

Example 5.4. Elliptic operators over 1-dimensional domains satisfy something much stronger
than the Petri condition to in�nite order, because by local u niqueness of solutions to ODEs, any
linearly-independent set of local sections in kerD or ker D � is also pointwise linearly independent.
For similar reasons, any Cauchy-Riemann type operatorD : � pEq Ñ � pF q that splits over a
direct sum of complex line bundles with nonpositive �rst Chern numbers over a closed surface �
must satisfy the global Petri condition over arbitrary subsets U € �. The reason for this is that
on a line bundleE Ñ � with c1pEq ¤ 0, the similarity principle guarantees that global solutions
to D � � 0 are either trivial or nowhere vanishing, so that globally linearly-independent sets of
solutions are also linearly independent at every point. This property might not hold for the
formal adjoint D � , but since solutions toD � � � 0 satisfy unique continuation, any expression of
the form

°
ij cij � i b � j with a nontrivial set of coe�cients cij P R and linearly-independent sets

t � i Pker D u and t � j P ker D � u is still guaranteed to be nonzero at every point outside a discrete
subset. Example 5.6 below shows however that the local Petricondition in this situation is not
always satis�ed.

Example 5.5. Complex-linear Cauchy-Riemann operators over a Riemann surface satisfy the
complex version of Petri's condition to in�nite order at every point, i.e. the de�nition above is
satis�ed if real tensor products are replaced by complex tensor products. One can prove this by
choosing holomorphic trivializations and writing elements of kerD and kerD � locally as Taylor
series inz or �z respectively: it then turns out that for any nontrivial t P ker D b C ker D � , the
Taylor series in z and �z for the resulting section of E b C F at a given point is always nontrivial.
We omit the details since we will not need this fact.

Example 5.6. If we regard the standard Cauchy-Riemann operatorD � �B on a trivial line
bundle and its formal adjoint D � � �B as real-linear operators, then they do not satisfy the
local Petri condition at any point. A local counterexample is given by

1 b i �z � i b �z � z b i � iz b 1 Pker �B bR ker B:

It follows that the local Petri condition is also not satis�e d by any Cauchy-Riemann type operator
that splits o� a complex-linear summand.

Example 5.7. Here is an example of a Cauchy-Riemann type operator that does not split o�
any complex-linear summand but still fails to satisfy the local Petri condition: take E and F
to be the trivial complex line bundle over C, with standard bundle metrics and the standard
area form, and considerD :� �B � � , D � � �B � � , where � : C Ñ C is complex conjugation.
Using coordinatess � it P C, one can associate to every� P p� 1; 1q solutions � � P ker D and
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� � P ker D � de�ned by7

� � ps � it q :� e�s �
?

1� � 2 t
� ?

1 � � � i
?

1 � �
	

;

� � ps � it q :� e� �s �
?

1� � 2 t
� ?

1 � � � i
?

1 � �
	

:

Identifying the �bers C with R2 so that the �bers of E b R F become the space of real 2-by-2
matrices, the products � p� � b � � q are now constant sections ofE b R F :

� p� � b � � qps � it q �
�

1 � � �
?

1 � � 2
?

1 � � 2 � 1 � �



:

Such products span the 3-dimensional space of real matricesof the form
�

a b
� b c



, thus any four

such products must be linearly dependent, and the dependence relation gives rise to nontrivial
elements in ker � by choosing four distinct values of � P p� 1; 1q.

Remark 5.8. An earlier version of this paper (see Appendix D.2) claimed that every Cauchy-
Riemann type operator whose complex-antilinear part is invertible at a point p satis�es Petri's
condition to in�nite order at p, but Example 5.7 contradicts that.

The operators in Examples 5.6 and 5.7 are rather special, andour main objective in this
section is to prove that such counterexamples cannot arise for generic Cauchy-Riemann type
operators. To set up the result, assume now that � is a Riemannsurface with a Hermitian bundle
metric x ; y� on T�. We will not require � to be compact since the discussion wil l be purely
local, but �x a point p P � and an open neighborhood U € � of p with compact closure. Fix also
a complex vector bundleE Ñ � with a Hermitian bundle metric, let F � HomCpT� ; Eq, and
denote by CRRpEq the space of real-linear Cauchy-Riemann type operatorsD : � pEq Ñ � pF q.
We shall �x a speci�c D �x PCRRpEqand de�ne the space of all Cauchy-Riemann type operators
D that match D �x outside of U:

CRRpE ; U; D �x q :�
 
D PCRRpEq

�
� D � D �x � 0 on � zU

(
:

This is an a�ne space over the Fr�echet space of smooth sections of HomRpE; F q that vanish
outside U, so in particular it is a complete metric space. For everyD P CRRpEq, D � will denote
the formal adjoint of D determined by the bundle metrics onE and �.

For any � P � ppEq, we de�ne the vanishing order of � at p by

ordp� ; pq :� sup
 
k P t0u Y N

�
� all derivatives of � at p up to order k vanish

(
:

For t P � ppEq b � ppF q, we will then say that t vanishes to order k if t can be written as a
�nite sum t �

°
j � j b � j such that

ordp� j ; pq � ordp� j ; pq ¥ k for every j .

The usual unique continuation results imply that for every D P CRRpEq, nontrivial local solu-
tions to the equations D � � 0 or D � � � 0 satisfy ordp� ; pq   8 at every point. One can easily
prove from this that nontrivial elements t P ker D p b ker D �

p also cannot vanish to in�nite order
(see Proposition 5.12).

The machinery developed in the next two subsections will prove:

Theorem 5.9. For every ` P N, there exists an integerk ¥ ` and a Baire subset

CR`; reg
R pE ; U; D �x q € CRRpE ; U; D �x q

7The inspiration for this example comes from the asymptotic f ormulas in [HWZ96,Sie08]: in particular on the
cylinder R � S1 with coordinates ps; tq, a translation-invariant Cauchy-Riemann type equation p�B � B ptqq� ps; tq �
0 always has solutions of the form � ps; tq � es� f ptq, where f is an eigenfunction of the asymptotic operator
� iBt � B ptq with eigenvalue � P R. In the asymptotic setting one requires solutions to be peri odic in t , in which
case the eigenvalue� can only take a discrete set of values, but periodicity is not necessary in Example 5.7, and
� can therefore be chosen much more freely.
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with the following signi�cance: for every D P CR`; reg
R pE ; U; D �x q, if � 1; : : : ; � ` P ker D p and

� 1; : : : ; � ` P ker D �
p are `-tuples of local solutions such thatt :�

° `
j � 1 � j b � j P � ppEq b � ppF q

does not vanish to order`, then � ptq P� ppE b F q does not vanish to orderk.

In light of unique continuation, we now set

CRreg
R pE ; U; D �x q :�

£

`PN

CR`; reg
R pE ; U; D �x q € CRRpE ; U; D �x q

and obtain:

Corollary 5.10. There exists a Baire subset

CRreg
R pE ; U; D �x q € CRRpE ; U; D �x q

such that everyD P CRreg
R pE ; U; D �x q satis�es Petri's condition to in�nite order at the point

p PU.

This result can be extended in various ways. For instance, the regular setCRreg
R pE ; U; D �x q

de�ned above dependsa priori on the choice of a pointp P U, but one can also �nd a Baire
set of operators such that Petri's condition to in�nite orde r is satis�ed simultaneously at every
point in U. More generally, one can consider smooth families of operators parametrized by a
�nite-dimensional manifold and prove that for generic families, every operator in the family
satis�es these conditions. In §5.4, we will prove that the normal Cauchy-Riemann operators
of J -holomorphic curves can all be assumed to satisfy Petri's condition to in�nite order in
regions whereJ can be perturbed generically. One of the advantages of focusing on purely
local conditions is that once we establish this result for somewhere injective curves, it carries
over immediately to their multiple covers, which will be a crucial ingredient in the proof of
Theorem D.

The aforementioned extensions of Corollary 5.10 are all based on the Sard-Smale theorem,
but Theorem 5.9 itself requires (aside from unique continuation) only �nite-dimensional analysis
and linear algebra. Indeed, the conditions de�ning each of the spacesCR`; reg

R pE ; U; D �x q in the
statement of the theorem depend only on thek-jet of D PCRRpE ; U; D �x q at p for some �nite
k PN, and this data varies in a �nite-dimensional smooth manifold. The idea behind the proof
is roughly to show that the set of jets of operators not satisfying the desired conditions lives in
\walls" whose codimensions can be assumed arbitrarily large by making k larger. These walls
are not submanifolds in general, but are what we call \C8 -subvarieties," whose local structure
is nice enough to apply Sard's theorem as if they were manifolds. (The necessary background
on C8 -subvarieties is reviewed in Appendix C.) The main technical work behind the proof is
then to estimate the ranks of certain large matrices that determine the codimensions of these
subvarieties.

The rest of this section will proceed as follows. In§5.2, we introduce a general formalism for
studying di�erential operators via jet spaces at a point, and explain how results such as Theo-
rem 5.9 can be reduced to a speci�c technical lemma on estimating the ranks of certain �nite-
dimensional linear transformations. We will then address this problem for Cauchy-Riemann
operators in §5.3, leading to the proof of Theorem 5.9. The extension to a result about nor-
mal Cauchy-Riemann operators of holomorphic curves for generic J will be stated and proved
in §5.4, and §5.5 will then give an important application of Petri's condi tion to global transver-
sality problems as arising in Theorem D.

5.2. Jet space formalism. The contents of this subsection are not speci�c to Cauchy-Riemann
operators, but may be relevant in principle to any linear partial di�erential operator with smooth
coe�cients.

5.2.1. Germs, jets, and the vanishing order �ltration. Fix a smooth n-dimensional manifold M
with a smooth vector bundle E Ñ M of real rank m PN. For a chosen pointp PM , we continue
to denote by

� ppEq :� � pEq
L
�
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the vector space of germs of smooth sections ofE de�ned near p. This space has a natural
�ltration

(5.1) � ppEq � � ppEq0 • � ppEq1 • � ppEq2 • : : : ;

where for eachk P Z we de�ne � ppEqk € � ppEqas the space of germs of sections whose derivatives
up to order k � 1 at p all vanish. For k ¤ 0 this is a vacuous condition, hence �ppEqk � � ppEq.
For each k PZ we de�ne the space ofk-jets of sections at p by

J k
p E :� � ppEq

L
� ppEqk � 1:

We will typically abuse notation by using a single symbol such as � to represent a section in
� pEq, its germ in � ppEqand its k-jet in J k

p E; when there is need for more clarity in the notation,
we will sometimes write the natural quotient projections as

� pEq or � ppEq
J k

pÝÑ J k
p E;

so that the k-jet of a section � P � pEqat p can be denoted byJ k
p � PJ k

p E. The jet space inherits
from (5.1) a �nite �ltration

(5.2) J k
p E � p J k

p Eq0 • p J k
p Eq1 • : : : • p J k

p Eqk • p J k
p Eqk � 1 � t 0u;

where for each` ¤ k, pJ k
p E q̀ � 1 is the kernel of the quotient projection J `

p : J k
p E Ñ J `

pE.
There is an obvious isomorphism ofJ 0

p E with the �ber Ep, and the spacesJ k
p E for k   0 are

all trivial. If we choose local coordinatespx1; : : : ; xn q for M identifying p with 0 PRn , together
with a trivialization of E near p, then J k

p E for each k PZ becomes naturally identi�ed with the
vector space ofRm -valued Taylor polynomials of degree at mostk,

(5.3)
¸

|� |¤ k

x � c� ; c� PRm :

The notation for the �ltration above has been chosen so that under this identi�cation, pJ k
p E q̀

becomes the space of Taylor polynomials of degree at mostk that are also Op|x|`q.
Given two vector spacesV � V 0 • V 1 • V 2 • : : : and W � W 0 • W 1 • W 2 • : : : with

�ltrations, we will say in general that a linear map T : V Ñ W preserves the �ltrations if
TpV nq € W n for every n ¥ 0.

5.2.2. Di�erential operators and formal adjoints. Since we are mainly interested in Cauchy-
Riemann type operators, for simplicity we shall only consider di�erential operators of order 1 in
the following discussion, though the jet space formalism could easily be extended beyond this.

Given a second smooth vector bundleF Ñ M of real rank ` P N and a �rst-order linear
partial di�erential operator D : � pEq Ñ � pF q with smooth coe�cients, D descends to a map
� ppEq Ñ � ppF q that sends kerJ k

p € � ppEq into ker J k � 1
p € � ppF q for each k P Z, thus it also

descends to a linear map
D : J k

p E Ñ J k � 1
p F:

Let us denote by
DppE; F q € Hom

�
� ppEq; � ppF q

�

the vector space consisting of all germs atp of linear di�erential operators � pEq Ñ � pF q of
order at most 1 with smooth coe�cients. The vector space of linear mapsJ k

p E Ñ J k � 1
p F that

are induced by operators inDppE; F q will then be denoted by

D k
p pE; F q € Hom

�
J k

p E; J k � 1
p F

�
;

and we will again abuse notation by using a single symbol suchasD to denote a global di�erential
operator � pEq Ñ � pF q, its germ in DppE; F q, and the map in D k

p pE; F q that it determines.
Observe that D k

p pE; F q is a �nite-dimensional vector space isomorphic to thepn � 1q-fold product
of J k � 1

p HompE; F q: indeed, if we �x local coordinates px1; : : : ; xnq identifying a neighborhood
of p with the n-disk Dn

� of some radius� ¡ 0, along with local trivializations of E and F over
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the same neighborhood, then eachD P DppE; F q is represented by an operatorC8 pDn
� ; Rm q Ñ

C8 pDn
� ; R`q of the form

(5.4) D �
n¸

j � 1

aj Bj � b

for some smooth functionsa1; : : : ; an ; b : Dn
� Ñ HompRm ; R`q. For a given � P � pEq, the pk � 1q-

jet of D � at p is thus determined by the pk � 1q-jets of the functions a1; : : : ; an ; b at that point,
and these are equivalent to bundle mapsE Ñ F de�ned near p.

We will also consider a subset

pDppE; F q € DppE; F q;

which is assumed to have the property that for any givenD P pDppE; F q, another operator
D 1 PDppE; F q satis�es

D 1P pDppE; F q ô D 1 � D � A for someA P � ppHompE; F qq;

i.e. pDppE; F q is an a�ne space over � ppHompE; F qq. The space of mapsJ k
p E Ñ J k � 1

p F induced

by operators D P pDppE; F q then de�nes a subset

pD k
p pE; F q € D k

p pE; F q;

which is naturally an a�ne space over the �nite-dimensional vector spaceJ k � 1
p HompE; F q.

In order to bring formal adjoints into this picture, we need t o make choices of bundle metrics
for E and F and a volume form onM near p; these choices will often be referred to collectively
as the geometric data . It will be useful to �x geometric data once and for all at the p oint p
itself, while allowing it to vary at other points near p. Concretely, �x a pair of inner products

gp � x ; yEp on Ep; hp � x ; yFp on Fp;

along with a nontrivial alternating multilinear n-form

� p P � nT �
p M:

Let us denote byS2E � € E � b E � Ñ M the vector bundle of symmetric bilinear formsE ` E Ñ
R. The space ofk-jets of bundle metrics on E which match gp at p is then

J k
p

�
mpEq

�
:�

!
g P J k

p

�
S2E � � �

�
� J 0

p g � gp

)
;

and it is naturally an a�ne space over the �nite-dimensional vector space kerJ 0
p € J k

p

�
S2E �

�
.

We similarly de�ne the a�ne spaces

J k
p

�
mpF q

�
:�

!
h P J k

p

�
S2E � � �

�
� J 0

p h � hp

)

and

J k
p

�
vpM q

�
:�

!
� P J k

p

�
� nT � M

� �
�
� J 0

p � � � p

)
;

which consist respectively ofk-jets of bundle metrics onF matching hp at p and k-jets of volume
forms on M matching � p at p. We will again abuse notation by using a single symbol such as
g or x ; yE to denote a global bundle metric onE that matches gp at p, or the germ of such a
metric near p, or its k-jet in J k

p

�
mpEq

�
; similar remarks apply to J k

p

�
mpF q

�
and J k

p

�
vpM q

�
.

Any choice of smooth bundle metricsg � x ; yE on E and h � x ; yF on F and a volume
form � P 
 npM q assigns to each di�erential operator D : � pEq Ñ � pF q a formal adjoint
D � : � pF q Ñ � pEq satisfying the relation

»

M
x�; D � yF � �

»

M
xD � �; � yE � for all � P C8

0 pEq; � PC8
0 pF q:
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Fix local coordinates and trivializations near p to write D again in the form (5.4). The chosen
bundle metrics and volume form can be written in terms of the standard Euclidean inner product
x ; y and volume form dx1 ^ : : : ^ dxn as

x ; yE � x� ; G�y; x ; yF � x� ; H �y; � � F dx1 ^ : : : ^ dxn

for some smooth functionsF : Dn
� Ñ R, G : Dn

� Ñ EndpRm q and H : Dn
� Ñ EndpR`q, where

F is everywhere nonzero andG and H take values in the spaces of symmetric positive-de�nite
matrices. Note that the condition de�ning D � does not change if the sign of� is reversed,
so without loss of generality let us assumeF ¡ 0. One can then compute a local formula for
D � : C8 pDn

� ; R`q Ñ C8 pDn
� ; Rm q as

(5.5) D � � �
¸

j

pG� 1aT
j H qBj � G� 1

�

bT H �
¸

j

�
aT

j H Bj pln F q � B j paT
j H q

�
�

:

We observe from this formula that the germ D � P DppF; E q at p is determined by the corre-
sponding germs of the geometric datag; h; � and D P DppE; F q. Moreover, if the �rst-order
terms aj in D are �xed, then for any � P � pF q, the pk � 1q-jet of D � � at p is determined by the
pk � 1q-jet of g, the k-jets of � and h, and the pk � 1q-jet of the zeroth-order term b in D . It
follows that the correspondence assigning to eachD P pDppE; F q with germs of geometric data
g; h; � the germ of a formal adjoint D � PDppF; E q descends to a well-de�ned map

(5.6) pD k
p pE; F q � J k � 1

p

�
mpEq

�
� J k

p

�
mpF q

�
� J k

p

�
vpM q

� �ÝÑ D k
p pF; E q:

All the spaces involved in this map are �nite-dimensional manifolds, and the map is smooth.

5.2.3. Unique continuation in tensor products. If V � V 0 • V 1 • V 2 • : : : and W � W 0 •
W 1 • W 2 • : : : are two vector spaces with �ltrations, then V b W inherits a natural �ltration

V b W � p V b W q0 • p V b W q1 • p V b W q2 • : : : ;

where for eachn ¥ 0,

pV b W qn :� p V 0 b W nq � p V 1 b W n � 1q � : : : � p V n b W 0q:

Lemma 5.11. Given two �ltered vector spacesV and W , if t P pV b W qn is nontrivial, then
for some r P N, t can be written as

t �
r¸

j � 1

vj b wj

for two linearly-independent setsv1; : : : ; vr P V and w1; : : : ; wr PW such that for all j � 1; : : : ; r ,
we have

vj P V k j and wj PW ` j where kj � ` j � n:

Proof. Supposet �
° r

j � 1 vj b wj satis�es all of these conditions except that the setv1; : : : ; vr

is linearly dependent, so there exist constantsc1; : : : ; cr with
°

j cj vj � 0 and not all of the cj

are zero. After reordering the set, we can assume without loss of generality that c1 � 0 and, for
every j � 2; : : : ; r with cj � 0, kj ¥ k1. Writing v1 �

° r
j � 2

cj
c1

vj then gives

t �
r¸

j � 2

vj b pwj where pwj :� wj �
cj

c1
w1:

For each j � 2; : : : ; r , we now have` j � n � kj ¤ n � k1 � `1, thus w1 P W `1 € W ` j and
therefore pwj P W ` j , hence the shortened sum also satis�es the desired conditions. One can
apply a similar procedure to shorten the sum if insteadw1; : : : ; wr is linearly dependent, and
repeating this enough times produces two sets that are both linearly independent. �

Let us say that a di�erential operator D P DppE; F q has the strong unique continuation
property if there exists no nontrivial solution � Pker D such that � P � ppEqk for every k P N.
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Proposition 5.12. If D P DppE; F q and D � P DppF; E q both have the strong unique con-
tinuation property, then there exists no nontrivial element t P ker D b ker D � such that t P�
� ppEq b � ppF q

� k for every k P N.

