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Abstract. A strategy for controlling the stepsize in the numerical integration of stochastic
differential equations (SDEs) is presented. It is based on estimating the p-th mean of local errors.
The strategy leads to stepsize sequences that are identical for all computed paths. For the family of
Euler schemes for SDEs with small noise we derive computable estimates for the dominating term of
the p-th mean of local errors and show that the strategy becomes efficient for reasonable stepsizes.
Numerical experience is reported for test examples including scalar SDEs and a stochastic circuit
model.
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1. Introduction. We consider It6 stochastic differential equations (SDEs) of
the type

t t
() =m0+ | flx(s),s)ds+ | G(z(s),s)dw(s), teJ, (1.1)
to to

where J = [to,T], f: R"xJ — R"™, G : R"xJ — IR™ ™ are continuous functions,
and, moreover, f has continuous derivatives with respect to x. w is an m-dimensional
Wiener process on a given probability space (Q, F, P) with a filtration (F;):ec 7, and
xp is a given Fi -measurable initial value, independent of the Wiener process. It is
assumed that there exists a pathwise unique, strong solution z(-).

We study mean-square and, more generally, p-th mean convergent numerical
methods for solving (1.1) based on time discretization. Our work is motivated by
practical SDE models in circuit simulation [24, 27, 28] that do not satisfy the com-
mutativity condition for G and are large scale with respect to n and m, respectively.
As function calls are costly, we look at variable stepsize methods of low order and
propose a new strategy for selecting stepsizes.

Several variable stepsize strategies for SDEs were developed during the last few
years. Most of them are based on pathwise arguments and lead to pathwise different
stepsize sequences. Such approaches often require a separate convergence analysis, as
the available convergence theory for SDEs (e.g., in the mean square or weak sense)
is based on properties of certain expectations rather than paths which are typically
non-smooth objects. The strategies for pathwise controlling stepsizes differ for each
approach. The classical paper [7] proposes a pathwise strategy by comparing results
of a given integration scheme with those of a higher order method. Hence, at least the
higher order method requires the (approximate) computation of multiple Ito-integrals.
The approaches in [18, 19] and [4] are also based on a comparison of two Runge-
Kutta schemes of different order. In [15] conditions are provided that imply mean
square convergence of the Euler-Maruyama scheme with pathwise different stepsize
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sequences. A different approach was developed in [12, 13, 23], where the authors
obtain stepsize sequences that are (mean square and p-th mean, respectively) optimal
for asymptotically small stepsizes.

In contrast to the above approaches we present a stepsize control that is based
on estimates of the mean square or the p-th mean of the local discretization error.
This is justified by the fact that p-th mean global errors can be estimated by the
corresponding local ones provided that the method is stable and the exact initial
value is given. In particular, we analyze the errors for the family of Euler-Maruyama
schemes in case of small noise. The local errors are represented in terms of stochastic
integrals. The terms containing multiple stochastic integrals become so small that
they are negligible for realistic stepsizes, and the low asymptotic order of convergence
1/2 of the Euler-Maruyama schemes is observed only for stepsizes that are far too small
to be used. We provide estimates for the mean square or p-th mean of the dominating
local error term that does not cost additional evaluations of the coefficients of the
SDE or their derivatives.

Implementing a numerical scheme for the approximate integration of SDEs re-
quires also a discretization of the sample space. One can compute only a finite num-
ber of paths. To implement the stepsize control we used a heuristic approach where
the mean-square of the local terms was approximated by the information available
from an ensemble of approximate solution paths that is computed simultaneously.
This way our approach leads to stepsize sequences that are identical for all computed
paths.

The stepsize strategy was implemented for the drift-implicit Euler method and
extensively tested on a set of test examples. The choice of this drift-implicit method
allows us to study the effects of the stepsize selection on the accuracy, i.e., the global
discretization error, and on the convergence behavior of Newton’s method for solving
the implicit nonlinear equations simultaneously. In case of step rejections, the method
described in [19] is used to ensure that the correct Wiener paths are followed. Our
numerical experience of the stepsize strategy confirms its usefulness and potential
for SDEs with small noise, and also provides some information on its limitations.
As expected by the analysis it turns out that the stepsize control works successfully
for ranges of stepsizes that lead to reasonably accurate results, but still are not too
small such that the asymptotic order of convergence C’)(h%) dominates the error. The
latter phenomenon for SDEs with small noise was experimentally observed in [1, 6].
In the test examples we have used deterministic initial values. In general we think
of applications where the initial value has at least small variance. For deterministic
differential equations with random initial values a pathwise stepsize-control should be
more efficient.

Our paper is organized as follows. In §2 we introduce the class of discretization
schemes that will be considered in this paper. We recall basic p-th mean stability
results and conditions for p-th mean convergence stated in terms of the p-th mean of
the local discretization error and of its rate of convergence as the stepsize tends to
zero. Starting from this observation we present, in §3, a strategy for selecting pathwise
identical stepsize sequences by estimating the p-th mean of the local error. For the
special case of integrating SDEs with small noise by the family of Euler schemes we
provide computable estimates for the local errors in §4. Finally, in §5 we report on
numerical experience of test runs of an implementation of the stepsize control for the
implicit Euler scheme.
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2. Numerical stability, consistency and convergence of discretization
methods for SDEs. We consider the drift-implicit discretization scheme of the form

xe =21+ o(xo—1,xe;te—1, he) +Y(xe—1;te—1, he, Ity ) £=1,...,N, (2.1)

for solving (1.1) on the deterministic grid tgp < 1 < ... < t§y = T with stepsizes
he:=tyg—1te_1,£=1,...,N. Here, ¢ and 9 are functions defined on R™ x IR™ x T
and R"™ x 7 x R™ with T := {(¢t,h) : t,t + h € J,h € IR;}, respectively, and
mapping to IR". By I we denote a vector of m; multiple stochastic integrals being
of the the form

t+h s1 Sk—1
Liy . igst,n :/ / / dwi, (s1)dwi, (sg—1) - - dwi, (s1),
t t t

where the indices i1, ..., are in {0,1,...,m}, k is bounded by a certain finite order
Emaz, and dwg(s) corresponds to ds.

For example, the family of drift-implicit Euler schemes, sometimes also called
stochastic -methods, is of the form

wg =z + he(0f (ze, te) + (1= 0) f(ze—1,te-1)) + G-, te—1)Awy, (2.2)

¢=1,...,N, where 6 € [0,1], and Awy := w(te) — w(te—1) = (Tisty_y,h, ). Hence,
one has ki := 1, my := m, and

o(z,x;t,h) == h(0f(z,t + h) + (1 = 0)f(2,1)),
+h

Vet o) = Gl + ) = w(t) = Yai(ent) [ duy (o)

where g;(z,t), j =1,...,m, are the columns of the matrix G(z,t).

