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Abstract

The class of nilpotent groups of class ¢ and prime exponent p > ¢ with
additional predicates P, C P,_1 C ... C P; for suitable subgroups has the
amalgamation property. Hence the Fraissé limit D of the finite groups of this
class exists. (1) C P,(D) C ... C P»(D) C Pi(D) = D is the lower and the
upper central series of D. In this extended language D is ultrahomogeneous.
The elementary theory of D allows the elimination of quantifiers and it is Ng-
categorical. For ¢ = 2 this was proved in [2].

AMS Classification: 03 C60, 03 C 98

1 Introduction

We generalize the results of the first part of [2]. Let &, ,, where ¢ < p and p prime, be
the variety of the nilpotent groups of class ¢ and of exponent p. As in the case ¢ = 2
([2]) it is necessary to extend the language L of group theory to prove the amalgamation
property.

Let (1) = I't11(G) C T(G) C ... C I'y(G) C I'1(G) = G be the lower central
series and Zy(G) = (1) C Z1(G) C ... € Z.(G) = G be the upper central series of
G e G, If X CG, then let (X) be the subgroup of G generated by X. In general
(X) is the substructure of the structure G' generated by X. [X,Y] is used to denote
{[z,y] : x € X, y € Y}, where [z,y] = 2 'y 'zy. Let G’ be the commutator subgroup

(G, G).

Definition Let G be a group in &.,. We often write Q,, P,, Z, instead of @Q,(G),
P,(G), and Z,(G) respectively. Let @, and P, be subgroups of G such that

@1 =P =G and for 1 <n <c+1 we have Qn:< U [P[,Pk]> and

l+k=n

P, is a subgroup of G with @, C P, C Z.y; , and P, C P, ;.

Let Gf, ,» be the class of all groups in &, with additional predicates P.(G) C ... C
P,(@G) as described above. Let L™ be the corresponding language that extends L.



Note that P,(G) is a normal subgroup of G. It is easily seen that Q,(G) C @,_1(G).
We also use Q1(G) = P(G) = G and Q.41(G) = P.11(G) = (1). Furthermore [G, P,] C
Qn+1 C P,y1. Hence P, /P, is abelian; in fact central in G/P, ;. The structures in
GZ , We often call L*-groups.

Note that every group G € &, has an L*-expansion in Gf, o We define P,(G) =
Qn(G) =TL(G).

As in [2] we use R. Fraissé’s construction [3]. We follow the presentation of W. Hodges
in ([4], Theorem 7.1.2). The main result of this paper is the following:

Theorem 1.1 d?f,p has the amalgamation property (AP).

Then (AP) implies the joint embedding property (JEP) of Gf, - Furthermore d?f, » has
the herditary property (HP): Every substructure of a L*-group in d?i » 1s again in d?i I
Note that (HP) implies that a definition P,(G) =I',(G) for all G € d?f,p is impossible.
By R. Fraissé’s result quoted above we have:

Corollary 1.2 The Fraissé limit D of the finite L™ -groups in d?g » exists. Every count-
able or finite group in @G.p can be embedded into D | L.

Corollary 1.3 For the Fraissé limit D we have that I',,(D) = Q.(D) = P,(D) =
Zey1-n(D) for 1 <n <e. D is ultrahomogeneous in the language L™. The elementary
LT -theory of D with this interpretation of the predicates P, allows the elimination of
quantifiers.

Corollary 1.4 The elementary theories of D in L and L™ are Ny-categorical.

In [2] the well-known functor from G; , into the category of alternating bilinear maps
is used to prove Theorem 1.1 in the case ¢ = 2. For d?f, » with ¢ > 2 the corresponding
functor into the category of graded Lie-algebras loses some information. Therefore we
need a new strategy to prove the result:

Let Fi.(p, k) be the free group in @., with x free generators. In [1] the subgroups F'
of F.(p,k) are investigated. Their algebraic structure is very similar to the structure
of F.(p,k). For FF C F.(p,k) we can define P, (F) = Z.11 o(Fe.(p,k)) N F. The
corresponding LT-structure we denote again by F. We call it a quasi-free group in

dif: p- For G € Gf, » we call F' a quasi-free group with the same dimensions as G, if

dim(P,(G)/(Prs1(G) U Qn(G))) = dim(P,(F) /(Poya(F) U Qn(F)))-

From results in [1] follows that the isomorphism type of F is fixed by G via the condition
above. We show that there is a strong LT-homomorphism f of F' onto G. f is strong
if P,(f(a)) in G implies P,(b) in F for some b in F with f(a) = f(b). Let N be the
normal subgroup of F' such that G = F/N. We can show that the isomorphism type



of the pair (F, N) is uniquely determined by G. We call (F, N) the canonical pair for
(G. These canonical pairs are the main tool in the proof of Theorem 1.1.