Proof. Given t Pker D b ker D � nonzero, there are uniquely de�ned �nite-dimensional subspaces
V € ker D and W € ker D � such that for any pair of linearly-independent sets� 1; : : : ; � r Pker D
and � 1; : : : ; � r Pker D � with t �

°
j � j b � j ,

V � Spant � 1; : : : ; � r u and W � Spant � 1; : : : ; � r u:

We claim there existsk PN such that no nontrivial � P V is in � ppEqk and no nontrivial � PW
is in � ppF qk . Indeed, if there does not exist such a number forV , then there exist sequences
� j P V and kj P N with kj Ñ 8 and � j P � ppEqk j for every j . Since V is �nite dimensional,
we can normalize the� j and then �nd a convergent subsequence� j Ñ � 8 P V whose limit is
nontrivial, but must also belong to

“
kPN � ppEqk , giving a contradiction. The same argument

works for W .
Now, �xing k P N as in the previous paragraph, supposet P p� ppEq b � ppF qq2k and t � 0.

Lemma 5.11 then writest in the form
°

j � j b � j where the � j and � j are necessarily bases ofV
and W respectively, but they also satisfy � j P � ppE q̀ j and � j P � ppF qm j with ` j � mj ¥ 2k for
each j . This implies either ` j ¥ k or mj ¥ k in each case, and is thus a contradiction. �

5.2.4. Local rescaling. Every di�erential operator is locally equivalent (up to choi ces of coordi-
nates and trivializations) to an arbitrarily small perturb ation of an operator with constant coef-
�cients and no lower-order terms. To make use of this observation, we shall from now on impose
the following additional condition on the a�ne space of local operators pDppE; F q € DppE; F q:

Assumption 5.13. There exists a choice of coordinates identifying a neighborhood U € M of p
with Dn

� € Rn and p with 0 PRn , along with local trivializations over U, in which the �rst-order
coe�cients aj : Dn

� Ñ HompRm ; R`q in D �
°

j aj Bj � b for each D P pDppE; F q are constant.

Let us �x once and for all a neighborhood U € M of p with coordinates and trivializations
for which the condition in Assumption 5.13 holds. For every " P r0; 1s, we then associate
to each D P DppE; F q an operator D " P DppE; F q such that if D takes the form D � pxq �°

j aj pxqBj � pxq � bpxq� pxq in the chosen coordinates and trivializations, thenD " is given by

D " � pxq �
¸

j

aj p"x qBj � pxq � "bp"x q� pxq; " P r0; 1s:

We can similarly associate to each� P � ppEq and � P � ppF q germs of sections� " P � ppEq and
� " P � ppF q, which in coordinates take the form

� " pxq :� � p"x q; � " pxq :� � p"x q:

We then have
D " � " � "pD � q"

for every D PDppE; F q and � P � ppEq. Letting these operators descend to jet spaces, we obtain
for every D P D k

p pE; F q a smooth 1-parameter family of operators
 
D " PD k

p pE; F q
(

" Pr0;1s
and

linear maps
J k

p E Ñ J k
p E : � ÞÑ� " ;

which for " ¡ 0 are isomorphisms sending kerD € J k
p E onto ker D " € J k

p E.
Next, �x geometric data consisting of bundle metrics g � x ; yE on E and h � x ; yF on F ,

and a volume form � , such that all three match the �xed choices of data gp, hp and � p at p.
Using the same coordinates and trivializations overU, we can write g � x� ; G�y, h � x� ; H �y and
� � F dx1 ^ : : : ^ dxn , and then de�ne a smooth 1-parameter family of geometric data g" ; h" ; � "
for " P r0; 1s by replacing the functions G, H and F with

G" pxq :� Gp"x q; H " pxq :� H p"x q; F" pxq :� F p"x q:
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Note that since p corresponds to 0PDn
� in coordinates, the modi�ed geometric data still matches

the �xed choices gp; hp; � p at p, and we can then descend to jet spaces to obtain smooth 1-
parameter families

g" PJ k � 1
p

�
mpEq

�
; h" PJ k

p

�
mpF q

�
; � " PJ k

p

�
vpM q

�

for " P r0; 1s. Now if D � P DppF; E q denotes the formal adjoint of D P pDppE; F q with respect
to the geometric data g; h; � and D �

" P DppF; E q is de�ned from D � via the same rescaling
prescription as D " described above, then we see from (5.5) thatD �

" is in fact the formal adjoint
of D " with respect to the data g" ; h" ; � " . Moreover, Assumption 5.13 implies that the map
D k

p pE; F q Ñ D k
p pE; F q induced by DppE; F q Ñ DppE; F q : D ÞÑD " preserves pD k

p pE; F q, so we
can now �t the smooth map (5.6) into the rows of a commutative diagram

pD k
p pE; F q � J k � 1

p

�
mpEq

�
� J k

p

�
mpF q

�
� J k

p

�
vpM q

�
D k

p pF; E q

pD k
p pE; F q � J k � 1

p

�
mpEq

�
� J k

p

�
mpF q

�
� J k

p

�
vpM q

�
D k

p pF; E q;

�

" "

�

where the vertical maps abbreviated by \"" are de�ned via the corresondencesD ÞÑD " , g ÞÑg" ,
h ÞÑh" , � ÞÑ� " and D � ÞÑD �

" . The case" � 0 is special: since allD P pDppE; F qhave matching
�rst-order terms and the geometric data g; h; � all match at p, D 0 and D �

0 are uniquely-de�ned
operators that depend on the spacepDppE; F q and the chosen inner productsgp and hp, but not
otherwise on the speci�c choices of operatorD P pDppE; F q or volume form or bundle metrics.
Similarly, the volume form � 0 and bundle metrics g0 and h0 are fully determined by the �xed
data � p, gp and hp.

5.2.5. Right-inverses. Henceforward we impose the following additional assumption.

Assumption 5.14. The operators D 0 : J k
p E Ñ J k � 1

p F and D �
0 : J k

p F Ñ J k � 1
p E obtained by

the rescaling procedure in§5.2.4 are surjective.

Remark 5.15. It is not di�cult to show that Assumption 5.14 is satis�ed whe never the op-
erators in pDppE; F q are elliptic. For Cauchy-Riemann operators in particular, this is virtually
obvious, and we will write down explicit choices of right-inverses for that case in§5.3.2.

Lemma 5.16. Under Assumption 5.14, everyD P pD k
p pE; F q is surjective, and so is D � P

D k
p pF; E q for every choice of geometric datag PJ k � 1

p

�
mpEq

�
, h PJ k

p

�
mpF q

�
and � PJ k

p

�
vpM q

�
.

Proof. Since D " converges in HompJ k
p E; J k � 1

p F q to D 0 as " Ñ 0, surjectivity of D 0 implies
for any given D P D k

p pE; F q that D " is also surjective for all " ¡ 0 su�ciently small. The
isomorphism kerD Ñ ker D " induced by the correspondence� ÞÑ� " for all " ¡ 0 then implies
that D is also surjective. The same argument works for the formal adjoints since D �

" Ñ D �
0 as

" Ñ 0. �

Since we are working in �nite-dimensional spaces, surjectivity allows us to choose right-inverses

T 0 : J k � 1
p F Ñ J k

p E; T �
0 : J k � 1

p E Ñ J k
p F

for D 0 and D �
0 respectively. We would now like to derive from these similarright-inverses for

other operators that are close toD 0 and D �
0 , along with explicit isomorphisms between the

kernels of nearby operators. To this end, consider an open neighborhood

pg0; h0; � 0; D 0q PU € J k � 1
p

�
mpEq

�
� J k

p

�
mpF q

�
� J k

p

�
vpM q

�
� pD k

p pE; F q;

which we reserve the right to make smaller as necessary. Given pg; h; �; D q P U, we will as
usual denote byD � the formal adjoint of D with respect to the geometric data pg; h; � q. Since
D 0T 0 � 1 and D �

0T �
0 � 1, we can assume after shrinkingU that for every pg; h; �; D q PU, the
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operators DT 0 : J k � 1
p F Ñ J k � 1

p F and D � T �
0 : J k � 1

p E Ñ J k � 1
p E are both close enough to the

identity to be invertible. This gives rise to right-inverses for D and D � , de�ned respectively by

T :� T 0pDT 0q� 1 : J k � 1
p F Ñ J k

p E; T � :� T �
0pD � T �

0q� 1 : J k � 1
p E Ñ J k

p F:

Notice that T and T � depend smoothly onpg; h; �; D q PU.
For a �xed pg; h; �; D q PU, arbitrary operators close to D in pD k

p pE; F q have the form pD :�

D � A for A PJ k � 1
p HompE; F q small, and the formal adjoint pD � with respect to the geometric

data pg; h; � q is then D � � A � , where A � P J k � 1
p HompF; E q is the pk � 1q-jet of the �berwise

transpose (with respect to g and h) of a smooth bundle mapE Ñ F representing A. If A is
small enough,8 then we can use the same trick again to write down right-inverses of pD and pD �

in the form

pT :� T ppDT q� 1 � T p1 � AT q� 1 � T
8̧

j � 0

p� 1qj pAT qj ;

pT � :� T � ppD � T � q� 1 � T � p1 � A � T � q� 1 � T �
8̧

j � 0

p� 1qj pA � T � qj :

Shrinking the size ofA further if necessary, we can then de�ne isomorphisms

	 pD ;A q :� 1 � pT A �
8̧

j � 0

p� 1qj pT Aqj : J k
p E Ñ J k

p E;

	 �
pD ;A q :� 1 � pT � A � �

8̧

j � 0

p� 1qj pT � A � qj : J k
p F Ñ J k

p F;

which satisfy

pD 	 pD ;A q � pD � A � D and pD � 	 �
pD ;A q � pD � � A � � D � ;

so they restrict to isomorphisms kerD
	 pD ;A q
ÝÑ ker pD and kerD �

	 �
pD ;A q
ÝÑ ker pD � respectively. The

operators 	 pD ;A q and 	 �
pD ;A q depend smoothly on bothpg; h; �; D q PU and A PJ k � 1

p HompE; F q.

5.2.6. The universal Petri moduli space. We now consider the subset

Vk € J k � 1
p

�
mpEq

�
� J k

p

�
mpF q

�
� J k

p

�
vpM q

�
� pD k

p pE; F q �
�

J k
p E b J k

p F
	

consisting of all tuples pg; h; �; D ; tq such that

t P ker D b ker D � € J k
p E b J k

p F;

where it should be understood thatD � is the formal adjoint of D with respect to the geometric
data g; h; � . In light of Assumption 5.14 and Lemma 5.16, the obvious projection endowsVk

with a natural vector bundle structure

Vk Ñ J k � 1
p

�
mpEq

�
� J k

p

�
mpF q

�
� J k

p

�
vpM q

�
� pD k

p pE; F q;

whose �ber over pg; h; �; D q is kerD b ker D � . We will prefer to think of Vk rather as a family
of vector bundles over the space of operatorspD k

p pE; F q, parametrized by the space of geometric
data pg; h; � q PJ k � 1

p

�
mpEq

�
� J k

p

�
mpF q

�
� J k

p

�
vpM q

�
. Thus for each pg; h; � q, denote

Vkpg; h; � q :�
!

pD ; tq
�
�
� pg; h; �; D ; tq PVk

)
:

8We will not need this detail, but it is often possible to choos e T 0 and T �
0 so that they have degree � 1 with

respect to the vanishing-order �ltration, in which case the operators AT , T A, A � T � and T � A � also have this
property and are therefore nilpotent. It follows in this cas e that all in�nite series appearing in this discussion are
actually �nite sums, so A does not really need to be small.
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It will be useful to amend these de�nitions in two ways. Given a pair of real vector spacesV
and W , let us say that an elementt P V b W has rank r if t �

° r
j � 1 vj b wj for two linearly-

independent setsv1; : : : ; vr P V and w1; : : : ; wr P W . Note that if V is �nite dimensional, then
the rank of t P V b W under the canonical isomorphismV b W � HompV � ; W q is just the rank
of the corresponding linear mapV � Ñ W . As a consequence, wheneverV and W are both
�nite dimensional, the set of elements of rankr P N in V b W is a smooth submanifold whose
codimension is the dimension of Hompker T; cokerTq for a linear map T : V � Ñ W of rank r ,
giving

dim
 
t P V b W

�
� rank t � r

(
� dim V � dim W � p dim V � r q � pdim W � r q

� r pdim V � dim W q � r 2:
(5.7)

With this understood, we can de�ne for each r P N a smooth submanifold

Vk
r :�

!
pg; h; �; D ; tq PVk

�
�
� rank t � r

)
;

which is foliated by the smooth family of smooth submanifolds

Vk
r pg; h; � q :�

!
pD ; tq PVkpg; h; � q

�
�
� rank t � r

)

parametrized by the space of geometric datapg; h; � q PJ k � 1
p

�
mpEq

�
� J k

p

�
mpF q

�
� J k

p

�
vpM q

�
.

Finally, recalling the �ltration by vanishing orders in §5.2.1, we de�ne for each̀ P t1; : : : ; ku the
open subset

Vk
r;` :�

!
pg; h; �; D ; tq PVk

r

�
� t R

�
J k

p E b J k
p F

� `
)

;

which is likewise foliated by a smooth family of submanifolds

Vk
r;` pg; h; � q :�

!
pD ; tq PVk

r pg; h; � q
�
� t R

�
J k

p E b J k
p F

� `
)

:

parametrized by the geometric datapg; h; � q.
The Petri map � : � ppEq b � ppF q Ñ � ppE b F q descends for eachk PZ to a linear map

� k : J k
p E b J k

p F Ñ J k
p pE b F q

that preserves the �ltration by vanishing orders. Since the projection map Vk
r;` pg; h; � q Ñ J k

p E b
J k

p F sending pg; h; �; D ; tq to t is smooth and also depends smoothly on the geometric data
pg; h; � q, � k gives rise to a smooth family of smooth maps

(5.8) � k
r;` : Vk

r;` pg; h; � q Ñ J k
p pE b F q : pD ; tq ÞÑ� kptq;

whose zero-set we shall denote by

P k
r;` pg; h; � q :� p � k

r;` q� 1p0q �
!

pD ; tq PVk
r;` pg; h; � q

�
�
� � kptq � 0

)
:

This is the so-called universal Petri moduli space. Our main goal is to prove under suitable
assumptions that it is a C8 -subvariety in Vk

r;` pg; h; � q and to establish an e�ective lower bound
R P N on its codimension. Once this is done, Sard's theorem (see Appendix C) will imply that
for almost every D P pD k

p pE; F q, the space

P k
r;` pg; h; �; D q :�

!
t

�
�
� pD ; tq PP k

r;` pg; h; � q
)

is a C8 -subvariety of codimension at leastR in the manifold

Vk
r;` pg; h; �; D q :�

!
t Pker D b ker D �

�
�
� rank t � r; t R pJ k

p E b J k
p F q̀

)
:

If the codimension R is large enough, this will imply that P k
r;` pg; h; �; D q is empty.

Denote the linearization of the map (5.8) at the point pD ; tq PP k
r;` pg; h; � q by

d2� k
r;` pg; h; �; D ; tq : TpD ;tqV

k
r;` pg; h; � q Ñ J k

p pE b F q;
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where the subscript in \d2" is meant to emphasize that this is a partial derivatve|we di �eren-
tiate with respect to pD ; tq while holding pg; h; � q constant. Estimating the rank of d2� k

r;` re-
quires being able to write down a su�ciently large space of tangent vectors in TpD ;tqVk

r;` pg; h; � q.
Suppose that pg; h; �; D q belongs to the neighborhoodU of pg0; h0; � 0; D 0q chosen in §5.2.5,
so we have right-inversesT ; T � and isomorphisms 	 pD ;A q; 	 �

pD ;A q that depend smoothly on

pg; h; �; D q PU and a small zeroth-order perturbation A PJ k � 1
p HompE; F q. We can use this to

associate to everyA PJ k � 1
p HompE; F q and t P ker D b ker D � a smooth path

p� �; � q Ñ Vkpg; h; � q : s ÞÑ pD � sA; p	 pD ;sAq b 	 �
pD ;sAqqtq

which passes throughpD ; tq at s � 0. Observe that if t �
° r

j � 1 � j b � j for two linearly-
independent sets� 1; : : : ; � r P J k

p E and � 1; : : : ; � r P J k
p F , then 	 pD ;sAq and 	 �

pD ;sAq map these
to linearly-independent sets whens is close enough to 0, since both operators are then close to
the identity. It follows that if pD ; tq PP k

r;` pg; h; � q, then the path above is in Vk
r;` pg; h; � q for

� ¡ 0 su�ciently small. Di�erentiating it at s � 0, then feeding the resulting tangent vector
into d2� k

r;` pg; h; �; D ; tq and multiplying the result by � 1 for cosmetic purposes, we obtain the
linear map

Lpg; h; �; D ; tq : J k � 1
p HompE; F q Ñ J k

p pE b F q;

A ÞÑ� k � pT A b 1 � 1 b T � A � qptq:

This depends smoothly on the datapg; h; �; D ; tq and is well de�ned whenever pg; h; �; D q is
su�ciently close to pg0; h0; � 0; D 0q. The rank of this operator is clearly less than or equal to
that of d2� k

r;` pg; h; �; D ; tq. We shall abbreviate the special case

(5.9) L t :� Lpg0; h0; � 0; D 0; tq : J k � 1
p HompE; F q Ñ J k

p pE b F q

for t P ker D 0 b ker D �
0, as this will turn out to be the only case that matters in pract ice. In

fact, we can now use the rescaling trick from§5.2.4 to reduce the local analysis of the space
P k

r;` pg; h; � q to the problem of estimating the rank of L t .
For every " P p0; 1s and q PZ and every choice of the geometric datapg; h; � q, one can de�ne

a di�eomorphism

(5.10) � " : Vk
r;` pg; h; � q �ÝÑ Vk

r;` pg" ; h" ; � " q : pD ; tq ÞÑ pD " ; t " q;

where the map kerD b ker D � Ñ ker D " b ker D �
" : t ÞÑt " is de�ned via

(5.11) � b � ÞÑ
1
"q � " b � " :

The scaling factor "q here is not strictly necessary, but has been added for use in the proof
of Lemma 5.19 below. We see that �" maps P k

r;` pg; h; � q bijectively onto P k
r;` pg" ; h" ; � " q for

each " P p0; 1s. This map is not de�ned for " � 0, but the data g" , h" , � " , D " and D �
" do

have well-de�ned limits as " Ñ 0; in particular, D 0 and D �
0 are both operators with constant

coe�cients and no zeroth-order term in our chosen local coordinates and trivializations. The
following de�nition is highly dependent on this choice of coordinates, but so is the map � " ; there
will be no problem as long as the same choices are used for both.

De�nition 5.17. We will say that an element of J k
p E or J k

p F is homogeneous of degree d if,
under the natural identi�cations of these spaces with spaces of Taylor polynomials determined
by the chosen coordinates and trivializations from Assumption 5.13, it is represented by a
homogeneous polynomial of degreed. Similarly, we will call an element t �

°
j � j b � j P

J k
p E b J k

p F homogeneous of degree d if for every j , the elements� j PJ k
p E and � j PJ k

p F are
homogeneous with degrees adding up tod.

Remark 5.18. The homogeneous elementst PJ k
p E b J k

p F of degreeq are precisely those which
are �xed under the map (5.11) for every " ¡ 0.



62 CHRIS WENDL

Lemma 5.19. Suppose that for every homogeneous elementt P ker � k € J k
p E b J k

p F of degree
less than` that also belongs toker D 0b ker D �

0 , the linear map L t : J k � 1
p HompE; F q Ñ J k

p pE b F q
has rank at leastR P N. Then for every r P N, P k

r;` pg; h; � q is a C8 -subvariety of codimension
at least R in Vk

r;` pg; h; � q.