The family of drift-implicit Milstein schemes differs from the Euler schemes by an
additional correction term for the stochastic part. The Milstein schemes are described
by the same function ¢, and k,qp := 2, mr := m + m?2, and

Yzt hy I ) == Gz, 6) Awe p, + Z(gsz)(z,t)I(j);tyh, (2.3)

Jj=1

where Aw; p, := w(t +h) —w(t) = (Lie,n)iy, and Iy n = (Lien)ie, -

For measuring errors in the discretization scheme we use the norm for p-th order
integrable random variables z € L,(%, R"™), ie., |z|z, := (EE|z|P)/?, where the
exponent p > 1 is properly chosen in the sense that the initial value zo has a p-th
order moment and that it fits to the unknown statistical parameters of x(-), which
have to be computed approximately. We start our analysis by stating a result on p-th
mean stability of (2.1), which extends the fundamental result of Milstein [20, 21]. Its
proof is given in [24, 27].

THEOREM 2.1. Let p > 1 and xg have finite p-th mean. Assume that the scheme
(2.1) satisfies the following properties:

o forall z,z,2,% € R", (t,h) € T, h < h' we have

(AZ) |(P(Z7$;t, h) - @(2?j7tah)| < h(L1|Z - 2| + L2|$ - ‘,Z‘D

for some positive constants h', L1, Ls.
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e for all (t,h) € T, h < h', and F;-measurable random vectors y, §j we have

(AQ) E(d’(yat’ h7It,h) 7w(gat7 h7It,h)|‘Ft) :07

(A3) E(|¢(y;t,h, Len) — ¥(F;t, by Iop)[P|F) < b3 Ly — P,

(A4) EW(0;t, h, Ip)P < oo,

for some constant Lz > 0.
Then for all a > 1 there exist a mazimal stepsize h® > 0 and a stability constant
S > 0 such that the following holds true for each grid {to,t1,...,tn} having the prop-
erty h :=max,—1__ Nhe <h® and h- N < a- (T —ty):
For all Fi,-measurable random wvectors xg, Zo having finite p-th mean, for all ¢ €

{1,..., N} and Fi,-measurable perturbations d}, d; having finite p-th mean, the per-
turbed discrete system

Fo=T0-1+ p(Ee—1,T0;te—1,he) + O(Eo—15te—1,hes Ity yong) +de, £=1,..., N, (2.4)

has a unique solution {574}?7:0, and the following estimates are wvalid for any two
solutions {x}}) | and {Z}}), of the perturbed discrete systems with perturbations
{3}, and {dg}évzl and any splittings of dy := dj — dy such that d; = sy + 10 with
E(S€|ftu1) =0:

max IE|s/? I max |rgP
N (=1,..,N

E R p(E*—”P =1 —1 ) N
Z:T%%Nkvé TP < SP(Elxg — Zol” + X + o , (2.5)
max IFE|s,|P max IE|ry|P
max Elaj — F|? < 87 (Blef — wol? + = + el (2.6)
¢=1,..,N = 0 h: hp

Extracting the p-th root from (2.6) yields the stability inequality

~ ~ 1
g =, < S(Jle~Zollo, +, max flselz, /hE 4 masx ]z, /h). (27)

The scheme (2.1) is called p-th mean stable if it satisfies the properties (2.5) and
(2.6), respectively, in the above result. Furthermore, it is called p-th mean consistent
of order v > 0 if the local discretization error 1y at step ¢, i.e.,

le = a(te) — x(te—1) — p(x(te—1), @(te)i te—1, he) — (@(te-1)ste—1, he, I,y ), (2-8)

satisfies the properties

1
Wellz, <c-h"% and |E(F, o, <c-b7T ,£=1,...,N,

with constants ¢,¢ > 0 only depending on the SDE and its solution. Clearly, the
local discretization error arises by inserting the exact solution x(-) into the numerical
scheme.

By the global errors e, we denote the difference

er:=x(te) — x4

of the exact and approximate solution at time t,. The discretization scheme (2.1) for
(1.1) is called p-th mean convergent of order v > 0 if the global error e, := x(t) — x¢
satisfies the property

max_|leellr, < C-h7, where h:= max hy,
¢=1,...,N P ¢=1,....N
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with a grid-independent constant C' > 0.

THEOREM 2.2. If the discretization scheme (2.1) for (1.1) is p-th mean consistent
of order v > 0 and the assumptions of Theorem 2.1 are satisfied, then (2.1) is p-th
mean convergent of order . For the difference of the solution x(ty) at the discrete
time-points and the solution Ty of the perturbed numerical scheme (2.4) we have the
estimate

=1
where 3¢ := ||de|lz, , Oc:= |E(de|Fe, )z, » with dp  from (2.4).

_ 5 AR 1/2 5
max fa(te) = 2, < S((e+Oh7+ max o/h7"+ max de/h),  (2.9)

Proof. The assertion follows by applying the triangle inequality

(te) — x|, + , fnax

max flze — T,

ME

..........

and the stability estimate (2.5) once to x(t,) related to the perturbations I, and once
again to T, related to the perturbations dy. The p-th mean convergence follows as a
special case of (2.9) for df = I, dy = 0. By means of 7, = E(l¢|F;,_,), a suitable
splitting dy = l; = s¢ + r¢ is realized. a

The general results immediately apply to well-known schemes for SDEs. We illus-
trate this for the families of drift-implicit Euler and Milstein schemes. Both schemes
fit into the frame of (2.1). By checking the assumptions of Theorem 2.1 we observe
that both are p-th mean stable: (A1) follows from the Lipschitz continuity of the drift
coefficient f, (A2) is satisfied due to the explicit, non-anticipative discretization of the
diffusion term, (A3) follows from the Lipschitz continuity of the diffusion coefficient
G (and in case of the Milstein scheme of the functions g; G ), and (A4) is a more
technical assumption, which is satisfied since the function G(0,-) (and the functions
(95,G)(0,-)) is bounded on the compact interval J. Summarizing we have:

PROPOSITION 2.3. Let the functions f and G be Lipschitz-continuous with respect
to x. Then the Euler schemes (2.2) are p-th mean stable. If, in addition, the partial
derivatives g;_, j =1,...,m, exist and the functions g; -G are Lipschitz continuous
with respect to x, then the Milstein schemes (2.8) are p-th mean stable.

From the literature (see e.g. [21]) it is known that the Euler schemes (2.2) are
mean-square consistent of order 1/2 if, in addition, the coefficients are Holder con-
tinuous with exponent 1/2 with respect to t. The Milstein schemes are mean-square
consistent of order 1 if the functions f and G are sufficiently smooth. Appealing to
Theorem 2.2 then provides the known mean square convergence of the Euler schemes
of order 1/2 and of the Milstein schemes of order 1.