In the next section we prepare results of [1] for the purposes of this paper. In Section 3
we prove (AP) for @, .

In [2] the results are proved for ¢ = 2. There non-forking is characterized for Th(D).
It does not have symmetry and transitivity. I want to mention here, that also inde-
pendence over a model fails.

2 Subgroups of F.(p, k)

All results which are stated here you will find in [1], Section 3. The background is the
work of P. Hall, W. Magnus, E. Witt, and M. Hall. But the main result used in [1] is
the theorem of SirSov-Witt that every subalgebra of a free Lie algebra over a field is
again free.

We use Z to denote the ring of the integers. All considered groups G are nilpotent of
class ¢ and of exponent p.

Let A be a subset of G. The elements of A are basic commutators of A-weight 1. By
induction on the A-weight n we define basic commutators b of A-weight w4(b) =n on
A. Every definition of basic commutators involves a choice of total order < on them,
such that wa(by) < wa(by) implies b; < by. Hence the elements of A are the smallest
elements in this order. Now we assume that the basic commutators on A of A-weight
less than n have already been defined and ordered. The A-weight of a basic commutator
bisn if b = [by, bo] where b; and by are basic commutators, wa(by)+wa(be) = n, by > by,
and if b1 = [bg, b4], then bQ 2 b4.

There are several procedures to obtain basic commutators on A depending on the order
chosen for each A-weight. If we speak about basic commutators over A, then we assume
one fixed choice. We assume that the signature of L is {-, =, 1}. The following fact is
well-known:

Fact 2.1 For every term t(z1,...,x,) of L there is a sequence yo(z1,...,2,) < ... <
Ym—1(T1, ..., Tn) of basic commutators over {x1,...,2x,} such that
d;c,p = t(iL'l, - ,LL‘n) = H yi(l‘l, - ,iL'n)Ti
<m

where 0 < 1; < p. We get the equality using only identities of the form cd = dc|c, d]
and c? = 1.

To prove Fact 2.1 we can use the following procedure. Let g be t(z1,...,z,).

After n steps we have g = yi' ... y;* g1 ... g where the y; and g; are basic commutators,
Y1 < Yo < ... < ygpand y < gj for 1 < j < 4. (At the beginning there is no y;
and g; € {x1,...,2,}. ;' is represented by a product of (p — 1) many z;.) Let



9, = Gi, = ... = g;, With 4; < i3 < ... < %; be the smallest basic commutator on
the right side. Using cd = dc|c, d] we move first g;, then g;, and so on to the place
after y;*. By this procedure we produce only basic commutators of {z1, ..., z, }-weight
greater than wyz, .. 4,3 (yx). Since in @., commutators of weight > ¢ are 1 we can stop
if wig,, .. 2.3(g;5) > c for all g;.

Now we consider the free groups F.(p, ) in @.,.

Theorem 2.2 (Second Basis Theorem of P. Hall) Let A = {a, : @ < k} be a set of
free generators of F.(p,k). Then U'y(Fu(p,k))/Tiv1(Fe(p, k)) is a free module over the
field Z |pZ for 1 < i < c. The cosets of all basic commutators of A-weight i form a
basis of that module.

Corollary 2.3 Assume {b, : o < A} is a sequence of all basic commutators on A or-
dered according to A-weight. Then every element g of F.(p, k) can be uniquely expressed
as

g=1]be where ro € Z/pZ

a

and ro, = 0 up to finitely many .
Corollary 2.4 T';(F.(p,k)) = Zer1-i(Fe(p,k)) for 1 <i<c+1.