Proof. SupposepD ; tq PP k
r;` pg; h; � q and let q P t0; : : : ; ` � 1u denote the largest integer such

that t P pJ k
p E b J k

p F qq. Use this value ofq to de�ne the scaling factor in (5.11) for the de�nition
of the di�eomorphisms � " in (5.10). Identifying k-jets with Taylor polynomials as in (5.3), we
can write t as a �nite sum

°
j � j b � j , where for each individual value of j , � j P ker D is a

polynomial of degree at mostk with lowest-order term of degreeuj ¥ 0, � j P ker D � is likewise
a polynomial of degree at mostk with lowest-order term of degreevj ¥ 0, and uj � vj ¥ q, with
equality uj � vj � q in at least one case. It follows that t " P J k

p E b J k
p F converges as" Ñ 0

to a nontrivial homogenous elementt0 P ker D 0 b ker D �
0 € J k

p E b J k
p F of degreeq   `, and

� kpt0q � 0 since � kpt " q � � kptq � 0 for every " ¡ 0. As a consequence,pg" ; h" ; � " ; D " ; t " q PVk

converges as" Ñ 0 to pg0; h0; � 0; D 0; t0q PVk . SinceL t0 has rank at least R by the hypothesis
of the lemma, it follows for all " ¡ 0 su�ciently small that

rank d2� k
r;` pg" ; h" ; � " ; D " ; t " q ¥ rank Lpg" ; h" ; � " ; D " ; t " q ¥ R:

Fix " ¡ 0 in this range. Then an arbitrary element pD 1; t1q PVk
r;` pg; h; � q in some small neigh-

borhood of pD ; tq belongs to P k
r;` pg; h; � q if and only if � k � � " pD 1; t1q � 0. Since � " is a

di�eomorphism, the linearization of � k � � " : Vk
r;` pg; h; � q Ñ J k

p pE b F q at pD ; tq has the same
image as the operatord2� k

r;` pg" ; h" ; � " ; D " ; t " q, and thus has rank at leastR. �

5.3. Application to Cauchy-Riemann operators. We shall now apply Lemma 5.19 for the
speci�c case of Cauchy-Riemann type operators. For the restof this section, assumeM is a
Riemann surfacep� ; j q, E is a complex vector bundle of complex rankm PN, F � HomCpT� ; Eq,
and pDppE; F q is the space of germs of real-linear Cauchy-Riemann type operators on E near p P
�. This space of operators satis�es Assumption 5.13 since one can always choose trivializations
and coordinates in which everyD P pDppE; F q is a zeroth-order perturbation of �B :� B s � iBt . To
de�ne formal adjoints, we assumeg � x ; yE is the real part of a Hermitian bundle metric on E,
� is the area form on � determined by a Hermitian bundle metric x ; y� on T�, and h � x ; yF
is the real part of the Hermitian bundle metric determined on F via the natural isomorphism
F � T� b C E.

Remark 5.20. It is important to keep in mind that the operators D P pDppE; F q are in general
real- and not complex-linear, thus throughout this section, the symbols HompV; Wq and V b W
will always refer to real-linear maps and real tensor products unless otherwise noted, even in
cases whereV and W are both complex. We will use the notation HomCpV; Wqand V b C W to
specify the complex analogues of these operations.

5.3.1. A digression on real and complex tensor products.SupposeV and W are complex vector
spaces, and let„W denote the complex conjugate ofW , i.e. it is the same real vector space,
but with a sign inserted in the de�nition of its complex struc ture. There is then a canonical
complex-antilinear isomorphismW Ñ „W de�ned by the identity map, and we shall denote it by

W Ñ „W : w ÞÑ �w:

The spacesV b C W and V b C „W are both quotients of the real tensor productV b W , e.g. we
obtain V b C W from V b W by introducing the equivalence relation iv b w � v b iw , and for
V b C „W the relation is instead iv b w � � v b iw . If the resulting quotient projections are
denoted by � � : V b W Ñ V b C W and � � : V b W Ñ V b C „W, then we obtain an isomorphism

p� � ; � � q : V b W �ÝÑ p V b C W q ` pV b C „Wq:
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This discussion carries over verbatim to a pair of complex vector bundles E and F over �, giving
a bundle isomorphism

p� � ; � � q : E b F Ñ pE b C F q ` pE b C sF q:

The Petri map then �ts into a commutative diagram

(5.12)

� pEq b � pF q � pE b F q

p� pEq bC � pF qq `
�
� pEq bC � psF q

�
�

�
pE b C F q ` pE b C sF q

�
;

�

� �

� C` � C

where � C : � pEq bC � pF q Ñ � pE b C F q denotes the obviouscomplex-linear Petri map that
is de�ned for any two complex vector bundles. Suppose in particular that E and F are line
bundles and we have chosen complex trivializations for bothover some regionU. The bundle sF
inherits from this a trivialization over U such that the canonical mapF Ñ sF looks like complex
conjugation, and E b C F and E b C sF likewise inherit natural trivializations. The diagram now
allows us to identify the real Petri map with

C8 pU; Cq b C8 pU; Cq Ñ C8 pU; Cq ` C8 pU; Cq;

f b g ÞÑ pfg; f �gq:
(5.13)

5.3.2. The main rank estimate. Fix a holomorphic coordinate chart near p P � and a corre-
sponding complex local trivialization of E such that the Hermitian bundle metrics on T� and E
both match the standard Hermitian inner product at p. The bundle F naturally inherits from
these choices a local trivialization in which its Hermitian bundle metric also appears standard
at p. These choices identify elements ofJ k

p E with polynomials in z and �z,
¸

j � `¤ k

zj �z` cj;` ; cj;` PCm ;

hence

(5.14) dimC J k
p E � dimC J k

p F � m p1 � 2 � : : : � p k � 1qq �
mpk � 1qpk � 2q

2
:

Every D P pDppE; F q is now identi�ed with an operator of the form

D � �B � A : C8 pD� ; Cm q Ñ C8 pD� ; Cm q;

where �B � B s � iBt and A : D� Ñ EndRpCmq. The operator D 0 obtained by rescaling as in§5.2.4
is then simply

D 0 � �B :� B s � iBt � 2
B
B�z

;

and since the rescaled bundle metricsg0, h0 and area form � 0 are all standard in these coordi-
nates, the formal adjoint of D 0 with respect to this geometric data is

D �
0 � �B � �pB s � iBt q � � 2

B
Bz

:

We can therefore choose right-inversesT 0 : J k � 1
p F Ñ J k

p E and T �
0 : J k � 1

p E Ñ J k
p F that are

uniquely determined in coordinates by the conditions

(5.15) T 0

�
zj �z`c

	
:�

1
2p̀ � 1q

zj �z` � 1c; 0 ¤ j � ` ¤ k � 1; c P Cm ;

and

(5.16) T �
0

�
zj �z` c

	
:� �

1
2pj � 1q

zj � 1 �z`c; 0 ¤ j � ` ¤ k � 1; c PCm :

These choices determine the mapsL t : J k � 1
p HompE; F q Ñ J k

p pE b F q in (5.9). Observe now
that the domain of this operator has a natural splitting

J k � 1
p HompE; F q � J k � 1

p HomCpE; F q ` J k � 1
p HomCpE; F q:
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If we were to restrict to complex-linear zeroth-order terms A P � pHomCpE; F qq, then the per-
turbed operators D � D 0 � A would always be equivalent toD 0 under changes of trivialization,
killing any hope that P k

r;` pg0; h0; � 0; D q might be a smaller space thanP k
r;` pg0; h0; � 0; D 0q. For

this reason, we shall restrict L t to the complementary subspace consisting ofpk � 1q-jets of
antilinear perturbations. Having done this, the following additional detail becomes relevant: for
A P J k � 1

p HomCpE; F q and t �
°

j � j b � j P ker D 0 b ker D �
0, the commutative diagram (5.12)

implies

� � � L tpAq � � k
C � � �

�
¸

j

pT 0A� j b � j � � j b T �
0A � � j q

�

� � k
C

¸

j

�
T 0A� j b C �� j � � j b C T �

0A � � j
�

;

where � k
C denotes the map induced onk-jets by the complex Petri map � C. SinceT 0 and T �

0 are
complex linear while A and � j ÞÑ�� j are antilinear, the expression on the right hand side is the
result of applying some real-linear map to� � ptq �

°
j � j b C � j ; the point here is that real-linear

operators of the form � b  are well de�ned on the complex tensor product whenever� and  
are either both complex linear or both complex antilinear. But as mentioned in Example 5.5,D 0
satis�es the complex Petri condition, so the fact that � kptq � 0 implies that � k

C � � � ptq � 0 and
thus � � ptq � 0, so that the expression vanishes automatically. We conclude from this discussion
that all interesting information in L t is carried by the map

(5.17) pL t :� � � � L t |J k � 1
p HomCpE;F q : J k � 1

p HomCpE; F q Ñ J k
p pE b C F q:

Clearly the rank of pL t gives a lower bound for the rank ofL t . The workhorse result behind
Theorem 5.9 is now the following:

Proposition 5.21. For every ` P N, there exists a constantC` ¡ 0 that depends on` but not
on k, such that for all t P ker � k € ker D 0 b ker D �

0 that are homogeneous elements of degree
less than` in J k

p E b J k
p F , the operator pL t : J k � 1

p HomCpE; F q Ñ J k
p pE b C F q satis�es

rank pL t ¥ C`k
2:

Lemma 5.22. If Proposition 5.21 holds in the caserankC E � 1, then it holds in general.

Proof. For rankC E � m PN, the chosen trivializations furnish local splittings E � E1` : : :` Em
and F � F1 ` : : : ` Fm that are respected by D 0 and D �

0, i.e. both are m-fold direct sums
of identical operators given by �B or �B respectively. Their chosen right-inversesT 0 and T �

0
also respect these splittings. Let us denote the resulting splittings of the kernels by ker D 0 �
K 1 ` : : : ` K m and kerD �

0 � L 1 ` : : : ` L m , so that ker D 0 b ker D �
0 splits into m2 identical

factors of the form K i b L j . Similarly, J k
p pE b F q splits into m2 identical factors of the form

J k
p pE i b Fj q, and the Petri map � k : J k

p E b J k
p F Ñ J k

p pE b F qsendsJ k
p E i b J k

p Fj to J k
p pE i b Fj q

for every i and j . A homogeneous elementt P ker � k € ker D 0 b ker D �
0 of degreeq   ` is now

de�ned by its m2 componentst ij Pker � k XpK i b L j q, at least one of which must be a nontrivial
homogeneous element of degreeq; call this component tuv . Now consider the restriction of pL t
to the subspace

J k � 1
p HomCpEu ; Fvq € J k � 1

p HomCpE; F q;

de�ned as the pk � 1q-jets of bundle mapsA : E Ñ F that annihilate E i for all i � u and have
image in Fv . Since the bundle metricsg0 and h0 are standard in our chosen trivializations, A �

then belongs to the corresponding subspaceJ k � 1
p HomCpFv ; Euq € J k � 1

p HomCpF; E q. Composing

our restriction of pL t with the natural projection J k
p pE b F q Ñ J k

p pEu b Fvq then produces an

operator J k � 1
p HomCpEu ; Fvq Ñ J k

p pEu b C Fvq that matches the rank 1 case ofpL t , and its rank

gives a lower bound for the rank ofpL t . �
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The remainder of this subsection is devoted to proving the rankC E � 1 case of Proposi-
tion 5.21.

We shall write everything in the chosen coordinates and trivializations so that elements of
J k

p E, J k
p F and J k

p pE b CF qare now identi�ed with complex-valued polynomials of degree at most
k in the variables z and �z. The holomorphic polynomials form kerD 0, while the antiholomorphic
polynomials form kerD �

0. Using (5.13) to compute the kernel of the Petri map, it turns out that
arbitrary elements of ker � k € J k

p E b J k
p F now take the form9

t �
k¸

j;n � 0

�
ajn

�
zj b �zn � iz j b i �zn �

� bjn
�
iz j b �zn � zj b i �zn ��

� R;

whereajn ; bjn PR are real coe�cients subject to the condition
°

j � n � q ajn �
°

j � n � q bjn � 0 for
every q � 0; : : : ; k, and R is an arbitrary sum of homogeneous elements that have degrees greater
than k and therefore vanish automatically under � k . For Proposition 5.21 we are interested only
in homogeneous elements of some degree less than`, so let us �x an integer q ¤ ` and write

t �
q� 1¸

j � 0

�
aj

�
zj b �zq� 1� j � iz j b i �zq� 1� j �

� bj
�
iz j b �zq� 1� j � zj b i �zq� 1� j ��

;

where aj ; bj P R are now subject to the conditions
° q� 1

j � 0 aj �
° q� 1

j � 0 bj � 0 and we explicitly
assume that at least one of these coe�cients is nonzero. The action of an antilinear bundle map
A P � pHomCpE; F qqon a section� P � pEq can be written in trivializations as

pA� qpzq :� � pzq…� pzq

for some complex-valued function� , thus the map A : J k
p E Ñ J k � 1

p F can be written as

A� �
¸

u� v¤ k � 1

� uv zu �zv ��

for some coe�cients � uv P C. The transpose A � : J k
p F Ñ J k � 1

p E is given by exactly the
same formula|here we are taking transposes of the 1-by-1 matrices � uv and thus leaving them
unchanged, as the antilinearity of A makes the transpose the appropriate transformation here
instead of the Hermitian adjoint. With this data in place and the explicit formulas given in
(5.15) and (5.16) for T 0 and T �

0, we now obtain an explicit formula for pL tpAq PJ k
p pE b C F q as

pL t pAq �
q� 1¸

j � 0

¸

u� v¤ k � q

�
�cj � uv

v � j � 1
zu �zv� q �

cj � uv

u � q � j
zu� q�zv



;

where we have de�ned

cj :� aj � ibj PC for j � 0; : : : ; q � 1:

Two immediate remarks are in order: �rst, the second summation in this formula stops at k � q
instead of k � 1 because all terms inA with degree larger thank � q produce terms in pL t pAq that
have degree greater thank and thus vanish in J k

p pE b C F q. Along the same lines, we notice that

wheneverA is given by a homogeneous polynomial of degreen, pL tpAq is likewise homogeneous
with degreen � q, indicating a natural splitting of the map pL t : J k � 1

p HomCpE; F q Ñ J k
p pE b C F q

into factors
pL t � pL p0q

t ` : : : ` pL pk � qq
t ;

where for eachn � 0; : : : ; k � q, pL pnq
t is de�ned on the space of homogeneous degreen polynomials

in J k � 1
p HomCpE; F q. (Strictly speaking, there are additional factors de�ned on homogeneous

polynomials of higher degree, but we will ignore them because they are trivial.)

9This seems a good moment to remind the reader that all tensor products in this section are real tensor
products unless the symbol \b C" is used.
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For each individual n P t0; : : : ; k � qu, the map pL pnq
t takes the form

pL pnq
t pAq �

¸

u� v� n

� uv �

��
q� 1¸

j � 0

�cj

v � j � 1

�

zu �zv� q �

�
q� 1¸

j � 0

cj

u � q � j

�

zu� q �zv

�

:

To simplify this expression, we can writec � p c0; : : : ; cq� 1q PCq as a column vector and de�ne
for integers u; v ¥ 0 the complex numbers

� v :�
�

1
v� 1 � � � 1

v� q

	
�c and � u :�

�
1

u� q � � � 1
u� 1

	
c;

so that now
pL pnq

t pAq �
¸

u� v� n

� uv �
�
� vzu �zv� q � � uzu� q �zv �

:

If we now identify the homogeneous degreen part of A with the vector in Cn � 1 given by
p� n;0; � n � 1;1; : : : ; � 0;n q, and use the monomials

zn � q; zn � q� 1 �z; zn � q� 2 �z2; : : : ; z�zn � q� 1; �zn � q

as a complex basis for the homogeneous degreen � q part of J k
p pE b C F q, then pL pnq

t is represented
by the pn � q � 1q-by-pn � 1q complex matrix

(5.18) pL pnq
t �

�

�
�
�
�
�
�
�
�
�

� � n
... � � n � 1

� 0
...

. . .
� 1 � � 0

. . .
...

� n

�

�
�
�
�
�
�
�
�



:

In this matrix, all entries not written explicitly are under stood to be 0.

Lemma 5.23. For any set of distinct positive integersi1; : : : ; iq, the matrix
�

�
�
�
�
�
�

1

i1 � q
� � �

1

i1 � 1
...

. . .
...

1

iq � q
� � �

1

iq � 1

�

�
�
�
�
�



is invertible.

Proof. This follows from the well-known formula for so-calledCauchy determinants,

det

�

�
�
�
�
�
�

1

z1 � w1
� � �

1

z1 � wq
...

. . .
...

1

zq � w1
� � �

1

zq � wq

�

�
�
�
�
�



�

q¹

i � 1

i � 1¹

j � i

pzi � zj qpwi � wj q

q¹

i;j � 1

pzi � wj q

;

see e.g. [PS98, pp. 92 and 279]. �

Since at least one of the coe�cientsaj or bj is nonzero, the vectorc P Cq cannot be annihilated
by q linearly independent vectors, so we conclude:

Corollary 5.24. In the matrix (5.18), at most q � 1 of the entries � 0; : : : ; � n can be zero. �
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This result implies that at most q � 1 columns of the matrix (5.18) need to be eliminated in
order to produce a matrix whose columns are all linearly independent, hence ifn ¥ q � 1, we
have

rankC pL pnq
t ¥ n � p q � 1q:

If k ¥ 2q, then summing this estimate for n � q; : : : ; k � q gives

rankC pL t ¥ 1 � 2 � : : : � k � 2q � 1 �
1
2

pk � 2q � 1qpk � 2q � 2q;

and thus
rank pL t ¥ pk � 2q � 1qpk � 2q � 2q ¥ pk � 2` � 1qpk � 2` � 2q

whenever k ¥ 2`. This estimate might not be satis�ed for k underneath this threshold, but
since that is only �nitely many cases, we can now just choose aconstant C` ¡ 0 small enough
to achieve C`k2 ¤ rank pL t for those cases andC`k2 ¤ pk � 2` � 1qpk � 2` � 2q for all k ¥ 2`.
With this, the proof of Proposition 5.21 is complete.

5.3.3. Proof of Theorem 5.9. Consider the C8 -subvarieties P k
r;` pg; h; � q € Vk

r;` pg; h; � q from

§5.2.6 in the speci�c setting of local Cauchy-Riemann type operators D P pDppE; F q with
rankC E � m. For any given operator D P pD k

p pE; F q, we know from Lemma 5.16 that
D : J k

p E Ñ J k � 1
p F and D � : J k

p F Ñ J k � 1
p E are both surjective, thus (5.14) gives

dim ker D � dim ker D � � dim J k
p E � dim J k � 1

p F

� mpk � 1qpk � 2q � mkpk � 1q � 2mpk � 1q;

and plugging this into (5.7),

(5.19) dim Vk
r;` pg; h; �; D q � 4rm pk � 1q � r 2:

Next, combining Proposition 5.21 with Lemma 5.19 gives:

Proposition 5.25. For every ` P N, there exists a constantC` ¡ 0 such that for all integers
k ¥ ` and all r P N, P k

r;` pg; h; � q € Vk
r;` pg; h; � q is a C8 -subvariety of codimension at least

C`k2. �

Sard's theorem (see Propsition C.3) now provides a Baire subset

pD k;reg
p pE; F ; r; ` q € pD k

p pE; F q

such that for all D P pD k;reg
p pE; F ; r; ` q, P k

r;` pg; h; �; D q is a C8 -subvariety in Vk
r;` pg; h; �; D q

of codimension at leastC`k2. Since this codimension grows quadratically with k while the
dimension of Vk

r;` pg; h; �; D q grows only linearly, we conclude that for any �xed r; ` P N, the
spaceP k

r;` pg; h; �; D q is empty for all k su�ciently large.
To conclude the proof of Theorem 5.9, we choose for each̀P N somek ¥ ` large enough so

that P k
`;` pg; h; �; D q � H for every D P pD k;reg

p pE; F ; `; ` q, and then de�ne CR`; reg
R pE ; U; D �x q

to be the set of all operators inCRRpE ; U; D �x q whosek-jets at p belong to pD k;reg
p pE; F ; `; ` q.

5.4. Petri's condition is satis�ed for generic J . We now return to the setting of §2 and
consider the moduli spaceM gpA; J qof unparametrized closedJ -holomorphic curvesu : p� ; j q Ñ
pM; J q of genusg ¥ 0 homologous toA P H2pM q in a symplectic manifold pM; ! q of dimension
2n ¥ 4 with J PJ pM; ! ; U; J�x q. Here U € M is an open subset with compact closure,J�x is a
�xed compatible almost complex structure, and all J P J pM; ! ; U; J�x q are assumed to match
J�x outside of U.

