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Abstract

For every structure M of finite signature A. Mekler [11] has constructed a
group G such that for every x the maximal number of n-types over an elementary
equivalent model of cardinality x is the same for M and G. These groups are
nilpotent of class 2 and of exponent p, where p is a fixed prime greater than
2. We consider stable structures M only and show that M is C'M-trivial if and
only if G is C M-trivial. Furthermore we obtain that the free group Fs(p,w) in
the variety of 2-nilpotent groups of exponent p > 2 with w free generators has a
C M-trivial w-stable theory.

1 Introduction

Let S be a complete theory of finite signature. Let Ag(x) be the maximal size |S;(M)|
of the Stone space S1(M) for M E S with k = |M|. For every such S Alan Mekler
[11] constructed a complete group theory Ts such that S is interpretable in Ts and
As(k) = Arg(k) for every cardinality x. It follows that S and Ts have the same
stability spectrum. Furthermore it can be shown that S is simple if and only if T is
simple.

The models of T are nilpotent groups of class 2 and exponent p (> 2). Already Ju.L.
Ersov [7] used similar ideas to Mekler’s to prove the undecidability of the variety of
these groups. We call the models of such theories T's Mekler groups. If S is superstable
then T is superstable. Under the assumption that S is superstable it is shown in [3]
that S has NDOP if T has NDOP. If Depth(S) exists, then

Depth(S) < Depth(Ts) < Depth(S) + 1.

This is used to construct w-stable groups with NDOP and Depth n for every n < w. In
[4] it is used to construct superstable NDOP-NOTOP groups. Note that Mekler groups
have infinite rank and are not Ny-categorical. Since Mekler groups are not abelian by
finite they are not one-based, as by [10] one-based stable groups are abelian by finite.



For stable theories one-basedness implies the non-interpretability of a field. For un-
countably categorical theories B. Zil’ber [16] conjectured the converse. In [9] E. Hrushov-
ski refuted this conjecture and introduced C'M-triviality. We define this notion in the
next section. It is weaker than one-basedness but it still implies the non-interpretability
of a field. It is an open question whether Zil’ber’s conjecture is true if we replace one-
basedness by C'M-triviality. In [6] an w-stable, non-C' M-trivial theory is constructed
that does not allow the interpretation of a field. But this theory has infinite rank.

In this paper we show that S is stable and C'M-trivial if and only if the corresponding
theory Ts of Mekler-groups is stable and CM-trivial. Hence Mekler’s construction can
be used to produce examples of stable C'M-trivial groups. A. Pillay proved in [12]
that C' M-trivial groups of finite Morley rank are nilpotent by finite. F. Wagner [15]
got similar results replacing the condition to be of finite Morley rank by stability plus
several other conditions. Note that the new XN;-categorical group constructed in [5] is
C M-trivial.

Let F.(p,w) be the free group in the variety of nilpotent groups of class ¢ and of expo-
nent p (prime > ¢) with w free generators. In [1] and [2] it is shown that Th(F.(p,w)) is
w-stable and non-multidimensional with exactly ¢ dimensions. Our proof of the main
result of this paper gives us furthermore that Th(Fy(p,w)) is CM-trivial. Hence it is
not possible to interpret a field.

In Section 2 we define C'M-triviality and consider interpretations without new infor-
mation.

In Section 3 we consider the bilinear maps F(G) for G F Ts that are given by the
commutator. They live in G®1. Often it is more convenient to work in F(G).

In Section 4 we follow W. Hodges [8] to decribe Mekler’s construction.

In Section 5 we prove that S is simple if and only if T's is simple. This is common work
with my student Alexander Pentzel.

In Section 6 we introduce the notion of a good subspace of Vi = G/Z(QG) for G F Ts.
We show that every element a of the commutator subgroup G’ is interalgebraic with a
finite good subspace of V.

In Section 7 we explain how each good subspace of Vg corresponds to a good subspace
that respects Vg for G <X T E Tks.

In Section 8 we formulate the main result and prove it for the tame case. The lemmas
we show are important for the general case.

In Section 9 we discuss the case of the mixed elements.
In Section 10 the results of Section 8 and 9 are used to prove the main result.
In Section 11 C'M-triviality of Fy(p,w) is proved.

2 ('M-triviality and interpretation

Let T be any complete stable theory. We use €' to denote the monster model. Often we
work in 7% and €°?. In this paper the definable and the algebraic closure dcl(A) and
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acl(A) respectively are considered in €Y. Cb(tp(a/A)) is used to denote the canonical
base of the type tp(a/A). In fact it is the canonical base of the strong type of a/A,
that means of tp(a/acl(A)).

C'M-triviality was introduced by E. Hrushovski [9]. It is a property of 7.

Definition 7 is CM-trivial if whenever ¢ € €°?, A C B are algebraically closed sets
in €°* with acl(cA) N B = A, then Cb(tp(c/A)) C acl(Cb(tp(c/B))).

A. Pillay [12] proved that it is sufficient to consider only models M < N of T instead
of A C B, and tuples ¢ in . As usual in C®? we often do not distinguish between
models M of T and M*® = acl®d(M). Note that it is also possible to assume that M
and N are saturated.

Let S and T be theories, and Ls and Ly be the corresponding languages. At the
moment we do not assume completeness as in the rest of the section. We use G and
H to denote the models of T, and M and N to denote the models of S.

Definition An interpretation T of S in T is a uniform definition of an S-model T'(G)
in every model G*? of T as a relativised reduct of a definitional expansion of a finite
slice of G*4.

As in W. Hodges book [8] an interpretation I of S in 7" induces a functor Func(I") from
the category of models of T" and elementary embeddings to the category of models of
S and elementary embeddings.

We want to describe this notion in more detail. An unnested atomic formula of Lg is a
formula of the form zy = z1, zg = ¢, R(z¢, ..., Zm 1) OF f(Zo, ..., Tm_2) = Ty_1, Where
¢ is a constant symbol of Lg, R is a relation symbol of Lg, and f is a function symbol
of Lg. T' can be given by an Lp-formula v(Z) and Lp-formulas v(¢)(Zo,- .., ZTm-1)
for every unnested atomic formula ¢(zo,...,Z,—1) of Lg, where all Z, T; are of the
same length n. We write ¥ ~ ¥ instead of y(z = y)(Z,y). Since we want that these
formulas describe an Lg-structure I'(G) in every model G of T', the following elementary
conditions must be satisfied by 7"

i) ~ is an equivalence relation.
ii) VZy@ ~gAv(@) = 7))
i) VZp...Tpm17p - - - .ym,l( N T ~ YA (@) (o, - - Tin1) = 7(0) Yo, - - - ,ym,l))
<m
for all unnested atomic formulas ¢(zg, ..., %, 1) of Lg.

Let the domain of I'(G) be the set of all ~-classes a in G*4, where a = @/ ~ for some
tuple @ satisfying (%). ~ plays the role of equality. Then we can define the Lg-
structure I'(G) on this set by

(2.1) I'G) Eplag,-..,an 1) iff GE~(p)(ao,...,0n 1)



for all @; in a; and all unnested atomic formulas ¢(xy,...,Z, 1) of Lg. T' is an inter-
pretation of S in T if I'(G) is a model of S. We can define Ly formulas y(¢) for all Lg
formulas ¢ in such a way that (2.1) remains true.

Let I'(x) be the L'-formula that describes the domain of I'(G). Using (2.1) we can

define for every (o, ...,2Zm—1) of Lg a Ly-formula I'(p)(zo, ..., Zm-1) such that for
all ag, ..., ay,_1 in T'(G)
(22) F(G) = QD(U,(), .. ,U,mfl) iff GE F(QO)(CL(), ceey U,mfl).

Now we assume that S and 7" are complete.

Definition I is an interpretation without new information, if the following equivalent
conditions are fulfilled:

i) For every model G of T there is an elementary extension H such that it is possible
to extend every automorphism of I'(G) (with respect to Lg) to an automorphism
of H (with respect to Lr).

ii) For every formula ¢(z, ...,z 1) of L7 with

19 V2 2 (B0t 2ms) — \ D)

<m
there exists some formula ¢(zo, ..., 2, 1) of Lg such that
T9EYxz... Tpmo1(V(Toy -y Tme1) <— T(p) (20, -y Tm—1))-

Interpretations I" without new information are considered in [2] and [3]. For the rest
of this section we assume that T is stable and therefore S is stable. Furthermore let
[' be an interpretation without new information. If 7" is stable, then for every model
M of S there is some model G of T such that M = I'(G). Using the Open Mapping
Theorem for stable theories it is shown [3]:

Lemma 2.1 (T'stable).

Let G be a model of T. Let (g, ..., Tm_1,a) be a formula of (L) with parameter @
and

G E ¥(z0, ..., Tmo1,2) — [\ T(xs).

i<m
Then there is some Lg formula ¢(xq, ..., Tm—1,b) with b in T'(G) such that
GUE (20, .., Ty 1,8) < T(0) (T - - -, T 1, ).
Assume ¢, A C T'(€'). Then we define
tpr(c/A) = {I'(¢)(z,a) : (T,7) € Ls, a € A, I(C) F ¢(¢,a)}.

Here I'(') is used to denote the Lg-structure defined in €. It is also used to denote
the subset of €°? defined by the formula I'(x). Clearly, tpr(¢/A) is a subset of tp(¢/A).
But the definition of an interpretation without new information gives us
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Lemma 2.2 tpp(¢/A) implies tp(¢/A).
We can consider tpp(¢/A) as a type for the theory S. In [3] it is shown

Lemma 2.3

i) Assumet¢, A and B are inT'(€') C € and A C B. InT* we have tp(¢/B)dnf/A
if and only if in S tpp(¢/B)dnf/A.

ii) Assume€ C () and G X H X . Then

in T°Y tp(¢/H)dnf/G if and only if
in S tpp(¢/T(H))dnf/T(G).

Again consider ¢ and A in I'(€') C €*9. According to this situation there is a subset
Cbr(tpr(¢/A)) of T'(€)** C @ which is the canonical base of tpp(¢/A) if we consider
it as a type with respect to S. For A C I'(C) the algebraic closure with respect to S
is the algebraic closure in I'(€)® with respect to T acls(A) = acly(A) N (@)

Lemma 2.4 Let S and T be stable and assume that T" is an interpretation without new
information of S in T.

i) Forc, ACT(C) C ¢
Cb(tp(c/A)) = Cbr(tpr(c/A))-
ii) If T is CM-trivial, then S is CM-trivial.

Proof. i) If we consider tpp(¢/A) as a type with respect to S, then stpp(¢/A) is
well-defined over aclg(A) and of course over Cbr(tpr(¢/A)). Now we consider the
situation in 7. Since I' is an interpretation without new information the defining
scheme for stpp(¢/A) induces a defining scheme for stp(¢/A). Hence Cb(tp(¢/A)) =
Cbr(tpp(c/A)).

ii) Let M < N <XT(C) be models of S and ¢ be in I'(€') such that aclg(¢M)NN = M.
We consider M and N as subsets of €Y closed under aclg. Inside I'(€') aclg and acly
are the same. Note that acly(cM) NT(C') = aclg(¢M). Hence

(2.3) acls(cM) N N = aclp(ecM) NT(€) N N = aclp(eéM) N N.
To use the C'M-triviality of 7" we need
(2.4) aclr(¢M) Naclyp(N) = acly(M).

Note that there is some G < € such that I'(G) = N. To show this we use the fact from
[3] that there is some T-model G’ with I'(G') ~ N. W.l.o.g. we can assume G' < (.
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Since I' is an interpretation without new information there is an Ly automorphism f
of € with f(I'(G")) = N. Then f(G') is the desired G.

Let e be an element of acly(eM) N acly(N). We choose a Lrea-formula 0(z,b) with
parameters b from I'(C'), such that

T F6(e,b)

and the number |0(, b)| is finite and minimal, where 6(', b) is used to denote the set
of elements that satisfy 0(x,b). Since e € G and G < €' we can find b in N. Let b
be any tuple in I'(€') such that € F 3z(0(x,b) A O(x,b1)) and [0(T,b1)| = |6(CT,D)|.
By assumption (', b,) = 6(T,b). Let ¥(y) be a formula that says that ¥ is in I'(T),
0(C,7)| = |0(C,b)| and for every 5, with |0(T,y,)| = |0(T,b)| we have
0(C,y1) =6(C,y) or O(C,y1)NO(C,y)=0.
For b; and by in I'(@) with F 9(b;) A 9(bs) we define
by ~ by iff JFz(0(z,b1) Ab(x,bo)).
~ is an equivalence relation. Since I' is an interpetation without new information there

is a Lg-formula x (¥, ys) such that I'(x) (¥, y,) defines ~. Let b be the ~-class of b. b
is an element of N. But it is also an element of aclr(e). By (2.3)

b eaclg(eM)NN = M.

W.lLo.g. we can choose b in M. Hence e € aclp(M), as desired in (2.4). The C'M-
triviality of T implies

Ch(tpr(¢/M)) C acly(Cb(tpr(¢/N)).
By i) we have
Cbr(tpr(¢/M)) C aclr(Cbr(tpr(¢/N)))-
For S this means
Ch(tpg(c/M)) € acls(Cb(tpg(e/N))).
The C M-triviality of S is proved. O



3 Alternating bilinear maps

Often it is helpful for our purposes to consider alternating bilinear maps besides nilpo-
tent groups of class 2 and exponent p > 2. We follow similar ideas as in [5] but we do
not assume that the centre of such a group is the commutator subgroup.

We fix a prime p greater than 2. Let &5, be the category of all nilpotent groups G of
class 2 and exponent p. We write &}, if we have an additional unary predicate P(z)
such that P(G) is a subgroup between the commutator subgroup G’ and the centre
Z(G). The morphisms of &3, are the monomorphisms with respect to the signature
”1,-,P(z)”. Later we fix a theory U in (Fy, and consider the subcategory of Gf’p of
all substructures of models of U, where P is considered as a predicate for the centre
of the model in which the substructure is considered. So the typical situation is the
following: U is complete, €' is a monster model of U, P(C) = Z(C) and we consider

all small substructures of € with respect to the signature "1, -, P(x)”.

First some notation. We often write AB instead of A U B. In groups G we use
[a,b] = a~tb~tab. (X) denotes the subgroup generated by X C G. Then G' = ({[a, b)] :
a,b € G}) is the commutator subgroup. Z(G) denotes the centre of G. Since in this
paper all considered groups G are in &y, we work with abelian subgroups (e.g. Z ()
or abelian factor groups (e.g. G/Z(G)) as with vector spaces over the field I}, with p
elements. We speak about linear independence of elements of such abelian groups.
Let IB, be the category of all alternating bilinear maps (V, W, ) where V and W are
vector spaces over the field JF,, with p elements and §3 is an alternating bilinear map of
V x V into W. Similarly as in groups we call elements 5(z,y) in W commutators. The
morphisms of 1B, are the embeddings of this class of structures. Hence a morphism of
(Vi, Wy, 1) into (Vy, Wa, Bs) is a pair (f, g) of vector space embeddings

f:Vi—=Vy, and g:W;— W,
such that the following diagram is commutative:

A

Vi x Wy Wy
fxf g
Vo x Vo B Wy

Note that for every IF),-vector space V there is a free alternating bilinear map (V, A2V, A).
It is called the exterior square of V and it is defined by the following property:

If (V,W, ) is any alternating bilinear map over V', then there is a vector space homo-
morphism fz such that:



V<V A A2V

In a canonical way we can define a functor F of &%, into B,: For G € G}, let F(G) be
(G/P(G),P(Q), [z,y]) € B,. Here G/P(G) and P(G) are considered as vector spaces
over IF,. Note that [z¢,y0] = [1, 4] if zoz7' € P(G) C Z(G) and yoy;' € P(G).
For a G;I,—embedding f of G in H let F(f) be the pair (f, f | P(G)), where f is the
embedding of G/P(G) into H/P(H) induced by f and f | P(G) is the restriction of f
to P(Q).

Since f is a monomorphism with respect to the signature "1, -, P(z)”, we have

G/P(G) x G/P(G) P(G)
fxf f1P(G)
H/P(H) x H/P(H) | P(H)

Note that F is a functor. Often we write F(G) = (Vg, Wg, Bg)-

Lemma 3.1 Let G and H be groups in Gg’p and let (g, h) be an embedding of F(Q)
into F(H). Let {c, : @ < v} be a subset of G such that {c,/P(G) : a < v} is a
basis of Vi and let {an : o < v} be a subset of H with g(co/P(G)) = ao/P(H). Then
f(HcQ%i) = [[al>h(d) where d € P(G) and ro, = 0 for all but finitely many o,

defines an G§-embedding of G into H with F(f) = (g, h).

Proof. Every element of G can be written as []cled where d € P(G) and r, = 0
for all but finitely many «. We use the uniqueness of such representations [ [ ci>d and
[Taleh(d) of elements of G and H respectively. Since h is an embedding of P(G) into

P(H) it shows that f is a well-defined injection.
To produce the standard representation of a product on both sides the ”same” com-
mutators are used:

CyCa = CaCy[Cy, Col and
Uylo = Ualy|Qy, o] = aaa,[g(cy), g(ca)] = aaa,h([cy, ca])-

This proves that f is a homomorphism. O



Corollary 3.2 Assume Gy C G and Hy C H are in &5, and there are a G5,
isomorphism fy of Gy onto Hy and a IBy-isomorphism (g, h) of F(G) onto F(H) that
extends F(fo). Then there is a@ip—isomorphism f of G onto H that extends fo and
fulfils F(f) = (g, h).