3. Stepsize control based on the p-th mean of local errors. For the ef-
ficient numerical integration of applied nonlinear SDEs a reasonable stepsize control
is indispensable. The problem was addressed in a number of recent papers, e.g.
[3, 4, 7, 16, 18, 19]. Most of them suggest individual stepsize sequences for every
path. Our approach is rigorously based on the stability and convergence results pre-
sented in the previous section. It leads to adaptive stepsize sequences that are uniform
for all computed paths.

By means of the stability inequality (2.7) we know that the p-th mean of the
global errors ey := x(t;) — x¢ can be estimated by a term that is proportional to the
p-th mean of the local errors ;. Here, we assume that the initial value x( is given
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exactly. Therefore, a natural approach consists in controlling the local error term

ne = max{||sel|z, /hy/>, |relln,/he}, where lo = s¢+ ¢, B(se|Fy, ) =0, (3.1)
according to a given tolerance. Controlling this term requires some insight into its
behavior. Clearly, we have n; = O(h)) for a method that is p-th mean convergent
of order . However, for problems with small noise and stepsizes that cannot be
considered asymptotically small and are of interest, 7, may even be dominated by
a term k¢ - h), where ¥ > « and k¢ is a slowly varying factor (cf.§4). The insight
into the behavior of 7, should lead to expressions for the error constant in the form
Ky = ||kl||Lp with k, = )((934,1, :L'g,tgfl,tg) .

Given that, for an interesting range of stepsizes h,, the local error term 7, is
dominated by

me < ke )y ke =kellL, = Ix(@e-1, 2o, te—1, )L, (3.2)

the stepsizes should be chosen according to the following conceptual algorithm:
ALGORITHM 3.1. Given the initial value xg € L,(Q2) at o, an initial stepsize hq
and a tolerance tol; set £ := 1.
1) Solve the system

g =x0-1 + (@1, x03t0—1, he) (@13 te—1, he, Iy ony) s

for z¢ € L,(9).
2) Set

e = h] | x(@e—1, 2o ter. o)z, - (3.3)

3) Apply a control strategy that aims at matching the tolerance multiplied by
a safety factor, say 0.8, with the proposed new stepsize. For example, the
elementary control leads to

hnew — (087 t01>1/,7,

: 3.4
he e (34)

for ¢ > 2, the proportional integral control PI34 (cf. [10, 25]) leads to
finew (98 t0lyo.3/5 -1 y0.4/5 (3.5)

he uli uli

4) If 7, < tol, accept the step.
If t, > T, stop, else set £:= €+ 1, hy:= hpew and go to 1).

If 77 > tol, reject the step and repeat it with the smaller stepsize hy := hypew
that results from 3.4.

We emphasize that a stepsize sequence generated by Algorithm 3.1 is determi-
nistic, since ||x(z¢—1, ¢, te—1,t¢)| L, is deterministic, though 2,1, x, are random vari-
ables. Hence, the Theorems 2.1 and 2.2 apply. If Algorithm 3.1 is realized and
the computed quantities 7, are really dominating the local error term 7y, say, e.g.,
ne < 1.27,, then we have

te) — <245 - tol
max [la(te) = wellr, <2458 to

.....
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by the p-th mean stability inequality (2.7) from Theorem 2.1. Even if the actual
errors 1y show a smaller order than the used quantities 7y, and only a relation like
ne < const - ﬁf, B € (0,1), is true, we still have

_ < .S tol? .
, r{laXNHz(tg) xg||L, < 2const - S - tol

.....

Intending to make use of this theoretical result for practical implementations, one
faces several questions.

First, how large is the stability constant S?7 Of course, it is problem-dependent.
A more detailed look into the proof of Theorem 2.1 together with Proposition 2.3
shows that S behaves essentially as e“(T=%) where L is a Lipschitz constant for the
drift and diffusion coefficients f and G (and of (g;)., - G for the Milstein schemes) of
the problem. By analogy with deterministic ODEs one may consider the problem as
nonstiff and numerically well-posed, as long as e“(T=%) is moderate. Modifications
for stiff problems are desirable, but go beyond the scope of this paper.

Second, how can the observed order 4 and the error function x be determined and
what conditions guarantee an estimate like 1, < 1.27,7 This question is discussed for
the family of Euler-Maruyama schemes in the next section.

Finally, we discuss implementation issues of the conceptual Algorithm 3.1. Of
course, any implementation requires a finite number of realizations of the random vari-

ables. Here, we consider an ensemble of M paths starting from M samples z, ..., z{!
of the initial value. Starting from ¢ = 1 the next elements x}, ces ,xé” of the M paths

are computed by solving the nonlinear equations
‘TZ = 35;;71 + (P(-'L'éfl, .’L'é; te—1, hé) + 1/}(‘%‘;;71; to—1, e, Iti[,l,hg) s i=1,..., M,

where Itig,l, n, are samples of the corresponding stochastic integrals.
Next, the Ly-norm | x(2¢—1,t¢—1,%¢,t¢)||z, in step 2) of Algorithm 3.1 is estimated
by using the M samples of xy_1 and zy, namely, by

1 M 1
Ke = (H Zl |X(mz71axzat€—1at€)|p) . (36)

Set
fle == h) Ry (3.7)

and perform the next steps 3) and 4) as described in Algorithm 3.1 with 7, replaced
by 7¢. In case of step rejections, the information computed so far is stored and
used to compute intermediate values according to the strategy in [18, 19]. For a
scheme (2.1), which uses only the Wiener increments Aw, = w(ty) — w(te—1), the
computation of the intermediate values of the Wiener process is done as follows:
Given Awy, := w(t + h) — w(t) for some t € Ry and h > 0, and h = hy + hg, hy > 0,
ho > 0, the Wiener increments

Awp, =w(t+h1) —w(t) and Awp, = w(t+ hy + h2) —w(t + h1),

are simulated according to the formulas

h hih h hih
Awy, = #Awh + \/%u, Awp, = 2Awp, — | =20, v~ N(0, ).
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In this way, the estimate (3.7) of (3.3) leads to estimates of the next stepsize and,
hence, of the whole grid tg,t1,...,ty. Though all computed paths (x}, 2%, ..., :Cﬁv),
i =1,...,M, are determined by using the same stepsizes hi,...,hy, the step-size
sequence is no longer deterministic and due to possible step rejections the computed
grid-points do not need to be stopping times. The estimate of the grid depends on
the M paths and its quality clearly depends on the sample size M as well as on the
smallness of the noise. The resulting implementable algorithm represents a theory-
based heuristic stepsize control.

The numerical results in Section 5 show that a relatively small number M = 100
already provides good results for SDEs with small noise.