Theorem 5.26. There exists a Baire subsetJ reg € J pM; ! ; U; J�x q such that for all J PJ reg

and everyu PM gpA; J q with parametrization u : p� ; j q Ñ pM; J q, the normal Cauchy-Riemann
operator D N

u P CRRpNuq satis�es Petri's condition to in�nite order on an open and de nse set of
points in u� 1pUq. In particular, D N

u satis�es the local Petri condition at every point in u� 1pUq
(cf. Remark 5.3).
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We will deduce Theorem 5.26 from the results of the previous subsection after showing essen-
tially that the natural map from the universal moduli space of simple holomorphic curves with
one marked point to the space ofk-jets of normal Cauchy-Riemann operators at the marked
point is always a submersion. Up to some technical details still to be addressed, the next lemma
implies this. Recall that a point z P � in the domain of a smooth map v : � Ñ M is called
an injective point if dvpzq : Tz� Ñ TvpzqM is injective and t zu � v� 1pvpzqq. For a simple
J -holomorphic curve, the complement of the set of injective points is a discrete set.

Lemma 5.27. AssumeJ PJ pM; ! ; U; J�x q, and v : p� ; j q Ñ pM; J q is a simpleJ -holomorphic
curve with generalized normal bundleNv € v� T M de�ned as the ! -symplectic complement of
the generalized tangent bundleTv € v� T M . Given any A P 
 0;1p� ; EndRpNvqqwith support
contained in the set of injective points in v� 1pUq, there exists a smooth family of almost complex
structures

t J� PJ pM; ! ; U; J�x qu� Pp� �;� q

such that J0 � J , J� pvpzqq � J pvpzqq for all � and z, and the resulting family of normal
Cauchy-Riemann operatorsD N

v;� P CRRpNvq for v de�ned with respect to J� satis�es

B� D N
v;� �

�
�
� � 0

� � N � r � Y � T v � j � A�

for � P � pNvq, where Y :� B � J� |� � 0 P � pEndCpT M; J qq, r is any connection on M , and
� N : v� T M Ñ Nv denotes the projection alongTv .

Proof. If t J� u is any smooth path in J pM; ! ; U; J�x q with J0 � J , J� pvq � J pvq for all � and
Y :� B � J |� � 0, then Ypvq � 0, hencer Y is well de�ned along v independently of any connection.
For � P � pNvq, let us write r � Y in block form as

(5.20) r � Y �
�

r T
� Y r T N

� Y
r NT

� Y r N
� Y



P � pEndCpv� T M; J qq

with respect to the tangent-normal decompositionv� T M � Tv` Nv . SinceNv is the ! -symplectic
orthogonal complement of Tv , the fact that J� is always ! -compatible then translates into
conditions that constrain r T

� Y and r N
� Y separately and another condition that determines

r T N
� Y in terms of r NT

� Y, namely

! ppr NT
� Yqv; wq � ! pv; pr T N

� Yqwq � 0

for all pv; wq PTv ` Nv . This means that ! -compatibility does not prevent us from freely choosing
r NT

� Y so long as we (1) do not mindr T N
� Y being determined by this choice, and (2) do this

only in regions where v has no double points, so that the splitting of T M into Tv ` Nv is
unambiguous. Now using the de�nition of the normal Cauchy-Riemann operator, one computes
that for any � P � pNvq,

B� D N
v;� �

�
�
� � 0

� r NT
� Y � T v � j:

On a region wherev has neither critical points nor double points and its image lies in the
perturbation domain U, we can therefore choose the normal derivatives ofY along v to make
the above expression matchA. �

To prove Theorem 5.26, we will use the FloerC" -topology (cf. [Flo88, §5]) to de�ne spaces of
perturbed data. Given any Jref PJ pM; ! ; U; J�x q, we de�ne

TJ ref J pJ; ! ; U; J�x q € � pEndCpT M; J ref qq

as the space of smoothJref -antilinear bundle maps Y that vanish outside U and satisfy ! p�; Y �q�
! pY �; �q � 0; intuitively, this is the tangent space at Jref to the smooth Fr�echet manifold
J pJ; ! ; U; J�x q. There is a natural embedding

(5.21) Y ÞÑJY :�
�

1 �
1
2

Jref Y



Jref

�
1 �

1
2

Jref Y

 � 1
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which takes aC0-small neighborhood of 0 inTJ ref J pJ; ! ; U; J�x q homeomorphically to a neigh-
borhood of Jref in J pM; ! ; U; J�x q. Now choose a Riemannian metric onM in order to de�ne
the C � -norms on � pEndCpT M; J ref qqfor each integer � ¥ 0, �x a sequence of positive numbers
" � Ñ 0, and de�ne the C" -norm

(5.22) }Y }C" :�
8̧

� � 0

" � }Y }C �

for Y P � pEndCpT M; J ref qq. Fixing any � ¡ 0 su�ciently small, this gives rise to a smooth,
separable and metrizable Banach manifold

J " :�
 
JY

�
� Y PTJ ref J pJ; ! ; U; J�x q, }Y }C"   8 and }Y }C0   �

(

which embeds continuously intoJ pJ; ! ; U; J�x qand contains arbitrarily C8 -small perturbations
of Jref . Note that since U € M has compact closure, the equivalence classes of the individual
C � -norms are each independent of auxiliary choices such as connections or local trivializations,
but the equivalence class of theC" -norm may in fact depend on these choices. This is immaterial,
as the choice of the sequencet � � u8

� � 0 carries no geometric meaning in itself; what is important
is rather that the space of sections of classC" can always be enlarged by making" � converge to
0 faster. To say this more precisely, let us endow the set

E :�
!

sequences" � t " � u8
� � 0

�
�
� " � ¡ 0 for all � , and lim

� Ñ8
" � � 0

)

with a pre-order   de�ned by

"   "1 ðñ lim sup
� Ñ8

" �

"1
�

  8 :

De�nition 5.28. Given a statement Sp"q dependent on a choice of" PE, we will say that Sp"q
holds for all " P E with su�ciently rapid decay if there exists "0 P E such that Sp"q holds
for all "   "0.

Lemma 5.29. The C" -norms on sectionsY PTJ ref J pJ; ! ; U; J�x qhave the following properties:

(1) If "   "1 in E, then there exists a constantc ¡ 0 such that }Y }C" ¤ c}Y }C" 1 for all Y .
(2) For any given Y , }Y }C"   8 for all " PE with su�ciently rapid decay.
(3) Every countable subset ofE has a lower bound inE with respect to the pre-order  .

Proof. Property (1) follows easily from the observation that "   "1 if and only if there exist
constants C ¡ 0 and � 0 P N such that " � ¤ C"1

� for all � ¡ � 0. To prove (2), observe that
any nontrivial smooth section Y vanishing outside of U is of classC" for " � :� 1{ p2� � }Y }C � q,
then apply (1). Finally, " P E is a lower bound for the countable subsett "p1q; "p2q; "p3q; : : :u € E

whenever" � ¤ min
!

"p1q
� ; : : : ; "p� q

�

)
for every � . �

Let us discuss the geometric data to be used in formulating the local Petri condition for a
holomorphic curve. Given J P J pM; ! ; U; J�x q, the complex vector bundle pT M; J q carries
a natural Hermitian metric whose real part is gJ :� ! p�; J �q. If u : p� ; j q Ñ pM; J q is J -
holomorphic and is immersed at the point � P �, then gJ can be pulled back to de�ne a
Riemannian metric on � near � in the conformal class ofj , thus giving rise to an area form
� u on � and compatible bundle metrics gu on Nu and hu on HomCpT� ; Nuq near � , where for
concreteness we are also free to assumeNu € u� T M is the gJ -orthogonal complement of Tu .
In order to avoid ambiguity, we shall assume in the followingthat D N

u and pD N
u q� are de�ned

via these speci�c choices of geometric data near any given immersed point � P �; note that this
would not be a valid global de�nition for pD N

u q� since the pulled back metric on � becomes
singular at critical points, but this will not matter since w e only intend to study �nite jets of
pD N

u q� at a speci�c immersed point. Recall from Remark 5.2 that Petri's condition does not
depend on choices of geometric data. Moreover, while the global topological type of Nu may
change (because the number of critical points may change) asu moves about in its moduli space,
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the germs of D N
u and pD N

u q� at an immersed point can still be assumed to depend smoothly
on u.

Let us denote by
M �

g;1pA; J q € M g;1pA; J q

the open subset consisting of simple curves with one marked point such that the marked point
is an injective point with image in U. We will abuse notation and write elements ofM �

g;1pA; J q
as pu; � q, where u : p� ; j q Ñ pM; J q is a speci�c parametrization and � P � is the marked point.
Using the notation of §5.2.6, we then de�ne for eachk; r; ` PN with ` ¤ k the space

xM k;r;`
g;1 pA; J q :�

!
pu; �; t q

�
�
� pu; � q PM �

g;1pA; J q; t PVk
r;` pgu ; hu ; � u ; D N

u q
)

where gu ; hu ; � u are the speci�c choices of geometric data determined byu and gJ as described
in the previous paragraph. The extra term t is an element in the tensor product of thek-jet
versions of kerD N

u and kerpD N
u q� at � , having rank r and not vanishing to order `. We will be

interested especially in the subset

M k;r;`
g;1 pA; J q :�

!
pu; �; t q P xM k;r;`

g;1 pA; J q
�
�
� � kptq � 0

)
:

To understand the structure of these spaces, we de�ne corresponding universal moduli spaces:

U �
g;1pA; J " q :�

!
pu; �; J q

�
�
� J PJ " ; pu; � q PM �

g;1pA; J q
)

;

xU k;r;`
g;1 pA; J " q :�

!
pu; �; t; J q

�
�
� J P J " ; pu; �; t q P xM k;r;`

g;1 pA; J q
)

;

U k;r;`
g;1 pA; J " q :�

!
pu; �; t; J q

�
�
� J P J " ; pu; �; t q PM k;r;`

g;1 pA; J q
)

:

We shall always choose" P E to have su�ciently rapid decay so that, by standard argument s
as in [MS12], U �

g;1pA; J " q is a smooth, metrizable and separable Banach manifold such that
the projection U �

g;1pA; J " q Ñ J " : pu; �; J q ÞÑJ is a smooth Fredholm map whose index is

the virtual dimension of M �
g;1pA; J q. It follows that the same is true for xU k;r;`

g;1 pA; J " q, as the
additional k-jet data t varies in a smooth �nite-dimensional manifold that dependssmoothly on
the k-jet of the operator D N

u at the immersed point � , and this in turn depends smoothly on
pu; �; J q PU �

g;1pA; J " q.

It will be convenient to impose an extra condition de�ning an open subset ofU k;r;`
g;1 pA; J " q.

For each ` P N, let C` ¡ 0 denote the constant furnished by Proposition 5.25 in§5.3, with the
roles of the bundlesE; F and point p in that subsection played by Nu , HomCpT� ; Nuqand � P �
respectively.

De�nition 5.30. Given J P J pM; ! ; U; J�x q and " P E, we will say that an element pu; �; t q P
M k;r;`

g;1 pA; J q is " -regular if J P J " and pu; �; t; J q has a neighborhoodO € xU k;r;`
g;1 pA; J " q such

that O X U k;r;`
g;1 pA; J " q is a C8 -subvariety of xU k;r;`

g;1 pA; J " q with codimension at least C`k2.

Note that " -regularity is an open condition by construction, i.e. the set of tuples pu; �; t; J q P
U k;r;`

g;1 pA; J " q such that pu; �; t q is " -regular is open. The important consequence of Lemma 5.27
will be that it is generally also nonempty.

Lemma 5.31. Any given pu; �; t q PM k;r;`
g;1 pA; J ref q is " -regular for all " P E with su�ciently

rapid decay.

Proof. Observe �rst that Jref P J " for every " P E. Now given pu; �; t q PM k;r;`
g;1 pA; J ref q, de�ne

the Fr�echet space

Y0 :�
!

Y P TJ ref J pM; ! ; U; J�x q
�
�
� Y |up� q � 0

)

and for each" PE the Banach space

Y" :�
!

Y PTJ ref J pM; ! ; U; J�x q
�
�
� Y |up� q � 0 and }Y }C"   8

)
;
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where the latter is regarded as a closed subspace ofTJ ref J " with the C" -topology. Abbreviating
E :� Nu and F :� HomCpT� ; Nuq, Lemma 5.27 provides a surjective linear map

	 0 : Y0 Ñ J k � 1
� pHomRpE; F qq: Y ÞÑJ k � 1

� pAY q;

whereAY denotes (the germ near� of) the zeroth-order term determined by Y according to the
formula AY � � � N � r � Y � T u � j . Since the target space of 	0 is �nite dimensional, Lemma 5.29
implies that it remains surjective when restricted to the subspaceY" for " P E with su�ciently
rapid decay. EachY P Y" now gives rise to a 1-parameter family of almost complex structures
J� :� J�Y P J " de�ned via (5.21), which match Jref along u and satisfy J0 � Jref . This de�nes
a smooth family pu; �; J � q PU �

g;1pA; J " q that deforms the normal Cauchy-Riemann operator of
u in the direction of AY but leaves the geometric data alongu unchanged. It follows that the
linearization at pu; �; t; J ref q of the natural projection map10

(5.23) xU k;r;`
g;1 pA; J " q Ñ Vk

r;` : pu; �; t; J q ÞÑ pgu ; hu ; � u ; D N
u ; tq

is surjective onto TpD u
N ;tqVk

r;` pgu ; hu ; � uq, and the result then follows from Proposition 5.25. �

Applying the Sard-Smale theorem to the projection xU k;r;`
g;1 pA; J " q Ñ J " : pu; �; t; J q ÞÑJ as

in Proposition C.3, we can associate to each" P E and each set of positive integersk; r; ` with
k ¥ ` a Baire subset

J reg
" pk; r; ` q € J "

such that for all J P J reg
" pk; r; ` q, xM k;r;`

g;1 pA; J q is a smooth �nite-dimensional manifold and the
open set of" -regular elements in

M k;r;`
g;1 pA; J q € xM k;r;`

g;1 pA; J q

is a C8 -subvariety of codimension at leastC`k2. The dimension of xM k;r;`
g;1 pA; J q is the Fredholm

index of the projection xU k;r;`
g;1 pA; J " q Ñ J " , which is larger than that of U �

g;1pA; J " q Ñ J " by
dim Vk

r;` pgu ; hu ; � u ; D N
u q. Plugging in (5.19), this gives

dim xM k;r;`
g;1 pA; J q � vir-dim M g;1pA; J q � 4r pn � 1qpk � 1q � r 2:

This number grows linearly with k, while the codimensionC`k2 grows quadratically, thus for
any �xed r; `; g; A , the integer

(5.24) vir-dim M k;r;`
g;1 pA; J q :� vir-dim M g;1pA; J q � 4r pn � 1qpk � 1q � r 2 � C`k

2

becomes negative for allk P N su�ciently large. Taking the countable intersection of the Baire
setsJ reg

" pk; r; ` q for all k; r; `; g; A , we obtain:

Corollary 5.32. For every " PE, there exists a Baire subsetJ reg
" € J " such that for all J PJ reg

"

and any giveng ¥ 0, A P H2pM q and r; ` P N, the set of " -regular elements in M k;r;`
g;1 pA; J q is

empty wheneverk is large enough for the integer in(5.24) to be negative. �

For the proof of Theorem 5.26, we will use a variation on a popular trick due to Taubes,
presenting the desired setJ reg € J pM; ! ; U; J�x q as the intersection of an explicit countable
collection of open and dense subsets. This depends on the ability to decompose the relevant
moduli space into a countable union of compact subsets, and as preparation, the following lemma
gives a way of doing this for the moduli space of complex structures. Given a smooth oriented
surface �, we let J p� q denote the space of smooth complex structures on � compatible with
the orientation, with its natural C8 -topology. For integers g; m ¥ 0, M g;m will denote the

10Strictly speaking, the de�nition of Vk
r;` in this context depends on the germs near � P � of the vector bundles

Nu and HomCpT � ; Nu q, which vary as pu; �; t; J qmoves in xU k;r;`
g; 1 pA; J " q, so for the purposes of (5.23),Vk

r;` should

be replaced with a suitable �ber bundle over xU k;r;`
g; 1 pA; J " q, of which the map in (5.23) is a section. This detail

makes little di�erence for the present argument, however, s ince the family pu; �; J � q PU �
g; 1pA; J " q involves a �xed

curve with a �xed marked point and J � |im pu q also �xed.
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(uncompacti�ed) moduli space of Riemann surfaces with genus g and m marked points; recall
that elements of the latter are equivalence classes of tuples p� ; j; � q where p� ; j q is a Riemann
surface of genusg and � € � is an ordered set of m points.

Lemma 5.33. Given integers g; m ¥ 0, �x a closed surface � of genusg and an ordered set of
m points � � t � 1; : : : ; � mu P� g. Then there exists a nested sequence of compact subsets

J 1p� ; � q € J 2p� ; � q € J 3p� ; � q € : : : € J p� q

such that every element ofM g;m has a representativep� ; j; � q for some j PJ K p� ; � q, K PN.

Proof. Let � : J p� q Ñ M g;m : j ÞÑ rp� ; j; � qsdenote the natural projection. Choose for each
j P J p� q a smooth sliceTj € J p� q through j for the natural action of Di� 0p� ; � q on J p� q,
i.e. Tj locally parametrizes the Teichm•uller space ofp� ; � q near j . Since Teichm•uller space is
�nite dimensional, Tj contains a compact neighborhoodVj € Tj of j , and the image ofVj under
� is then a neighborhood ofrp� ; j; � qs in M g;m . Since the latter is second countable, we can
then �nd a sequence j 1; j 2; j 3; : : : P J p� q such that

”
i PN � pVj i q � M g;m . Set J K p� ; � q :�

Vj 1 Y : : : Y Vj K . �

Proof of Theorem 5.26. For the following de�nition, we �x a model surface � g of genusg and
a point � P � g, along with Riemannian metrics on � g and M , denoting the various induced
distance functions by distp�; �q. The Levi-Civit�a connection then induces connections on the
bundles E � Nu and F � HomCpT� g; Nuq appearing below, which can be used in de�ning
metrics on the jet spacesJ k

� E and J k
� F . For each K; ` PN, �x an integer k :� kpK; ` q ¥ ` large

enough so that

(5.25) vir-dim M k;r;`
g;1 pA; J q   0 for all r P t1; : : : ; K u:

With this choice in place, we de�ne

N K pJ q €
K¤

r � 1

M k;r;`
g;1 pA; J q

as a set of elementspu; �; t q satisfying quantitative versions of the various conditions de�ning
the spacesM k;r;`

g;1 pA; J q. Concretely, we require every element ofN K pJ q to be representable as
a curve u : p� g; j q Ñ pM; J q with marked point � P � g and t P Vk

r;` pgu ; hu ; � u ; D N
u q with |t | � 1

such that:
(1) Domains do not degenerate:j belongs to the compact setJ K p� g; t � uqfrom Lemma 5.33.
(2) Bubbles do not form: supzP� g

|dupzq| ¤ K .
(3) The marked point does not escape:distpup� q; M zUq ¥ 1{K .
(4) The marked point remains an injective point:

|dup� q| ¥
1
K

and inf
zP� g zt � u

distpup� q; upzqq
distp� ; z q

¥
1
K

:

(5) The rank of t does not blow up: rank t ¤ K .
(6) The vanishing order of t does not increase:Writing E � Nu and F � HomCpT� g; Eq,

the distance of t PJ k
� E b J k

� F from the subspacepJ k
� E b J k

� F q̀ is at least 1{K .
Now let

J reg;K :�
!

J PJ pM; ! ; U; J�x q
�
�
� N K pJ q � H

)
:

To see thatJ reg;K is open, suppose the contrary: then there exist sequencesJ� PJ pM; ! ; U; J�x q
and pu� ; �; t � q PN K pJ� q with J� Ñ J P J reg;K as � Ñ 8 . Assuming the parametrizations
u� : p� g; j � q Ñ pM; J � q satisfy all of the conditions listed above, elliptic regularity combined
with the compactness ofJ K p� g; t � uqand the condition |t � | � 1 then gives a subsequence con-
verging to an element ofN K pJ q, which is a contradiction.

We claim that J reg;K is also dense. To see this, recall that the reference structure Jref in the
de�nition of J " was arbitrary, so it will su�ce to prove that for some " PE, J " contains arbitrarily
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C" -small perturbations of Jref that are in J reg;K . The argument of the previous paragraph
shows that N K pJref q is compact, so since"-regularity is an open condition, Lemma 5.31 implies
after taking a lower bound for �nitely many choices of " P E that every element of N K pJref q
is " -regular, and so therefore is everything in some open neighborhood of N K pJref q � t Jref u
in U k;r;`

g;1 pA; J " q. Since J reg
" € J " is a Baire subset, we can choose a sequenceJ� P J reg

"

with J� Ñ Jref , and we claim that J� P J reg;K for all � su�ciently large. If not, then after
restricting to a subsequence, there exists a sequencepu� ; � � ; t � q PN K pJ� q which converges by
the compactness argument in the previous paragraph to an element of N K pJref q, implying that
pu� ; � � ; t � q is " -regular for � large. In light of the assumption vir-dim M k;r;`

g;1 pA; J q   0, this
contradicts Corollary 5.32.