Proof. To apply Lemma 3.1 choose {c, : @ < v} in G such that {c,/P(G) : a < u}
is a basis for Vg, for some p < v. Furthermore choose a, = fo(cy) for @ < p. Then
Lemma 3.1 gives the desired isomorphism. O

We can use a similar proof to obtain the following consequence of Lemma 3.1 that will
be used in the proof of the main theorem of the paper.

Corollary 3.3 Let G be a substructure of € in @y, where P(C) = Z(T). Let A be a
subset of @ linearly independent modulo (Z(C)U G). Let fo be an automorphism of
G and let (g,h) be an automorphism of F (') that extends F(fo) with g(a/Z(T)) =
a/Z(@) fora € A. Then there is an automorphism f of €' that extends fy with f(a) = a
forae A and F(f) = (g,h).

Proof. To apply Lemma 3.1 we choose {c, : @ < v} such that {¢,/Z(C) : a <v}isa
basis of Vg, {ca/Z(T) : o < p} is a basis of Vi, and A C {cq : p < @ < v}. Then we
choose a, = fo(cy) for a < p and a, = ¢, for ¢, € A. Lemma 3.1 provides the desired
result. a

Lemma 3.4 Let G be inGy,. Assume that there is a IBy-embedding (g,h) of F(G)
into an alternating bilinear map (V, W, B). Then there are a group H with a predicate

P(H) in@3,, a By-isomorphism i = (ig,11) : F(H) = (V,W, B), and a @} ,-embedding
f of G into H such that i o F(f) = (g,h):
F(H) — (v, W, 8)
F(f) (9, h)
F(G)

If (g, h) is surjective, then f is surjective, and H is uniquely determined up to isomor-
phisms respecting the embedding of G.

Proof. First we define H. There are ordinals ¥ < p and a basis {a, : @ < p} of V such

that {a, : @ < v} is a basis of g(G/P(QG)). The elements of H are pairs ( > rala, b)
a<p
where b € W and r, = 0 for all but finitely many «. The group multiplication is

defined by

(3.1) (Zraaa,ln) (Z saaa,b2> = (Z(T‘a-l—sa)aa,b1+b2+2ras7ﬁ(aa,a7)>

« <o
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Furthermore we define P(H) = {(0,b) : b € W}.
It is easy to show that H is a group in &5, and that H' C P(H) C Z(H). It follows

that (Zraaa,b> = [[(@a,0)™(0,b) and the image of {(aq,0) : @ < u} is a basis of
H/P(H). We have in H

(3.2) [(Z raaa,b1> , (Z saaa,bg)] = (0,2(7‘057 — sary)ﬁ(aa,a7)> )

r<a

Hence i = (ig, 41) with

%0 ((Zraaa,b> /P(H)) = Zraaa

and
il((o’ b)) = b

is the desired isomorphism of F(H) onto (V, W, ).

To define f we choose {c, : @ < v} in G with g(c,/P(G)) = aq. Then {c¢,/P(G) : a <
v} is a basis for G/P(G). Hence every element of G has a unique representation of the
form ] ¢f>d where d € P(G). Then we define

f (];[ c’“d) = (; Taaa,h(d)) .

By the uniqueness of the representation of the elements of both sides and since h is a
vector space embedding, f is a well-defined injection into H. Because of the definition
of the multiplication in H by (3.1) it is an embedding. i o F(f) = (g, h) follows from
the definitions. They also imply the surjectivity of f, if (g, h) is surjective.

Assume that H*, f*, and * also satisfy the conditions for H, f and 7. Then (¢*)~'4
defines an IB,-isomorphism of F(H) onto F(H*). By Lemma 3.1 we can lift ()% to
an Gf,p-isomorphism k of H onto H*. We can choose k in such a way that kf = f*:

H k - HY
f I
G
This implies the uniqueness of H over G. O

Lemma 3.4 shows that for every bilinear map M in IB, there is a group G in G§ » With
F(G) = M. Furthermore it follows that all possible G are isomorphic.
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Corollary 3.5 The functor F gives a bijection between the isomorphism types of struc-

. (TP
tures in @y, and IB,,.

The functor F provides an interpretation of BB, in &3,. If G = H are in &%, then
F(G) = F(H).
Hence we can define for every complete theory 7" of structures in (lr’; ,» a complete theory

F(T) of the bilinear maps that lives in the models of 7. Again Lemma 3.1 implies:

Corollary 3.6 The interpretations of complete theories given by F are interpretations
without new information.

Especially we can apply this to &y, if we define P(G) = Z(G). At the end of the
section we show that there are stronger model-theoretic connections between (lr’f, , and
B,.
Corollary 3.7 Let G and H be structures in &5,. Let A C G and fy(A) = B C H
be substructures, where fq is an isomorphism. Then tps(A) = tpy(B) if and only if

tDr(c) (F(A)) = tPr(m) (F(B))-

Proof. We add constant symbols {c, : a € A} to the language of &}, and constant
symbols {c. : e € F(A)} to the language of IB,.

Let x be a cardinal such that for a theory of size Ry + |A| there exists a special model.
Since F is an interpretation tpg(A) = tpy(B) implies tpr(q)(F(A)) = tpr) (F(B)).
Let (G*, A) be an elementary extension of (G, A) that is a special model of cardinal-
ity k. Let (H*, B) be an elementary extension of (H, B) that is a special model of
cardinality k. Then (F(G*),F(A)) is an elementary extension of (F(G), F(A)) and
it is a special model of cardinality k. Analogously (F(H*),F(B)) is an elementary
extension of (F(H),F(B)) and it is a special model of cardinality k. They are all
models of the same theory, since tpz)(F(A)) = tpr(F(B)). Hence the special
models (F(G*), F(A)) and (F(H*),F(B)) are isomorphic and the isomorphism ex-
tends F(fo). We can lift the automorphism to a group automorphism f of G* and H*
that extends fy by Corollary 3.2. Hence tps(A) = tpy(B), as desired. O

Corollary 3.8 For G and H in (lr’f,p we have

G=H ifandonlyif F(G)=F(H).

If we consider &5, and interpret P(z) as Z(x), then F(G) for G € @, is well-defined. If
T is a complete theory of groups in@, ,, then let F(T') = Th(F(G) : G € Mod(T)). It is
clear that stability or simplicity of T implies stability or simplicity of F(7") respectively.
We prove the converse.

Corollary 3.9 Let T be a complete theory of groups in@s,. Then T is A-stable if and
only if F(T) is A-stable.
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Proof. To show the non-trivial direction assume that there are A* types over a model
G of T with |G| = A. W.l.o.g. we can assume that these types have the form tp(a/Q)
with @ € @, where € is a large elementary extension of G. If we have AT-types
tp(a/G) with a ¢ (G U Z(C)), then their "images” tp(aZ(C)/F(G)) are pairwise
different by Corollary 3.7. To prove this we assume that tp(a, G) and tp(c/G) are two
different types of this kind. If tp(aZ(€)/F(G)) and tp(cZ(C)/F(G)) are equal, then
we consider (GUa) and (GUc). By Lemma 3.1 we can extend the identity on G to an
isomorphism fj of these sugroups with fy(a) = ¢. Now we can apply Corollary 3.7 and
obtain a contradiction. Otherwise we have AT types tp(a/G) with a € (G U Z(T)).
Then we have AT types tp(a/G) with a € Z(€). Similarly as above by Corollary 3.7
their "images” are different. O

Note ) is a strong limit cardinal, if A\ is a limit cardinal and 2% < X for all Kk < A.
For strong limit cardinals A we have A\ = 2% and A<¥(V) = ). For every regular
Kk there are arbitrary large strong limit cardinals A with c¢f(A\) = k. The following
characterization of simplicity is essentially due to S. Shelah [14]:

Theorem 3.10 Let « be [T|" and X > 2¢ be a strong limit cardinal with cf(\) = k. T
is not simple if and only if there are 2* pairwise contradictory 1-types of power k over
a set A of cardinality ).

Corollary 3.11 Let T be a complete theory of infinite groups in(y . Then T is simple
if and only if F(T) is simple.

Proof. The tree property for F(7T) implies the tree property for 7. Hence simplicity of
T implies simplicity of F(7"). Now assume that 7" is not simple. We have the situation
described in Theorem 3.10. W.l.o.g. we assume that A is a model and the types p; are
over elementary submodels 4; of A (i < 2*,|A;| = k). Then we can assume that either
all p; are realized outside of (AU Z(')) or all p; are realized inside. In the second
case we can assume that there is some a € A such that the realizations have the form
ab; where b; € Z({), since cf(2*) > X. Hence w.lo.g. p; = tp(b;/A;) where either
b; ¢ (AU Z(Q)) for all 4, or b; € Z(C) for all i. In both cases Corollary 3.7 implies
that the F(T')-images of the types are also contradictory. Hence Theorem 3.10 implies
that F(T') is not simple. O

4 Mekler’s construction

Let p be a prime greater than 2. Let S* be any theory of finite similarity type. A.H.
Mekler [11] has given a uniform construction of groups G(M) for every model M of
S*, a theory T* of all groups G(M) for M in S*, and an interpretation I' of S* in T*
such that

i) T* is a theory of nilpotent groups of class 2 and of exponent p.
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ii) If G E T*, then there is an M E S* such that G(M) = G.

iii) For S*-models M and N we have M = N if and only if G(M) = G(N).

iv) D(G(M)) = M.
) T

v) Th(M) is A-stable iff Th(G(M)) is A-stable.

The aim of this paper is to prove that

vi) Th(M) is stable and C'M-trivial if and only if Th(G(M)) is stable and C M-
trivial.

Before we show:
vii) Th(M) is simple if and only if Th(G(M)) is simple.

A H. Mekler has done his construction for the theory S* of nice graphs. This restric-
tion is possible since this theory is universal for biinterpretation (in the notation of
W. Hodges [8]).

In this section we want to describe Mekler’s construction. We follow the detailed pre-
sentation in W. Hodges [8]. The notation is slightly changed. We use T* instead of
T,y- For 4.1 until 4.7 you find detailed proofs in [8]. Furthermore there is an explicit
axiomatization of 7.

A nice graph is a structure with only one binary symmetric and irreflexive relation
R(z,y) such that

a) HIE()Il(iE() 7é 1?1).
b) Vaoz, 3y(xe # 1 — y # 2o ANy # 21 A R(x0,y) N = R(21,9))-

c) ‘v’xoxlxz( A :Ui;é:vj—>—|( A R(xi,xj)>>.

i<j<3 i<j<3

d) Va:oacla:gx3< N zi#z;, — ﬂ( N\ R(zi, xig1) A R(acg,,xo))).
i<j<4 i<3

c) and d) say that there are no triangles and squares. Let S* be the theory of nice
graphs. We use M, N, ... to denote graphs and often models of S* and G, H, ... to
denote nilpotent groups of class 2 and exponent p. We assume that the alternating
bilinear map F(G) = (Vg, Wa, Be) is living in G4 (P(G) = Z(Q)).
Now let M be any graph. Then let F'(M) be the free nilpotent group of class 2 and
exponent p that is freely generated by the domain of M. Let Z(M) be the centre of
F(M). We can consider Z(M) and F(M)/Z(M) as vector spaces over the field IF,
with p elements. F(M)/Z (M) has a basis {a/Z(M) : a € M}. We assume that M is
ordered by a relation < that is not in the language. Then {[a,b] : a,b € M,a < b} is
a basis of Z(M), where [a,b] = a b~ tab. Let H(M) be the subgroup ({[a,b] : a,b €
M, M & R(a,b)}). Then A.H. Mekler defined G(M) = F(M)/H(M).

13



If the meaning is clear, then we write Z instead of Z(G(M)) or Z(G). First we study
the elements of G(M). Note that {[a,b] : a,b € M,a < band M F —R(a,b)} is a basis
of the centre of G(M). Furthermore (G(M))"' = Z(G(M)). We define, for any elements
g, h in any group G

g ~ h,if C(g)=C(h),
g = h, if there is some r (0 < r < p) such that g = A" - ¢ where c € Z.
g =z h, ifg/Z=h/Z

These are three ()-definable equivalence relations and we have ¢ =, h = g ~ h =
g~ h.

g/Z is the =z-class of g, g™ is the ~-class of g, and ¢~ is the ~-class of g. Each ¢~ is
a union of ~-classes. Hence we can define:

Definition Let g be an element of any nilpotent group G of class 2 and exponent p.
Assume g ¢ Z.

e g is of type ¢, if ¢ is the number of different ~-classes in g™.
e g isisolated if G F [g,h] =1 implies h~ g or h € Z.

e g is of type ¢*, if g is of type ¢ and isolated.

e ¢ is of type ¢” if ¢ is of type ¢ and not isolated.

If ¢ is finite, then all notions above are first order definable. Now we consider nice
graphs M. In the notation of W. Hodges [8] A.H. Mekler [11] proved:

Theorem 4.1 Let M be a nice graph.
i) Every non-central element in G(M) is of type 1, p— 1, or p.

ii) An element of G(M) is ~-equivalent to a (unique) vertex of M if and only if it
s of type 1".

iii) For every element g in G(M) of type p, there is an element b of type 1¥ such that
G(M) E [g,b] =1, and b is uniquely determined.

There is a formula ~(z) that says “z is of type 1¥”. Hence we can recover M from
G(M). There is an injective map of the elements of M onto the ~-classes of the non-
central elements of G(M) of type 1”. We speak about vertexes g~ and h¥ in G(M) (or
better G(M)®?). If X is a set of such elements of typ 1” that are in different ~-classes,
then X is linearly independent modulo Z. Two such vertexes g™~ and A™ are joined in
M if and only if g and h commute. Hence

Corollary 4.2 There is an interpetation I' of the theory S* of nice graphs in the theory
of nilpotent groups of class 2 and exponent p such that I'(G(M)) = M.
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Let T* be Th({G(M) : M E S*}). W. Hodges [8] has given 10 axiom schemes that
axiomatize T™*. Below we give some of the properties of the models of T™*.

Let G be a model of T™.

e Every non-central element in G is of type 1, p — 1, or p (Theorem 4.1i).
e ['(G) is a nice graph.

e Elements of type p or p — 1 in G are not isolated. Hence we distinguish only
types 17, 1*, p and p — 1.

e Elements of type p — 1 are the product of two ~-inequivalent elements of type
1v.

e If g is an element of type p, then by Theorem 4.1 there is some b of type 1” such
that ¢ and b commute.

In the last paragraph 6~ = 0¥ is uniquely determined this properties. We call the
element b a handle for g. We also speak about the handle b~ = b™ of g. Note that in
this case C'(g) = {g*’c:c€ Z,0 < a, 8 < p}. Then b™ € dcl(g) and b/Z € acl(g).

Definition Let M be a nice graph. A graph M D M is a cover of M if for every
vertex g in M\ M either there is a vertex b in M such that b is the unique vertex in
M™ which is joined to g and b is joined to infinitely many vertexes in M, or ¢ is not
joined to any other vertex.

A cover Mt of M is a A-cover if for every vertex b € M the number of vertexes g
in M\ M joined to b is A, if b is joined to infinitely many vertexes in M, and zero
otherwise, and the number of new vertexes in M ™ \ M, which are not joined to any
other vertex, is A if M is infinite and 0 otherwise.

Note that a cover of a nice graph is not nice in general. Now we introduce the notion
of a transversal following W. Hodges in [8].

Definition Let G be a model of T*.

e An 1”-transversal X1» of G is a set consisting of one representative of each ~-class
of elements of type 1”.

e An element of G is proper if it is not a product of elements of type 1.

e A p-transversal X, of G is a set of representatives of ~-classes of proper elements
of type p, which is maximal with the property that if Y is a finite subset of X,
and all elements of Y have the same handle, then Y is independent modulo the
subgroup generated by the elements of type 1 and Z(G).

e An 1*-transversal is a set of representatives of ~-classes of proper elements of
type 1%, which is maximal independent modulo the subgroup generated by the
elements of type 1¥ and p and Z(G).
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e A subset X of G is a transversal if X = X;» U X, U X;. where X;» is an 1%-
transversal, X, is a p-transversal, and X;. is an 1*-transversal.

e X, . is used to denote the subset of the elements with handle e of X,.

v(z) was the formula that says that z of type 1. Hence (y(G)) is the subgroup
generated by the elements of type 1”. Then (y(G)) D Z(G). If X;. is an 1¥-transversal,
then

((G)/2(G) = P (a)2(G)/2(G)).

anl”

Lemma 4.3 Assume G ET™* and X = X1v U X, U Xy. is a transversal of G. We can
consider X as a graph M™* with R(a,b) if and only if G E [a,b] = 1. Then M™* is a
cover of M [ X1 and M* | X1 can be identified with I'(G).

Note that transversals exist in models of 7*. As shown by A.H. Mekler transversals
can be used to describe the structure of models of T*:

Theorem 4.4 Let G be a model of T*. Let X be a transversal of G. Let us consider X
as a cover M of T'(G) as in Lemma 4.3. Then there is an elementary abelian p-group
H such that

G=(X)®H and (X)2XGWM™").
Corollary 4.5

i) If in Theorem 4.4 G is an infinite special model of T* (e.g. G is saturated), then
M™ is a |G|-cover and |H| = |G|.

ii) If G1 and Gy are special models of T* of the same infinite cardinality, then every

isomorphism from T'(G1) to T'(Gs) lifts to an isomorphism from G1 onto G,.

Corollary 4.6 If M and N are elementarily equivalent nice graphs, then G(M) =
G(N).