4. Local error estimates for the family of Euler schemes for SDEs with
small noise. There are important applications of SDEs with small noise, where the
diffusion coefficients are orders of magnitude smaller than the drift coefficients. For
such problems the asymptotic order of convergence is too pessimistic for a reasonable
range of stepsizes. Special numerical methods are constructed in [22], taking into
account the smallness of the stochastic parts in such systems. Here, we will deal with
the family of Euler schemes and present an efficient stepsize control based on the p-th
mean of local errors.

Following the lines of [22] we let the SDE with small noise be of the form

x(t) = xo —|—/t f(x(s), s)ds —|—/ eé(m(s), s)dw(s), teJ, (4.1)

to

where f: R" x J — R™, G : R" x J — IR™ ™ are functions satisfying the assump-
tions introduced in Section 1 for f and G, and € is a small parameter.

The family of drift-implicit Euler schemes with parameter 6 € [0, 1] for solving
(4.1) on the deterministic grid tg < t; < ... <ty = T with stepsizes hy :=ty — ty_1,
{=1,...,N, has the form

Ty = Ty—1 + h@(ef(a?g, te) + (1—9)f(.%‘g_1, ﬁg_l)) + eG(xp_1,te—1)Awe, £=1,...,N,
(4.2)

where Aw; = w(te) — w(te—1) ~ N(0, hely,).
In order to derive estimates for the local discretization error I, of (4.2), we first
establish, similarly as in [22], a representation of I, in terms of certain multiple stochas-
tic integrals obtained by the Ito-Taylor expansion. The L,-norm of these stochastic

integrals is then characterized in terms of (’)(h?ﬂeq) for some k, ¢ € INU{0}. Finally,
we discuss which terms are dominating for interesting ranges of stepsizes and present
computable estimates for the dominating terms.

4.1. Estimating local errors by It6-Taylor expansion. In order to charac-
terize the conditions on f and G that are needed in the following, we introduce the
classes Cr, and C*°~1, s € IN, of functions from IR™ x J to IR". The class C con-
tains all continuous functions that are Lipschitz continuous with a uniform constant
with respect to the first variable. C*~1 is the class of all functions having continuous
partial derivatives up to order s — 1 and, in addition, continuous partial derivatives
of order s with respect to the first variable.

Let x(-) be a solution of the SDE (4.1) and y be a function in C?1. Then Itd’s



MEAN-SQUARE STEPSIZE CONTROL 9

formula provides the expansion

y(l’(t),t) - y(x07t0) = /t (yt + Yo f + 62% Z Z yIing’rigTj)(z(S)7s)ds

+€Zl/to (Yo Gr)(2(8), s)dw,(s), t € J.(4.3)

Following [22] we introduce m + 1 operators Ag and A,, r = 1,...,m, defined on C**
and O, respectively, by

1 m n _ ~ ~
Aoy =yt +yaf + 625 Z Z Yoio; Gridrj » MY = Yagr , 7=1,...,m.
r=14,j=1

Then the It6 formula (4.3) reads

y(l’(t),t) - y(‘TOat0> = / AOy(x(S)vs)ds +€Z/t Ary(z(5)75)dwr(s)a teJ. (44)

to

For y € Cr, and similarly as in Section 2 we denote multiple stochastic integrals over
intervals [t,t + h] C J by

t+h S1 Sj—1
Ly ijien(y) :/t /t /t y(x(s5), 85)dws, (s5) - . . dw;;_, (s2)dw;; (s1),

where 41, ...,4; take values in {0,...,m}, and dwo(s) is understood to mean ds. As
the function y has linear growth with respect to the first variable, the stochastic
integrals are well defined.

LEMMA 4.1. For any p > 1 such that xo has finite p-th mean, any (t,h) € T and
ije{l,...,m}, j=1,...,k, we have for any function y € Cr, that

E(L, . iun(@)|F) =0 ifi; #0 for some j € {1,...,k},
1, i;=0,

k Ui
1ELiy,...sinien @) F L, < Mininien @)L, = O(h25=17), vy = { 120
27 J :

Proof. The first property is well known. The first estimate in the second assertion
is due to properties of the conditional expectation. For p = 2 the second part is proved
in [21, Lemma 2.1]. For 1 < p < 2 it is a consequence of the estimate || - ||z, < |- [/z.-
Now, let p > 2. For i1 = 0 we obtain by Holder’s inequality that

t+h »
[120,i,.csinith (DT, = E (0,0, in 06,0 (Y)|P) < (E/ Lis.... z‘k;t,sl—t(y)|ds1)
t

» t+h
< hd E(llim-n,ik;tasl—t(y)|p)dsl’
t

where %4’% = 1. Hence, for HIO,z'Q,...,ik;t,h(y)||}£p we obtain the order O(h4 1) = O(hP).
For i1 # 0 we make use of estimates for the p-th mean of stochastic integrals (see [8,
§1.4, Theorem 6], [17, §1.7, Theorem 7.1]) and have

1 9 t+h

1 iv,..insen @Iz, < (Gp(p = 1))2h7= E(|Ly.,....ixst.t—s, ()P )ds1.
t
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Hence, in this case we obtain the order (’)(hpzi“) = O(h%).

Repeating these arguments successively and using that the function y has linear

growth and, thus, that y(x(-),-) has finite p-th mean completes the proof. d
PROPOSITION 4.2. Assume that f € C*? and §, € C>', r = 1,...,m and that

the functions AoAof, AoGr, ArAof, Avf and Apg,., k,r=1,...,m, belong to Cy.

Then the local discretization error l; (see (2.8)) of the family of drift-implicit Euler

schemes (4.2) at step £ allows a decomposition

ly =8¢ +10 wWith E(Sg|ft271) =0
and

1
Imellz, /he = hel® = 511 (Ao f)e, s |1z, + OG?)
Isellz, /hy'? = €O(he) + 2O(Ry).

Proof. For y € C, we make use of the following abbreviations

Ys = y(I(S), 5)7 Ii1...ij (y) = Liy.dj5te—1,he (y)

By reformulating the local error and by expanding all of its components at the pair
(x(tg—1),te—1) using (4.4) and the smoothness properties f, g, € C*>1, r =1,...,m,
we obtain

L=x(te) —x(te—1) — he(0F (x(te), te) +(1=0) f(x(te—1),te—1)) — €G(2(te—1), te—1)Awy

te te -
:/ fsds — hy (Gftl + (I—G)ftzil) Jr/ eGdw(s) — eGy,_, Awy
to—1 1

to—
[ e+ [ upars i [ o)}

17 m te
_ehf{ftefl +/ (AOf)TdT + EZ/ (Arf)‘rdwT(T)} - (1_9)h€ft471
r=1

to—1 te—1

w3 [ oS [ o) o

to—1 to—1 te—1

=Ioo(Aof) —0helo(Aof) + €Z(IOT(ATJ‘) —0heI (A f) + Lo (Aogr)) + € Z Lk (Akgr),

r=1 rk=1

and, hence, a representation of the local error in terms of (multiple) stochastic inte-
grals.