The space
J reg :�

£

K PN

J reg;K € J pM; ! ; U; J�x q

is now a Baire subset. IfJ P J reg and there exists a simpleJ -holomorphic curve u : p� ; j q Ñ
pM; J q of genusg with an injective point � P u� 1pUq € � at which Petri's condition is not
satis�ed to in�nite order, then we can de�ne u as an element ofM �

g;1pA; J q by calling � the
marked point. Since nontrivial elements t P ker D N

u b kerpD N
u q� have �nite rank and cannot

vanish to in�nite order at any point, we can then normalize t and thus �nd an element pu; �; t q P
N K pJ q for K su�ciently large, which is a contradiction. This proves tha t for J P J reg, all
simple curvesv : p� ; j q Ñ pM; J q satisfy Petri's condition to in�nite order at every injecti ve
point in v� 1pUq, which is an open and dense subset ofv� 1pUq. It follows that the condition is
also satis�ed for all multiple covers u � v � ' at points in u� 1pUq � ' � 1pv� 1pUqqthat are not
branch points and are preimages of injective points; that islikewise an open and dense subset
of u� 1pUq. �

Remark 5.34. The proof above would work equally well to �nd generic families of almost
complex structures depending on �nitely many parameters such that Petri's condition is always
satis�ed. The key point is that for the parametric moduli spa ces analogous toM k;r;`

g;1 pA; J q and
xM k;r;`

g;1 pA; J q, the codimension of the former in the latter grows quadratically with k, while the

dimension of the larger space grows only linearly, so that the space analogous toM k;r;`
g;1 pA; J q

will always turn out to be empty for generic choices if k is made su�ciently large, no matter
how many extra dimensions are added to the original moduli space by introducing parameters.
The extension to families is important for the bifurcation t heory discussed in§2.4.

5.5. A global application. We now give an application of Petri's condition which will be
crucial for the proof of Theorem D. The setting is as follows:assumeE and F are smooth real
vector bundles over a smooth (not necessarily compact) manifold M , with chosen bundle metrics
x ; yE , x ; yF and a chosen volume from� on M which are used to de�neL 2-pairings

x�; � 1yL 2 :�
»

M
x�; � 1yE �; x�; � 1yL 2 :�

»

M
x�; � 1yF �

for �; � 1 P � pEq and �; � 1 P � pF q. The product x�; � 1yL 2 is well de�ned for two (not necessarily
smooth or compactly supported) sections�; � 1 of E whenever the function x�; � 1yE belongs to
L 1pM; � q, and in this case we will say they areL 2-orthogonal if x�; � 1yL 2 � 0; an analogous
de�nition applies for sections of F . Consider a linear partial di�erential operator D : � pEq Ñ
� pF qand its formal adjoint D � : � pF q Ñ � pEqde�ned via x�; D � yL 2 � x D � �; � yL 2 for all smooth
sections�; � with compact support. We will consider the extensions of both of these operators
to certain Banach space completions,

D : X pEq Ñ Y pF q; D � : X � pF q Ñ Y � pEq;

where X pEq and Y � pEq are Banach spaces of sections ofE in some regularity class de�ned
almost everywhere, whileY pF q and X � pF q are likewise Banach spaces of sections ofF . In this
functional-analytic setting, we impose the following assumptions:
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(1) D and D � are Fredholm operators whose kernels consist only of smoothsections;
(2) ker D � € Y pF q, and the L 2-product x�; � 1yL 2 is well de�ned whenever � P Y pF q and

� 1P ker D � , so in particular it is well de�ned whenever both are in ker D � ;
(3) Y pF q � im D ` ker D � , where the two factors in this splitting are closedL 2-orthogonal

subspaces.
We shall denote the natural projection resulting from the third assumption by

� : Y pF q Ñ ker D � :

Remark 5.35. In the setting of §3.2, the assumptions above are satis�ed for a Cauchy-Riemann
type operator 9D : � p 9Eq Ñ � p 9F qover a punctured Riemann surface9�, using the weighted Sobolev
spacesX p 9Eq :� W k;p;� � p 9Eq and Y p 9F q :� W k � 1;p;� � p 9F q for k P N, p P p1; 8q and exponential
weights � � t � w ¡ 0uwP� ; recall that 9D is Fredholm if all � w are chosen to be su�ciently small.
For the formal adjoint 9D � , we then de�ne X � p 9F q :� W k;p;� p 9F q and Y � p 9Eq :� W k � 1;p;� p 9Eq, so
that Proposition 3.13 provides the necessary splitting ofY p 9F q.

Lemma 5.36. Given the assumptions above, supposeU € M is an open subset such thatD
satis�es Petri's condition over U. Assume moreover thatV € � pHompE; F qqis a linear subspace
satisfying the following conditions:

(1) � � PY pF q for all � P V and � Pker D .
(2) There exists a dense subset� € U with the following property: for every z P � and

� 0 P HompEz; Fzq, there exists a� P � pHompE; F qqsatisfying � pzq � � 0 such that for
every neighborhoodU1 € U of z, � � P V for some smooth function� : M Ñ r 0; 1s with
compact support in U1 satisfying � pzq � 1.

Then the linear map L : V Ñ Hompker D ; ker D � q de�ned by Lp� q� � � p� � q is surjective.

Proof. Fix bases� 1; : : : ; � m Pker D and � 1; : : : ; � n Pker D � . Since imD � ker � is L 2-orthogonal
to ker D � , we then have

xLp� q� i ; � j yL 2 � x � � i ; � j yL 2 for all i � 1; : : : ; m; j � 1; : : : ; n;

and these matrix elements determineLp� q : ker D Ñ ker D � . Now if L is not surjective, there
exists a nontrivial linear map 	 : ker D Ñ ker D � which is \orthogonal" to every Lp� q in the
sense that its matrix elements 	 ij :� x 	 � i ; � j yL 2 PR satisfy

¸

i;j

	 ij x� � i ; � j yL 2 � 0

for every � PV . We can rewrite this as

0 �
¸

i;j

	 ij
»

U
x� � i ; � j yF � �

»

U
x ; yF � p� b 1q �

� ¸

i;j

	 ij � i b � j



�;

where
°

i;j 	 ij � i b � j is regarded as a section ofE b F . Since the 	 ij are not all zero, this section
is the image of a nontrivial element of kerD b ker D � under the Petri map, so by assumption,
it does not vanish identically on U. Now choose a pointz P � at which this section is nonzero.
Lemma 5.37 below provides a linear map �0 : Ez Ñ Fz such that the integrand is positive nearz
for any � P V satisfying � pzq � � 0, and we can then make the entire integral positive after
multiplying � by smooth bump functions with su�ciently smal l support. �

We used:

Lemma 5.37. SupposeV and W are real �nite-dimensional vector spaces,x ; y : W b W Ñ R is
an inner product on W , and T P V b W is nonzero. Then there exists a linear map� : V Ñ W
such that x ; y � p� b 1qpTq ¡ 0.

Proof. Choosing a basisv1; : : : ; vn of V , we haveT �
° n

j � 1 vj b wj for unique vectorsw1; : : : ; wn P
W , which do not all vanish sinceT � 0. Choosing � : V Ñ W such that � pvj q � wj for all j
then gives x ; y � p� b 1qpTq �

°
j xwj ; wj y ¡ 0. �
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6. Proof of the stratification theorem

We are now in a position to prove Theorem D. The main idea behind the proof is standard,
though some details are less so: we will write down a universal moduli space with a projection
to a suitable Banach manifold of perturbed data whose regular values have the property stated
in the theorem. The hard part is of course to prove that the universal moduli space is a
smooth Banach manifold|this follows from the implicit func tion theorem after proving that
some version of the operator de�ned in (3.24) is surjective,and that is where the results of the
previous section on Petri's condition are needed.

Fix Jref P J pM; ! ; U; J�x q and consider again the spaceJ " of Floer C" -small perturbations
of Jref as constructed in §5.4 via a choice of decaying positive sequence" � t " � u8

� � 0 P E. For
each of the choices of data in the statement of Theorem D, we de�ne a universal moduli space

U dpJ " ; `1; : : : ; `m q

consisting of pairspu; J q with J PJ " and u belonging to the isosymmetric stratum

M dpJ ; `1; : : : ; `m q :� M d
b pM g;mpA; J ; `1; : : : ; `mqq:

We shall denote elements ofM dpJ ; `1; : : : ; `m qby u � v � ' , where we have chosen parametriza-
tions of the underlying simple curve v : p� ; j q Ñ pM; J q and the d-fold branched cover ' :
p� 1; j 1q Ñ p� ; j q. Recall from §3 that for every such element u � v � ' , there is a unique
isomorphism class of minimal regular presentations for' , giving rise to a regular cover

p' : pp� ; p|q Ñ p 9� ; j q

with automorphism group G :� Aut pp' q, where 9� is the punctured surface obtained from �
by removing the critical values of ' . We can then consider theJ -holomorphic curve pu :�
v � p' : pp� ; p|q Ñ pM; J q and its normal Cauchy-Riemann operator 9D N

pu , de�ned as in §3.2 on a
Sobolev space of sections ofE :� N pu over the punctured domain p� with negative exponential
weights close to zero. Recall that its formal adjoint p9D N

pu q� is de�ned on a similar Sobolev
space of sections ofF :� HomCpT p� ; N puq, but with corresponding positive exponential weights.
The notation associating to eachpu � v � '; J q PU dpJ " ; `1; : : : ; `m q a regular covering map
p' of potentially larger degree and correspondingJ -holomorphic curve pu � v � p' will be used
consistently in the following.

De�nition 6.1. Given integersk; c ¥ 0 and an almost complex structureJ , we de�ne the subset

M dpJ ; `1; : : : ; `m ; k; cq :�
!

u PM dpJ ; `1; : : : ; `mq
�
�
� dim ker 9D N

pu � k and dim coker 9D N
pu � c

)
:

This gives rise to a universal moduli space

U dpJ " ; `1; : : : ; `m ; k; cq € U dpJ " ; `1; : : : ; `m q

consisting of all pairs pu; J q such that J PJ " and u PM dpJ ; `1; : : : ; `m ; k; cq.

By the results of §3.5, in particular Lemma 3.24, the connected components of the sub-
sets M dpJ ; `1; : : : ; `m ; k; cq for individual values of k and c are precisely the walls described
in Theorem D (see also Remark 2.14). We would thus be able to apply the standard Sard-
Smale argument toward a proof of Theorem D if we could show that U dpJ " ; `1; : : : ; `m ; k; cq €
U dpJ " ; `1; : : : ; `m q is a smooth Banach submanifold of the correct �nite codimension on each
component. What we will actually show is that this is true for a certain open subset of
U dpJ " ; `1; : : : ; `m ; k; cq, which su�ces due to the genericity of Petri's condition.

De�nition 6.2. An element u � v � ' P M dpJ ; `1; : : : ; `m ; k; cq will be called Petri regular
if for the regular covering map p' and correspondingJ -holomorphic curve pu � v � p' described
above, the operator 9D N

pu satis�es Petri's condition over pu� 1pUq. We will denote the set of Petri
regular curves by

M d
� pJ ; `1; : : : ; `m ; k; cq € M dpJ ; `1; : : : ; `m ; k; cq;
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and de�ne the corresponding universal moduli space

U d
� pJ " ; `1; : : : ; `m ; k; cq € U dpJ " ; `1; : : : ; `m ; k; cq

to be the set of pairspu; J q PU dpJ " ; `1; : : : ; `m ; k; cq such that u belongs to the moduli space
M d

� pJ ; `1; : : : ; `m ; k; cq.

Remark 6.3. The condition de�ning M d
� pJ ; `1; : : : ; `m ; k; cq is clearly satis�ed by any curve

u � v � ' for which D N
v satis�es the local Petri condition on v� 1pUq, thus by Theorem 5.26, there

is a Baire subset inJ pM; ! ; U; J�x qfor which M d
� pJ ; `1; : : : ; `m ; k; cq � M dpJ ; `1; : : : ; `m ; k; cq.

The next several results are aimed at proving that for suitable choices of the sequence",
U d

� pJ " ; `1; : : : ; `m ; k; cq is a �nite-codimensional Banach submanifold ofU dpJ " ; `1; : : : ; `m q.

Lemma 6.4. For " P E with su�ciently rapid decay, U dpJ " ; `1; : : : ; `m q carries a smooth
Banach manifold structure such that everypu0 � v0 � ' 0; J0q PU dpJ " ; `1; : : : ; `m q admits a
neighborhoodV € U dpJ " ; `1; : : : ; `mq with a smooth family of vector bundle isomorphisms

v�
0 T M �ÝÑ v� T M; for pu � v � '; J q PV

mapping Nv0 isomorphically to Nv .

Proof. For each pu0 � v0 � ' 0; J0q P U dpJ " ; `1; : : : ; `m q, the underlying simple curve v0 :
p� ; j 0q Ñ pM; J q lives in the universal moduli spaceU � pJ " q de�ned in Appendix A, more
speci�cally in the subset

U � pJ " ; `1; : : : ; `m q € U � pJ " q
of this space de�ned by the condition that the i th marked point should have critical order ` i and
curves are immersed everywhere else. If" has su�ciently rapid decay, then U � pJ " q is a smooth
Banach manifold, and U � pJ " ; `1; : : : ; `m q is an open subset of the spacexU � pJ " ; `1; : : : ; `m q €
U � pJ " q, which is shown in Lemma A.3 to be a smooth �nite-codimensional submanifold ofU � pJ " q.
In particular, we can identify an open neighborhood of the element pv0; J0q in U � pJ " ; `1; : : : ; `m q
with a smooth �nite-codimensional submanifold

X " € �B� 1p0q € T � B � J "

of the zero-set of the nonlinear Cauchy-Riemann operator�B, where T denotes a Teichm•uller
slice through j 0 in the space of complex structures on �, and B is a suitable Banach manifold
of mapsv : � Ñ M .

We claim that there exists a neighborhoodV0 € X " of pj 0; v0; J0q that parametrizes a smooth
family of bundle isomorphisms v�

0 T M Ñ v� T M sending Nv0 to Nv . Note that this would be
clearly false if we did not impose the critical point constraints on v, as e.g.v0 might then have
critical points while v is immersed, in which caseNv0 and Nv would have di�erent topological
types. AssumingNv € v� T M is always de�ned as the symplectic orthogonal complement ofTv €
v� T M with Tv :� im dv away from critical points, let us recall from [Wen10] how the latter is
de�ned at critical points. We have a smooth family of bundlesv� T M carrying linearized Cauchy-
Riemann operatorsD v , whose complex-linear partsD C

v de�ne a smooth family of holomorphic
structures on v� T M . The crucial observation is then that dv P � pHomCpT� ; v� T M qqis always
a holomorphic section with respect to the holomorphic bundle structures onv� T M and T�, so
choosing a smooth family of holomorphic trivializations and holomorphic coordinates near the
i th marked point, each dv is represented by some holomorphic function of the form

f pi q
v : D Ñ Cm ; f pi qpzq � z` i gpi q

v pzq;

where gpi q
v : D Ñ Cm is another family of holomorphic functions which depend smoothly on

pj; v; J q PX " but also are nonzero at 0. The main point here is that the critical orders ` i do
not vary with v. The span of gpi q

v p0q thus de�nes the �bers of Tv near each critical point, so we
deduce smooth dependence ofTv on pj; v; J q PX " , and therefore also ofNv .

We can parametrize a neighborhood of' 0 in M d
b pj 0q as explained in Examples 3.6 and 3.8,

meaning that if � � t w1; : : : ; wr u € � is the set of critical values of ' 0, we choose a smooth
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family of di�eomorphisms  � : � Ñ � parametrized by � P B 2r which are holomorphic near �
and supported on a slightly larger neighborhood of � such that  0 � Id and

B 2r Ñ � � r : � ÞÑ p � pw1q; : : : ;  � pwr qq

is a di�eomorphism onto an open set. The neighborhood ofpu0; J0qin the spaceU dpJ " ; `1; : : : ; `mq
can now be identi�ed with B 2r � X " by associating to eachp�; pj; v; J qq PB 2r � X " the curve
v � p � � ' 0q, making U dpJ " ; `1; : : : ; `m q a smooth �ber bundle over U � pJ " ; `1; : : : ; `m q. �

Lemma 6.5. The subsetU d
� pJ " ; `1; : : : ; `m ; k; cq € U dpJ " ; `1; : : : ; `m ; k; cq is open.

Proof. Lemma 6.4 implies that the operators 9D N
pu and p9D N

pu q� can both be understood as varying
continuously with pu; J q PU dpJ " ; `1; : : : ; `m q, and the dimensions of their kernels are locally
constant as long aspu; J q moves only in the subsetU dpJ " ; `1; : : : ; `m ; k; cq. It follows that
the family of Petri maps de�ned on ker D N

pu b kerpD N
pu q� and then restricted to pu� 1pUq depends

continuously on pu; J q PU dpJ " ; `1; : : : ; `m ; k; cq, and since their domains are �nite dimensional,
the injectivity of these maps is an open condition. �

Following Example 3.8, the smooth family of operatorsD N
v parametrized byU dpJ " ; `1; : : : ; `m q

can now be �t into the general picture from §3 of a parametrized family of bundles with Cauchy-
Riemann operators. In particular, we choose the parameter space P to be the local model of
U dpJ " ; `1; : : : ; `m q near pu0; J0q described in the proof of Lemma 6.4 above,

P :� B 2r � X " € B 2r � �B� 1p0q € B 2r � p T � B � J " q;

and in the notation of §3, associate to each� � p �; pj; v; J qq PP the data

 � :�  � ; j � :� j; pE � ; J� q :� p Nv ; J q; D � :� D N
v :

If pu0; J0q PU dpJ " ; `1; : : : ; `m ; k; cq, then using the setup in §3.5, we now �nd a smooth map

(6.1) F " : B 2r � X " Ñ HomG
�

ker 9D N
pu0

; kerp9D N
pu0

q� �

whose zero-set is a neighborhood ofpu0; J0q in U dpJ " ; `1; : : : ; `m ; k; cq.

De�nition 6.6. We will say that pu0; J0q PU dpJ " ; `1; : : : ; `m ; k; cq is " -regular if " P E has
su�ciently rapid decay to satisfy the conclusions of Lemma 6.4 and, additionally, the lineariza-
tion of the map (6.1) at p0; pj 0; v0; J0qqis surjective. Given J P J pM; ! ; U; J�x q and " P E, an
element u in the spaceM dpJ ; `1; : : : ; `m ; k; cq will similarly be called "-regular if J P J " and
pu; J q is " -regular.

In analogy with De�nition 5.30, " -regularity for an element pu0; J0q PU dpJ " ; `1; : : : ; `m ; k; cq
just means that a neighborhood ofpu0; J0q in this space is a smooth Banach submanifold with the
\correct" �nite codimension in U dpJ " ; `1; : : : ; `m q. It could be phrased alternatively as the con-
dition that pu0; J0q is a transverse intersection of the mappu; J q ÞÑ9D N

pu from U dpJ " ; `1; : : : ; `m q
to the relevant space ofG-equivariant Fredholm operators with the �nite-codimensi onal sub-
manifold t T | dim ker T � dim ker 9D N

pu0
u; expressed in this way," -regularity is clearly an open

condition and is independent of the choices involved (except of course for the choice of" P E).
Let us de�ne the analogous condition for moduli spaces with �xed J . Note that if the sim-

ple curve v0 is regular for the constrained moduli spaceM g;mpA; J 0 ; `1; : : : ; `m q as de�ned in
Appendix A, then the set

X pJ0q :�
 
pj; v; J 0q PX "

�
� j PT ; v PB

(
€ �B� 1

J0
p0q

is independent of" P E and is a smooth �nite-dimensional submanifold parametrizing a neigh-
borhood of v0 in M g;mpA; J 0 ; `1; : : : ; `m q. A neighborhood of u0 in M dpJ ; `1; : : : ; `m q is
then parametrized by the submanifold B 2r � X pJ0q € B 2r � X " . We will say that u0 P
M g;mpA; J 0 ; `1; : : : ; `m ; k; cq is regular in its stratum if regularity of v0 in the sense above
holds and, additionally, the restricted linearization

Tp0;pj 0 ;v0 ;' 0qqpB 2r � X pJ0qq HomG
�

ker 9D N
pu0

; kerp9D N
pu0

q�
�dF " p0;pj 0 ;v0 ;' 0qq
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is surjective. This can also be rephrased as a transverse intersection condition in the space of
Fredholm operators, and is thus open and independent of choices (including "). Our goal is to
show that all curves satisfy this condition for genericJ .