Let G F T* and X be a transversal of G. Assume G = (X) @ H as in Theorem 4.4. Let
< be a well-ordering of X. We may assume Xi» < X, < Xy.. Let X = {2, : a < k}
be an enumeration of X with respect to <. If g is an element of G, then we call

9= Hx;a H (xaaxﬂ)saﬁ -h

a<lk a<pB<k

where h € H and 0 < r,, s,3 < p, a representation of g with respect to X, <, and H.

Corollary 4.7 In the situation described above every element g € G has a unique
representation with respect to X, <, and H.
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For the rest of the paper we consider completions S of S* with an infinite model. By
Corollary 4.6 the theory Ts = Th({G(M) : M & S}) is complete. Using Theorem 4.4
A H. Mekler showed:

Corollary 4.8 For all infinite cardinals A we have that S is A-stable if and only if T
s \-stable.

If necessary we consider transversals X in models G of Ts as covers over its 1”-part
Xjv. Similarly as above we have:

Lemma 4.9 Let G F Ts.

i) Two transversals of G are isomorphic as graphs. The isomorphism respects the
1¥-, p-, and 1*-parts.

ii) If there is a graph isomorphism of a transversal X of G E Ts onto a transversal
Y of G, then it lifts to an automorphism of G.

Corollary 4.10 I is an interpretation without new information.
Corollary 4.11 IfTs is stable and C'M -trivial, then S is stable and C M -trivial.
Proof. Use Lemma 2.4 and 4.10. O

To prove the converse of Corollary 4.11 we need some further results about Mekler-
groups.

Definition A subset Y of a transversal X is called a part of X if for every element
g € X, NY there is a handle of g in Y.

Note that a part of a transversal can be defined similarly as a transversal:

Let G be a model of T*. Y is a part of a transversal if Y = Y7, UY, U Y. where

Y1 is a subset of elements of type 1V where two different elements are in different
~-classes,

Y, is a set of elements of type p that is linearly independent modulo the subgroup
generated by all elements of type 1” and Z(G), and for every y € Y, there is a handle
in Y7», and

Y). is a set of elements of type 1* that is linearly independent modulo the subgroup
generated by all elements of type 1” and p and Z(G).

Lemma 4.12 In a model G of Ts let h be a bijection between two parts of transversals
Y and h(Y') such that h respects the 17, p-, and 1*-parts, the handles, and tpp (YY) =
tpr(h(YYY)). Then tp(Y) = tp(h(Y)).

17



Proof. Let G* be an elementary extension of G that is a special model of Th(G). Also
in G* the sets Y and h(Y") are parts of a transversal and tpp (YY) = tpr(h(YY)).

Let X1» D Y}, be an 1¥-transversal of G*. Since tpp (YY) = tpr(h(Y]Y)) we can extend
h to a graph-automorphism g of I'(G*). As in Corollary 4.5ii) we can lift g to a group-
automorphism f of G*. Using Theorem 4.4 it is easy to do this in such a way that f
extends h. a

The next lemma is shown in [3].

Lemma 4.13 Let G C H be models of Ts. Then G < H if and only if T'(G) < I'(H)
and every transversal of G can be extended to a transversal of H.

For the rest of the paper we use €' to denote a monster model of T.

Definition

i) Assume G < € F Ts. A transversal X of € respects G if X = X°U X!, where
X%= X NG and X is a transversal of G.

ii) X is a part of a transversal of € that respects G, if X can be extended to a
transversal of €' that respects G.

Lemma 4.14 Let Ts be stable. Assume G < @ E Ts and Y 1is a finite part of a
transversal of @ that respects G. Then

Ch(tp(Y/G)) = (Y N G) U Chy (tpp (Y7 /T(G)).

Proof. W.lo.g. we can assume that G is saturated. To show the nontrivial di-
rection consider some automorphism f of €' that fixes G setwise and (Y N G) U
Cbr(tpp (Y2 /T'(G))) pointwise. Then tpp(Y{Y/I'(G)) = tpp(f(Y7Y)/T(G)). Let X be
a part of a transversal of € such that Y C X, X N G is a transversal of G, and
X =(XNG)UY. Let h be a map of X into € such that A [ (X NG) = id and
h(a) = f(a) for @ € Y. By Lemma 4.12 tp(X) = tp(h(X)). Hence tp(Y/G) =
tp(h(Y)/G) = tp(f(Y)/G), as desired. O

Since we consider only nice graphs we have the following fact:

Lemma 4.15 If G < T E T, then the following is impossible: a, b, and ¢ are elements
of type 1V that are pairwise not ~-equivalent, a,b € G, ¢ ¢ G, and [a,c] = [b,c] = 0.

Proof. Assume we have the above situation. Since G < € there is some ¢’ in G such
that ¢’ is not ~-equivalent to a and b and [¢',a| = 0, [¢/,b] = 0. We have a square in
['(@), which is forbidden. O

Hence up to ~-equivalence there is at most one a € G with §(c,a) = 0 for ¢ of type 1¥
not in G. We call a” the root of ¢ in G.

Corollary 4.16 If G < @' F Ts and c is an element of type 1” not in G, then ¢ has
at most one root in G.
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5 Simplicity

As before S is a complete theory of nice graphs, and 7% is the corresponding Mekler-
theory. Of course simplicity of T's implies simplicity of S. We show the converse. This
is joint work with my student Alexander Pentzel.

Theorem 5.1 S s simple if and only if T's is simple.

Proof. To show the non-trivial direction we assume that T is not simple. We use
Theorem 3.10. Let A and x be cardinals chosen as in Theorem 3.10. Let I'(C) be a
monster-model of S living in €' E Ts. We have to find a subset A C I'() of cardinality
A and 2 pairwise contradictory 1-types of power x over A. By assumption we have
this situation in @ F Ts. There are a model G < € with |G| = X and 2* pairwise
contradictory types p; € S;((D*)) with |D¥| < k, D' C G, and i < 2*. Let X be a
transversal of G. By Lemma 4.13 we find a transversal of the form XY of €. By
Theorem 4.4 there are elementary abelian p-groups (I} C Z(G) and (J) C Z(') such
that G = (X)®(I) and € = (XY) @ (I) ® (J), where I and J are bases of the abelian
p-groups. W.l.o.g. we can assume that D* C X UT and (D*) < G for all 1 < 2*. Then
we have that the D’ are closed under handles: If d is an element of type p in D?, then
the handle of d is in D*. Now we consider realizations of the p;. We can assume that

pi = tp(t:;(X'Y'I'J") /(D"))

where X C X, Y* CY, I C I, and J* C J are finite, X*Y" is closed under handles,

and the t; are terms. W.l.o.g. X'I' C D"

Let Y}, be the 1¥-part of Y*, Y}, be the p-part of Y* with handle e € X{,Y},, and Y7,

be the 1*-part of Y.

Since c¢f(2}) > X we can assume w.l.o.g. that there are a term ¢ and finite subsets

X*C X and I* C I such that t; = ¢, X; = X*, and I’ = I* for all i < 2*. By the same

argument we can furthermore assume that all J* have the same length and there are

bijections h;; of Y* onto Y7 such that
hij(Vi) = Yii, hij(Y,e) =Y, and h;(Vii) = Yil.

p.hij(e)?
Finally we can w.l.o.g. assume that there is some J* C J with J* = J* for all 1 < 2.

Now we show:

Claim If tp.(Yi®/T((D))) U tpp(YET/T((DF))) is consistent, then p; U p; is
consistent.

The claim implies that the S-types ¢; = tpp (Y% /T'({D?))) are pairwise contradictory.

Hence we have the desired 2* pairwise contradictory types ¢; over I'(G) where |['(G)| =
A and |¢;| = K,
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Proof of the Claim. Since I'(C) is a monster model of the theory S there is a set E.
of elements of type 1” in @ such that EY is a common realization of tpp (Y7 /T'((D")))
and tpp (Y7" /T ((D7))).

Choosing the right elements in the ~-classes we can assume that E;» C X1 Y., We
have Ey.ND:, = E;nND{, = 0. Now we choose E, C Y,, E;. CYy.,and E = E;.E,Ey.
such that there is a bijection h' of Y?D* onto E D" that is the identity on D?, h; respects
the 1¥-, p-, and 1*-parts and the handles, and

tpp (Vi¥ DY) = tpp (1 (Y{Z DY) = tpp(EY DYY).
Then we have also such a bijection h? between Y/D’ and ED’. By Lemma 4.12 we
have

tp(ED") = tp(Y'D"), and tp(ED’) = tp(Y’D?),
and therefore

tp(E(DT") = tp(YH{D)"), and tp(E{DH)T) = tp(YI(DI)J").

Hence EJ* is a common realization of tp(Y*J*/(D")) and tp(Y?J*/(D?)). But then
pi = tp(t(X*YI* J*) /(D)) and p; = tp(t(X*Y?I*J*) /(D)) have the common realiza-
tion ¢t(X*ET*J*). Note that by construction X*I* C D¢ for all . O

6 Lifting elements of the commutator subgroup

Let S be a complete theory of nice graphs and let Ts be the corresponding theory
of Mekler-groups G. Often it is convenient to work in F(G) = (Vg, Wg, Ba) (see
Section 3). We assume that F(G) lives in G*4. If we work in F(G) then we use
additive notation for Vg = G/Z(G) and Wg = Z(G). If G = € is the monster model
of T, then we leave out the index G = (.

Definition A subset X of Vi is (a part of) a transversal if a set of representatives in
G is (a part of) a transversal.

Note that this is equivalent to say that all sets of representatives in G are (parts of)
transversals.
In Vi we also use other notions for GG like ~-equivalence, ~-equivalence, type 17, ...

Definition If a,b,c € V are of type 1¥, a £ b, ¢ % a, ¢ % b, B(a,c) = 0, and
B(b,c) = 0, then ¢¥ is called the connection between a and b.

If such a connection ¢ of a and b exists, then it is uniquely determined by the niceness
of ().

Definition A subspace U C V is called good, if it has a basis X such that X is a
part of a transversal and for the handles in X all connections are represented in X.
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Let Vi» be the subspace of V' generated by all elements of type 1¥. Then Vi» = € (a)
anl"
for every 1”-transversal X;. of V.

Let Viv, be the subspace of V' generated by all elements of type 1” or p.

Lemma 6.1 Let v be an element of Viv,. Then there is a finite part X UY U {u, :
e € Y} of a transversal such that

1) X UY is a part of an 1”-transversal and X NY = ().

ii) {ue: e €Y} is apart of a p-transversal and e is the handle of ue.

)
iii) Ifd € X and e €Y, then (d,e) # 0.
iv) v= > d+ ) U

deX ecy

Furthermore let C(Y') be a set of representatives of the connections between the elements
of Y. Then U(v) = (X UY UC(Y)U{ue : e € Y}) is definable over v and it is the
smallest good subspace that contains v.

Proof. Let Q be any transversal of V. Then v is in

Vivyp = @ (a) ® @ (Qp,e>-

ateu 6€Q1u

If we replace some elements of ()1~ by ~-equivalent elements in a suitable manner, then
there are finite subsets X* and Y of (0;» such that

=Y atYm
acX* ecY
where w, # 0, and w, € (Qp.). Let X be {a € X* : f(a,e) #0 for alle € Y}. Let f
be an automorphism of (V, W, §) that fixes v. Then f permutes Q7 and

f(@pe) € @ (@) @ (Qp,f(e))
a€Qqv
Bla,f(e))=0

is a p-transversal for the handle f(e). The inclusion follows since §(b, f(e)) = 0 for
every b € f(Q,.) and the right side is the subspace of all d with 5(d, f(e)) = 0.
Since v = f(v) has a unique representation as a linear combination over @), we get
f(X®) =X~ and f(Y¥)=Y"™ and X and Y are contained in every good subspace of
V' that contains v. It follows f({(C(Y))) = (C(Y)) and this subspace is also contained
in every good subspace that contains v. Now we add every summand a for a € X*\ X
to w, if a € (Y) or to some w, with (e,a) = 0 otherwise. The result we call wu,.
W.l.o.g. we assume that v, = w, and X = X*.

Now we have

U=Zd+2ue

dex ecY
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where X NY =0, XUY U{u, : e € Y} is part of a transversal @, and u, € Q, .. Then
v = f(v) implies as above

Sd+d ue =Y fld)+> flue).

We have the stronger conclusion that f permutes X and the set {u. : e € Y} mod-
ulo (C(Y)). Hence

ve P (oPlu)=Uw)

acXUYUCY ecY

and for automorphisms f with f(v) = v we have f(U(v)) = U(v), as desired. O

Corollary 6.2 In Lemma 6.1 the representationiv) v = > d+ ) ue is unique modulo
dexX ecY

(C(Y)) by the properties 1) — iii).

Corollary 6.3 For every v € V there exists a smallest good subspace U(v) that con-
tains v. It is finite and definable over v.

Proof. If v € Uyv , then the result is proved in Lemma 6.1. If v ¢ V}» ,, then v is an
element of type 1*. Therefore U(v) = (v). m|

Corollary 6.4 If VO is a subspace of V, then there is a smallest good subspace U(V?)
that contains V°. If VO is finite, then U(V?) is finite and definable over V°.

Proof. By Lemma 6.1 for every v € V°N Vi, , there are X (v)UY (v)UCY (v) = X7, (v)
and {u(v)e : e € Y(v)} = X}(v) such that v € (X}, (v)X7(v)) and (X}, (v) X} (v)) is
finite, good, definable over v, and contained in each good subspace that contains v.

There is a part X], of a 1”-transversal such that (X{,) = ( |J X (v)). Let
’UEVOQV'lv,p

X1 C V0 be a basis of V? modulo Vi»,. For every e € X{, we choose a maximal
subset X, . of {u(v), : v € V®N Vi ,} linearly independent modulo Vi». Then it is
possible to represent every u(v), as a linear combination u*(v), over X, . modulo V}».
We obtain X., if we add all necessary elements of V. to X, to represent u(v),—u*(v),

forallv e VN Vv, Now Xiv U | X, .U X1 = X is a finite part of a transversal,
eEXIV

V9 C (X), and X is contained in every good subspace U with V° C U. O

If we analyse the proof of Corollary 6.4, then we obtain:
Lemma 6.5 For a subspace V° C V

UW%=<UU@UMWO

veVO

where R(V?) is a set of non-~-equivalent elements of type 1V that occur in the repre-

sentation of elements of ( J U(v) )N Viw.
veV?o
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Now we easily show:
Lemma 6.6 The intersection of two good subspaces is good.

Proof. Let Uy and U; be two good subspaces of V. Then UyNU; contains all U(v) for
v € UyNU; and the set R(UyNU;) described in Lemma 6.5. Hence U(UyNU;) = UyNU;.
O

Let X be a transversal for V. Assume that X is ordered by an additional relation <.
By Corollary 4.7

{B(a,b) :a,b€ X, a <b, B(a,b) # 0}

is a basis for the vector space (8(V,V)). That means that elements of 5(V, V) have a
unique representation as a linear combination over this basis. For a € (3(V,V)) (ora €
G') define U(a) as the intersection of all good subspaces V; of V' with a € (3(Vj, Vo))-
Since by Corollary 6.4 every finite subspace is contained in a finite good subspace, U(a)
is finite; it is good by Lemma 6.6. We want to show that a € 3(U(a),U(a)) and that
U(a) C acl(a). For the last assertion it is sufficient to show that U(a) is definable over
a.

As for groups we use the following notation:

Definition. Let U be a good subspace of V' = Vg and let X be a part of a
transversal. X respects U if X can be extended to a transversal Y of Vg such that
Y NU is a transversal for U. A good subspace respects U if it is generated by a part
of a transversal that respects U.

Let X be a part of a transversal and let U be a good subspace of V. Then X~
represents all elements of type 1” up to ~-equivalence and it is linearly independent.
If u € U is a linear combination v = Y, r;a; with a; € Xyv, then a; € U since U is good
(Lemma 6.1). Hence we have X;» = X[, U X;, where X!, C U and X\ is linearly
independent over U.

Note that X respects U if and only if

Xpe = X;{e UX,, foreveryec XF and

X = XTuXx;t
where X[ C U, X{/ C U,

X;f . is linearly independent modulo (Vi» UU) and
X1, is linearly independent modulo (Vi», U U).

Lemma 6.7 If Uy C Uy C V are good subspaces, then every part of a transversal X
that generates Uy can be extended to a part of a transversal XY that generates Us,.
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Proof. Since U, is good there is some part Y° of a transversal that generates Us.
W.lo.g. Y = X, UY}. for some set Y7» of elements of type 1¥. For every e € X;» UY7»
we choose a maximal subset Y, of Y), that is linearly independent modulo (Vi» UU).
Ify € V), \ Yy, then

ye (Viv UU UY,,).

Then there is a linear combination 3’ over X, . UY, . such that
y = vy modulo Vi» N Us.

Hence y € (X1+Y1+ X, .Y, ). We have shown that

XpuYru | (X.UY)

ecXvYiv

is a part of a transversal that generates U, N Viv ;. Then we find a maximal Y;. C Y
that is linearly independent modulo (Vv ,UU;). Similarly as above Y C ((U2NViv ,) U
X1 UYy). a

Lemma 6.8 If Uy and U; are good subspaces of V with a € B(Uy,Up) and a €
B(U1,U1), then a € B(Uy NUL, Ug NUY).