Theorem 2.2 provides us a free nilpotent Lie algebra L[F.(p, k)] of class c over the field
Z[pZ. As a Z/pZ-module let L[F,(p,k)] be @ L[F.(p,x)]* where L[F,(p,k)]" =
1<i<e

Ti(Fu(p, k))/Tis1(Fu(p,k)). Fora= ¥ @ and b= Y b where a;,b € L[F.(p,x)|’

1<i<c 1<i<e B
choose elements a;,b; € F.(p, k) in the cosets a; resp. b;. We define (a,b) = ¥ ¢
1<i<ce
where ¢ € L[F,(p,k)]" and ¢ is the coset of [] [a,,bs]. Then (@,b) is a well-defined
r4+s=t

Lie multiplication. It is not hard to prove that L[F.(p, k)] is a free nilpotent Lie algebra
over Z/pZ using Theorem 2.2 and similar results for free nilpotent Lie algebras.

Let G be a L*-group in d}’gp and A C G where A = {a, : 1 < i< c,a < )} and
al € Pi(Q). We set af, < a% if i <jori=jand o < 8. We define basic commutators
over A as above starting with this order. In addition to A-weight we introduce the
A-degree d 4(b) of commutators b on A: da(a?) =i, da([b1, ba]) = da(b1)+da(bs). Note
that any commutator of A-degree i is in P;(G).

Definition Let G be a group in &, and A ={a}, : 1 <i<c,a< )} CG. A
is an (0)-system, if a!, € P;(GQ) for every 7 with 1 < i < ¢, and {a}, : a < \;} is
linearly independent modulo the normal subgroup generated by P, 1(G) and all other
basic commutators on A of A-degree i. A is a (x)-system, if ¢!, € P;(G) and the basic
commutators over A of A-degree i are linearly independent modulo P;;1(G) for all ¢
with 1 <17 <ec.



In [1] these notions were defined for groups G € @&, with the property

[Zer1-i(G), Zet1-5(G)] € Zepi—i15)(G). If we define Pj(G) = Zcy1-i(G) for these
groups, then the definitions in the two papers coincide. As in the introduction we call
the Lt-subgroups F' of the F.(p, k) with P,(F) = Z..1_i(F.(p,k)) N F the quasi-free
groups of GZ ,- Then a L*-subgroup of a quasi-free group is quasi-free.

Analogously to [1] we have

Lemma 2.5 Let G be in d}’f,p.

i) For every subgroup of G there exists a generating (0)-system.
ii) Fvery (x)-system in G is an (0)-system.

iii) A is an (0)-system ((x)-system) in G if and only if every finite subset of A is an
(0)-system ((*)-system) in G.

In our terminology we can formulate Theorem 3.6 in [1]:
Theorem 2.6 Let F be a quasi-free group. Then every (o)-system in F' is a (x)-system.

The proof of Theorem 2.6 is described in [1]. We consider F' C F(p, ) and move to
L[F.(p, k)] to apply the key lemma behind the Theorem of Sirsov-Witt.

Corollary 2.7 Let F be a quasi-free group and A = {ai, : 1 < i < ¢, a < N} be
an (0)-system in F. Let {b, : a < K} be an enumeration of the basic commutators
on A according to A-degree. Then every element g of (A) can be uniquely expressed
as g = [1bl> where ro € Z[pZ and v, = 0 for all but finitely many o. There

o
s an algorithm to compute this representation of g using only identities of the form

cd = dcle,d] and ? = 1.

Proof. By Theorem 2.6 A is a (x)-system. Let {b, : @ < k,} be the set of all basic
commutators on A of A-degree < n for 1 < n < ¢ with the given order. Let ko = 0.

We have k., = k. We show the assertion for ¢ € P, by induction on n. Let g be an
element of P,(F)\ P,y1(F). Using only ab = bala, b] we obtain
g=1Ilex
a<kK

where {c, : @ < n} is an enumeration of the basic commutators on A according to
A-weight (Fact 2.1).

Let co, = bg,,-..,Ca,, = bg,, be the basic commutators in this representation of g of

minmal A-degree ¢t such that s,, # 0. We have x;_1 < 1 < ... < B < k. Let

T8, = Say,---, and 75, = Sa,,. Then g =[] b;fig’ where ¢’ € Py 1. Since A is a (*)-
1<i<m

system we have ¢ = n. We obtain this representation using only identities cd = dc[c, d]

and ¢ = 1. If we apply the induction hypothesis to g’, the assertion follows. a

Corollary 2.8 Let F be a quasi-free group and A = {a}, : 1 < i < ¢, a < N} an
(0)-system in F. Then {a’, : a < \;} is linearly independent modulo (P;y1(F)UQ;(F))
and P;(F) is generated by the basic commutators on A of A-degree > i.