Next, we study the leading term Iog(Aof) — Ohelo(Aof) of this representation. Since
Aof belongs to C%1) we may use the Ito formula (4.4) again and obtain

te—1 te—1

Aofr :Aoft,z,lJr/ (AOAof)sd5+€Z/ (ArAof)sdwr(s)), 7 € [te—1,te]. (4.5)
r=1

The latter equation (4.5) is taken to compute the desired (multiple) stochastic inte-
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grals and the whole leading term, respectively, i.e.,

Ioo(Aof) = %hg(/\of)t[,l + Iooo(AoAof) + € Z Toor (Ar Ao f),

r=1

In(Aof) = he(Aof)e,_y + Too(AoAof) + GZ Ior (A Ao f),

r=1

Ioo(Aof) — Ohelo(Aof) = hf(% = 0)(Aof)t,_, + Tooo(AoAof) — Oheloo(AoAof)

+€Z (IOO’I‘(ATAOf) - ehKIOr(ATAOf))-

r=1

Now, we split Iy = s¢ + r¢, where sy is composed by all integral terms with at least
one nonzero index. Then we have IF(s¢|F:,_,) =0, and

1
re = h?(§ —0)(Aof)te_y + Tooo(AoAof) — Oheloo(AoAof),

> (Toor(ArAof) — Ohelor(ArAof)) +

T

Se

Il
-

€ (IOT (ATf) - ehél’l‘(ATf) + ITO(AOgT)) + 62 Z Irk (Ak.gT)

rk=1

NE

Il
—

T

Since all the functions AgAg f, AoGr, ArAof, Arf and Agg., k,7 = 1,...,m, appearing
as integrands of multiple stochastic integrals satisfy the assumptions of Lemma 4.1,
we may use the lemma repeatedly to obtain the assertion. ad

4.2. Suggestions for local error estimates. The previous result enables us
to study the local error term 7, for special relations between e and the stepsizes hy.
Unless § = 1/2 for the trapezoidal rule, the dominating term of ||r[/z,/he is

1 1
hel = 51180 )ew NIz, = held = SHIFe+ Fo ez, + EO(he),
hence
1
ne =1+ OEhy* +ehethy). 77 = held =S| [(fot fof) (@(temr), tes)z, - (46)

Substituting the exact solution value x(¢t,—1) by its numerical approximation z,—; does
not lead to perturbations that are larger than O(e2h!'/? 4 €h + h?). This motivates
the choice of ¥ = 1 and x(z,2,s,t) := |0 — §|(ft + fo.f)(2, s) for the definition of 7, in
(3.3). We assume now that ¢ # 1 and that the relation of the small parameter € and
the applied stepsize h, is such that the global error term of order O(hy) dominates
the error term of order O(th;/g). This is realized if h, is much larger than th;/Q,
which we express by

ehy? < hp, e, €< hy. (4.7)

More precisely, we need that

" . 1
EI Y L Aaglle, /hy" < hel6 = S+ foflo oy, (48)
rk=1
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which follows from (4.7) provided that the values of the functions g,,gx, k =
1,...,m, and f; 4+ f,f are moderate. Then, the local error term 7, is indeed domi-
nated by 77; from (4.6). Note that the corresponding choice of 7, leads to an a-priori
known estimate of the local error, since 7, involves only the knowledge of x,_1, not
that of xy. That way step rejections do not occur.

One drawback of the choice (4.6) is its explicit use of the derivatives of the drift
function f, which may not be available in practical problems. Therefore, we look for
a derivative-free estimate of n,. We use

hell(Mof)ee s Nlp, = I fer = Frusllz, + O(hZ + h/? + ehy’?),

which follows from the expansion

m m

fro = ooy = he(Aof e,y + Too(AoAof) + €D To(ArAof) + € > I(Arf),

r=1 r=1

that is valid under the assumptions of Proposition 4.2 and is obtained by inserting
(4.5) into Itd’s formula (4.4) for y = f. Hence,

_ _ 1
ne = i1 +O(hf+eho+eh,?), 7 = 0= 5 f(2(te), te) = fl(te-1), te-1)llz,, - (4.9)

The estimate 7; is dominating the local error term 7, under the more restrictive
assumption

ehy? < hy, ie., € < hy, (4.10)
or, more precisely,
1D LA Hlr, < hell(Aof)ee sz, (4.11)
r=1

Then, the term 7; behaves like an order 1 term. Hence, we represent this choice by
3 =1and x(z,2,8,t) :== |0 — 3| (f(z,t) — f(2,5))/(t — s). In Algorithm 3.1 this is
realized by the choice

1
=1 =10 = Sl (e te) = fre-r, te-1)lz,,- (4.12)

REMARK 4.3. Note that 7; defined by (4.6) as well as 77; defined by (4.9) vanishes
for the trapezoidal rule. Here a more detailed discussion of the remaining terms is
necessary. Then the part ||r||z,/he of the local error is of order 2 and is dominated
by [[(AoAof)t, |z, - h7/12. This term dominates the local error term 7, as long as
€ < hg, which is more restrictive than (4.10). Details will be given in a separate
paper.

REMARK 4.4. If the length T— ¢ of the considered time interval differs conside-
rably from 1, the more detailed stability estimate

T—to 1 T—to
b ez, =)

(4.13)

laj—ellz, < 3(llvg—zollz, + max
V4

max lsefz, (

=1,.., N|
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(cf. [24]) should be used as a starting point. Since the length of the interval affects
the local error terms differently, condition (4.8) modifies to

“ N T —ty.1 1
ENY Lu(Mngn)ll, () < (T—to)held = S| (fr + fol)ru i, (4.14)
rk=1 h,g 2
which is true for
E((T —to)he)? < (T—to)hy, ie., €< (T—to)he, (4.15)

and moderate coefficients g, Gi, 7,k =1,...,m, and (f; + fof).

REMARK 4.5. The conditions (4.14), (4.15), (4.11), (4.10) are independent of the
used time-scale.