Proof. Uy N U, is good by Lemma 6.6. Let X be a generating part of a transversal
for UyNU;. By Lemma 6.7 there are Y° and Y such that XY and XY are parts of
transversals that generate Uy and U; respectively. W.l.o.g. we can assume, that there
is no part XY* of a transversal in U; such that |Y}i| < |V}]| and a € B({(XY™*), (XY™*)).
First we show Y;! C Uy modulo Vi»,. Otherwise we can choose Y} in such a way
that Y} = Y2 UY;? where Y is linearly independent modulo (Up U Vi»,) and Y3 C
(UyUViv ). Let X be a transversal that contains XY°Y2. By assumption (minimality
of |Y}}]) the representation of a over XY contains each y € Y2 in some commutator.
But then we have the same for the unique representation of @ over X. This contradicts
a € B(Uy,Uy). Hence Y2 = 0 and Y}! C Uy modulo Viv ;. For each y' € Y. there is
some y° € Uy such that y* — y° € V1, ,, and hence

yl — yo € Vlu,p N <U0 U U1>

If we add suitable ug € Vi», N Uy and u; € Viv, N U to y° and y' respectively, then
we have w.l.o.g. Y]\ C Uy and therefore Y} C Uy N U;. Hence Y;: = . Similarly we
can assume w.l.o.g. that Y2 = (.

For all transversals X D X the set I™ of handles e such that X, . is used in rep-
resentation of a over X as a linear combination of commutators is the same. Hence

we can assume that / € X and C(I) C X. Now Y! = Y;}’e UYL. We fix some
ecl
e € I and assume that we have chosen a part XY™ of a transversal in U; such that

Y| is minimal and ¢ € B((XY™*),(XY™*)). W.lo.g. Y' =Y*. As above for ¥}: and
Y we have Y! = Y? = (. Then Y° =Y, Y! =Y}, and hence XY°Y! is a part
1 e e 1 1
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of a transversal. Then all elements of any transversal X D XYY that are used in
commutators of the representation of a over X are in X. Since I and CI are also in
X we get YO =Y'! =), as desired. O

We have shown that a € 8(U(a),U(a)). Finally we prove:

Theorem 6.9 For every a € B(V,V) (a € @' respectively) there is a smallest good
subspace U(a) CV such that a € B(U(a),U(a)). U(a) is finite and definable over a.

Proof. It is clear that a € (V?, V?) for some finite good subspace. By Lemma 6.6 we
can define U (a) as the intersection of all good subspaces U that contain a in 3(U, U). By
Lemma 6.8 a € f(U(a),U(a)). U(a) is finite, hence definable, and {a}-automorphism
invariant, hence definable over a. O

Let Aut{cya/ve)(C) be the subgroup of all automorphisms of € that fix d/V; and fix
G setwise.

Lemma 6.10 Let G X CETs. Letd= > ¢+ >, di+ Y. w;+z be an element

1<i<n 1<i<m 1<i<e
of (VaUViv ,) where ¢, ..., cp,€1,...,en are elements of type 1 not in Vg in different
~-classes, each d; is an proper element of type p with handle e;, for every i either
B(ci,ej) # 0 for all j or ¢; is a connection of two ej, any w; ¢ (Vo U Viv) and it is a
proper element of type p with handle f; € Vg, different f; are in different ~-classes,
B(ci, f;) # 0 for all i, j, and x € V. Then there is a subgroup IK of Autigya/ve) ()
of finite index such that every f € IK fizes {c1,...,Cn, €15y €my A1y dm, f1,---, fe}
pointwise and f(w;) = w; modulo Vg.

Proof. Let C be the set of connections of the handles e; and f;. By Lemma 6.1

{Clv"'7cn7€17"'7em7d17"'7dm7f17"'7f€7w17'"7w£}UC

generates U(d — x) the smallest good subspace that contains d — z.

Hence (Vo U U(d — x)) is the smallest good subspace that contains V; and d. It is
fixed setwise by every f € Aut{gya/ve)(€). Such an automorphism f determines an
automorphism of the finite space (Vo UU(d — x))/Vi. Hence there is a subgroup IK of
Aut{ay(a/vg) (@) of finite index such that f € IK fixes {c1,...,cp,€1,...,€m,d1,...,dpy,
w1, - .., we} pointwise modulo Vi and therefore fi,..., f, pointwise. By Lemma 4.15
{u € Vg : B(u,e;) = 0} < p. Hence we can decrease IK in such a way that it is
still of finite index but every f € IK fixes {c1,...,¢Cn,€1,- -, €m,d1,...,dn} pointwise.
To show this first assume ¢ = ¢; or ¢ = e;. Then f(¢) = ¢+ v where v € V; and
[ € Autggya/v,) (€) implies f(c) = c since ¢ + v with v # 0 is not of type 1”. Now
consider f(d;) = d; + v where v € Vg and f € Autigya/vy)(€). Then B(v,e;) = 0.
Since e; ¢ Vg there is no proper element of type p with handle e; in V. By Lemma 4.15
B(v,e;) = 0 has at most one nontrivial solution up to ~-equivalence. O
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7 Good subspaces that respect 1

Let € be a monster model of Ts and G < €. Let D be a finite good subspace of
V' = V. Our aim is to have a good subspace D* that contains D, is definable over D,
and respects V. This is impossible in general. We will develop a substitute. First we
give some notations and definitions.

Let M be a model of any elementary theory 7" and D be a subset of M. Then
Aut(py(M) = {f € Aut(M) : f(d) = dfor d € D} is the pointwise stabilizer of D
and Autpy(M) = {f € Aut(M) : f(D) = D} is the setwise stabilizer of D.

Definition Two subgroups of some group are commensurable, if their intersection
has finite index in both of them.

Fact 7.1 Let @ be a monster model of T, M < @ saturated, A C @, and E C M*9.
If Aut(gy(M) and J = {f € Aut(M) : tp(A/M) = f(tp(A/M))} are commensurable,
then acl(E) = acl(Cb(tp(A/M))).

Note that
J= {f [M: fe Aut{M}(A)(@)}.
Furthermore:

Fact 7.2 If A C B C acl(A), then Cb(tp(A/M)) C Cb(tp(B/M)) C acl(Cb(tp(A/M))).
If A C B Cdcl(A), then Cb(tp(A/M)) = Cb(tp(B/M)).

Fact 7.3 If in the situation of Fact 7.1 A = (AN M) U B, then Cb(tp(A/M)) =
del((AN M) U Ch(tp(B/M))).

Now we come back to Ts and G < € F Ts. As before we often use F(G) =
(Va, Wa, Ba) 2 F(€) = (V,W, ) in €.

Definition O = (X", Y" D") is a special triple with respect to Vi of subsets of V,
if

i) D" is linearly independent modulo V4.

ii) X"Y" is a part of a transversal that respects Vg, X° C Vg, YT is linearly
independent modulo Vg,

[m} [m] [m] [m] [m] [m]
X :Xlu Ule, Y :}/:D = U }/;)’e’

eeXy,

and all Y, for e € X7, are non-empty.
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iii)

iv)

There are a bijection d — z4 of D” onto X[ and an injection d — y4 of D" into
(Y'") such that

d=x4+1ys forevery d € D".

(VeY") is the smallest good subspace that contains Vi; and D°.

If X is a subset of V, then we use (X) to denote the subspace of V' that is generated
by X as above. (X)x denotes the restriction of the considered alternating bilinear map
to the subspace (X). Given a special triple O = (X", Y", D7) as above we introduce
an equivalence relation 05(X%, X1):

Definition Let 7° and 7' be subsequences of V of the length of DY, namely 7 =
(2% : d € D). Define 05(z°,7!) to hold if there is a vector space homomorphism f of
(V") into V that can be extended to an IB,-homomorphism f of (X5 Y")z into F(Q)
with f(z) = z for x € X5 and

Note:

zg = x5+ f(Ya)-

In the definition above we have S(e, f(y)) = 0 for e € X|, and y € Y ..

We obtain (X Y")# from the free alternating bilinear map over the vector space
(XRY"), if we factorize it by all 8(ag,a1) = 0 for ag,a; € X1, that come from
(XT)7 and by B(y,e) =0 for e € X and y € Y.

Hence a vector space homomorphism f of (Y”) in V' can be extended to an IB,-
homomorphism f of (X2 Y")x into F(@) with f(z) = x for + € X3 if and only
if B(e, f(y)) =0 for all y € Y.

0o (7°, ') defines an equivalence relation.
0o is definable over XT,.

In a situation where X7, is fixed we can consider the classes of A as elements of

.

We use O(XT1) to denote the f5-class of X1.. Often we only write O.

Theorem 7.4 Let D be a finite good subspace of V. Then there are a finite good
subspace (X X"YY") D D, where XX"YYP" is a part of a transversal that respects G
with (X XYYP)NVg = (XX"), and a subset D° of (X"Y") such that

i)
ii)

(VaYYP) is the smallest good subspace that contains Vg and D. D C (XY D).

0= (X" Y" D) is a special triple and

X"NX=Xn, Y°nY=40.
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iii) Autgyp)(C) and Autigyxypo)(@) are commensurable.

iv) If H is a saturated model of Ts with G < H X € and acl(DUG)NH = G, then
Autgypy (@) and Autygyxype)(T) are commensurable.

We call (X, X",Y,Y" D) with the properties in Theorem 7.4 a platform for D.

Proof. By Lemma 6.6 D NV is good. By Lemma 6.7 there is a part of a transversal
I for D such that I NV is a part of a transversal for DN V. It is possible that I does
not respect V. Starting from I we construct X, Y, X", Y and D". In each step we
say which constructed elements belong to which set.

Assume I = I°U I' where I = I N V. Then I° will be part of X and I}, will be
part of Yi.. Note that e € I}, implies that I, C I'. Then I, . is linearly independent
modulo (Vg U Viv). I, will be part of Y. Now we consider I}, for e € I7,. W.lo.g.
L ,=1,UI} where I’ C (VgUViv) and I} is linearly independent over (Vg UViv).
I3, will be Y, .. Up to now all constructed elements of X and Y are elements of D.
Therefore they are fixed by all automorphisms that fix D pointwise. If w € I2?_, then

p.e’
(7.1) w = Z ¢+
1<i<n
where ¢y, . .., ¢, are elements of type 1 not in Vj; in different ~-classes with §(e, ¢;) = 0

and = € Vg is a proper element of type p with handle e in Vi;. The ~-classes of the ¢;
and e are uniquely determined by w (Lemma 6.10).

Let X7, C Vi be the set of the z’s that correspond to the w’s € I?, in (7.1). Then
Xpe = I), U X?, is linearly independent modulo Vi». It will be the p-transversal for
the handle e in X C V. Furthermore all ¢; will be elements of (¥;.). In the situation

(7.1) we have by Lemma 6.10
(7.2) Autigyw) (@) and  Autigy(fz.e,...co))(C) are commensurable.

By Lemma 6.1 {ci,...,c,} Cacl(DUVg). If H is as in iv), then acl(DUVg)NH C G
implies that {c1, ..., ¢, } is linearly independent modulo V. We obtain by Lemma 6.10

(7.2H) Aut{H}(w) (€) and AUt{H}({m,cl,...,cn}) (€) are commensurable.

Finally we consider Il,. Again we split w.lo.g. I, = T2 U I} U I} where
I C <VG UV u U 1;,96>, I3 C (Vg U Viv,) but it is linearly independent mod-
e¢VG

ulo <VG uvru Yp(fe>, and I, is linearly independent modulo (Vg U Vi ,,). Again
edVa
w.l.o.g. we can assume that I{, C Y;.. Similarly as in (7.1) we have for w € I2

1<i<n 1<i<m
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where the ¢;’s are elements of type 1 not in Vg in different x-classes, the d;’s are
proper elements of type p not in Vi; with different handles e; not in Vg, f(c;,e5) # 0
for all 7 and j, and = € Vg is an element of type 1. By Lemma 6.10 we have for (7.3):

(7.4) Autigyw)(€) and Aut{Gi(e,....en e1rmemydisndm,z) (C) are commensurable.

Let X2 be the set of the 2”’s in (7.3) for the w’s in I?,. Then X;. = I, UX?% is linearly
independent modulo Vi» ,. Xj. is the 1*-part of X.

We will put ¢i,...,¢n,€1,-.-,€m, and dy, ..., dy into (Y). Note (7.4) implies
{c1,--,enye1y ey emydi, ..., dn} C acl(Vg U D). By acl(Ve U D)N H C G we have
that this set is linearly independent modulo V. Since the handle e; of d; is not in Vg
we have d; ¢ (Vg U Viv). Otherwise we would get a proper element of type p in Vg
with handle e; ¢ V. Again we can apply Lemma 6.10:

(7.41) Aut i) (@) and Autimye,...cner,mem,diyndm,e) (C) are commensurable.

The set of elements we have collected for X up to now we call X°. We will have
X) = X, and X7, = Xy.. Using all elements we have choosen for (Y") we form Y such
that X°Y? is a part of a transversal that respects Vg with Vg N (X°Y?) = (X9). The
elements of X°Y? are either elements of D or they occur in (7.1) or (7.3). By (7.2)
and (7.4) we get therefore a subgroup IK° of Auticyp)(€) of finite index such that
each f € IK° fixes X°Y? pointwise. Analogously by (7.2%) and (7.4) we have IK°H
in Autgyp)(@) of finite index such that f € K7 fixes X°Y? pointwise.

Finally we consider w € I?,. We have

(75) ’w:ZCZ‘—FZdi-FZUJZ'-Fm

1<i<n 1<i<m 1<i<e

where ¢, ..., ¢y, €1, ..., e, are elements of type 1” not in Vj in different ~-classes, each
d; is an proper element of type p with handle e;, 5(c;,e;) # 0 for all 4, j, the element
w; ¢ (Vg U V1) is proper of type p with handle f; € Vg, different f; are in different
~-classes, (¢, fj) # 0 for 7, j, and z € V.

Then z is a proper element of type 1*. By Lemma 6.10 there is a subgroup K™ of
Aut{gyw) () of finite index such that every f € K™ fixes

{c1,--,enye1, s emydiy oo dm, f1,- .., fo} pointwise and f(w;) = w; modulo Vg.
Let d be x + > w;. We have f(d) =d for f € IK*. So

1<i<t
(7.6) Autgyw)(C) and AUt{cy(der,....cn,diyodmietrem, firfe) (L)

are commensurable.

By Lemma 6.1 {ci,...,cy,€1,...,€m,d1,...,dy,wy,...,we} are in acl(Vg U D). As
acl(DG) N H = G we know that these elements are linearly independent modulo V.
We have almost the situation (7.5) for w with respect to V. The only difference is
that it is possible that some w; are in (VgVi.). In this case w; = w} + =} where
x; € Ve NV, s and w} is a sum of elements v of type 1" that are not in Vx and satisfy
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B(v, f;) = 0. By Lemma 4.15 we have (v, f;) # 0 for i # j. If §(v,e;) = 0, then v is
a connection between f; and e;. Let w} = w; if w; ¢ (Vi U Viv). Otherwise we work
with w; and add z] to z. Let 2* be sum of z and these x7. Then we have

(7.58) w = ZCH_ Zdi—i-Zw;‘—i—x*,

1<i<n 1<i<m 1<i<e

where ¢1,...,¢p, €1,y €m,d1, ... dmy, f1,..., fe behave with respect to Vg as in (7.5)
with respect to V. Furthermore z* € Vy; if w; = w] then w} is a proper element
of type p with handle f; and w} ¢ Vg, and if w; # w} then w} is a sum of non ~-
equivalent elements v of type 1¥ not in Vg with B(v, f;) = 0, B(v, f;) # 0 for ¢ # j,
and ((v,e;) # 0 for all j or v is a connection of two handles e;, f;. In the last case f;
is uniquely determined by v (Lemma 4.15). In this case we define w}* = w; — v and
d;* = d; +v. It can hapen that we add several v to d;. We call the final result again
d3*. We can write (7.57) as

w = Z i + Z d;i* + Zw;‘*—f—x*.

1<i<n 1<i<m 1<i<e

Now we apply Lemma 6.10 and obtain K" C Autigy () (€) of finite index such that
every f € IKUH fixes all ¢;, all e;, all df*, all v in w}* if w} # w;, and for w; = w} the
handle f; and w; modulo Vy. Note for w; # w; that by Lemma 4.15 f7 is the only
~-class in Vg with §(v, f;) = 0. Hence w.l.o.g. we can assume that f(f;) = f; also
in this case. Finally w.l.o.g. f(v) = v for a connection v of f; and some e;. Hence
f(di) =d; and f(d) =dford =2+ ) w; =2+ 11<i<s w. We have shown:

1<i<t
(7.6%) Auty ) (@) and AUtiiyd,er,....cnser,omemsdsydmsfipfe) (L) are commensurable.

Let IK be the intersection of IK® and all IK* for w € I3, and IK" the intersection of

IK°H and all IK*H.

Let X[, C Vg be a part of a 1”-transversal that consists of representatives of all ~-

classes of the f; in (7.5) for w € I3..

Now we define X as X° U X[, where we assume that X and X° contain the same

element a of type 17, if they both represent the ~-class of a. We enlarge Y° to Y! in

such a way that all ¢1,...,c,,€1,...,€n, and di, ..., d,, from (7.5) for w € I3, generate

Y?! over Y% and XY is a part of a transversal with (XY1) NVg = (X). Y is fixed

pointwise by K and K.