3 Canonical pairs and amalgamation

Let G and H be L*-groups in d?;’:p. f is a L*t-homomorphism of G into H, if f is a
group homomorphism and P, (a) implies P,(f(a)) for all @ € G and for all 2 < n < c.
f is strong, if for every a € G with P,(f(a)) there exists some b € G such that P,(b)

and f(b) = f(a).

Lemma 3.1 Let F be a quasi-free group in Gf:p and G € @Zp. Assume A= {a’, :1 <
i <c, a< N} isan (0)-systemin F and C = {cf : 1 <i<c¢c, a <), ¢ € P(G)} is
a subset of G. Then f(al) = ¢, extends to an LT -homomorphism of (A) onto (C).

Proof. By Theorem 2.6 A is a (x)-system. W.l.o.g. we can assume that A generates
F. Let {b, : @ < k} be an enumeration of the basic commutators on A according to
A-degree. Let d, be the basic commutator over C' that we obtain if we replace a% by
¢ in bo. If by is in Po(F), then da(be) = n and dy is in Py(G). If g = ];[b;a is the

unique representation of g according to Corollary 2.7, then we define
flg)=1Idzs-
[0

By uniqueness of the representation of g we have that f is well-defined. If g is in P, (F),
then all b, with r, # 0 are in P,(F) since A is a (x)-system. Then all d, with r, # 0
are in P,,(G) and f(g) is in P,(G).

It remains to show that f is a group homomorphism onto (C). Let g = [Jbl> and
h = T1b%* be two elements of (A). By Corollary 2.7 there is an algorithm to compute
the unique representation of g - h = [] bl using only identities of the form c¢d = dc[c, d]
and ¢ = 1. If we apply the same steps to f(g)- f(h) = [1d% [] d*, where d, is replaced

« «

by ¢, then we obtain f(g) - f(h) = [Id% = f(gh) as desired. Now it follows

(6]
fla% a? .. .ain)=c1c2 .. .cn.

a1 a2 [e77) a1 a2 Qp

Hence f is surjective onto (C). O

Definition Let G and H be groups in GZ »- We define
dim; (&) = dim(B(G)/(Pi11(G) U Qi(G))) -

We say that G and H have the same dimensions if
dim;(G) =dim;(H) for 1 <i<ec.

If F is a quasi-free group in @zp and A = {a’, : @« < \;, 1 < i < ¢} is a generating
(0)-system, then A is a (x)-system. Hence dim;(F) = A;. Using Theorem 3.12 in [1]

we have



P

Lemma 3.2 Quasi-free groups in &,

with the same dimensions are isomorphic.

P

Lemma 3.3 Let G und F be groups in @,,,

dim;(F) for 1 <i<e.

where F is quasi-free and dim;(G) =

i) Let A={a’, : A<i<e¢c a< )} bea generating (0)-system of F. Let f be a
L*-homomorphism of F onto G such that {f(a?) : o < A\, } is a basis of P,(Q)
modulo (P, 1(G) U Qn(Q)) for 1 <n <ec. Then f is strong.

ii) There is a strong LT -homomorphism of F onto G.

iii) Let H be another quasi-free group with dim;(H) = dim;(G) for 1 <i <ec. If f
is a strong LT -homomorphism of F' onto G and h is a strong L™ -homomorphism
of H onto G, then there is a Lt-isomorphism g of F' onto H such that

Proof. i) We define f(a) = ¢, and C = {c,: 1 <i < ¢, a < \}. We have to show
that f is strong. By induction on ¢ we show:

If e € P.i1 i(G), then there is some a € P,,; ;(F) with f(a) = e. For i = 0 we obtain
e =1 and a = 1. Assume the assertion is true for j < 7. Let c+ 1 —14i = n. Let
e € P,(G). By the assumption of i)

e= ]I ()7 ale)w(e)

1<j<m

where w(e) € P,11(G), q(e) € @n(G). W.l.o.g. we can assume that ¢(e) is a product of
commutators of C-degree n over {c/ : 1 < j < n, a < \;} since ¢(e) is such a product
modulo P,.1(G) by the commutator identities of Hall-Witt.