Proof: A transformation of the time scale t € [tg,T] to 7 € [0, 1] via

T = (t—to)/(T—to), t(r) = to+(T—to), y(7) :=x(t(r)), W(r) = (T—to) 2w(t(r))
leads to the transformed SDE

T

= (T- to)/OT F(y(s),t(s))ds + e(T—t0)2 | Gly(s),t(s))did(s), T € [0,1].

to

y(s)

0
The conditions (4.14), (4.15), (4.11), (4.10) in terms of the transformed functions and
variables

f(ya T) = (TftO)f(ght(T))? G(va) = (Tﬁ tO)%G(yat(T))? h= h/(TftO)v T= 1a
coincide with the original conditions. (I

REMARK 4.6. The simple conditions (4.7), (4.15), and (4.10) together with the
condition of moderate function values describe rather rules of thumb for the used
stepsizes. We specify them for p = 2, a scalar Wiener process, and the diffusion
coefficient G = (g). Neglecting higher order terms in (4.8),(4.14) and (4.11) we then
obtain the conditions

[(929)e0, 117,

he > , (4.16)
200 — L111(fe + fof)tn |2,
||(gzg)t(71|‘%
T to)ha > : , (4.17)
200 — S (fe + fof)eo s |12,
and
2
he > (feq)te 17, (4.18)

||(ft + facf + %fwzgg)tele%Z 7

in terms of the ratio of the coefficients.
Proof: For m =1 the condition (4.8) simplifies to

_1 1
he * 111 (929) 12, < hel® = SII(fe + fof)tus |2y

Choosing p = 2 and neglecting higher order terms one obtains

1 1 1
he 21272 [[(929)t0 1 |22 < hel0 = ST + fof)es llze

i.e., (4.16). Analogous arguments apply to (4.14) and (4.11). O
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5. Test results. We implemented the stepsize strategy proposed in Section 3
for the drift-implicit Euler scheme (i.e. (4.2) with # = 1). The error estimate (3.3)
has been realized by the derivative-free choice (4.12), the control has been realized by
(3.4) for £ =1, and (3.5) for £ > 2. We tested the resulting algorithm extensively for
p =2 on a set of SDEs with small noise. First, we report results for two scalar SDEs
with known analytic solution where we can access the actual errors. The accuracy is
measured by the empirical error quantity

| M } 12
max (Mzm (te) — o] ) , (5.1)

{=1,...
ey =1

that is considered as an estimate of the maximum Lo-norm of the global errors in the
considered time-interval. Here N denotes the number of steps and M the number of
computed paths, 2 denotes the computed approximation of the j-th path at time tg,
while 27 (t;) denotes the corresponding exact solution value.

Finally, we present results for a low-dimensional electronic circuit model. We
draw some conclusions on the potential and on the limitations of the strategy.

Example 5.1. (linear homogeneous SDE with constant coefficients)
We consider the linear scalar SDE in complex arithmetic

x(t) = xo +/0 ax(s)ds —I—/O ifz(s)dw(s), t € [0,1], (5.2)

with coefficients f(z,t) := azx, G(z,t) = (9(z,t)) = (ifz), initial value xg, parameters
«, 3 € IR and a scalar Wiener process w. It was implemented as a two-dimensional
system in real arithmetic. Its solution is given by the geometric Brownian motion
z(t) = zo exp ((a + 162)t + iBw(t)). The conditions (4.16) and (4.18) are equivalent
to

4 2

57 < hy and % < hy,

respectively. Here, the ratio |3/«a| plays the role of the small parameter €. As long as
stepsizes with 4%/(2a%) < hy are used, the Euler scheme shows order 1 of convergence.
As long as even (32/a? < hy is satisfied, the proposed stepsize control should act
properly.

In regions where the first condition is satisfied, but the second one is violated, the
controlled quantity || f¢ — fer—1]|L, is dominated by

17 i
I frg(a(s), s)dw(s)|| L, ~ [af|h? 2o L,

te—1
instead of

te
|| / Fof (), $)ds]|, ~ 0*hlzr-1 | 1.
to_1

The proposed control leads to stepsizes that match

a?|lze-1L.h ~ tol?/ (18] | ze-1 ,)-

In the following we present results for different values of the parameters «, 5. The
initial value was chosen to be o = 1. We start with results for the parameters
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a = —10, 8 = 1072 with ratio |3/a|] = 1073. The solution shows an exponential
decrease with the steepest gradients at the beginning of the integration interval. In
Figure 5.1 we give the real part of the solution (+) together with the adaptively
chosen stepsizes (left picture, x) and the observed global errors (right picture, x) for
the relative tolerance tol= 0.125 in Algorithm 3.1. The total number of steps was 129
corresponding to an average stepsize of 7.75- 1073, whereas the minimal stepsize was
2.33-1073.

One hundred paths are computed simultaneously. Figure 5.2 gives the tolerance and

Rex T T h Rex T Rex —— error
X
= = error - X
09 a=-10, 3=0.01 | 0.9 a=-10, p=0.01
08 100 paths 01 o8 100 paths 7 0.004
o7k tol=0.125 . o7k tol=0.125 i
- + 008
06 X 06| 4 0003
05 r 4 006 05% E
04l X 04 a:(f + 0002
03 wa Rex | 0% o3 & % 7
. h - e .
02 x 02§ X, 4 0001
- XX - 002 ; XXy
01l o 01f T A
0 L 0 0 L L L : " 0
0 02 04 06 08 1 0 02 04 06 08 timet

Fi1G. 5.1. A computed solution path and stepsizes (left) or global errors (right) for the SDE (5.2)

accuracy (5.1) versus the number of steps. We plot the relative tolerance (A) and the
accuracy with adaptively chosen stepsizes (+) and with constant stepsizes (x) versus
the number of steps in logarithmic scale with base 10. Lines with slopes —1 and —0.5
are provided to enable comparisons with convergence of order 1 or 1/2.

To see how much the results are influenced by the statistical error due to only 100

0 T T T T T T
A L2 rtol ﬁ
RN - = —error
L VN 0a=-10, p=0.01 L2-errorconsth X
-1 A 100 paths slope =0.5 -+
X A slope -1 -----
-2 RN .
= X A
S A
é -3 + T A —
= S TrelA
-4 + Tl ’ -
o
. X
_5 = :F N —
X
Tt
-6 | | | | | | | |
15 2 25 3 35 4 45 5 5.5 6
log(steps)

FIG. 5.2. Tolerance and accuracy versus steps for the SDE (5.2) for oo = —10 and 3 = 1072

randomly chosen paths we repeated the computations 100 times for selected values
of the relative tolerance. In Table 5.1 the mean value and standard deviation (in
percent) of the observed grid-points, of the rejected steps and of the accuracy (5.1)
are reported.

Let us add some observations. The global errors do not increase over the whole time
interval, but show an exponential decrease after a shorter phase of increase at the
beginning. Therefore, the maximum of the global errors over the integration steps is
more meaningful than just the global error at the end of the interval. Furthermore,
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successful steps rejected steps accuracy
tolerance mean deviation | mean deviation mean deviation
275 494 0% 0 0% 1.08-1073%  0.073%
2710 | 27426.25 0.11% 17.96  21.43% | 2.11-10™®>  0.077%
TABLE 5.1

Variation of 100 repetitions of the simulation results for the SDE (5.2) with parameters
a = —10, 8 =0.01 and 100 simultaneously computed paths

the error estimates are too pessimistic. Both effects are due to the damping of the
solution by a = —10, since the errors are damped as well. Further, in case of the
small noise parameter |3/a] = 1073, the stepsize control works well up to average
stepsizes of 1074, and provides more accurate results than solving the SDE with the
same number of constant steps. For higher numbers of steps the smaller stepsizes a
the beginning of the integration interval already lie below the threshold 3% /a? < hy.
The results in Table 5.1 show that the proposed stepsize control works very well for
stepsizes above this threshold and still quite reasonable for stepsizes slightly below the
threshold. The achieved accuracy differs only by less than 0.1% from one repetition
of the simulation to another.