Let f; be an element of XT,. For each w in I3, either there is no element of type p

with handle f; in (7.5) or there is some w; that we call w;(w). Let Y7, be a subset of

{wi(w) : w € I%.} such that Y, Y7 is a basis of ({w;(w) : w € I}.}) UY, 5, modulo

(Ve UViv). Define Y7 = |J Y, . The elements of Y are fixed modulo Vi by the
eEXID,,

automorphisms of JK and fixed modulo Vi by the automorphisms of K, since this

was true for the w;.
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We consider again (7.5). By definition d = 2+ > w;. Hence d = z+v +y+y, where
1<i<e
yg € (YT, y € (Y, and v € Vi» modulo Viz. We have v = > w; — y — yq- Then
1<i<e

y is fixed by every f € IK and g € IK". We have f(v) = v modulo Vg for f € IK
and ¢g(v) = v modulo Vy for g € IKH since this was true for the w; and Y'. Then the
elements of type 1” in v, which are not in Vi, and therefore not in Vy, are w.l.o.g. fixed
by the automorphisms of /K and IK” (Lemma 6.10). We enlarge Y' to Y such that
the ~-classes of these elements are represented in Y;». Now we substract all summands
of d that are from Y and call the result again d. We have d = x4 + y4 with x4 € Vi is
of type 1* and y4 € (Y"). y4 = 0 is impossible since this would imply w € I?.

Let D" be the set of these elements d we obtain from the w’s in I}, this way via (7.5).
We define X[, = {zg : d € D} and X" = X[ U X[.. Assume w.lo.g. that X,
and Yj. contain all connections of the handles. By construction it is easily seen that
(X, X" Y,Y", D7) fulfils the conditions of Theorem 7.4:

D C(XX9YY®), D C(XYD"),

XX"YY" is a part of a transversal that respects Vg, (XX"YY®) N V5 = (X XP).

Every element 4 in YY" is either an element of D or it was the result of an application
of Lemma 6.10 in (7.1), (7.3) and (7.5). But if we consider w — z in (7.1), (7.3),
and (7.5) then we can apply Lemma 6.1 and obtain the element y as an element of
U(w—x). Hence (VgY'Y") is the smallest good subspace that contains Vg and D. This
proves i).

ii) is clear by construction. We obtain that (VzY"™) is the smallest good subspace that
contains Vi and D" by a similar argument as above for i).

Finally we show iii) and iv). Since D C (XY D") we have that Autigyxypo)(C)
is a subgroup of Autgyp)(€) and Autigyxype)(C) is a subgroup of Autygyp)(T).
Conversely IK is a subgroup of finite index of Autygyp)(€). Analogously K# is a
subgroup of finite index in Autyzyp)(€). In fact (7.2), (7.4), (7.6) and (7.27), (7.47),
(76H) imply IK C Aut{G}(XYDD)(@) and K - Aut{H}(XYDn)(@). O

Corollary 7.5 Let D be a finite good subspace of V. Let (X,X",Y,Y" D) be a
platform for D. Then the following is true:

v) YY" Cacl(XX"D).

vi) There is a subgroup IK C Auticyp)(C) of finite index fizing YY" modulo Vg
pointwise.

vil) Autieyxy o} (€) N Autigypy(C) has finite index in Autgyp)(T).

viii) For every f € Autigyxy{oy)(T) there is some g € Autigyp) (@) such that f |
G=g]|dG.
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Proof. v) Since D C (XXTYY") we have d = z(d) + y(d) where z(d) € (XX")
and y(d) € (YY"). By Corollary 6.4 U({y(d) : d € D}) C acl(XX"D). If C is the
set of handles and connections of YY" in XX then (CYY") is a good subspace
that respects Vi and contains U({y(d) : d € D}). Since (CYY") N Vg = (C) and
U{y(d) : d € D}) C (CYY") we have U({y(d) : d € D}) N Vg C (C). If some
y € YY" is not in U({y(d) : d € D}), then (Vo UU({y(d) : d € D})) is a proper good
subspace of (VoY Y") that contains D. This contradicts Theorem 7.4i).

vi) By Theorem 7.4i) we have for every f € Autigyp)(C) that f((VaYY")) = (VeYY"E).
Hence there is some subgroup JK of Autcy(p) (') of finite index fixing Y'Y~ modulo V
pointwise.

Vii) Theorem 7.4iii) implies this since Aut{g}(XYDD)(w) - AUt{G}(XYU{Q})(w)- To
show this let & be an element of Autgyxypo)(€). For d € DY we have d = x4 + yq
with 7, € X and yg € (Y7), as (X", Y7 D) is special. So d = h(d) implies
h(ya) — ya = xa — h(xzq) € V. Furthermore we have h(z) = x for x € X5 C X.
Hence for y € Y" the elements y and h(y) are elements of type p with the same
handle. The map j(z) = z for x € X3 and j(y) = y — h(y) for y € Y induces an
IB,-homomorphism j of (X5 Y")# into F(G). Hence h(zy) = x4+ j(y4) and therefore
(zq:d € D) and (h(xg) : d € D) are in the same fg-class: h(O) = O.

To show viii) let f be an automorphism in Aut{gyxyo)(T). We have to find an
extension g of f | G with f(d) = d for d € D". Then the assertion follows from D C
(XY DP). Again we use d = 24+ y4 with x4 € X7 and y, € (Y"). Since (z4: d € D7)
and (f(zq4) : d € D") are in the same fg-class x4 — f(z4) € Vg is an homomorphic
image j(vq4), where j is an IB,-homomorphism of (X3 Y")# into F(G) with j(z) = z
for z € X[,. We define the desired g for a transversal X°YY Y™ of €. Let X° be any
transversal for V; and X°Y'Y" be a part of a transversal of the smallest good subspace
that contains Vg U D. On X°YY* g is defined like f and for y € Y" we define
g(y) = y + j(y). By Lemma 4.9ii) we define an automorphism of € in this way. For
this it is important that y and g(y) are proper elements of type p with the same handle.
Then g(d) = g(z4) + 9(ya) = f(za) +Ya+j(Ya) = f(xa) T ya+ 24— f(24) = za+ya=4d
for d € D" as desired. O

Corollary 7.6 Let G be a saturated model of Tg, G <X @, and D be a good subspace
of V. Then

acl(Cb(tp(D/G))) = acl(Cb(tp(XY D" /G))) = acl(Cb(tp(XY{O}/G))) =
= acl(Cb(tp(Y/G)) U X U O) = acl(Cbr(tpp (Y12 /T(G)) U X UO)).
Proof. By Fact 7.1 and 7.2 and Theorem 7.4iii) we have the first equality. The second
equality follows from Corollary 7.5vii) and viii). The next equality follows from Fact 7.3
and the last from Lemma 4.14. O

Finally we show the main assertion for good subspaces of V.
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Corollary 7.7 Assume Ts is stable and C' M -trivial. Let G < H < € E Tg be satu-
rated models of Ts and D be a finite good subspace of V' such that acl(DUG)NH = G.
Then Cb(tp(D/G)) C acl(Cb(tp(D/H))).

Proof. Let (X, X", Y,Y" D" 0O) be the platform for D with respect to G given
by Theorem 7.4. By Corollary 7.6 we have to show Cbr(tpp (Y2 /T(G)) U X U O C
acl(Cb(tp(D/H))).

By the last assertion in Theorem 7.4 there is a subgroup JK of finite index in Autyy(p)(Q)
such that all f € IK fix X, Y}, and D" pointwise. As in the proof of Corollary 7.5vii)
it follows f(O) = O. a

8 The tame case
The aim of this paper is to show:

Theorem 8.1 Assume that G < H < @' are saturated models of Ts and A is a finite
subgroup of the monster model @' such that

acll[AUG)N H =G.
Then Cb(tp(A/G)) C acl(Cb(tp(A/H))).
Definition In the situation of Theorem 8.1 we say that A is tame if

AN(G-T)=(ANG)(ANCT).

We show Theorem 8.1 for the tame case. The lemmas we prove are also useful for the
general case. By Theorem 6.9 we get

Lemma 8.2 There is a finite good subspace Dy C V' such that

AN Cdc(Dy) and Dy Cacl(AN@').

Now we work in the general situation that G < €' are any nilpotent groups of class 2
and exponent p.

Lemma 8.3 Assume G < € are in @y, G is saturated, and Th(C') is stable. Fur-
thermore assume AN (G-Z(Q)) = AN(G-T"), c1,...,¢, € G (¢; =1 is possible), and
di,...,d, € Z(C) linearly independent modulo G - €'. Then

Cb(tp(AU{c1dy,. .., cndy}/G)) = dcl(Ch(tp(A/G)) U {c1/Z(T),...,c,/Z(T)}).
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Proof. Every f € Aut{ayau{cids,....cndn}) (€) fixes Cb(tp(A4/G)) and
{a1/Z(T),...,c,/Z(C)} pointwise. Hence

Cb(tp(4/G)) U{er/Z(T), ..., cn/Z(C)} € Cb(tp(AU{erds, . .., cndn}/G)).

To prove the converse let g be an automorphism of G that fixes each ¢;/Z(G) and
Cb(tp(A/G)). It is sufficient to find an extension f* € Aut{e(T) of g that fixes
AUA{eidy, . .., cpdy,} pointwise. Assume X is a basis for G modulo Z(G). There is a
basis XY for € modulo Z(€'). Then G = (X)® K% and € = (XY)® K% ® K where
K% and K are elementary abelian p-groups. Since AN (G- Z(C)) = AN (G- T') we
have A C (XY) @ K¢. Since g fixes Cb(tp(4/Q)) there is an f € Autygya)(C) that
extends g such that f(a) = a for a € A. We have

f(C'e K% =" o K°.

Now d; = a;b; where a; € @' & K and b; € K. By assumption by,...,b, € K
are linearly independent. c;a; and f(c;a;) are in (XY) @& K% Now we define f* €
Aut{c} (@) in such a way that f*(a) = f(a) for a € (XY) & K and

(b)) = faiai) ai)b; = fle) " eif (a;) ab;.

Note f(¢;)"'e; € GNZ(C) = Z(G) since g fixes ¢;/Z(€) and f(a;)"'a; € C'- Z(G) by
definition. f* extends g and fixes A pointwise since A C (XY )® K. Finally f*(c;d;) =
fr(eiaib) = f*(ciai) f*(b:) = fleias) f*(bs) = fleiai) fcia) ™ (ciai)bi = ciaib; = cid;, as
desired. O

Lemma 8.4 Let G <X @ be in2y. For every finite subgroup A of € there is a subgroup
B C A such that BNG=BnNG', BN(G-Z(C))=Bn (G-, and

A=(BU(ANG)U{crdy, ..., codn})

where ¢y,...,¢c, € G and dy,...,d, € Z(C) are linearly independent modulo G - @".
Moreover, A is tame if and only if B is tame.

Proof. We consider the subgroups @' C G- @' C G- Z(C) of €. Since G < T we
have €' NG = G'. Let X; be a basis of A modulo G - Z(C). Let X, be a basis of
ANG-Z(@) modulo G-@'. Let X3 be a basis of AN(G-€") modulo (ANG)(ANC"). Let
Bbe (X;UX3U(ANC")). Let ug,...,u, 1 be the elements of Xi, vy,...,v, 1 be the
elements of X3, and wy, . .., w;_1 be a basis of AN@". Every element of B can be written
as [] u® [T v ] w}, since every product of elements of X; UX5U {wo,...,w,—1} can
i<r i<s i<t
be brought into this form using some additional elements of (4 N @'). Tt follows
BNG=ANC'NG=ANG". Hence BNG = BN G'. Furthermore by construction
(BU(ANG)UX,y)=Aand BN(G-Z(C))=BN(G-C'). Ais tame iff X3 =0 iff B
is tame. O
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Corollary 8.5 Let G <X @ be groups in®y,, G is saturated, and Th(Q) is stable. In
the situation of Lemma 8.4 we have

Cb(tp(A/G)) = dcl[(ANG) U Cb(tp(B/G)) U {c1/Z(T),...,c,/Z(T)}].
Proof. This follows from Fact 7.3 and Lemma 8.3. O

Lemma 8.6 Assume G < H <X € are in(Hy, and B is a subgroup of €' with BNG =
BNG', BN(G-Z(C))=BnN(G- "), and ac(BUG)NH =G. Then BNH = BNG'
and BN (H-Z(C))=Bn (G- 1.

Proof. By assumption we have BNH = BNG = BNG'. If¢-d € BN(H-Z(T)) with
c€ H and d € Z(T), then ¢/Z(C) € HNacl(B) C G. Hence ¢ = ¢ody with ¢y € G
and dy € Z(€). We have cd = cydod € (G - Z(€')) N B and therefore ¢d € (G- €") N B.

O

Corollary 8.7 LetG = H <X € be in@,,, G and H are saturated, and Th(T') is stable.
If we want to show Theorem 8.1 for finite (tame) subgroups, then it is sufficient to show
it for finite (tame) subgroups A with ANG = ANG" and AN(G-Z(C)) = An(G-T").

Proof. Assume an arbitrary (tame) A is given. We choose B according to Lemma 8.4.
We have acl(BUG)NH C acl(AUG)N H = G since B C A. (If A is tame, then B is
tame.) Since Theorem 8.1 is true for B by assumption we obtain

Chb(tp(B/G) C acl(Cb(tp(B/H))).
By Corollary 8.5

Ch(tp(A/G)) = del[(A N G) U Cb(tp(B/G)) U {c1/Z(T), . .., ca) Z(T)}.
Since (AN G) U {c1/Z(C),...,ca)Z(€)} C Ch(tp(A/H)), the assertion follows. O
Now we return to Mekler groups.

Theorem 8.8 Let G < H <X ' E Ty be saturated. Assume A is a finite subgroup of
@, A is tame with respect to G, ANG = ANG', An(G-Z(C)) = An (G-,
and acl(AU G) N H = G. Then there is some finite good subspace D of V such
that D C acl(A), acl(Cb(tp(A4/Q))) = acl(Cb(tp(D/G))), and acl(Cb(tp(A/H))) C
acl(Cb(tp(D/H))). We have

Cb(tp(4/G)) C acl(Cb(tp(A/H))).

Proof. By assumption AN (G- Z(C)) = An(G-C") = (ANnG)(ANC') = (AN
GYANC) =ANC'" Hence A = (AN €") U E) where F is a basis of A modulo
ANG-Z(T). Let E be the image of E in V = @/Z(€). By Theorem 6.9 for every
a € (AN ") there is a good subspace U(a) C V such that a € B(U(a),U(a)) and
U(a) C acl(a). By Corollary 6.4 there is a smallest good subspace D C V such that
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EuJ{U(@):a€e AN@'}CDand D Cacl(EU{U(a) :a € ANQ"}). D is finite.
Hence D C acl(A) and therefore

Cb(tp(D/G)) C acl(Cb(tp(A/G))) and
Cb(tp(D/H)) C acl(Cb(tp(A/H))).

To show
acl(Cb(tp(D/@))) = acl(Cb(tp(A/G)))

let g be any automorphism of €' that fixes D pointwise and G setwise. Let F(g) be
the IBj-automorphism of (V,W, ) induced by g. Then F(g) fixes D and therefore
AN @ C B(D,D) and E C D pointwise. By Corollary 3.3 there is an automor-
phism f € Autyg (@) such that ¢ | G = f [ G, F(f) = F(g) and f(e) = e for
e € E. F(f) = F(g) implies f(a) = a for a € AN @'. Hence f € Autigya)(C) with
f1G=g]G, as desired.

We have acl(DUG)NH = G. Hence by Corollary 7.7 Cb(tp(D/QG)) C acl(Cb(tp(D/H))).
This implies the last assertion of Theorem 8.8. O

Corollary 8.9 Theorem 8.1 is true for finite tame subgroups A.

Proof. Apply Corollary 8.7 and Theorem 8.8. O

9 Mixed elements

In Theorem 8.8 we have excluded elements a in A with a ¢ G, a ¢ €' buta € G - C".
We call these elements mixed elements with respect to G.

As before we consider saturated Ts-models G < H < ', where (' is a monster model.
Let A be a finite subgroup of € such that aclAUG) N H =G.

We only work with mixed elements under the assumption that
(9.1) AN(G-Z(@))=An(G-@.

If a € A is a mixed element with respect to H, then a/Z(C) € H Nacl(A). Hence
a/Z(Q) € G, a € G- Z(C) and therefore by (9.1) a € G- €'. We have shown that a is
a mixed element with respect to G. If a is a mixed element with respect to GG, then a
is a mixed element with respect to H. From now we will speak about mixed elements.
Our aim is to show the following result.

Theorem 9.1 Let a be a mized element of A. Then there are elements a¢ € G,
o' € €' and a part of a transversal XU that respects G with (XU) N Vg = (X) such
that

a = CLG . H[-/L', u]sccual

reX
uelU
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and the following is true:

There are a subgroup IKC of Autiaya) (@) of finite index and a subgroup K" of
Autiiy)(C) of finite index such that for every f € K% and every g € IK" we have
fla") =4d, g(a) =d, f(x) ==, g(z) = for x € X, and f(u) = u modulo Vi and
g(u) = u modulo Vi foru e U.

The elements of U are not of type 1”. If they are of type p, then their handle is in X.
U is linearly independent modulo V.