Let g(a) be the element of F' that we obtain if we replace ¢/, by @, in g(e). By induction

there is some w(a) € P, 1(F) with f(w(a)) =w(e). fa= T[] (a” )%g(a)w(a), then
1<j<m

Qj

a € P,(F) and f(a) = e, as desired.

ii) Let A = {a’, : 1 < i < ¢, a < )} be a generating (0)-system of F. Then A is
a (x)-system and \; = dim;(F). Choose C = {c!, : 1 < i < ¢, @ < \;} such that
{c!, 1 a < N} is a basis of P,(G)/{P51(G) U Q;(Q)) for 1 < ¢ < ¢. This is possible
since dim;(F) = dim;(G). By Lemma 3.1 there exists a LT-homomorphism f of F
onto G = (C) with f(a!) = ¢,. By i) f is strong.

iii) Choose a subset £ C G such that E={e’,: 1 <i<c¢,a<N}andfor1 <i<c¢
{€!, : a < \;} is a basis for Py(G)/{Pi;1(G) U Q;(G)). Then )\; = dim;(G). For every
pair (i,a) with 1 < i < c and a < \; choose @, € P;(F) and ¢, € P;(H) such that
f(at) =€, = h(c!,). This is possible since f and h are strong. Let A be {a’,: 1 <i <

7



¢, « < A} and C be {¢, :1<i<¢ a< )} Sincedim;(F) =dim;(G) for 1 <i<c
we can show by induction on i that {a’, : & < \;} is a basis of P;(F) /(P11 (F)UQ;(F)).
Hence A is a generating (0)-system and therefore a (x)-system of F'. Analogously C is
a generating (*)-system of H.

Hence g(a!) = ¢, provides a L*-isomorphism by Lemma 3.2. Since h(g(a’,)) = €,
f(a®)) we obtain the desired diagram. O

a

Definition Let N be a LT-subgroup of G € Ggp such that N is normal in G. Let
(G/N)* be the L*-group that we obtain from the L-factor group G/N if we define

P;(aN) if there is some b € N with P;(ab) in G.

Note that Pi(albl) and Pi(agbg) implies PZ'(CIqblaQbQ) and Pi(alagbl[bl,az]bg) where
bi[b1,as]by is an element of N. Hence P;(G/N) is a subgroup of G/N. By defini-
tion P,((G/N)*) C P,_1((G/N)*). If P,(aN), then P,(ab) for some b € N. Hence
a-b€ Zy1 4(G) and aN € Z..1 (G/N). To show Q,((G/N)*) C P,((G/N)*) let
aN € P,((G/N)*) and eN € P,((G/N)*) where £ + k = n. Then ab € P,(G) and
ed € Py(Q) for some b,d € N. Hence [ab, ed] € P,(G). Then [ab, ed] = [a, e]u for some
u € N and [aN,bN] € P,((G/N)*).

We have shown the first part of the following
Lemma 3.4 Let G, H, N be in GZP.
i) If N is a normal LT -subgroup of G, then (G/N)" is in @[,

ii) Let f be a strong Lt-homomorphism of G onto H. Let N be the L-kernel of f.
Define P,(N) = P,(G) N N. Let j be the canonical strong Lt -homomorphism of
G onto (G/N)*. Then there is a Lt -isomorphism g of H onto (G/N)™ with

Proof of ii) If we consider the situation in L, then the assertion is clear. Since f and
j are strong the assertion follows. O

IfG e d;’f,p, then Lemma 3.3ii) and 3.4 provides us a pair (F, N) such that
i) F is quasi-free,
ii) dim;(F) = dim;(G) for 1 < i < ¢, and

iii) N is a normal L*-subgroup of F' such that G ’%’F(F/N)jL
L



By Lemma 3.3iii) the pair (¥, N) is unique up to isomorphisms. We call (F, N) the
canonical pair for G. Note that iii) can be replaced by the statement that there exists
a strong LT-homomorphism f of F' onto G with kernel N.

Lemma 3.5 Assume H C G and let (F, N) be the canonical pair for G. Then there
L+
is a Lt -subgroup K of F such that (K, K N N) is the canonical pair for H.