Lemma 6.7. If u � v � ' P M dpJref ; ; `1; : : : ; `m ; k; cq is Petri regular, then it is " -regular for
all " PE with su�ciently rapid decay.

Proof. Clearly pu; Jref q P U d
� pJ " ; `1; : : : ; `m ; k; cq for every " P E, and we shall assume"

has su�ciently rapid decay so that U dpJ " ; `1; : : : ; `m q is a smooth Banach manifold. By
Lemma 5.27, there is a large space of smooth perturbationsY P TJ ref J pM; ! ; U; J�x q that
give rise via (5.21) to smooth 1-parameter familiesJ� :� J�Y P J pM; ! ; U; J�x q for which v
remains J� -holomorphic, and the normal Cauchy-Riemann operatorD N

v is perturbed in the
direction of an arbitrary smooth zeroth-order term AY with support in v� 1pUq away from the
discrete set of critical and double points of v. Such a perturbation de�nes a tangent vec-
tor p0; Y q PTpu;J ref qU dpJ " ; `1; : : : ; `m q whenever " has su�ciently rapid decay for Y to be of
classC" . Assuming this for the moment, the resulting perturbation t o 9D N

pu is

9D N
pu  9D N

pu � p' � AY ;

hence di�erentiating F " in the direction p0; Y q produces aG-equivariant linear map LpYq :
ker 9D N

pu Ñ kerp9D N
pu q� given by (3.24), namely

LpYq� � �
�
pp' � AY q�

�
;

in terms of the projection

� : W k � 1;p;� p' � � pN puq � imp9D N
pu q ` kerp9D N

pu q� Ñ kerp9D N
pu q� :

We claim that Y can be chosen to makeLpYq equal to any given element

	 P HomG
�

ker 9D N
pu ; kerp9D N

pu q� �
:

Indeed, let us abbreviateE � Nv and F � HomCpT� ; Nvq, and let � € v� 1pUq € � denote the
set of injective points of v that are not critical values of p' and have image inU; these form an
open and dense subset ofv� 1pUq. Since 9D N

pu satis�es Petri's condition over pu� 1pUq, Lemma 5.36
then provides for any given 	 a section pA P � pHomRpp' � 9E; p' � 9F qqwith compact support in the
open and dense subsetp' � 1p� q € pu� 1pUq such that

x�; pA� yL 2 � x �; 	 � yL 2

for all � Pkerp9D N
pu q� and � P ker 9D N

pu . Note that we are free to assume theL 2-product is invariant
under the action of G via deck transformations. Then since 	 is G-equivariant, we also have for
every g PG,

x�; pg pAq� yL 2 � x g� 1�; pApg� 1� qyL 2 � x g� 1�; 	 pg� 1� qyL 2 � x g� 1�; g � 1p	 � qyL 2 � x �; 	 � yL 2 ;

implying that the symmetrization pAG :� 1
|G|

°
gPG g pA also satis�es

x�; pAG � yL 2 � x �; 	 � yL 2

for all �; � . But the G-invariance of pAG implies pAG � p' � A for some A P � pHomRp 9E; 9F qq
with compact support in �, hence A � AY for some Y P TJ ref J pM; ! ; U; J�x q, and this
proves the claim. We can now choose any �nite collection of perturbations Y1; : : : ; YN P
TJ ref J pM; ! ; U; J�x q such that the LpYi q span HomG

�
ker 9D N

pu ; kerp9D N
pu q�

�
, and choose" P E

so that all of them are of classC" . �

By the implicit function theorem, the open set of " -regular elements in

U dpJ " ; `1; : : : ; `m ; k; cq € U dpJ " ; `1; : : : ; `m q
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is a smooth Banach submanifold whose codimension near any given elementpu; J q is given by
the formula in (3.23), and thus matches codimpuq as speci�ed by De�nition 2.11. We can then
apply the Sard-Smale theorem to the projection

U dpJ " ; `1; : : : ; `m ; k; cq Ñ J " : pu; J q ÞÑJ

and thus �nd a Baire subset J reg
" € J " such that for all J P J reg

" , all " -regular elements of
M dpJ ; `1; : : : ; `m ; k; cq are regular in their stratum.

To turn this into a Baire subset of J pM; ! ; U; J�x q and drop the "-regularity condition, we
now apply another variation on the Taubes trick that was used in the proof of Theorem 5.26,
i.e. we exhaust the moduli space of Petri regular curves by a countable collection of compact
subsets

N K pJ q € M d
� pJ ; `1; : : : ; `m ; k; cq; K PN;

in order to de�ne open and dense subsets ofJ pM; ! ; U; J�x qwhose intersection has the desired
properties. As in §2.2, let h ¥ 0 denote the genus ofd-fold branched covers of a genusg surface
as determined by the branching datab and the Riemann-Hurwitz formula. We shall again write
b � p b1; : : : ; b r q for some r ¥ 0, where each individual b i is a tuple pb1

i ; : : : ; bqi
i q of natural

numbers satisfying
° qi

j � 1 bj
i � d. Now �x a closed model surface �g of genusg along with an

ordered set of distinct points � � p x1; : : : ; xm q in � g and a continuous functionFg : � g Ñ r 0; 8q
that is positive on � z� and, using local complex coordinates z to identify a neighborhood of
eachx j with D € C so that x j becomes 0PD, satis�es

Fgpzq � | z|` j near x j ; j � 1; : : : ; m:

Similarly, �x a closed model surface � h of genush, an ordered set of distinct points

� 1 � p � 1
1 ; : : : ; � q1

1 ; : : : ; � 1
r ; : : : ; � qr

r q

in � h , and a continuous function Fh : � h Ñ r 0; 8q that is positive on � hz� 1 and takes the form

Fhpzq � | z|b
j
i � 1 near � j

i ; j � 1; : : : ; qi ; i � 1; : : : ; r

in suitable local coordinates. We also make arbitrary choices of Riemannian metrics on �g,
� h and M so as to de�ne the various distance functions distp ; q and norms referred to below.
We then de�ne N K pJ q to consist of every element inM dpJ ; `1; : : : ; `m ; k; cq that admits a
representative of the form u � v � ' : p� h ; j 1q Ñ pM; J q, with v : p� g; j q Ñ pM; J q simple and
' : p� h ; j 1q Ñ p� ; j q a d-fold holomorphic branched cover, such thatv is critical of order ` i at
x i for i � 1; : : : ; m and ' has branching orderbj

i at � j
i for j � 1; : : : ; qi and i � 1; : : : ; r , and the

following quantitative conditions are also satis�ed:

(1) Domains do not degenerate:Using the compact sets of complex structures provided by
Lemma 5.33,j P J K p� g; � q and j 1 PJ K p� h ; � 1q.

(2) Bubbles do not form: supzP� g
|dvpzq| ¤ K and supzP� h

|d' pzq| ¤ K .
(3) Injective points do not disappear: There exists a point � P � g such that

|dvp� q| ¥
1
K

; inf
zP� g zt � u

distpvp� q; vpzqq
distp� ; z q

¥
1
K

; and distpvp� q; M zUq ¥
1
K

:

(4) Critical orders do not increase:

inf
zP� g z�

|dvpzq|
Fgpzq

¥
1
K

and inf
zP� h z� 1

|d' pzq|
Fhpzq

¥
1
K

:

(5) Images of branch points do not collide:There exist distinct points wi � ' p� 1
i q � : : : �

' p� qi
i q P� g for i � 1; : : : ; r such that

distpwi ; wj q ¥
1
K

for all i; j � 1; : : : ; r with i � j:
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(6) Kernels do not get larger: Writing 9E :� N pu and 9F :� HomCpT p� ; N puq for the canonically
de�ned regular cover pu : p� Ñ M of v, the operator 9D N

pu : W k;p;� � p 9Eq Ñ W k � 1;p;� � p 9F q
satis�es

�
�
� 9D N

pu �
�
�
�

W k � 1;p; � �
¥

1
K

inf
� Pker 9D N

pu

} � � � }W k;p; � � for all � P W k;p;� � pN puq:

(7) Curves remain Petri regular: For the regular cover pu, the Petri map � : ker 9D N
pu b

kerp9D N
pu q� Ñ � p 9E b 9F q satis�es the estimate

} � ptq}C0pp� K q ¥
1
K

}t};

where p� K :�
!

z P p�
�
� distppupzq; M zUq ¥ 1{K

)
and the norm on the tensor product

ker 9D N
pu b kerp9D N

pu q� is de�ned via any norms on ker 9D N
pu and kerp9D N

pu q� that vary contin-
uously with u PM dpJ ; `1; : : : ; `m ; k; cq.

Clearly every element ofM d
� pJ ; `1; : : : ; `m ; k; cq belongs to someN K pJ q for K PN su�ciently

large. Now de�ne

J reg;K € J pM; ! ; U; J�x q

via the property that J PJ reg;K if and only if every element ofN K pJ q is regular in its stratum.
We claim that J reg;K is open in J pM; ! ; U; J�x q. Indeed, supposeJ� P J pM; ! ; U; J�x q

is a sequence converging toJ P J reg;K as � Ñ 8 such that for every � , there exists a curve
u� P N K pJ� q that is not regular in its stratum. Given parametrizations u� � v� � ' � with
v� : p� g; j � q Ñ pM; J � qand ' � : p� h ; j 1

� q Ñ p� g; j � qsatisfying the conditions above, conditions 1
and 2 imply via standard elliptic regularity arguments that there are C8 -convergent subse-
quencesv� Ñ v, j � Ñ j , ' � Ñ ' and j 1

� Ñ j 1, so that u� itself converges to the composition
of a J -holomorphic curve v : p� g; j q Ñ pM; J q and another d-fold holomorphic branched cover
' : p� h ; j 1q Ñ p� ; j q. Since all conditions in the de�nition of N K pJ qare closed, they are also sat-
is�ed for the limit u. Condition 3 then guarantees that v has an injective point mapped into U,
conditions 4 and 5 ensure that bothv and ' satisfy the given constraints on critical orders and
branching data, and condition 6 implies via Lemma 6.8 below that dim ker 9D N

pu � dim ker 9D N
pu �

.
It follows that u P M dpJ ; `1; : : : ; `m ; k; cq, thus u also belongs toN K pJ q and must therefore
be regular in its stratum. Regularity must then also hold for u� with � su�ciently large, since
it is an open condition, and this is a contradiction.

The use of condition 6 in the above argument depends on interpreting it in terms of the
injective map induced by 9D N

pu on the quotient of its domain by its kernel, and then feeding this
into the following functional-analytic lemma:

Lemma 6.8. SupposeX and Y are Banach spaces,T n : X Ñ Y is a sequence of Fredholm
operators converging to a Fredholm operatorT : X Ñ Y, and there exists a constantc ¡ 0 such
that

}T nx}Y ¥ c} � nx}X { ker T n ;

where � n : X Ñ X { ker T n is the quotient projection. Then dim ker T n � dim ker T for all n
su�ciently large.

Proof. One can use the same trick as in the proof of Lemma 3.25 to �nd a sequence of Banach
space isomorphisms� n : X Ñ X converging to 1 such that ker T n € � npker T q for every n
su�ciently large. Then if dim ker T n   dim ker T for all n, we can �nd a bounded sequencexn P
� npker T q such that the norm of � npxnq in X { ker T n is bounded away from zero. Equivalently,
xn � � npvnq for a bounded sequencevn P ker T , which then has a subsequence convergent to
somev8 P ker T since dim kerT   8 , implying a corresponding subsequencexn Ñ x8 and thus
T nxn Ñ 0. The latter contradicts the estimate in the hypothesis. �



TRANSVERSALITY AND SUPER-RIGIDITY FOR HOLOMORPHIC CURVES 81

We claim that J reg;K is also dense inJ pM; ! ; U; J�x q. Since the reference structureJref P
J pM; ! ; U; J�x q can be chosen arbitrarily, it su�ces to �nd some " P E and a sequenceJ� P
J reg;K such that J� Ñ Jref in the C" -topology. The argument used above for openness shows
that N K pJref q is compact, and condition 7 implies that every curve inN K pJref q is Petri regular,
so by Lemma 6.7, one can choose a lower bound for a �nite set of choices" PE and thus assume
that every curve in N K pJref q is " -regular. Now pick a sequenceJ� P J reg

" with J� Ñ Jref , and
arguing by contradiction, supposeJ� R J reg;K , meaning there exists a sequenceu� P N K pJ� q
such that each u� is not regular in its stratum. After passing to a subsequence, the previous
compactness argument shows thatu� converges to someu P N K pJref q, implying that u� is " -
regular for all � su�ciently large. That contradicts the de�nition of J reg

" and thus proves the
claim.

To conclude,
“

K PN J reg;K is now a Baire subset ofJ pM; ! ; U; J�x qcontaining almost complex
structures J such that every Petri regular curve in M dpJ ; `1; : : : ; `m ; k; cq is regular in its
stratum. By Theorem 5.26, we can intersect this with anotherBaire subset in order to assume
that every curve in M dpJ ; `1; : : : ; `m ; k; cq is Petri regular. The resulting Baire subset depends
on the choices of datad, b, G, g, m, A, `1; : : : ; `m , k, but since there are only countably many
such choices, a further countable intersection of Baire subsets now produces a Baire subset of
almost complex structures for which the result of Theorem D holds. The proof of Theorem D is
thus complete.

7. Super-rigidity in dimension four

We now prove the 4-dimensional case of Theorem A, using intersection-theoretic arguments
that are essentially unrelated to the rest of the paper. Throughout this section, assumepM; J q
is an almost complex manifold with

dim M � 4:

The genus zero case is an \automatic" phenomenon, i.e. it does not require any genericity
condition except for ensuring that the index 0 simple curve is immersed:

Proposition 7.1. Every simple immersedJ -holomorphic spherev : pS2; iq Ñ pM; J q of index 0
in an almost complex4-manifold is super-rigid.

Proof. Assume' : p� 1; j 1q Ñ pS2; iq is ad-fold branched cover andu � v� ' . Sincev is immersed,
the Riemann-Roch formula implies

0 � indpvq � ind D N
v � � pS2q � 2c1pNvq;

hencec1pNvq � � 1. Then c1pNuq � c1p' � Nvq � � d, so if � P ker D N
u is nontrivial, its algebraic

count of zeroes is negative, violating the similarity principle. �

For the genus one case, we use a variant of the \magic trick" proposed by Hutchings [Hut] in
the context of Embedded Contact Homology.

Proposition 7.2. A simple immersed J -holomorphic torus v : pT2; j q Ñ pM; J q of index 0 in
an almost complex4-manifold is super-rigid if and only if all its unbranched covers are Fredholm
regular.

Proof. We will assume for most of the proof thatv : p� ; j q Ñ pM; J qhas unspeci�ed genusg ¥ 1.
Sincev is immersed with index 0, it is regular if and only if its normal Cauchy-Riemann operator
D N

v is injective, so given this and the assumption that the same holds for all unbranched covers
u � v � ' , we need to show thatD N

u is also injective for u � v � ' where ' : p� 1; j 1q Ñ p� ; j q
is any holomorphic branched cover. We will prove this by induction on the degreed :� degp' q,
thus assume it is true for all covers up to degreed � 1. Note that since indpvq � 0, we have

(7.1) ind D N
v � � p� q � 2c1pNvq � 0;

and if ' has branch points, then � 1 has genusg1 ¡ 1 by the Riemann-Hurwitz formula.
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By the construction in the proof of Proposition B.1, one can endow the total space of the
normal bundle � : Nv Ñ � with an almost complex structure JN such that JN -holomorphic
curves u� : pS; iq Ñ pNv ; JN q correspond to sections� P ker D N

v�  along holomorphic branched
covers  � � � u� : pS; iq Ñ p� ; j q. If ker D N

u contains a nontrivial element � , the inductive
hypothesis implies that the correspondingJN -holomorphic curve u� is somewhere injective. We
can view v itself as a JN -holomorphic embedding into Nv , and u� is homologous to itsd-fold
cover, so applying the adjunction formula to both u� and v as JN -holomorphic curves in Nv ,

u� 
 u� � 2� pu� q � c1pu�
� T Nvq � � p� 1q � 2� pu� q � d � c1pv� T Nvq � � p� 1q

� d2pv 
 vq � d2 � c1pNvq � d2 � c1pv� T Nvq � d2 � � p� q;

where � pu� q ¥ 0 denotes the algebraic count of double points and critical points of u� . Solving
for � pu� q and plugging in (7.1) to compute c1pv� T Nvq � � p� q � c1pNvq � 1

2 � p� q � 1 � g, we
have

2� pu� q � dpd � 1q �c1pv� T Nvq � d2 � � p� q � � p� 1q

� dpd � 1qp1 � gq � 2d2p1 � gq � 2 � 2g1 � dpd � 1qpg � 1q � 2pg1 � 1q

Plugging in g � 1 and the fact that g1 ¡ 1, this gives a contradiction since� pu� q cannot be
negative. �

Remark 7.3. In the spirit of §2.4, the two results above show that the story of super-rigidity
and bifurcations is simpler in dimension four. In the genus zero case bifurcations can be avoided
altogether: since having a critical point is a codimension 2condition (see Appendix A), index 0
simple curves for generic 1-parameter families of almost complex structures can be assumed
immersed, and therefore super-rigid by Prop. 7.1. This is nolonger true in the genus one case
since regularity of some unbranched cover might fail under ageneric homotopy, producing the
birth-death or degree-doubling bifurcations in [Tau96a], but Prop. 7.2 implies that this is the
only danger|the only bifurcations that can happen involve u nbranched covers withg1 � 1 and
d P t1; 2u, and they are already described in [Tau96a].

Appendix A. Moduli spaces with prescribed orders of critical points

The proposition below is well known to experts, but a proof of it is di�cult to �nd in the
literature, so we will sketch one here.

Fix a symplectic manifold pM; ! q of dimension 2n, n P N, and supposeJ P J pM; ! q. Recall
that if p� ; j q is a connected Riemann surface andu : p� ; j q Ñ pM; J q is a nonconstant J -
holomorphic curve with a critical point dupzq � 0, then the critical point is isolated and has a
well-de�ned positive order ,

ordpdu; zq PN;

characterized by the property that ordpdu; zq � ` if z is a zero of order` for the section du P
� pHomCpT� ; u� T M qq, where the latter is viewed as a holomorphic section with respect to a
natural holomorphic bundle structure on u� T M determined by the linearized Cauchy-Riemann
operator, see e.g. [Wen10,§3.3]. When p� ; j q is closed, we denote the resulting algebraic count
of critical points by

Z pduq :�
¸

t zP� | dupzq� 0u

ordpdu; zq ¥ 0;

and note that it vanishes if and only if u is immersed. Given integersg; m ¥ 0, a homology class
A P H2pM q and a tuple of positive integersp̀ 1; : : : ; `m q, let

M g;mpA; J ; `1; : : : ; `m q € M g;mpA; J q

denote the following subset of the moduli space of unparametrized J -holomorphic curves homol-
ogous toA with genus g and m marked points: a map u : p� ; j q Ñ pM; J q with marked points
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� 1; : : : ; � m P � representing an element of M g;mpA; J q belongs toM g;mpA; J ; `1; : : : ; `m q if and
only if it is critical at all marked points,

ordpdu; � j q � ` j for j � 1; : : : ; m;

and it is immersed everywhere else.

Proposition A.1. Fix an open subsetU € M with compact closure and a compatible almost
complex structure J�x PJ pM; ! q. There exists a Baire subset

J reg € J pM; ! ; U; J�x q

such that for all J PJ reg and all g; m ¥ 0, A P H2pM qand p̀ 1; : : : ; `m q PNm , the open subset of
M g;mpA; J ; `1; : : : ; `m qconsisting of somewhere injective curves that pass throughU is a smooth
manifold with dimension equal to its virtual dimension, where

vir-dim M g;mpA; J ; `1; : : : ; `m q � vir-dim M gpA; J q �
m̧

i � 1

p2n` i � 2q:

Corollary A.2. For generic compatible J in any closed symplectic2n-manifold, all closed,
connected and somewhere injectiveJ -holomorphic curvesu with m ¥ 0 critical points satisfy
indpuq ¥ 2nZ pduq � 2m.