By Theorem 9.1 we can assume w.l.o.g. that @’ € A for a mixed element a € A. That

means we can restrict us to mixed elements of the form a® [] [z, u]*=*.

reX
uelU

We will study mixed elements to prove Theorem 9.1. Assume a = c¢d = c¢;d; where
c,c1 € G and d,d; € @'. Then dd;' = ¢ 'c; € GN @' = G'. Here we use G < .
Hence d is uniquely determined modulo G'. By Theorem 6.9 there is a finite good
subspace D C V with d € 3(D, D) and D C acl(d). D is the smallest good subspace
such that d € (D, D). It follows that Autys () and Aut(p)(C) are commensurable.
By Theorem 7.4 there is a platform (X, X", Y, Y", D) for D with respect to G. Then
(VeY'Y") is the smallest good subspace that contains Vi and D. If f € Autiaya) (@),
then a = e¢d = f(c) - f(d). Then f(D) is the smallest good subspace with f(d) €
B(f(D), f(D)) and f(D) C acl(f(d)). Since d = f(d) modulo G’ it follows f(d) €
B((VeD), (VeD)). Hence we have f(D) C (VY Y"). Since f({(VeY'Y")) is the smallest
good subspace that contains Vi and f(D) we have f((VoYY")) C (VYY"). By
similar arguments D C f({(VeYY")) and f((VeYY")) = (VeYY"). It follows the
existence of a subgroup IK of Autigyq)(C) of finite index such that

— O
— G .
(a)  f(y) =y modulo Vg for all y € YY*- and all f € IK

Let (X#, XHO YH yHD DHO) be a platform for (XY D) with respect to H. The
smallest good subspace that contains Vi and D is (VeYY") and it contains (XY D).
Hence the smallest good subspace that contains Vi and D contains (XY D). Since
D C (XY D") the subspace (Vi YHYH5) is the smallest good subspace that contains
Vi and D. By Theorem 7.4 for every saturated H* with H < H* < C and acl(D U
H)NH* = H Autyg-yp)(€) and Autyg-yxypo)(C) are commensurable. Note acl(DU
H)N H* = H implies acl(D UG) N H* C H and therefore acl(D U G) N H* = acl(D U
G)NH = G. Since (X#, XHO yH yHD DHD) i g platform for (XY D) with respect
to H we get that Autyg-ypy(C) and Autyg-yx#y#proy(C) are commensurable. Hence
(XA XHO yH yHO DHBY is a platform for D with respect to H.

Let f € Autipnyo)(C). Then f(d) = d modulo H'. Hence

(Vg U D) = (Vg U f(D)) = f({(Vyg U D)) as above.

As shown above (Vg UYH UYHP) is the smallest good subspace that contains Vi and
D. Similarly, f((Vz UYH# UYHP)) is the smallest good subspace that contains Vg and
f(D). Since (Vg U D) = (Vg U f(D))

fF((VguYPuY ) = (Vyuy?uyH®),
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Note that
YY® C (VgYD®) C (VY D®) = (Vy YEYHD),
Hence there exists a subgroup K" of Autyzy)(€) of finite index such that

(a)f  f(y) = y modulo Vy for every y € YY" and f € IK".

Using (a), Lemma 6.10, and Corollary 4.16 we obtain a subgroup IK of Autigy)(T)
of finite index such that (a) is true and for every f € IK:

(b)  f(y) =y for every y € Y. and every y € Y, with e € Y7,

f(z) = z for every handle z € X of some y € Y, UY, 7,
and every root x of some y € Yi..

By Corollary 7.5
YY" Cacl(XX"D) C acl(GD).
Hence YY" is linearly independent modulo V. Then we can show:

(b)"  There is a subgroup K" of Autyyy e () of finite index such that (a)”
is true and for every g € IK¥ we have

gly)=y for y€ Yy U U Ype

ecYiv

and

g(x) =z for every handle z of some y € Y, , UY,},
and every root x of some y € Y7..

(b)# follows from (a)” by Lemma 6.10 and Corollary 4.16 in most cases. The crit-
ical case concerns the handle z of some y € Y, .Y, with y € (VzViv). Then y =

> wv; modulo Vi where the v; are ~-inequivalent elements of type 1” not in V.
1<i<r
The handle e of y is an element of V. We have 3(e,v;) = 0. By Lemma 6.10 we can
choose IK* such that g(v;) = v;, whence g(e) = e for g € IK* by Corollary 4.16.

We call (X, X",Y,Y" D) a support for d with respect to G if
(i) XX"YY" is a part of a transversal that respects Vg,
(i) (XXCYYS)NVe=(XX"), XNX°=X2, yny® =0,
(iii) D" is linearly independent modulo (VgY), X" = X U X, Y7 = Y° =
U Y, fore € X theset Y-, # (), and every d € D has the form d = z4+ya,

p,e, ,e
ee Xy,
where 74 € X[ and y4 € (Y").
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(iv) d is a linear combination of commutators 3(u,v) with u,v € XY D".
(v) YYP C acl(aG) = acl(dQ).
Note that a support is not necessarily a platform.

We are interested in all situations a = ¢ -d, (X, X" Y,Y" D), K, IK? where
(X, X")Y,Y" D) is a support of d and (a), (a)?, (b), (b)? are true. We consider
XY D" as an ordered sequence, where < denotes this ordering. After moving some
summands sf(x1,x2) with 21,29 € X to ¢, we can replace (iv) by the following:

(9.2) d= > suB@y)+ Y S5BH1, 1)
reX Y1<yY2
yeY DY y; €Y DY

Our aim is to show that we can choose d, the support (X, X", YY" D9) K, IK¥ in
such way that (a), (a)¥, (b), (b)#, (9.2) are true and furthermore

(¢c) f(x)==xforallze X and f € K

() g(z)==xforallz € X and g € K.

We need further refinements to get (c) and (c)?. After deleting some elements of X
we can assume:

(9.3) For every z € X we have s,,5(x,y) # 0 for some y € Y D" in (9.2)
or z is a handle of some element of type p in XYY"
or x is a connection between two handles.
If f(z,y) = 0 for z, then s, = 0.

Finally we consider only situations such that

(9.4) X = {z € X :5,8(x,y) # 0 for some y € YD" and B(x,y) # 0
for all y € YY"} is of minimal size.

Let us consider again

(92) d= Z Swyﬁm y Z Sylyz y1,y2

zeX Y1<y2
y€Y D" y; €Y DB

If we use D" C (X{Y'"), then we obtain

(9.2 d= Z ToyB(2,y) + Z Ty B(Y1,y2) modulo (B(Vg, Va)).

zeX X" y1<y2
yeYyYn Y, €YYE
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Since X XYY" is a part of a transversal that respects Viz we have that {8(vy,vs) :
B(v1,v9) # 0, v1,v2 € XXYY" v < vy} is linearly independent modulo 3(Vg, V).
Furthermore D® C (Y XT)). Hence

Z reyB(x,y) = Z SayB(x,y) # 0 modulo (B(Ve, V)

yeyyn yeY DB

for z € X° We get that

X ={reX: Z reyB(x,y) # 0 modulo (8(Ve, Vi) and

yeYy®

B(z,y) # 0 for ally € YY"}
By property v) of a support we have YY" C acl(a@) and therefore
{B(z,y) :y € YY", 2 € X} C acl(aG).

Since acl(aG)NH = G we have that {3(z,y),y € YY"} is linearly independent modulo
B(Vy, Vi) for z € X¢. Hence

X ={zreX: Z reyB(2,y) # 0 modulo (3(Vg, Vy)) and

yeyyd

B(z,y) # 0 for ally € YY"}

We can reformulate (9.4) in the following way: (X, X", Y, Y " D") is chosen in such a
way that with respect to (9.2)Y" we have that

(9.4)% X ={reX: Z reyB(x,y) # 0 modulo (8(Ve, Vi) and

yeYY®H

B(z,y) # 0 for ally € YY"}
={reX: Z reyB(x,y) # 0 modulo (8(Vy, Vy)) and

yeYY®
B(z,y) # 0 for all y € YY"} is of minimal size.

Under all the assumptions above we give

Proof of (c):

Let @ be a part of a 1¥-transversal that is up to ~-equivalence the set of roots of Y;..
We assume that elements of ) that represent ~-classes in X X are elements of X X".
See Corollary 4.16. W.l.o.g. we can assume:

(c)™e@k  Let x be an element of XQ. If f(z) € (XX"Q) for all f € IK, then
f(z) =x for all f € IK.

By (b) and the definition of @ for all f € IK we have f(z) = z, if z € Q, or z
is a handle of an element in Y, or Y. Note that S(z,y) = 0 for some y € YY"
implies that z is a root or z is a handle. Hence it is sufficient to show that f(z) = x
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for f € IK and x € X° Then we can choose IK such that IK fixes also handles of
elements of X, and connections. By (9.3) it follows (c). Our main argument will be
that f(d) = d modulo 8(Vg, V) for f € IK. By (¢™) it is sufficient to show that
f(z) € (XX7Q).

Hence we assume that:
(¥*)  There are some f € IK and x € X¢ such that

flz) ¢ (XX7Q).

Under our assumptions we show that:

(9.5) There are a transversal X Y of V, z, v in X, and f € IK such that X is
a transversal of Vg, QXX C X, YY? C Y,z € X% ue X\ XXQ,
f(x) = u+v with v € (X \ {u}), and for all 2/ € XX\ {2} we have
f(z") € (X \ {u}). Furthermore $(u,y) # 0 for all y € YY",

The last assertion follows since all roots and handles of YY" are in (XX"Q) and u
is outside. To prove that we can assume (25_) we distinguish several cases. [ and z
are given by (x). We choose a transversal X Y for V where X is a transversal of V,

XX"Q C X, and YY? CY. We will only vary X and X to get (9.5).
Case 1 z € X7..

We choose X in such a way that f(z) € X \ (XX"Q). Let u be f(z). If tu with ¢ # 0
occurs in the representation of f(z') for ' # z in X X7, then we replace ' by ' — tz.
We call the result of this process X*X*”. We have to show that X*X* is again a part
of a transversal. Note that X;» = X7, since f induces a permutation of the ~-classes
of the elements of X .

It remains to consider ' € X, . with tu in the representation of f(z') over X. Note
that there is no X .. We have to show §(z,e) = 0. Since tu occurs in f(z') we have
B(u, f(e)) = 0. Hence f(x,e) = 0, as desired.

Hence X*X*” is a part of a transversal and X}, = Xy». If we replace X by X* X"
by X*P, and X by (X \ XX")uU X*X*7 then (X*, X*°,Y,Y", D) is a support for d,
(a), (a)¥, (b), (b)", and (9.2) remain true. By (9.4) for X it follows (9.3) and (9.4)
for X™.

Case 2 z € X, . and (c) is true for all 2’ € X¥,.

Remember that for handles v € X;» with Y,, # 0 or Y, # 0 we know f(v) = v by
(b).

Case 2.1 f(z) ¢ (XX V).

This case includes the case f(e) # e, since f(e) # e and (c)™* imply f(e) ¢ (X X"Q).
Then f(x) is a proper element of type p with a handle f(e) ¢ (XX"Q). The proper
elements of type p in (X X"V}.) have a handle in X since they are of the form w + v

with w € X, and v € Vi». We define u = f(z) and choose X such that u € X.
The element v is proper of type p. It cannot occur in the representation of f(z') for
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2’ € Xiv, because these elements are in X;». Let 2/ € XX be such that u occurs
in the representation of f(z'). Assume 2’ € X, .. Then B(u, f(¢')) = 0. We have
B(u, f(e)) = 0. Hence f(e) ~ f(€') since u was a proper element of type p. We get
e~ e and 2’ € X, .. A suitable substitution z’ — tx is possible. If 2’ € X;. X[, then
we have no difficulties with such a substitution.

Now we can assume that f(z) = x for all handles z and therefore for all connections
in X and f € IK. Using (9.3) and (b) as above we have f(z) = z for all z € X;» and
all f € IK.

Case 2.2 (c) is true for all 2’ € Xy, f(2') € (XX"Vi) for 2’ € X, and there is
some z € X, . with f(z) ¢ (XX°Q) but f(z) € (XX"Vi.). By assumption we have
f(e) = e. We choose u in the representation of f(x) such that u € X \ XX"Q. By
assumption u ¢ f(X;v). If u occurs in the representation of f(z') for some 2z’ € X, o
with €' % e, then S(u,e) = 0 and S(u,e’) = 0 since f(e) = e and f(e') = €' by
assumption. Hence u is a connection of e and €’ and u € X, a contradiction. Therefore
the occurrence of u in the representation of f(z') implies 2’ € X, U X1 U X7, A
suitable substitution a’ ~ z’ — tx gives the desired conclusion (9.5).

Case 3 z € Xy and f(z') =2’ for all 2’ € Xy , XTo.

Case 3.1 f(z) ¢ (XX"Viv ).

Again we set f(r) = u € X w.lo.g. If u occurs in the representation of f(2'), then
7' € X;. U X7.. Hence suitable substitutions z' ~ 2’ — tu give us (9.5).

Case 3.2 f(z) € (XX"Viv ).

Then we choose

f(z) =u+v where u€ X1v, \ XX"Q and v € (X \ {u}).

If u occurs in the representation of f(z'), then the assumption in Case 3 implies that
7' € X1. U X[. The substitutions as given above ensure (9.5).

We continue the proof of (¢). We choose f, z, and u according to (9.5). There is some
y € YD with s;,8(x,y) # 0 in (9.2) and S(z,y) # 0 for all y € YY" since z € X°.
By (9.4)* we have Y r0(z,y) # 0 modulo (8(Vg, Vi)). We will modify the y’s in

yeYY®
YY" that do not occur in (b) inside their cosets modulo Vi. This way we will get a
contradiction to (9.4)%.

By (9.2)"" we obtain

F@= Y rayBUf@), f)+ D ruwB(f), f(y2) modulo (B(Ve, Ve))-

T1€X XY y1<y2
y1€YY"D y,€YYED

Using the linear representations of f(v:) and f(y,) for all z; € XX" and y; € YY"
over XY we compute the unique linear representation of f(d) over the set of all basic
commutators S(a,b) with a,b € X Y. For y € YY" let us summarize all summands of
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the form rf(u,y). From > 74, 6(f(z1), f(y1)) we get only r,,5(u, y) since by (b)

z1€XXH
y1€YYH

f(y1) = y1 modulo Vi and by (9.5) f(z1) for 1 # = does not contain u in its linear

representation over X Y. To find the summands 78(u,y) in > 74, 8(f(41), f(y2))

y1<y2
Yy, €YYH

we write f(y1) = y1 +t,u+wy, for y; € YY" where w,, € (X \ {u}). Then we obtain

Z Tyryty B(U, Y) Z Tyyi by B(U, Y)

Y1<y y<y1

as the desired sum. But since f(d) = d modulo §(Vg, V) there is no summand r3(u, y)
in the linear representation of f(d). By linear independence

Z Tyryly B(U, Y) Z Tyy by B(W, y) = —T2yB(u, y).

y1<y y<yi

By (9.5) B8(u,y) # 0 for y € YY". Hence we have

(9.6) Z Tyiyty Z Tyy by = —Tay

Y1<y y<yi

for all y. Now we replace every y € YY" by y* =y + t,z if f(y) =y + tyu + w,; this
yields a substitution for y € D as well. (9.6) and (9.2)"" imply

d= Z rey B, y*) + Z Ty B (Y5, y3) modulo (B(Va, Vi)).

' eXX"\{z} y1<y2
erY\D % €YYD

Moving commutators from 3(Vg, Vi) to ¢ we obtain a contradiction to (9.4)" if we can
define a support (X \ {z}, X*7,Y*, Y*7, D*7) for this new "d”.

Let us consider y € YY® or y € D with y # y*. By (b) y € Y}V, for e € X1» or
y €Y. orye DU,

If y # y* only for y € Y1. or y € D", then there is no problem. We obtain X*® = X"
and Y*Y*"D*" by replacing y by y*.

For y € Y}, Y, with y # y* we have to be more careful. By (b) we know f(e) = e. We
assume that there is some yo € Y, with y§ # y. To define (X \ {z}, X*7,Y*, Y*7, D*7)
we distinguish the three cases of the proof of (9.5). In Case 3 we have z € Xy.. In this
case we define

D*¥ = {y*:yeDor (y€ Y, and y # y*)}
Y* ={y":yeY\Y,)or(yeY,and y=y")}
VP =Y Uu{yeY,:y#y'}
X = XU {z}U{e € Xy : thereis some y # y* in Y, .}
and obtain a support as desired. In the other cases we define
" ={y*:yeD"}, Y'={y:yeY}
V¥ ={y*:yeY"} and X*7 =X".
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In these cases we have to show that S(e,z) = 0 for all e that are handles of some
Yy € Yp,eY;fe with y # y*. Then y* = y + t,x is again of type p with handle e. Since
y* # y we have f(y) =y +tu+w with t # 0 and w € (X \ {u}). B(y,e) = 0 implies
B(f(y), f(e)) = 0. Since e = f(e) we get S(u,e) = 0. In Cases 1 and 2.1 v = f(z) and
B(u, f(e)) = 0 implies B(z,e) = 0, as desired.

In Case 2.2 we have © € X, and therefore 3(z,e') = 0, u € X1v and f(¢') = €.
Hence B(u,e’) = 0. Above we have shown B(u,e) = 0. e % €' would imply that wu is
a connection of e and €. Then u would be an element of X, a contradiction. Hence
e’ ~ e and B(z,e) = 0, as desired. O

Proof of (c):

Our assumptions have been the following: d, (X, X", Y,Y", D7), IK, and IK" are cho-

sen such that (X, X",Y,Y" D) is a support of d, (a), (a)%, (b), (b)¥, (9.2), (9.3),

(9.4) and also (c) are true.