Next, we present results for the parameters o = —0.5 and §=0.01, i.e.,|3/a] =
0.02. Here, the decrease of the solution is much slower and constant stepsizes are
nearly optimal. Compared to the problem with aa=—10 the noise intensity is larger.
In Figures 5.3, 5.4 and Table 5.2 we present results of experiments that correspond
to those described for a=—10.

Due to the less small noise the range of accuracy, where the stepsize selection

Rex T T T h Rex T T e error
ex —+—
X — _ ho--x-- a=-0.5, =0.01 o
095 0=-05, p=0.01 4 0132 095 100 hB X = 0008
x | 100 paths paths o
L : - B L t0l=0.015625 - 0.007
0.9 . | t0l=0.015625 013 09 ]
; . X -+ 0006
085 - ; X 4 0128 085 - E
; o - 0005
08 : S 40126 08F B
; e Rex < 0.004
075 - : + 0124 075 x error X 4
: g + 0003
o7t 4012 07F o 1 0002
065% % 4012 oesF = 0001
06 ! ! L ! - 0118 06% L ! ! ! — 9
0 02 04 06 08 timet 0 02 04 06 08 timet

F1G. 5.3. A computed solution path and stepsizes (left) or global errors (right) for the SDE (5.2)

successful steps rejected steps accuracy
tolerance | mean  deviation | mean deviation mean deviation
26 8 0% 0 0% 9.37-1073  0.018%
2711 | 2537.64  0.57% 9.64  34.53% | 3.26-107°  0.62%
TABLE 5.2

Variation of 100 repetitions of the simulation results for the SDE (5.2) with parameters
a=—0.5, =0.01 and 100 simultaneously computed paths

strategy works as intended, decreases to average stepsizes below 1072. In this range
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0 T ; . ‘ :
L2 rtol i
== = —error
1 $o a=-05, p=0.01 L2-errorconsth X
X% ; 100 paths Slope 05
2F X % slope -1 -~~~ _
5
T-3F S |
5 ‘ 9.
= el
2 | “ S |
4 .
=5 R % -
_6 = 7 N i
%
-7 1 i L L | )
0 1 2 3 4 5 6
log(steps)

F1G. 5.4. Tolerance and accuracy versus steps for the SDE (5.2) for o = —0.5 and 3 = 10~2

one can see a good correspondence of the tolerance to the accuracy. For very low
accuracy (see the very left side of Figure 5.4), constant stepsizes seem to perform
even better. Here, one has to see that the adaptive stepsize control first had to find
the suitable stepsizes that correspond to the tolerance. Further, Table 5.2 shows that
the simulations for |3/a| = 0.02 and average stepsizes below 1072 are slightly more
affected by the randomly chosen 100 paths than the simulations for |3/a| = 0.001
above. However the differences from one repetition of the experiment to another still
lie below 1%.

Finally, we report results for « = —0.5, 8 = 0.1, i.e., |8/a| = 0.2, where one can
hardly speak of small noise. To obtain reasonable approximations of the || - || ,,-norm
of the local error estimates, we increased the number of simultaneously computed
paths to M=1000. Nevertheless, we are in a situation, for which the stepsize control
proposed in this article is not tailored. Again, we present corresponding results in
Figures 5.5 and 5.6 and in Table 5.3.

Rex T T T h Rex T T T error
Rex —+— Rex —+—
0% o= 05, B=01 W>><<V'V’X’ 095 a=-0.5, =0.1 error -~ _ | 0.003
1000 paths 008 1000 paths x0T
09 tol=0.05 X B 09 - t0l=0.05 X !
X 004 e X - 0.0025
. - .045 X
085 - e } 085 - X R
e X + 0.002
osk xx o004 o08f X 7
X x> - 0.0015
075 - Xox 4 075 - xX B
X X,X»Xf - 0.035 x> o001
x ", e i L X 7 O
07 F % X‘x'x X 0.7 ‘X,x
X 1 003 X il
0.65 B 065 »* = 0.0005
‘)(‘
0.6 . . . . 0025 06% . . . . 0
0 02 04 06 08 timet 0 02 04 06 08 timet

F1G. 5.5. A computed solution path and stepsizes (left) or global errors (right) for the SDE (5.2)

Here one observes the asymptotic order 1/2 of convergence already for medium
accuracy. In this region the local error term 7, is dominated by |11 (A1g1)e—1]z, =
B2h?||zg_1||1,, and the stepsize control leads to stepsizes that match

B2hY 2|21 ]|, ~ tol|B/al .

Though we have increased the number of simultaneously computed paths to 1000, the
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0 T T T T T T
A - - ol A
SA o=-0.5, f=0.1 L L2—errtokrI ;
—error cons
-1 A R 1000 paths slope _0.? ,,,,,,,, -
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t A
QN> A ]
2 X L A
= X e a
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e -3 X A 1
g * A
b T X 4
L h X _
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F1G. 5.6. Tolerance and accuracy versus steps for the SDE (5.2) for « = —0.5 and 8 = 0.1

successful steps rejected steps accuracy
tolerance mean deviation | mean deviation mean deviation
0.1.272 102.05 1.17% 0 0% 9.21-107* 1.70%
0.1-276 | 24667.24  1.27% 846  60.94% | 2.86-107°  2.17%
TABLE 5.3

Variation of 100 repetitions of the simulation results for the SDE (5.2) with parameters
a=—0.5, 8=0.1 and 1000 simultaneously computed paths

results are more influenced by the randomness than in the previous simulations for
smaller noise. We emphasize that the stepsize-selection algorithm relies on a sufficient
approximation of the norm of the local error terms by the simultaneously computed
paths.