One well-known consequence of this result is that for generic J , somewhere injective index 0
curves in almost complex manifolds of dimension at least four are always immersed. Another
proof of this is given in [OZ09], though it is analytically somewhat more complicated than the
one given below.

It will su�ce to prove that the same statement as in Prop. A.1 h olds for the slightly larger
moduli space

xM g;mpA; J ; `1; : : : ; `m q
characterized by the condition ordpdu; � j q ¥ ` j for all j � 1; : : : ; m without requiring u to be
immersed outside the marked points. Indeed,M g;mpA; J ; `1; : : : ; `m q € xM g;mpA; J ; `1; : : : ; `m q
is an open subset. We shall borrow from Zehmisch [Zeh15] the notion of holomorphic jets: given
a point p in an almost complex manifold pM; J q and an integer r ¡ 0, a holomorphic r -jet at
p is an equivalence class ofJ -holomorphic curves

u : pD� ; iq Ñ pM; J q

with up0q � p, where pD� ; iq denotes the� -disk in C, and two curves are considered equivalent
if their partial derivatives at 0 match up to order r . The nonlinear Cauchy-Riemann equation
implies that the holomorphic r -jet represented by u is determined by the holomorphic part of
its Taylor polynomial of degree r (see [Wena, Prop. 2.99]), and moreover, every holomorphic
Taylor polynomial of degree r is realizable as ther -jet of a local J -holomorphic curve ([Wena,
Theorem 2.100]). Thus the space of all holomorphicr -jets at p is a real 2rn -dimensional vector
space, and the union of these spaces for allp PM forms a smooth manifold

JetrJ pM q

of real dimension 2npr � 1q.
We shall analyze the local structure of xM g;mpA; J ; `1; : : : ; `m q following a minor modi�cation

of the scheme outlined in [Wena, Chapter 4]. For simplicity,we shall assume in this exposition
that 2g � m ¥ 3, so that we only need to deal withstable marked Riemann surfaces. (For the
�nitely many non-stable cases, see Remark A.5.) Givenp� ; j 0; � ; u0q representing an element
of xM g;mpA; J ; `1; : : : ; `m q, with marked points � : � p � 1; : : : ; � mq, choose aTeichm•uller slice
through j 0: this means a smoothp6g � 6 � 2mq-dimensional family T of complex structures on
� that includes j 0 and parametrizes a neighborhood ofrj 0s in the Teichm•uller space of complex
structures modulo di�eomorphisms that are homotopic to the identity and �x �. The tangent
spaceTj 0 T is also required to de�ne a closed complement of the image of the canonical Cauchy-
Riemann operator on T� restricted to the space of vector �elds vanishing at �, cf. [ Wena,
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De�nition 4.29]. Moreover, we can arrange forT to have the following two properties (cf. [Wen10,
Lemmas 3.3 and 3.4]):


 T is invariant under the action of the group Aut p� ; j 0; � q of biholomorphic maps on
p� ; j 0q �xing �;


 There exists a neighborhood of � on which every j P T matches j 0.
Now let r :� maxt `1; : : : ; `m u, and choose anyk PN and p P p1; 8q such that

(A.1) pk � r qp ¡ 2;

so the Sobolev embedding theorem implies that functions of classW k;p on � are also in Cr . We
de�ne the Banach manifold

B :� W k;pp� ; M q
and smooth Banach space bundleE Ñ T � B with �bers

Epj;u q :� W k � 1;p�
HomCppT� ; j q; pu� T M; J qq

�
;

so that
�BJ : T � B Ñ E : pj; u q ÞÑT u � J � T u � j

de�nes a smooth section. We say thatp� ; j 0; � ; u0q is Fredholm regular if the linearization

D �BJ pj 0; u0q : Tj 0 T ` W k;ppu�
0T M q Ñ W k � 1;p�

HomCppT� ; j 0q; pu�
0T M; J qq

�

of this section at pj 0; u0q is surjective, in which case a neighborhood ofpj 0; u0q in �B� 1
J p0q is a

smooth �nite-dimensional manifold, and its quotient by the natural action of Aut p� ; j 0; � q can
be identi�ed naturally with a neighborhood of rp� ; j 0; � ; u0qsin M g;mpA; J q. To incorporate the
critical point condition, �x holomorphic coordinates iden tifying a neighborhood of each marked
point � j with the standard unit disk pD; iq; note that this can be done for all j PT at once since
they are assumed to matchj 0 near �. Then since B has a continuous inclusion intoCr p� ; M q,
there is a well-de�ned and smooth11 jet evaluation map

ev : �B� 1
J p0q Ñ Jet`1

J pM q � : : : � Jet`m
J pM q;

whosei th factor for i � 1; : : : ; m is the holomorphic ` i -jet represented byu in its parametrization
by pD; iq at � i . We will say that p� ; j 0; � ; u0q is regular for the constrained moduli space
xM g;mpA; J ; `1; : : : ; `m q if it is Fredholm regular and the jet evaluation map is transverse to the
submanifold

Z € Jet`1
J pM q � : : : � Jet`m

J pM q
consisting ofm-tuples of jets of constant maps. Note that this condition does not depend on the
chosen holomorphic coordinates near the marked points, as it is equivalent to the condition that
u should have vanishing derivatives up to order` i at � i for each i � 1; : : : ; m. Whenever the
regularity condition is satis�ed, ev � 1pZ q € �B� 1

J p0q inherits the structure of a smooth submanifold
with real codimension 2n

°
i ` i , so xM g;mpA; J ; `1; : : : ; `m q in general becomes an orbifold near

rp� ; j 0; � ; u0qs, with

dim xM g;mpA; J ; `1; : : : ; `m q � dim M g;mpA; J q � 2n
¸

i

` i

� dim M gpA; J q � 2m � 2n
¸

i

` i

� dim M gpA; J q �
m̧

i � 1

p2n` i � 2q:

11The smoothness of ev is clear because it is the restriction to�B� 1
J p0qof a map B Ñ Jet` 1

J pM q� : : : � Jet` m
J pM q

which in the natural Banach manifold charts provided by [El� �67] looks like a linear map evaluating derivatives of
functions at the �xed points � € �. This works because we are choosing to represent elements of M g;m pA; J q
by maps with marked points at �xed positions; of course there is no actual constraint on the movement of the
marked points, but this freedom is seen in our setup by varyin g j in T instead of varying the points � 1 ; : : : ; � m .
This is a notable di�erence from the setup in [OZ09].
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To prove that the constrained regularity condition can be achieved generically, �x Jref P
J pM; ! ; U; J�x q and a suitable sequence of positive numbers" � Ñ 0, and consider a Banach
manifold J " of almost complex structures inJ pM; ! ; U; J�x q that are C" -close toJref (cf. §5.4).
This gives rise to two universal moduli spaces,

U � pJ " q :�
 
pu; J q

�
� J PJ " and u PM �

g;mpA; J q
(

and
xU � pJ " ; `1; : : : ; `mq :�

!
pu; J q

�
� J P J " and u P xM �

g;mpA; J ; `1; : : : ; `mq
)

;

where we abbreviate by

M �
g;mpA; J q € M g;mpA; J q;

xM �
g;mpA; J ; `1; : : : ; `m q € xM g;mpA; J ; `1; : : : ; `m q

the subspaces de�ned via the condition thatu be somewhere injective and pass throughU. As
is well known, U � pJ " q is a separable and metrizable smooth Banach manifold if" � converges to
0 fast enough, and forrp� ; j 0; � ; u0qs PM �

g;mpA; J 0q, a neighborhood ofpu0; J0q in U � pJ " q can
be identi�ed with the zero-set of a smooth section

�B : T � B � J " Ñ E : pj; u; J q ÞÑ�BJ puq;

where E now denotes the Banach space bundle with �bers

Epj;u;J q � W k � 1;p�
HomCppT� ; j q; pu� T M; J qq

�
:

The tangent spaceTpu0 ;J0qU � pJ " q is the kernel of the surjective operator

L :� D �Bpj 0; u0; J0q : Tj 0 T ` W k;ppu�
0T M q ` TJ0 J " Ñ W k � 1;ppHomCpT� ; u�

0T M qq

py; �; Y q ÞÑJ0 � T u0 � y � D u0 � � Y � T u0 � j 0;

where D u0 is the linearized Cauchy-Riemann operator associated tou0 : p� ; j 0q Ñ pM; J 0q. We
can again de�ne the smooth jet evaluation map

(A.2) ev : �B� 1p0q Ñ Jet`1
J pM q � : : : � Jet`m

J pM q

and identify a neighborhood ofpu0; J0q in xU � pJ " ; `1; : : : ; `m qwith ev � 1pZ q. The main technical
ingredient behind Proposition A.1 is now the following.

Lemma A.3. If " � Ñ 0 fast enough, then the jet evaluation map(A.2) is a submersion.

Proof. We need to show that for any X P Tevpu0qpJet`1
J pM q � : : : � Jet`m

J pM qq, there exists an
element py; �; Y q Pker L with

devpu0q� � X:

Let us �rst observe that this problem can be solved locally near the marked points: in fact,
there exists a smooth section� P � pu�

0T M q with

D u0 � � 0 near � and devpu0q� � X:

This follows from the local existence theorem forJ -holomorphic curves with prescribed holo-
morphic derivatives at a point, cf. [Wena, Theorem 2.100]. More precisely, choose a smooth path

 � p 
 1; : : : ; 
 m q : p� �; � q Ñ Jet`1

J pM q � : : : � Jet`m
J pM qwith 
 p0q � evpu0qand 9
 p0q � X . Then

the local existence theorem provides for eachi � 1; : : : ; m a smooth family of J -holomorphic
curvesupi q

� : D� Ñ M de�ned on su�ciently small disks D� € C such that the holomorphic ` i -jet
represented byupi q

� is 
 i p� q for each� . The desired section� P � pu�
0T M qcan now be constructed

by writing it in our chosen holomorphic coordinates near each marked point � i as B� upi q
� |� � 0 and

then extending it arbitrarily outside these neighborhoods.
Given � as above, we aim now to �nd a pair p�; Y q PW k;ppu�

0T M q ` TJ0 J " such that

Lp0; � � �; Y q � Lp0; �; Y q � D u0 � � 0 and devpu0q� � 0;
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in which case p0; � � �; Y q P Tpu0 ;J0qU � pJ " q and devpu0; J0qp0; � � �; Y q � X . We will use
the weighted Sobolev spaces described in§3.2. Let 9� : � � z�, and assume without loss of
generality that u� 1

0 pUq € � is disjoint from �; this can be achieved at the cost of shrink ing U
and therefore the space of perturbationsJ " . As a consequence,Y � T u0 � j 0 now has compact
support in 9� for any Y P TJ0 J " . Using the �xed holomorphic coordinates on neighborhoods of
marked points � i P �, we can identify them biholomorphically with half-cylind ers r0; 8q � S1

and �x trivializations of u�
0T W on these neighborhoods to de�ne weighted Sobolev norms and

a bounded linear map

9D u0 : W k;p;� pu�
0T M | 9� q Ñ W k � 1;p;� �

HomCpT 9� ; u�
0T M q|9�

�
;

where sections� of classW k;p;� are required to satisfy e�s � PW k;ppr0; 8q � S1q when expressed
in the chosen trivialization and holomorphic coordinatesps; tq P r0; 8q � S1 on each cylindrical
end near �. As explained in §3.2, 9D u0 is asymptotic to the trivial asymptotic operator at each
puncture and is thus Fredholm for any � P Rz2� Z. We claim that whenever this condition is
satis�ed, the linear map

L � : W k;p;� pu�
0T M | 9� q ` TJ0 J " Ñ W k � 1;p;� �

HomCpT 9� ; u�
0T M q|9�

�

p�; Y q ÞÑ9D u0 � � Y � T u0 � j 0

is surjective. The proof is more or less standard: we start with the case k � 1 and note that
since 9D u0 is Fredholm, L � has closed range, so it is not surjective if and only if there exists a
nontrivial section � P pL p;� q� � L q;� � for 1{p � 1{q � 1 which is L 2-orthogonal to the images of
both � ÞÑ 9D u0 � and Y ÞÑY � T u0 � j 0. Sinceu0 has an injective point z0 P 9� with upz0q PU, the
latter implies that � vanishes nearz0; this depends on" � converging to 0 fast enough forTJ0 J "
to contain an abundance of bump functions with arbitrarily small support. The former implies
in turn that � is a weak solution to the formal adjoint equation 9D �

u0
� � 0 and is therefore

smooth with isolated zeroes, giving a contradiction. The case of generalk P N follows from this
via elliptic regularity, namely Lemma 3.11.

With this claim in place, we observe that � D u0 � vanishes near � and thus restricts to 9� as
a section of classW k � 1;p;� for any � ¡ 0, thus we can �nd � P W k;p;� pu�

0T M | 9� q and Y P TJ0 J "
such that

Lp0; �; Y q � � D u0 � on 9� :

SinceY has compact support in 9� and D u0 � � 0 near �, this equation implies D u0 � � 0 near �.
The continuous inclusion W k;p;� ãÑ C0 implies that � also has a continuous extension over �
that vanishes on �; moreover, since (A.1) implies a continuous inclusion W k;p ãÑ C1, � has
a bounded �rst derivative on the cylindrical ends, implying via a short computation that for
1   q   2, the L q-norm of its derivative on punctured disk-like neighborhoods of � is �nite. It
follows that the extension of � over the punctures is in W 1;q on �, and elliptic regularity then
implies that it is smooth everywhere. Finally, the exponential weight condition implies that in
each holomorphic coordinate system identifying the neighborhood of a marked point � i P � with
D such that � i is at the origin, we have

|� pzq| ¤ c|z|� {2�

for some constantc ¡ 0. But the choice of � ¡ 0 in this discussion was arbitrary, so choosing it
large enough, we can arrange for� to have vanishing derivatives of arbitrarily large �nite or der
at �, proving devpu0q� � 0. �

The lemma implies that xU � pJ " ; `1; : : : ; `m q is a separable and metrizable smooth Banach
manifold, so we can now apply the Sard-Smale theorem to the projection

xU � pJ " ; `1; : : : ; `m q Ñ J " : pu; J q ÞÑJ;

giving a Baire subset ofJ " for which xM �
g;mpA; J ; `1; : : : ; `m q is a manifold of the correct dimen-

sion, and the countable intersection of these subsets for all g, m, A and p̀ 1; : : : ; `mq is again
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comeager inJ " , proving that there is a C8 -dense subset ofJ pM; ! ; U; J�x q for which the state-
ment of the theorem holds. To turn this into a Baire subset ofJ pM; ! ; U; J�x q, one can use the
standard Taubes trick (see e.g. [Wena,§4.4.2]): present xM �

g;mpA; J ; `1; : : : ; `m q as a countable
union of compact subsets, and associate to each one a set of regular almost complex struc-
tures, which is open by construction and dense due to the argument above, so its intersection is
comeager.

Remark A.4. Lemma A.3 implies that for generic J , the jet evaluation map can be made
transverse to any given submanifold, hence this method can be used to understand any moduli
space of holomorphic curves with marked points satisfying conditions on their derivatives, e.g. the
incidence/tangency conditions studied by Cieliebak-Mohnke [CM07, CM18] or McDu�-Siegel
[MS].

Remark A.5. The assumption 2g � m ¥ 3 misses only four special cases, and for these the
discussion above is modi�ed as follows:

(1) The automorphism group Autp� ; j 0; � q is not �nite, but is instead a nontrivial Lie group;
(2) The usual formula dim T � 6g � 6� 2m for the dimension of Teichm•uller space is wrong.

In fact, these two di�erences cancel each other out in the sense that

dim T � dim Aut p� ; j 0; � q � 6g � 6 � 2m;

which is why the stated formulas for the virtual dimensions of the moduli spacesM g;mpA; J q
and M g;mpA; J ; `1; : : : ; `m q remain correct in these non-stable cases. In the cases with genus
zero, Teichm•uller space is trivial and there is thus no needto include a Teichm•uller slice in the
argument; the only di�erence is then the fact that dividing �B� 1

J p0q by Aut p� ; j 0; � q changes its
dimension. There is no need to discuss the non-stable genus one case here since that case also
has m � 0, and thus does not involve critical point constraints.

Appendix B. Super-rigid curves are isolated

In this appendix we prove the following precise version of the statement that the multiple
covers of a super-rigid curve form an open and closed subset of the ambient moduli space.

Proposition B.1. SupposepM; J kq is a sequence of almost complex manifolds withJk Ñ J8
in C8 on some compact subset containing a super-rigidJ8 -holomorphic curve u8 : p� ; j 8 q Ñ
pM; J 8 q. Then for su�ciently large k, there exists a sequence ofJk -holomorphic curvesuk :
p� ; j kq Ñ pM; J kq with j k Ñ j 8 and uk Ñ u8 in C8 , and if vk is any sequence of smooth
closedJk -holomorphic curves Gromov-convergent to a stable nodalJ8 -holomorphic curve with
image contained in u8 p� q, then for all k su�ciently large, every vk is either a biholomorphic
reparametrization or a multiple cover of uk .

Note that this statement belongs to the almost complex category and makes no reference to
any symplectic structure. Other than that detail, a nearly i dentical statement has been proved
before by Zinger, see [Zin11, Prop. 3.2]. The proof given below is essentially the same and is
included mainly for the sake of completeness; it just requires the extra step of introducing an
auxiliary symplectic structure in order to use Gromov's compactness theorem. Recall from§2.1
that if u PM gpA; J q and d ¥ 1 and h ¥ 0 are integers, we denote by

„M hpd; uq € „M hpdA; J q

the moduli space of all stable nodald-fold covers ofu with arithmetic genus h.
SupposeJk Ñ J8 is a C8 -convergent sequence of almost complex structures on a manifold

M , and rp� ; j 8 ; u8 qs PM gpA; J 8 q is a super-rigid curve. Then u8 is Fredholm regular with
index 0, so the implicit function theorem implies the existence of curvesuk : p� ; j kq Ñ pM; J kq
for su�ciently large k such that j k Ñ j 8 and uk Ñ u8 in C8 ; these curves are unique up
to biholomorphic reparametrization, and are also simple and immersed for su�ciently large k.
Assume vk P M hpdA; Jk q is a sequence ofJk -holomorphic curves converging to a nodal cover
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~u P „M hpd; u8 q for somed ¡ 0. We will show that if the curves vk are not covers ofuk for all
su�ciently large k, then rescaling the normal �bers near uk as k Ñ 8 gives rise to a nontrivial
section in the kernel of the normal Cauchy-Riemann operatoron some cover ofu8 , contradicting
super-rigidity.

Choose a convergent sequence ofJk -invariant Riemannian metrics and corresponding Levi-
Civita connections r k . Since the mapsuk are immersed, we can de�neJk -invariant normal
bundles Nuk Ñ � as the orthogonal complements of im duk . These are all isomorphic as real
vector bundles, so we can identify them all with the real bundle N :� Nu8 € u�

8 T M carrying
a sequence of complex structures

pN; J kq �Ñ p � ; j kq;

and then use the sequence of exponential maps determined byr k to de�ne a C8 -convergent
sequence of immersions

	 k : N p� q Ñ M

of some �xed neighborhoodN p� q € N of the zero section � € N onto some neighborhood of
ukp� q, such that 	 k |� � uk . Let pJk � 	 �

kJk for k � 1; 2; 3; : : : ; 8 , so that for k su�ciently
large, the curvesvk can be identi�ed with pJk -holomorphic curves in the total space ofN , and
eachuk is identi�ed with the zero section.