Using acl(aG) N H = G, and YY® C acl(aG) we obtain that YY" is linearly inde-

pendent modulo V. Hence YY" is linearly independent modulo V. Now we choose

again a platform (X# XH° yH yHE DHD) for (XYY") with respect to H. We can

choose this platform such that X C X# and Y. U |J Y,. C Y¥. To get this we apply
ecYyv

first Lemma 6.7 to (X) C (X¥). Since <XHXHDY1., u U Y;,’e> is a good subspace

ecYiv
of (XHXHOYH) we can apply Lemma 6.7 again.
Furthermore we can assume that

(+) YY" C(XP\X)XHPYyHyHBY

Elements of Y}{ are w.l.o.g elements of Y.. All elements of Y//'Y,Y*" occur in a
representation of elements of YY" as a linear combination over Y#Y#2 modulo Vg or
as handles or connections as described in Lemma 6.10. Hence by (a)” and that lemma
we have w.l.o.g.:

(ab)?*  Let f be an element of IK¥. f fixes all elements of Y#YH#% modulo V.
Furthermore f fixes Y;ZU |J Ypli pointwise and also all handles in X #
ecY

of elements of Y'Y, and all roots of elements of ;.

Similarly as above let Q¥ be a part of a 1”-transversal for the subspace of roots of Y/
in Vi such that XL N Q¥ is a basis for (X{) N (Q¥).
Now we choose IK* such that in addition (c#)"ak is true:

(cH)weak  Let x be an element of X. If f(z) € (XEXHTQH) for all f € IKH, then
flz)==.
By (b) we already know that the automorphisms of IK” fix the elements of Yi» U

U Yp.e, the handles z of some y € Y, , UY,", and the elements of Q.
ecYqv
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We have to show f(z) = z for x € X¢ and f € IK”. Our main argument is f(d) =
d modulo 3(Vg, Vy) for f € IK". We assume that there are f € IK”, x € X® such
that f(z) ¢ (X7 XHPQM) and obtain a contradiction. Similarly as in the proof of (c)
we show:

(9.5) There are a transversal X?YH of VV where X is a transversal of Vy,
XEXHOQH € XH and Y#YHP C Y# and some u € X7 \ XHXHIQH
such that f(z) = u +v with v € (X7 \ {u}), f(2') € (X7 \ {u}) for
' € XX"\ {z}, and for y € YEZYH" we have B(u,y) # 0.

Note B(u,y) # 0 for y € YAYH" is clear since u ¢ (X7 XH7QH) and all roots and
handles of Y#Y#" are in this subspace.

Case 1 We can choose = in X;.. W.lo.g. f(x) € Yi. We define u = f(z) and
replace ' € XX\ {z} by 2’ — tz if tu occurs in the representation of f(z'). Again
t # 0 implies 2’ € X, . or 2’ € X1.X[.. For 2’ € X, . we have to show ((z,e) = 0. But
t # 0 implies f(u, f(e)) = 0 and therefore 5(x,e) = 0 as desired.

Case 2 z € X,. and f(2') =2 for all 2’ € X7,.

Case 2.1 f(z) ¢ (X"X"OV).

We define v = f(z) and choose X* such that u € X*. u is a proper element of type
p with handle f(e). u cannot occur in the representation of f(z') for 2’ € X».

Let 2’ € X X" be such that u occurs in the representation of f(z'). Assume z' € X, ..
Then S(u, f(e')) = 0. We have B(u, f(e)) = 0. Hence f(e) ~ f(e') since u was a
proper element of type p. We get e ~ ¢’ and 2’ € X, .. A suitable substitution 2’ — tz
is possible. If 2’ € X;. X, then we have no difficulties with such a substitution.

Case 2.1 provides us f(z) = x for all handles = and therefore for all connections in X.
Hence we can formulate

Case 2.2 (c¢)f is true for all 2’ € X;. and there is some z € X,, with f(z) ¢
(XHXHEQTY but, f(x) € (XTXHOVL).

By assumption we have f(e) = e. We choose u in the representation of f(x) such
that u € X1 \ X?XHIQH Then u ¢ f(X1.). If u occurs in the representation of
f(z") for some 2’ € X, with €' % e then (u,e) = 0 and B(u,e’) = 0 since f(e) =€
and f(e') = €. Since u is a connection of e and €', we get u € X, a contradiction.
Therefore the occurrence of u in the representation of f(z') implies 2’ € X, . UX ;. UXT..
A suitable substitution 2’ ~» 2’ — tx gives the desired conclusion.

Case 37 1 € X and f(a) =2 for all 2’ € X1v .

As above in Case 3 we choose u in the representation of f(z) in (X#) such that
u ¢ XEXHOQH  Possible substitutions z’ — tx occur only for ' € X+ X[. Hence
there are no problems.

Now we choose f, x, and u according to (9.57). We have 3(z,y) # 0 forally € YHYH
by (ab)H2 since B(z,y) = 0 would imply that = is a root or a handle for y. We use
(9.2)Y" to get a representation of f(d) as a linear combination of commutators (v, v;)
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modulo (3(Vi, Vi)) with vy, vs € X#YH. We consider the summand r,,8(f (), f(y)).
If we want to write down (9.2)Y" with respect to X 7Y?, then we have to replace the
y € YY" by their representations as linear combinations over (X \ X)XH#2y#yH8,
As mentioned above YY" is linearly independent modulo V.

We get

(9.2Y" d= Z T, B, y) + Z Tonys B (W1, y2) modulo (B(Viz, Vir))-
z'eXH X HO Y1<y2
yeYHy HO yi €Y HYy HE

By (ab)#” we have f(y) = y modulo Vg for y € Y#YH#®  Furthermore d = f(d)
modulo (3(Vi, V). Since u € X\ X2 XHEQH it does not occur in the unique rep-
resentation as a linear combination of any y € YY" over X# XHBYHYyHO C XHYH,
Hence in the representation of d and therefore of f(d) over X?Y# any commutator
B(u,y) with y € YEZYHD does not occur.

On the other side in the representation of f(d) as a linear combination of basic com-
mutators over X#Y# we get r}, (u,y) from r} B(f(z), f(y )) (9.2)Y"°. By (9.5)
the other 3, 6(f(2'), f(y)) do not produce any B(u,y) for 2’ € X" X752\ {z}.

Let f(y) be y +t,u+w, for y € YHYHA® where w, € (X \ {u}). Then the second sum
n (9.2)Y" produces

Z Tyly ylﬂ u, y Z Tyyltylﬁ u Z/ (Z Tyly Y1 Z T:’J.’yl ) )
y1<y y<y1 1<y Yy<y1

Note that 8(u,y) # 0 for all y € YEYHP, B(u,y) = 0 would imply that u is a handle
or root of y and therefore an element of (X X#7Q#) a contradiction. Hence we have

H
(96") Dyt — D ot
y1<y y<y1

for y € YHYH9. Now we replace y € Y#YH#P according to this by y* = y + t,z if
fy) =y + t, @+ w,. If we use (9.67) in (9.2)""", then we have

(9.2)" d= Yoo 8@y + Y 1,81 vs) modulo (B(Vi, Vir)).

o eXHXHO\{g y1<y2
erHYH}ﬂ{ J yieYHyHe

Ifve YY" and

v = Z hyy + Z h,z,

yeYHYHD 2€XHXHO\X
then we define

v* =v+t,x where t, = Z hyty.

yeyHyHEl
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Hence
vt = Z hyy* + Z h,z.
yeYHYHB 2€XHXHP\X
If we replace v € YY© by v* in (9.2)Y", then we obtain
€= Z reoB(z,v") + Z T, B(V7, 03).
zeXX"H v1<v2

veY'Y™H ;YY"

In the computation of (9.2)Y" from (9.2)¥" we replaced v € YY# by its linear repre-
sentation over YHYHOXHXHE\ X Now we do the same formal steps with e where
y* plays the role of y € YZYH#5, That means we use

vt = Z hyy* + Z hzz-

yeyHyHEI zEXHXHD\X
We obtain
e= > B y)+ Y 1B ys) modulo (B(Vy, Vi)).
2’eXHxHB y1<y2
yeYHY HO Yy €YHY HB
By (9.2)*

e=d+ Z ToyB(,y*) modulo (B(Vy, Vp))-

yeyHYHD

If we consider (9.2)"" modulo (3(Vy, Vi) and compare it with (9.2)Y"", then we see

Yoo By = ) By =Y rwb(zv)

yeyHyHEl yEYHYHD vEYYDE
= Y roB(x,v") modulo (B(Vi, Vir)).
veY'YH

We use YY? C (VHYHEXHXHD\ X and that any set of commutators 3(a,b) # 0,
where a < b are elements of a given transversal, is linearly independent. Then we have

d= Y Bl )+ Y TueBuiu) modulo (8(Va, Vir)).

"N 550
As in the proof of (c¢) we find a support (X \ {z}, X*7,Y* Y*7 D*7) for d, such that
{y*:y e YY"} = Y*Y*7. We get the desired contradiction to (9.4). O

We repeat our assumptions:

(9.7) (X, X®,Y,Y",D") is a support of d and IK C Autygye)(C) and IK? C
Aut{sya)(€) both of finite index are given such that (9.2), (9.3), (9.4),
(a), (b), (c), (a)%, (b)#, and (c)¥ are true. All roots of Y are in X.
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Furthermore remember that Y D is linearly independent modulo V. We use again

(92) d= Z Swyﬁ x y Z Sylyz ylayQ
reX y1<y2
y€Y DE yi€Y DY

We split Y U D" into U* and P* where

Pr=YnU |J ¥.uP

e€Yiv
with
P ={yeYUD":s,,8(y,y)#0ors,By,y)#0
for some ' € Y U D"} \ <Y1u U U Y;,,e>
e€Yiv
and

U*=(YUD")\ P

Now we add to our assumptions that we have chosen a situation where |P| is minimal.
Then we have

(d) fly)=y for y€ P* and f € IK and
()% gy)=y for ye P* and g € K.

Proof of (d):

If f(y) # y for some f € IK and y € P* then y € P by (b). By (a) we have
f(y) =y modulo Vg for y € P and f € IK. If some y € P satisfies f(y) € (XX"YY")
for all f € IK, then there is a subgroup K, C IK of finite index such that f(y) =y for
all f € IK, and the considered y. Hence we can assume w.l.o.g.:

(d)*ak For all y € P we have: If f(y) € (XX"YY") for all f € IK, then
fly) =y forall f € IK.

To show (d) we assume that there are some y, € P and some f € IK such that
flyo) ¢ (XX"YY"). Let XY be a transversal of V where X is a transversal of
Vg, XX C X, and YY® C Y. Then w.log. f(y) = % +u + w by (a) where
u€ X\ XX" and w € (X \ {u}). We show that we can modify Y, Y7, and D" such
that f(y) € (XY \ {u}) for y € YD" and y # yo. We distinguish three cases.

Case 1 We can choose y, in Y, . N P. Since yo € P we have e € X. By (c) f(e) =e.
Then B(/ (), £(40)) = 0 implies B(e, u) = 0 and B(e, w) = 0.
For y € YY" we write f(y) = y + tyu + w, where w, € (X \ {u}). Note that ¢, # 0
implies y € Y, Y1.Y,, by (b). We define for y € YY" and y # yo

y'=y—tyyo and y =y
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We denote by Y'Y the new basis of (Y,Y®). According to this we obtain D¥'. We
write (Y DP)' for Y'DY. Then (X, X", Y’, Y™ DY) is again a support for d, for which
(9.7) remains true.

Case 2 For all f € IK and y € Y, we have f(y) € (XX"YY"), but there is some
yo € D" and f € IK such that w.l.o.g.

f(yo) =vyo+u+w where u€ X \ XX°, we (X\ {u}).

By (d)¥*2* we can assume f(y) =y for y € Y,. For y € YD let f(y) be y + t,u + w,.
t, # 0 implies y € D"Y.. For these y # yo we define y' = y — t,y. For all other
y € YD we define ¢ = y. Let YD be the new sets. We do not change V7. But we
have a new X' Then (X, X%,Y" Y, DY) is a support of d and (9.7) is true.

By (d)¥e2k again we have the following remaining case

Case 3 Forall f € IK and y € Y, U D" we have f(y) =y but there is some y, € Y7.
and f € IK such that f(yy) ¢ (XX"YY"). We do the same substitution as in Case 2.

It concerns only elements of ¥7.. Therefore it is easy to see that (9.7) remains true for
the new support.

Now we assume w.l.o.g. that f(y) € (XY \ {u}) for all y € Y D" with y # 3. We use
(9-2) d= D" suB@9)+ Y 5581, 92)

zeX Y1<y2
y€Y DY yi P~
and
f09.2)  f(d) = Z szyB(@, fy Z Sy B(f (Y1), f(y2))-
zeX y1<y2
yeY DE Y, EP*

If we rewrite (9.2) with respect to X Y, then this representation contains no commu-
tator S(u,w) with w € YY", But f(9.2) produces

Z SyoyB(u, y) — Z Syyo B(U, Y)

Yo<y y<yo
yep* yep*

in the representation of f(d) and this sum contains all commutators 3(u,w) with
w € YY" in the representation of f(d) over X Y. Since u ¢ (XX") the element
u is not a root or handle of YY" and therefore S(u,w) # 0. Since P* is linearly
independent over Vi; and sy, # 0 or s,,, # 0 for some y by minimality of | P|, we have

a non-vanishing commutator f(u, w) with w € YY" in the representation of f(d) over
XY. This contradicts d = f(d) modulo (8(Vg, V). O

Proof of (d)”:

By (b)# ¢(y) # y for some g € IK" implies y € P. By (a)” ¢(y) = y modulo Vg for
y € P and g € IK?. We choose a platform (X%, XH° YyH yHB DHOY for (XY DY)
with respect to V. We have w.l.o.g.
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(d)fweak  For all y € P we have: If g(y) € (X" XHIYHYHT) for all g € K", then
g(y) =y foral ge K.

As in the proof of (¢)¥ we can assume that X C X and

veu | Y. cvr
ecYyv
We use a transversal X?Y# of VV where X* is a transversal of Vi, X XH® C X and
YHYHE C YH, As above we choose yo € YD" and g € IK* with g(yo) = yo +u +w
where v € X \ XHXHD oy ¢ (XH\ {u}). Using the argumentation as in the proof
of (d) with the three cases we can w.l.o.g. assume that for y € Y D" with y # y, the
image ¢(y) does not contain u in its representation over XY If we rewrite (9.2)
with respect to X?Y# then commutators 5(u,w) with w € Y# do not occur. On the
other hand we have

9092)  g(d)= D suB@.9W)+ Y suBg(yr) 9(v2).

TEX Y1<y2
yeY DP Yy, € P*

Here we produce

B | u, Z SyoylY — Z SyyoY

Yo<y y<yo
yepP* yepP*

as the sum of all commutators of the form A(u,w) with w € YH#YH5 As above
B(u,w) # 0. By the minimality of |P| the linear combination on the right side is
non-trivial. Since P* is linearly independent over Vj there are commutators 3(u,w)
with w € YH#Y#H" in the representation of g(d) over X?Y*H. We have a contradiction
to d = g(d) modulo (B(V4, Vi)). O

Now it is easy to finish the proof of Theorem 9.1. We look at (9.2) and define

a = Z szyB(T,y) + Z S BY1, Y2)-

reX Y1 <y2
yep> yiepP*

By (c) and (d) we have f(a') = d’ for f € IK. By (c)? and (d)” we have g(a') = d’ for
ge K" Ity e U*N D", then y = u, + 1z, where u, € (Y") and z, € X". In this case

We move s,,0(z, z,) into c. Let U be U* \ D" joint with all elements of Y'" that occur
in some u, above. Using a = cd and (9.2) we have

a=a® H[x,u]s“a’

reX

uelU
where a® = c¢. To check the remaining conditions in Theorem 9.1 we use (a), (a)?, (c),
(c)f and the fact that YY" is linearly independent modulo V. O
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10 Finale

We show Theorem 8.1. By Corollary 8.7 we can assume that ANG = AN G and
AN(G-Z(@))= AN (G- €"). We compute Cb(tp(A/G)) up to the algebraic closure
and show that it is included in acl(Cb(tp(A/H))). Let Ay be a basis of AN €.
Choose A; C A such that A,/Z(Q) is a basis of A/Z(C') modulo G/Z(C). By our
assumption acl(AG) N H = G we have that A;/Z () is also linearly independent
modulo H/Z (). Consider ANG =ANG CANC' CAN(G-T')=AN(G-Z(@)).
Then A = (AU A, U {ay,...,an}) where ay,...,a, are mixed elements. We can
choose aq,...,a, in such a way that there is some ¢ with 0 < ¢ < m, ay,...,ap are
linearly independent modulo Z ('), and agy1, ..., a, C Z(€) are linearly independent
modulo €. By Theorem 9.1 there are af € G, a; € @', parts of a transversal X‘U*
(I < i < m) that respect Vi with (X'U") NVg = (X*) and UL, U |J Ui, =0, and
ecU,

subgroups IK C Aut{gya)(€) and IK¥ C Autyyya)(C) both of finite index such that

(10.1) a; = a¥ H [z, u]*va
reX?
uelU?
and every f € IK fixes all @} and X" pointwise, and fixes U* pointwise modulo Vg, and
every g € IK¥ fixes all a} and X* pointwise, and fixes U* pointwise modulo V.
Since f(al) = a for f € IK and g(a}) = a. for g € IK we have

acl(Cb(tp(AU {a},...,a,}/Q))) = acl(Cb(tp(A/G)))  and
acl(Cb(tp(AuU{dl,...,a,}/H))) = acl(Cb(tp(4/H))).

Hence we can w.l.o.g. assume that a, € (4p) C A for 1 < i < m. We can choose
ai,...,0, in such a way that

(10.2) a; = af H [zu]’e.
zeX?
uel?