Example 5.2. (SDE with polynomial drift and diffusion)
Here we consider a nonlinear scalar SDE with known solution and drift- and diffusion
coefficients f(x,t) := —(a + f%2)(1 — 2?), G(z,t) = (g9(x,t)) = (3(1 — 2?)) that are
tunable by real parameters «, G:

(1) :/O “(a+ Ba(s))( —m(s)Q)ds—&—/O B — 2(s)D)du(s), t € 0,T],  (5.3)

where w denotes a scalar Wiener process. The solution is given by (cf. [14, (4.46)])

exp(—2at + 2fw(t)) — 1
exp(—2at + 2pw(t)) +1°

x(t) =

Due to the nonlinearity of the coefficients the conditions (4.16), (4.17), (4.18) are
solution-dependent. Another effect of the nonlinearity are restrictions of the stepsize
to ensure the convergence of Newton’s method for solving the nonlinear equations of
the drift-implicit Euler scheme in every step. As in the deterministic setting, failures
of Newton’s method may also cause step rejections, especially for larger stepsizes,
where the quality of the starting point for Newton’s method may be worse. In such
a case we halved the unsuccessful stepsize and forbade stepsize enlargements for the
next five steps.
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Though the problem is nonlinear, the principal observations we made, were the same
as for the linear Example 5.1. Here, we restrict our presentation to simulation results
for one set of parameters, &« = —10 and 8 = 0.1, where 100 paths were computed
simultaneously. In Figures 5.7, 5.8 and Table 5.4 we present results of experiments
that correspond to those described for Example 5.1. The solution shows a transient

X h X error

]
: - . - - 0.00035
1k : 1003 | ; -
a=-10, =0.1 - 0025 4 - 0.0003
08 : 08
100 paths ; ; < 0.00025
tol=0.01 : - 0.02 a=-10, B=0.1
081 + AR *"‘H‘* 06 /i i 100 paths - 0.0002
i : L - 0.015 ; | tol=0.01
;i ; : B - 0.00015
04 R W 041 [ |
I oot ; - 0.0001
# 02l -
0.2 1 o L/ .
j ~ 0.005 ~ 5e-05
X s X ——
0 | | , hot 0 0 4 | | e error 0
0 0.2 04 06 08 timet 0 02 04 0.6 08 time t

FI1G. 5.7. A computed solution path and stepsizes (left) or global errors (right) for the SDE (5.3)

behavior at the beginning of the time-interval. At the end of the time-interval the
stepsizes are bounded by the convergence behavior of Newton’s method. Failures
of Newton’s methods also prevented simulation results for larger stepsizes in case of
larger noise. In Table 5.4 additional columns report the number of step rejections
due to failures of Newton’s method. In Figure 5.8 we observe order 1 behavior up to
accuracies of 1073, The parameter « = —10 causes a damping in the solution and
a prediction of the global error that is much too pessimistic. The use of adaptive
stepsizes provides considerably more accurate results than the computation with the
same number of constant steps.

successful steps | rejected steps | Newton failures accuracy
toler. | mean deviat. | mean deviat. | mean deviat. mean deviat.

0.01 | 1316.0 0.20% | 5.01 12.46% | 17.36 12.94% | 3.75-10~* 0.60 %
0.005 | 3399.4 0.22% | 8.45 23.56% | 15.63 12.78% | 1.88-10~* 0.71%

TABLE 5.4
Variation of 100 repetitions of the simulation results for the SDE (5.3) with parameters
a=—10, B =0.1 and 100 simultaneously computed paths

Example 5.3. (electronic circuit)
We consider a model of an inverter circuit with a MOSFET-transistor under the
influence of thermal noise. The equivalent circuit diagram is given in Figure 4.

o

2 1 -l
| |
R
P 3 ::c
U_op
U_in

Figure 4: Thermal noise sources in a MOSFET inverter circuit
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Fi1G. 5.8. Tolerance and accuracy versus steps for the SDE (5.3) for a« = —10, 8 = 0.1

The MOSFET is modelled as a current source from source to drain that is controlled
by the nodal potentials at gate, source and drain: jp = fimosfet(€gate; €drain, Esource)-
In our example the current jp through the MOSFET is controlled by the input voltage
Uin and the nodal potential e; at node 1: jp(Uin,e1) := fmosfet(Uin,e€1,0). Often
the models of MOSFETSs are very sophisticated and involve hundreds of parameters.
A first order model for MOSFETSs is described in [9], where also further references
are given. We simply used

jip=K- (mam(UGs — Vin, 02 — max(Ugp — Van, 0)2)

where Ugs = €gate — €sources; UGD = €gate — €drain and the threshold voltage Vi,
and the current amplification factor K are given parameters. The thermal noise of
the resistor and of the MOSFET is modelled by additional white noise current sources
that are shunt in parallel to the original, noise-free elements. The noise intensity is
given by Nyquist’s rule (cf. [2, 5, 26]):

L = or - €(t) = \/ 2= €(1)

where £(t) is a standard Gaussian white noise process, k = 1.38066 - 10723 [JK 1] is
Boltzmann’s constant, Temp is the absolute temperature, R is the resistance. For the
thermal noise source of the MOSFET this formula is modified by considering a solution
dependent conductance gp = gmosset(€gate; €drains €source) instead of g = 1/R. We
used

gp = O’ if UGS S V:fha
gp = B-(Ugs—Vin) - Q1+ XNUps) if 0<Ugs— Vi <Upsg,
gp = B-(Ups)-(1+AUps) if 0<Ugs—Vin>Ups,

where Ups = €grain — €source, and 3, A are parameters. Applying Kirchhoff’s Current
Law gives a model for the output voltage e; at node 1:

Cey — (Uop — €1)/R+ jp(Uin,e1) — or&1 + op(Uin, €1)é2 = 0, (5.4)

where &1, £ are independent standard Gaussian white noise processes. We treat this
system as an It6-SDE with n =1, m =2, f(z,t) = (Uop —)/(C - R) — jp(Uin, x)/C,
91(z,t) = or/C, g2(z,t) = —op(Uin, 2)/C.
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In this simple model nearly no differences between the solutions of the noisy
and the deterministic problem could be seen. Therefore, we dealt with a system
where the diffusion coefficients had been scaled by a factor thousand. In Figure 5
we present simulation results for the parameters C'= 2-10713 [F], R= 5-10 [Q)],
Uop=5 [V], Temp =300 [K] on the time-interval [0,2.5-107%] [s]. In the MOSFET
model we chose Vi, =1, K = 1073, 3 =0.3-107%, A = 0.02, and the tolerance was
102. In solid lines we plotted the values of the nodal potential e; and the given input
voltage U;, versus time. Moreover, the applied stepsizes, suitably scaled, are shown
by means of single crosses. We compare simulation results for the computation of a
single path (in the left picture of Figure 5) with those for the computation of 100
simultaneously computed solution paths (in the right picture of Figure 5), where we
additionally plotted the mean p (Fe; in the figure) and the lines p + 30 (+30, —30
in the figure), where o was computed as the empirical estimate of the standard devi-
ation for the output voltage. Using the information of an ensemble of simultaneously
computed solution paths smoothes the step-size-sequence and considerable reduces
the number of rejected steps (from 46 to 9). Even the number of needed successful
steps is reduced from 188 to 166.
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Figure 5: Simulation results for the noisy inverter circuit
1 path  188(+46 rejected) steps 100 paths  166(+9 rejected) steps
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