Let � N : u�
8 T M Ñ N denote the normal projection, so that pr :� � N � r 8 induces a

connection onN Ñ � (as a real vector bundle), and thus de�nes a splitting into horizontal and
vertical subbundles

T N � HN ` V N:

This splitting is invariant under the di�eomorphisms on N de�ned by real scalar multiplication.
For z P � and � PNz, the �bers in the splitting admit canonical identi�cations

Hpz;� qN � Tz� ; Vpz;� qN � Nz;

and we can write pJk with respect to the splitting as

pJkpz; � q �
�

� kpz; � q � kpz; � q

 kpz; � q � kpz; � q



;

for some smoothly varying linear maps� kpz; � q : Tz� Ñ Tz�, � kpz; � q : Nz Ñ Tz� and so forth.
Sinceuk : p� ; j kq Ñ pM; J kq is Jk -holomorphic and the �bers of Nuk are Jk -invariant along uk ,
we have

� kpz;0q � j kpzq; � kpz;0q � Jkpukpzqq; � kpz;0q � 0; 
 kpz;0q � 0:

Now for any constant r ¡ 0, the di�eomorphism

� r : N Ñ N : pz; � q ÞÑ pz; r� q

transforms pJk to

pJ r
k pz; � q :� � �

r
pJk |pz;� q �

�
� kpz; r� q r� kpz; r� q
1
r 
 kpz; r� q � kpz; r� q



;

so given any positive sequencer k Ñ 0, the sequencepJ r k
k converges inC8 on compact subsets of

N to

(B.1) pJ 0
8 pz; � q :�

�
j 8 pzq 0

d
 8 pz;0q� J 8 pu8 pzqq



:

Lemma B.2. A neighborhood of� in N admits a symplectic form ! that tames pJ 0
8 .

Proof. We use a variation on Thurston's method for constructing symplectic forms on �brations
(cf. [MS17, Theorem 6.1.4]). For any open subsetU € �, let � pUq denote the space of smooth
1-forms � on � � 1pUq satisfying the following conditions:

(i) At any point pz;0q PU € N |U in the zero section,

� |pz;0q � 0 and d� |Tz � � N z � 0;
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(ii) The restriction of d� to �bers in � � 1pUqde�nes a symplectic vector bundle structure on
N |U taming J8 .

We observe that � pUq is nonempty whenever there exists a complex trivializationof pN; J 8 q
over U, and moreover, it is C8 -convex in the sense that if � 0; � 1 P � pUq, then

p � � q� 1 � p 1 �  � � q� 0 P � pUq

for every smooth function  : U Ñ r 0; 1s. It follows that an element of � p� q can be constructed
by patching together local constructions via a partition of unity.

Now given � P � p� q, choose an area form� on � taming j 8 . Then for a su�ciently large
constant K ¡ 0,

! :� K� � � � d�
is a closed 2-form that tames pJ 0

8 at � and hence also in a neighborhood of �. �

Remark B.3. The above proof did not use any special properties ofpJ 0
8 except that the zero

section is pseudoholomorphic and the normal �bers along thezero section are also complex. The
same argument shows that for any embedded closedJ -holomorphic curve in any almost complex
manifold pM; J q, a neighborhood of the curve admits a symplectic form that tamesJ .

Lemma B.4. Suppose : r� Ñ � is a smooth map, ~| is a complex structure on r� , and
� P � p � N q is a smooth section along . Then the map z ÞÑ� pzq from r� into the total space
of N is a pseudoholomorphic mappr� ; ~|q Ñ pN; pJ 0

8 q if and only if  : pr� ; ~|q Ñ p� ; j 8 q is
holomorphic and � Pker D N

u8 �  .

Proof. Denote by v : r� Ñ N the smooth map into the total space of N de�ned by vpzq :�
� pzq PN  pzq € N . Then using (B.1), the equation T v � pJ 0

8 � T v � ~| � 0 translates into the two
equations

d pzq � j 8 p pzqq �d pzq � ~|pzq � 0;
and

pr � pzq � J8 pu8 p pzqqq �pr � pzq � ~| � r d
 8 p pzq; 0q� pzqsd pzq � ~| � 0

for z P r�. The �rst equation says that  : pr� ; ~|q Ñ p� ; j 8 q is holomorphic, and under this
assumption, the second matchesD N

u8 �  � � 0 after observing

rd
 8 p ; 0q� s � d � ~| � � N � pr � J8 q � Tpu8 �  q � ~|:

�

We now prove Proposition B.1 as follows. Arguing by contradiction, assume after taking a
subsequence that the curvesvk : pr� ; ~| kq Ñ pM; J kq are not covers ofuk for any k as k Ñ 8 .
Choose a symplectic form! near the zero section inN � Nu8 as given by Lemma B.2, and
choose� ¡ 0 such that ! tames pJ 0

8 on t � P N | |� |   2� u. Writing vkpzq � � kp kpzqq for
sequences k : r� Ñ � and � k P � p �

k N q, we have

r k :�
1
�

max
zPr�

|� kpzq| ¡ 0

and r k Ñ 0 by assumption. Then

wk :� � � 1
r k

� vk : pr� ; ~| kq Ñ pN; pJ r k
k q

is a sequence of smooth pseudoholomorphic curves in a compact subset of the neighborhood
t � PN | |� |   2� u, which can be written as wkpzq � � kp kpzqqwhere � k � 1

r k
� k satis�es

(B.2) max
zPr�

|� kpzq| � �:

Note that since vk converges to a nodal curve in „M hpd; u8 q, we can also assume the maps
 k : r� Ñ � have �xed degree d. Then since pJ r k

k Ñ pJ 0
8 and the latter is tamed by ! in the region

under consideration, Gromov compactness applies towk and yields a subsequence convergent
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to a stable nodal curvew8 P „M hpdr� s; pJ 0
8 q. By Lemma B.4, each smooth componentw of w8

has the form wpzq � � p pzqqwhere  : pr� ; ~|q Ñ p� ; j 8 q is holomorphic and D N
u8 �  � � 0. We

claim there must be at least one such component for which degp q ¡ 0 and � � 0. Indeed, (B.2)
implies that there is at least one component with � � 0. If every such component also satis�es
degp q � 0, then � is a nonzero constant on this component, as the normal operator D N

u8 �  
is simply the standard Cauchy-Riemann operator on a trivial bundle when  is constant. But
since degp kq � d ¡ 0, any component with degp q � 0 is necessarily connected by a chain of
nodes to another component with degp q ¡ 0, and on this component,� is nonzero at the nodal
point. This implies the existence of a nontrivial element � Pker D N

u8 �  for some positive degree
holomorphic cover  , and thus violates super-rigidity. The proof of Proposition B.1 is complete.

Appendix C. The Sard-Smale theorem for C8 -subvarieties

The proof of Petri's condition in §5 requires a version of the Sard-Smale theorem for objects
that are not Banach manifolds but are almost as nice in some analytically quanti�able sense.
The results in this appendix are easy consequences of standard results in the analysis of smooth
Banach manifolds, but expresed in a slightly more general framework.

SupposeX is a smooth Banach manifold andY € X is a subset. Givenk P N, we will say
that Y is a C8 -subvariety of codimension at least k if for every x P Y, there exists a
neighborhood U € X of x, a �nite-dimensional vector space V and a smooth mapf : U Ñ V
such that:

(1) Y X U � f � 1p0q;
(2) rank df pxq ¥ k.

Proposition C.1. If Y € X is a C8 -subvariety of codimension at leastk, then for every x P Y,
there exists a smooth Banach submanifoldrY € X of codimension k such that a neighborhood of
x in Y is contained in rY.

Proof. Given x P Y, we have Y X U � f � 1p0q for some open neighborhoodx P U € X and
smooth map f : U Ñ V , with V a �nite-dimensional vector space and dim imdf pxq ¥ k. Then
we can choose a linear map � :V Ñ Rk whose restriction to imdf pxq € V is surjective onto Rk ,
hence � � df pxq : TxX Ñ Rk is surjective. De�ne rY € X to be a neighborhood ofx in p� � f q� 1p0q.
The implicit function theorem implies that this is a Banach submanifold of codimensionk if the
neighborhood is taken su�ciently small. �

The discussion so far makes sense under a very unrestrictivede�nition of the term \Banach
manifold," e.g. in [Lan99], such objects need not even be Hausdor�. In practice, of course,
the Banach manifolds one encounters in applications are typically at least metrizable (hence
Hausdor� and paracompact) and separable. The latter is the condition required for the Sard-
Smale theorem [Sma65]. We will need the following standard bit of general topology:

Lemma C.2. If X is a paracompact and separable topological space, then every open cover of
X has a countable subcover. �

The following is the main result of this appendix. The proof of Theorem 5.9 uses the special
case in which all manifolds are �nite dimensional, so the Fredholm assumption is automatic and
only the �nite-dimensional version of Sard's theorem is needed. The in�nite-dimensional version
with the Sard-Smale theorem is required for the proof of Theorem 5.26.

Proposition C.3. Assume U and Z are separable and metrizable smooth Banach manifolds,
� : U Ñ Z is a smooth Fredholm map, andX € U is a C8 -subvariety of codimension at
least k PN. For each z P Z , denote

M pzq :� � � 1pzq € U ; X pzq :� X X M pzq € M pzq;

and let Z reg
� € Z denote the Baire subset consisting of regular values of� . Then there exists

a further Baire subset Z reg
X € Z such that for all z P Z reg

� X Z reg
X , X pzq is a C8 -subvariety of

codimension at leastk in M pzq.
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Proof. Supposex PX , so by assumption, there exists a neighborhood

x PUx € U ;

a �nite-dimensional vector spaceVx and a smooth mapf x : Ux Ñ Vx such that f � 1
x p0q � X X Ux

and rankdf xpxq ¥ k. After possibly shrinking Ux to a smaller neighborhood ofx, we can use the
argument in the proof of Proposition C.1 to �nd a linear map � x : Vx Ñ Rk such that 0 PRk is
a regular value of � x � f x : Ux Ñ Rk and

€Ux :� p � x � f xq� 1p0q € U

is a smooth Banach submanifold of codimensionk containing X X Ux .
Since U is metrizable and separable,X also has both of these properties, thus Lemma C.2

implies that we can �nd a sequencet xn u8
n � 1 of points in X such that every x PX lies in at least

one of the neighborhoodsUxn . Let Z reg
n € Z denote the set of regular values of the projection

€Uxn

�ÝÑ Z;

The latter is a smooth Fredholm map since €Uxn is a smooth �nite-codimensional submanifold
of U . The Sard-Smale theorem thus implies thatZ reg

n € Z is a Baire subset, and consequently,

Z reg
X :�

8£

n � 1

Z reg
n € Z

is also a Baire subset.
Now for any z P Z reg

X X Z reg
� and x P X pzq, pick n P N such that x P Uxn , and consider the

restricted map
gn : M pzq X Uxn Ñ Vxn : x ÞÑf xn pxq;

whose zero-set is a neighborhood ofx in X pzq. Regularity and the implicit function theorem
imply that €Uxn € U and M pzq € U are transverse submanifolds, so that 0 is also a regular
value of � xn � gn : M pzq XUxn Ñ Rk . It follows that � xn � dgn pxq : TxM pzq Ñ Rk is surjective,
and thus rankdgn pxq ¥ k. �

The results of this discussion combine to yield the following useful consequence:

Corollary C.4. In the setting of Proposition C.3, if the smooth Fredholm map� : U Ñ Z
satis�es ind d� pxq   k for all x P U , then X pzq is empty for generic z PZ . �

Appendix D. History of errors

This appendix has been added (at the suggestion of an anonymous referee) in the interest of
transparency: its purpose is to clarify more precisely whatwent wrong with previous attempts
to prove Theorem A, and how those attempts are related to the proof in this paper. There were
at least two claims of proofs of super-rigidity that were publicized and then withdrawn before
I ever started thinking about the problem, but since it is not my place to comment on those, I
will only discuss the attempts that I have been involved in.

D.1. Analytic perturbation theory. The original version of [GW17] was a preprint under a
di�erent title [GW], which claimed a proof of Theorem A (also i n dimension four) for embedded
index 0 curves that are fully contained in the perturbation domain U € M . The ideas behind
that argument were almost totally disjoint from those of the present paper, excepting the super-
�cial feature that both derive originally from (separate) i deas developed in Taubes's work on the
Gromov invariant. The literature on the Gromov invariant co ntains two quite di�erent methods
to prove transversality for the doubly covered tori that must be counted: one (from [Tau96a])
is based on a splitting of Cauchy-Riemann type operators with respect to irreducible represen-
tations, and gives rise to dimension-counting arguments that provided the original inspiration
for this paper. The other, from [Tau96b, Proof of Prop. 7.1, Step 7], is in some respects more
novel: it is based on a Weitzenb•ock formula for Cauchy-Riemann type operators and analytic
perturbation theory. In the setting of [Tau96b], where one needs to prove that aZ2-equivariant
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index 0 Cauchy-Riemann type operatorD : � pEq Ñ � pF q on a trivial line bundle E Ñ T2 can
always be perturbed equivariantly to one that is invertible, these two ingredients combine in the
following way:

(1) The Weitzenb•ock formula implies that for any complex-antilinear bundle isomorphism
A : E Ñ F , the deformed operatorD � :� D � �A is invertible for all � " 0.

(2) Since the deformed operatorsD � depend analytically on the parameter � P R, analytic
perturbation theory as in [Kat95] implies that the set t � PR | D � is not invertible u is ei-
ther R or is discrete. The �rst possibility has already been ruled out via the Weitzenb•ock
formula, so it follows that D � is invertible for all � � 0 in some neighborhood of 0.

This technique has the appealing feature that it does not care how symmetric the perturbation
term A P � pHomCpE; F qqis, thus it can work equally well for simple holomorphic curves and
multiple covers. The preprint [GW] was motivated by the insight that both parts of the argument
can be made to work somewhat more generally: the operatorD can have negative index if we
talk about injectivity of D � instead of invertibility, and E can also be a higher-rank bundle ifA
is required to satisfy an extra condition which, for topological reasons, can be assumed without
loss of generality. Applying the argument to normal Cauchy-Riemann operators of branched
covers then produces the following result:

Lemma D.1 ([GW17]). Supposedim M ¥ 4, J P J pM; ! ; U; J�x q, v : p� ; j q Ñ pM; J q is an
embedded closedJ -holomorphic curve of index0 with image contained in U, and u � v � ' where
' : pr� ; r|q Ñ p� ; j q is a holomorphic branched cover of degreed P N between closed connected
Riemann surfaces. Then there exists a smooth1-parameter family t J� PJ pM; ! ; U; J�x qu� Pp� �;� q
such that J0 � J , v and u are J� -holomorphic for every � , and the resulting normal Cauchy-
Riemann operators D N

u;� for u with respect to J� are injective for all � � 0. �

A proof of generic super-rigidity would follow via relatively straightforward topological argu-
ments if one instead had the following stronger statement:12

Lemma(?) D.2. In the setting of Lemma D.1, the family of almost complex structures t J� P
J pM; ! ; U; J�x qu� Pp� �;� q can be chosen so that for some neighborhoodOp' q of ' in the moduli
space ofd-fold holomorphic branched covers, the normal Cauchy-Riemann operators D N

v� ' 1;� are
injective for all � � 0 and ' 1 P Op' q.

Unfortunately, Lemma D.1 does not imply Lemma D.2, as analytic perturbation theory gives
no obvious way to control the size of the range of parameter values � P p� �; � qzt0u for which
injectivity is guaranteed as ' varies in the moduli space of branched covers. This detail was
overlooked in [GW]; the crucial gap in our argument was pointed out by Ionel and Parker.
What can still be salvaged from Lemma D.1, and eventually appeared as the main result of the
published paper [GW17], is a result similar to Theorem B about transversality for unbranched
covers: in the unbranched case there is no distinction between Lemmas D.1 and D.2 because
the moduli space that ' lives in is discrete.

I currently believe the proof of Theorem A originally attempted in [GW] to be unsalvageable.
There are also strong philosophical arguments for preferring the approach of the present paper
over analytic perturbation theory: notably, the use of the Weitzenb•ock formula requires a more
global class of perturbations (u must be contained in the perturbation domain U € M rather
than merely intersecting it), and the whole strategy seems completely unsuitable for studying
the wall-crossing phenomena mentioned in§2.4. On the other hand, the Weitzenb•ock argument
(minus analytic perturbation theory) has been usefully exploited by other authors in certain
special settings where geometric information removes the need to assume� " 0; see [LP07,IP18].

12The question mark in the statement indicates that I do not kno w whether Lemma D.2 is true, and I do not
have a strong enough opinion about it to call it a conjecture.
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D.2. Earlier versions of the present paper. The main ideas behind the proofs of Theo-
rems A{D have changed very little since the �rst version of this paper appeared on the arXiv,
but one important technical detail has changed a lot: the proof that generic Cauchy-Riemann
type operators satisfy Petri's condition.13 The intuition from the beginning had been that Petri's
condition was the main analytical lemma needed for the proofof Theorem D (on which Theo-
rems A{C all depend), and that it should hold due to unique continuation except for some special
class of non-generic Cauchy-Riemann type operators. Up to version 3 on the arXiv [Wenc], a
much more naive approach to this lemma was taken, in which theword \generic" was given a
precise characterization:

(False) Lemma D.3 ([Wenc, Corollary 5.2 and Lemma 3.11]). SupposeE; F Ñ � are complex
vector bundles andD : � pEq Ñ � pF q is a Cauchy-Riemann type operator such that the bundle
map D 0;1 P � pHomCpE; F qqgiven by the complex-antilinear part ofD de�nes an invertible map
Ez Ñ Fz at some point z P � . Then D satis�es Petri's condition to in�nite order at z.

It is relatively easy to show (see [Wenc, Lemma 6.2]) that thehypothesis on invertibility of
complex-antilinear parts is generic, i.e. all normal Cauchy-Riemann operators ofJ -holomorphic
curves satisfy it for generic (and necessarily non-integrable) J . The bene�t of this condition is
that it forces ker D € � pEq and kerD � € � pF q to be totally real subspaces, meaning that any
real-linearly independent set of vectors in one of these spaces is also complex-linearly indepen-
dent. The original reason to believe in Lemma D.3 was the elementary observation mentioned
in Example 5.5 that for complex-linear Cauchy-Riemann typeoperators, which can always be
expressed locally as the standard one, the complex version of Petri's condition (involving com-
plex tensor products) does hold to in�nite order at every point; a proof of this may be found
on page 48 of [Wenc]. Lemma D.3 was thus an attempt to �t real-linear Cauchy-Riemann type
operators into a complex-linear context with the aid of the totally real hypothesis. The proof
was destroyed by a careless mistake in linear algebra: Equations (5.3) and (5.4) in [Wenc] de�ne
certain functions � �

� and � �
� that are meant to be in kerD and kerD � respectively because they

are linear combinations of functions in those spaces, but infact, the coe�cients in those linear
combinations are complex rather than real, whileD and D � are only real-linear. Similarly,
the claim in the �nal paragraph of that proof that certain lin ear combinations

°
i cij � i and°

j cij � j satisfy linear Cauchy-Riemann or anti-Cauchy-Riemann equations does not hold, again
because the coe�cients cij are complex instead of real. These errors were noticed by Doan and
Walpuski while working on their own alternative exposition of the super-rigidity proof [DWb].
Example 5.7 was found later, showing that Lemma D.3 is in factfalse.

After Lemma D.3 fell apart, the intuition remained that the f ailure of the local Petri condition
for a Cauchy-Riemann type operator should be overdetermined in some sense, and the jet space
approach in the current §5 was then developed to make this intuition precise. Lemma D.3
has now been replaced by Corollary 5.10, whose proof is completely di�erent from what was
attempted in [Wenc], and has an additional advantage over the earlier approach in that the jet
space formalism can potentially be applied to more general classes of operators beyond Cauchy-
Riemann (§5.2 has been written with this in mind). A more detailed informal discussion of the
�x may be found in the blog post [Wend].

For completeness, I should mention a somewhat serious but non-fatal error that was also
pointed out by Doan and Walpuski but corrected between arXiv versions 2 and 3 of this paper.
The de�nition of the walls appearing in Theorem D was slightly wrong in earlier versions,
because it was overlooked that in the splitting of the normal Cauchy-Riemann operator D N

u
into summands 9D N

u;� i
corresponding to irreducible representations� i , the kernels and cokernels

of these summands are always modules over the equivariant endomorphism algebra (R, C or

13The term \Petri's condition" did not appear in the �rst three versions of this paper on the arXiv, but the
same notion was there under the label of \unique continuatio n for tensor products" and has sometimes also been
advertised as \quadratic unique continuation". The curren t terminology was introduced by Doan and Walpuski
[DWb] after the �rst version of this paper appeared.
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H) of � i , and this structure must be respected in talking about their dimensions. The result
was a mistake in [Wenb, Theorem D] that was hard to spot, because the statement looked the
same as in the current version, but its meaning was di�erent. The source of the problem was an
erroneous representation-theoretic dimension calculuation in [Wenb, Corollary 3.23], which was
stated without proof. A corrected version of that result appears in this version as Corollary 3.23,
with a proof given in the preceding paragraph.
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