Using Theorem 6.9 and Corollary 6.4 there is a good subspace D such that AN @' C
B(D,D), A/Z(€@) C D, X* C D for 1 < i < m and conversely D C acl((Aﬂ ¢ U

AlZ(@)u U XZ-). W.lo.g. we can assume that D is fixed pointwise by all auto-
1<i<m

morphisms in JK and in K#.

By Theorem 7.4 there is a platform (X, X", Y,Y" D) for D with respect to Vz. By
Theorem?7.4iii) Autigypy(€) and Autigyxype)(€) are commensurable, as are anal-
ogously Autygyp)(C) and Autigyxypo)(€) by Theorem 7.4iv). Hence XY D" is
w.l.o.g. fixed pointwise by all automorphisms f € IK and g € IK¥. Furthermore we
have w.l.o.g. f(y) = y modulo Vg for y € Y™ and f € IK, and similarly ¢g(y) = y mod-
ulo Vi for y € Y™ and g € K.

To unify (10.2) we will enlarge D. Let D* be the smallest good subspace that contains
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XX"YY®and |J U’ Again by Theorem 7.4 there is a platform
1<i<m
(X*, X*2,Y* Y*F, D*0) for D* with respect to V. W.lo.g. XX® C X* and YY" C
Y*. (VgY*Y*P) is the smallest good subspace that contains Vg, D and |J U".
1<i<m

Therefore this space and also Vg are fixed setwise by all f € IK. We can replace
IK in such a way that furthermore f(y) = y modulo Vg for all y € Y*Y*” and
f € K. (VgY*Y*P) is contained in the smallest good subspace that contains Vi,

D, and |J U;. This subspace is finite modulo V. Again we can w.l.0.g. assume
1<i<m

that g(y) = y modulo Vg for y € Y*Y*” and g € IK". Let X be the extension of X

by handles of Y*Y*” in V. Let Y* be YUY U |J Y, and Dt =(DUXtUYT).
eEeYD),

Note YPENY*T = 0. (XT, X" YT Y7 D) is a platform for Dt. Again w.Lo.g.

D*, X*, Y+, D" are fixed pointwise by automorphisms of /K and IK¥. Therefore

Cb(tp(D*/G)) C acl(Cb(tp(4/G))) and Cb(tp(D*/H)) C acl(Cb(tp(4/H))). By

Corollary 7.5 we have

acl(Cb(tp(D"/G))) = acl(Cbr(tpr(Y7¥/T(G)) U XT U O))
and by Corollary 7.6 we have
Cb(tp(D"/Q)) C acl(Cb(tp(D*/H))).

We will show that we obtain acl(Cb(tp(4/G))) from acl(Cb(tp(D*/@G))) if we replace
O by another imaginary element over Xt and that this imaginary element is also
contained in acl(Cb(tp(A/H))). Then CM-triviality is shown. Note Y™ C Y* and
VP C (Y*)\YT. Let U be (Y*Y*7)\Y*. We can write u € U’ as a linear combination
over X*X*CY*Y*P If u = ug + uy + ug with ug € (X*X*7), u; € Y+ and uy € U, then
forzr e X

[z, u] = [z, uol[x, ui|[z, us).

Let us consider (10.1) again. Since [z, u;] is fixed by all automorphisms in K and in
K" we can assume w.l.0.g. that [z,u;] is an element of AN @". [z, uo] is in G and can
be moved to af. Hence we can rewrite (10.2) as

(10.3) a; = af H [z, u] >,

v
As assumed above af, ..., af are linearly independent modulo Z(') and af,+, . .., a$ C
Z (@) are linearly independent modulo G'.
By definition of D all af/Z(€) for 1 < i < £ are in D N Vg and therefore in (X). Let
X" C Xi, be the set of handles for those elements in U that are of type p and have a
handle in V. According to the special triple (X, Y", D) let d = x4+ y, for d € D",
where 4, € X® and y; € (Y"). Using (10.3) we extend the definition of 6. Note
YECU.
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Definition Let 7 = (v} :d € D) (vi,...,v}) (i = 0,1) be two sequences in VIP"/ x

r m

@™, where vj € V and v; € €. We say 0, (7°,7"), if there is a IB,-homomorphism h
of (X"U) into F () with h(x) = z for z € X" such that
vY = vy +h(ys) for d € D" and

v) = v} H[:E, h(u)]*=  for 1< i< m.

reX
uelU

The intention of this definition is that we are interested in the Ox-class of (z4 : d €
D) a$,...,ab).
Note:

e In (X*U) pB(e,y) =0 for e € X* and y € U, are the only relations. Then we
have (e, h(y)) = 0 in this case. Hence in the definition above we can characterize
h as an vector space homomorphism with A(z) = z for x € X" and (e, h(y)) =0
fore € X" and u € U,.

e 0A(?°, ') defines an equivalence relation.

e (4 is definable over X.

e If X is fixed pointwise, then we consider the fx-classes as elements of €°9.
e Under this assumption let A be the fa-class of (z4: d € D7)"(a¥,...,al).

e Oisin dcl(AX).

For f € IK we have f(d) = d for d € D" and f(a;) = a;. For u € U we have
f(u) = u+wv, where v, € V. Let k be the vector space homomorphism of (X“U) into
Ve defined by k(u) = v, for u € U and k(z) = x for x € X™. It can be extended to an
IB,-homomorphism that we call again k. Since f(d) = d for d € D" implies

f(@a+ya) = f(xa) + f(Ya) = Ta + Ya,

we obtain

[(@a) =24+ (Ya — f(Ya)) = Ta+ vy, = Ta+ k(ya)-

Furthermore
a; = f(a;) = f(af) [] B, w)™ [] Bz, va)™
rzeX reX
uelU uelU

and therefore

af = f(af) [ Bla, k().

reX
uelU
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We have shown that

Oa((za: d € D7) (al,. .., ar), (f(za) 1 d € D7) (f(ar),- -, fap)))

holds. Hence A is preserved by all f € IK. Therefore A € acl(Cb(tp(A/G))). Since
all ¢ € K fix D", X and all a; pointwise, we can use the same steps to prove
A € acl(Cb(tp(A/H))).

Now we know that acl[Cb(tp(D*(G))) U A)] is contained in acl(Cb(tp(A/G))) and in
acl(Cb(tp(A/H))). Hence it is sufficient to show that

acl(Cb(tp(D*/G)) U A) = acl(Cb(tp(4/G))).

Consider f¢ € Aut(Q) fixing Cb(tp(D*/G)) U A pointwise. We will extend f¢ to
[ € Autyg (@) that fixes A pointwise. By the assumption we can extend F(f¢) to
(9,h) € Autre)(F(@)) with g(d) = d for all d € DT. Since fC fixes A we have a
IB,-homomorphism k of (X“U) into Vg such that ¢%(z4) = z4 + k(yq) for z4 € X",
and f%(af) = af ] [z, k(u)]*s for 1 < i < m.

reX
uelU

Now we change (g,h) into (¢*,h*). Let XY be a transversal of V such that X is a
transversal of Vg, XTX” C X and Y*U C Y. Since g(d) = d for d € D" we have
d = g(d) = x4 + k(ya) + g9(ya) and therefore g(yq) = yq — k(ya) for yq € (Y°) with
d = x4 + ys. We obtain g* from g if we define g*(v) = g(v) for v € XY \ U and
g*(u) =u — k(u) for u € U. Note g*(u) = g(u) for u € Y. Therefore g*(y) = g(y) for
y € D". Since k is a IB,-homomorphism of (X“U) into Vi with k(z) = x for z € X
the map ¢* induces an automorphism (g*, h**) of (V, (8(V,V)), B).

Then g*(v) = g(v) = v for v € (XTY+ D) and therefore for v € D*. (g*, h**) extends
F(f¢) and we can extend it to an automorphism (g*,h*) of (V,W, ). Since A; is
linearly independent modulo (Z(€') U G), by Corollary 3.3 there is an automorphism
fin Autygy (@) that extends f¢ with F(f) = (g%, h*) and f(a) = a for a € A;.
Furthermore f fixes AN @' pointwise since (AN @") C B(D, D). Finally for 1 <i <m

fla) = f(af) [T, f )=

zeX
uelU
= af [ [lz, k(@)™ ][ (fz, ul=[z, k(w)] =)
zeX reX
uelU ueU
= af H[m,u]%“ = q;.
zeX
uelU

We have shown C'M-triviality and

acl(Cb(tp(A/G))) = acl[Cbr(tpr (YI¥/T(G))) U X T U A]. O
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11 CM-triviality of Th(F3(p,w))

Let p be a prime greater than 2. Let Fy(p, ) be the free group in the variety of all
nilpotent groups of class 2 and exponent p with x free generators. The elementary
theory of Fy(p,w) is w-stable [1]. The models G of Th(F3(p,w)) could be considered
”Mekler-groups, where Vg contains only elements of type 1*”. Hence the proof of the
preservation of CM-triviality provides us a proof of the following result. We will give
some details in this chapter.

Theorem 11.1 Th(Fy(p,w)) is w-stable and C M -trivial.

Proof. Again we consider the following situation. Assume G < H < (€ are saturated
models of Th(Fy(p,w)) where € is big. Let A be a finite subgroup of € such that
acl(AG) N H = G. We have to show

Cb(tp(A/G)) C acl(Ch(tp(A/H))).

As above we use F(€) = (V, W, 5) and its substructures. If U is a subspace of V', then
a transversal of U is just a basis of this vectorspace. (Every subspace is good!) It is

not a problem to find a transversal X of U that respects V;. That means X NVg is a
basis of U N V.

Analogously to Theorem 6.9 it is much easier to show:

Lemma 11.2 For every a € B(V,V) there is a smallest finite subspace U(a) C V such
that a € B(U(a),U(a)). U(a) is definable over a.

By Corollary 8.7 we can w.l.o.g. assume that ANG =ANG" and AN (G- Z(C)) =
AN (GC"). The critical case are the mixed elements a in A, where a € G - €', a ¢ G,
and a ¢ '

We can show the following version of Theorem 9.1.

Lemma 11.3 Let a be a mized element of A. Then there are a® € G, a' € € and a
transversal XU with (XU) NVg = (X) such that

a=a" H[m,u]s”a'.

reX
uelU

Furthermore there are subgroups IK of Auticye)(@) and IK" of Autgmya)(C) both of
finite index such that all f € IK and g € IK? fiz o' and X pointwise, and U pointwise
modulo Vg and Vi respectively.

Sketch of a proof.

Assume a = cd with ¢ € G and d € @'. Then d is uniquely determined modulo G'.
By Lemma 11.2 there is a smallest finite good subspace D C V such that d € 5(D, D)
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and D is definable over a. Let XY be a transversal for D with D N Vi = (X). Then
Vi and (Vg U D) are fixed setwise by all f € Autygy,)(C). Hence there is a subgroup
IK of Autygy(a) () of finite index such that

(a) f(y) =y modulo Vg for every y € Y and f € IK.

Vi and (Vi U D) are fixed setwise by all g € Autygyo)(C). Since cd = g(c)g(d), we
have ¢ 'g(c) = dg(d) ' € €' N H = H'. We get a subgroup IK¥ of Autsy)(C) of
finite index such that

(a)?  g(y) = y modulo Vy for every y € Y and g € IK.

We can assume

(11.1) d= Z SzyB(@,y) + Z Sy1y2B (Y1, Y2)

reX y1<y2
yey Yi €Y

and for every x € X there is some y € Y with s, # 0.

We choose ¢ = c¢d, D, and XY in such a way that (11.1) is true and |X| is minimal.
We show that we can choose IK C Aut{gy@q) () of finite index in such a way that
furthermore

(c) f(zr)=zxforallz € X and f € K.

Suppose not. Then there are some zo € X and f € K such that f(z¢) = u ¢ (X).
Let X O X U {u} be a transversal for Vz and Y D Y such that X Y is a transversal
for V. We can change X and therefore X in such a way that f(z) € (X \ {u}) for all
reX \ {1?0}

Assume f(y) = y + tyu + w, for y € Y. Using (11.1) and f(d) = d modulo Vi we
obtain for every y € Y

SayB(u,y)

Z Sy1yB(ty, 0, y) Z Syyr (Ly, U, y)] =0.

Y1<y y<y1

Since B(u,y) # 0

Spy +

Z Syiyly Z Syyr y1] =0

y1<y y<yi

forallyeY.

If we set y' = y + t,x0, then we obtain (11.1) using only X \ {z¢} a contradiction to
the minimality of | X|. As acl(AG) N H = G we have (XY) N Vg = (X). We can do
the same steps and choose JK¥ in such a way that furthermore

() g(r)=xforzxe X and g € KE.
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Let Y be the disjoint union of P and U, where P = {y € Y : there is some y' with
Syy # 0 0r 2, # 0}.

Now we choose a = ¢d, D, and X, U, P such that (11.1), (a), and (c) are true and |P|
is minimal. We show that we can choose IK such that

(d) f(y)=yforye Pand f € K.

By (a) f(y) = y modulo Vg. If (d) is not true, then there are yo € P and u ¢ (X) such
that f(yo) = vo + u.

We can choose another basis of (P) that we call again P such that for y € P\ {y}
f(y) = y+w where w € (X \ {u}). But then we have a contradiction to the minimality
of | P|, since summands sy, 5(y, u) or Sy,,3(u, yo) cannot occur in the representation of
f(d) = d modulo G’ as linear combination of basic commutators over X Y. Note that
Syyo 7 0 OF 8y, 7 0 for some y since yo € P. Similarly we can assume

(¥ gy)=yforye Pand g€ IK".
(a), (@), (c), (c)f, (d), (d)# give the desired result. O

Now we can prove the theorem.

By Corollary 8.7 we have assumed that ANG = ANG' and AN(G-Z(C)) = AN(G-T").
Then A = (AN C")U A; U{ay,...,a,}) where A; is a basis of A modulo Z (') and

ai,--.,a,; are mixed elements. We assume
ai, . ..,a; are linearly independent modulo Z(Q)
and
i1, ---,0;m C Z(G) are linearly independent modulo G'.

We apply Lemma 11.3 and obtain a part of a transversal X, U with (X) = (XU)NVj,
and IK C Aut{gya)(€) and IK" C Autyyyca)(@) both of finite index such that

(11.2) a; = af H [z, u]%al

zeX
uelU

where af € G, a} € T,
all f € IK fix all ] and X pointwise, and U pointwise modulo V¢, and
all g € IK® fix all a} and X pointwise, and U pointwise modulo V.

Hence we can assume w.l.o.g. a; € ANT'. We choose D C V definable over AUX such
that (AN ") C B8(D,D), A/Z(€) C D, and X C D. W.lo.g. D is fixed pointwise by
the automorphisms of IK and IK*. We choose a basis X 7Y+ of D with DNVg = (X ).
Then we choose U™ such that XY U™ is a basis of (DUU). Note that U™ is linearly
independent over VoY .

We have that X*Y ™" is fixed pointwise by the automorphism of IK and K¥ and
f(u) = uw modulo Vg for u € UT and f € IK and ¢g(u) = v modulo Vg for v € Ut and
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g € IK". We can write u € U as u = uy + u1 + up with ug € (XT), uy € (Y1), and
uy € (U'). In (11.2) we can multiply [zug)»+ with af and w.l.o.g. consider [zu,] as
an element of AN @'. Hence w.l.o.g.

(11.3) a; = a? H [z, u]®ew.

reX
ueU+t

Note that
Xt Cacl(Cb(tp(4/G))) and X7 C acl(Cb(tp(A/H))).
To describe acl(Cb(tp(A/G))) completely we need:

Definition Let o' = (v¢,...,v!) (i = 0,1) be two sequences in €. We say 0 (v°, ')

’rm
holds if there is an vector space homomorphism A of (U™) into V' such that

vy = v, H [z, h(u)]  for 1<i< m.

7 (1

zeX
ueU+
This is an equivalence relation definable over X. Let A be the Oa-class of (af, ..., a%).

If X is fixed pointwise we can consider A as an imaginary. Since a; = f(a;) for
f € IK we can show that A € acl(Cb(tp(A/G))) by the same proof as in Chapter 10.
Analogously we have A € acl(Cb(tp(A/H))). Hence it remains to show that

acl(Cb(tp(A/G))) = acl(XT U A).
Let f¢ be an automorphism of G that fixes X+ pointwise and A. Let Y with YTU* C

Y be a basis for V modulo V. A is the Ox-class of (a¥,...,a%). Since fG(A) = A
there is some linear map k of U™ into V{; such that

f(af) =af H [z, k(u)]séu_

reX
ueU+t

Now we define an extension (g, h) € Aut(F(C)) of F(f¢) by g(y) =y fory e Y \U*
and g(u) = u — k(u) for v € U*. The automorphism h of 3(V,V) is determined by
g. Then h can be any extension on W. By Corollary 3.3 there is an automorphism
[ in Autygy (@) that extends f€ with F(f) = (g, k) and f(a) = a for a € A;. Since
D = (X*Y*) D is fixed pointwise by f.

Hence f fixes A; and D and therefore AN €'. Finally we show f(a;) = a;. We have

flai) = f@af) - f H [:U,u]sfw

reX
ueU+
= af [ l&, k)] J] [z, w(k(u) "]
reX zeX
ueUt ueU+t
= af H [z, u]® = a;. O
z€X
ueU+t
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The C M-triviality of Th(F3(p,w)) is shown. It follows that it is impossible to interpret
a field in this theory.
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