Proof. Let f: FF — G be the strong LT-homomorphism that corresponds to (F, N).
We choose E = {e!, : 1 < i < ¢, a < A} in H such that {¢!, : @ < )\;} is a basis
of P;(H) modulo (P;;1(H)U Q;(H)) for 1 < i < c¢. For each pair (i, «) there is some
ai € Py(F) with f(a’) = €, since f is strong. Let A be {a,: 1 <i<¢, a< \}. Let
K be (A) and P,(K) = K N Pi(F). Then {d, : a < \;} is a basis of P,(K) modulo
(Piy1(K) U Q4i(K)). Hence dim;(K) = dim;(H). Lemma 3.3i) implies that f | K is
strong. As a L*-subgroup of F' the L*-group K is also quasi-free. This shows us, that
(K,K NN) is a canonical pair for H. O

Now we are ready to prove the amalgamation property for (Ef, ,- Assume H can be
L*-embedded into G; and G5, where all groups are in d?f’ .

Gl G2

DNt

H

Let (F;, N;) be the canonical pair for G; (i = 1,2) and f; be the corresponding strong

L*-homomorphism of F; onto G; with kernel N;. Furthermore we denote h;(H) by H;.

Then H; C G;. According to Lemma 3.5 we find K; C F; such that (K;, K; N N;) is a
L+t L+

canonical pair for H;. We apply Lemma 3.3iii) to the situation

K Ky
hit(fy TKN /7/2_103 I K>)
H

and obtain a L*-isomorphism k of K onto K, with the following property: If f;(v) =
hi(a) for a € H and v € K7, then f3(k(v)) = ha(a).

Let F' be the free product of F; and Fy in d;f,p' That means if A = {a’, : 1 <i <
c, a < \}and C={c, :1<i<c a<k;} are generating (*)-systems of F; and Fy
respectively, then AU C' is a generating (x)-system of F.

Let J be the LT-group that we obtain if we factorize F' by the normal subgroup N where
N is the smallest normal subgroup of F' that contains Ny U Ny U{a(k(a))™" : a € K;}.
The following claim implies that J is an amalgam of G; and G5 over H with respect
to LT,



Claim. NNE =N, (i=1,2).

There is a well-known functor G ~+ G from d?f, » into the class of c-nilpotent graded
Lie algebras over the field IF,, with p elements. (Using the Baker-Campbell-Hausdorff
formula it can be shown that the functor is onto.)

Gisbuildon @ P,(G)/Pi1(G) using the commutator to define the Lie multiplication
1<i<e

as described for G = F,(p,w) and P;(G) = I';(G) below Corollary 2.4. It is sufficient to
prove the claim (and therefore the amalgamation) for the corresponding Lie algebras:

F;N N = N;, where N, N; are ideals in F' and F; respectively.

We construct some Lie algebra L with embeddings /¢; of graded Lie algebras such that

(+) /
\

ké

By construction of F//N (x) implies the same amalgamation with F//N instead of L.
Denote P;(G1)/P,11(G1) by P;(Gy). To construct L let {e’, : o < p;} be a vector space
basis of P;(G1) and {d', : o < 1;} be a vector space basis of P;(Gs) (1 < i < ¢) such
that there are y; with

el =d', for a <y; and these elements form a basis of H.

Then we have equations
(%) ea,eﬂ Zr” "7 and Zs”diﬂ
that describe the Lie multiplication in G; and G5 respectively. Let L be a vector space
with the basis
{ehia<p, 1<i<clu{d:B<uy, 1<j<c}
with the identifications
e, =d' for a< .
The Lie multiplication in L we define by (#*) and
e, d5] =0 for x; <a and x; < 8. O

In the claim above N, F;, and N; are considered as LT-subgroups of F. Especially
P,(F)N F; = P,(F;). The claim implies

F,N/N = F,/F,n N = F,/N; = G,.

10



This gives us a L-embedding j; of G; in J = F//N. Furthermore we have
NNP,(F;)=NnF,NP,(F)=N;NP,(F)
by the claim. Hence
(Po(F) N F)N/N = Py (F;) /Py (Fi) NN = Py (F;) /Py (F;) N N; = Po(G).
Therefore j; is a L*-embedding of G; into J = F/N.

Let a be an element of H. We choose v € F} as above such that f;(v) = hy(a). Since
hi(a) € Hy we can choose v in K;. By definition of k£ we have fo(k(v)) = ha(a). Hence
J1(hi(a)) = vN and ja(hy(a)) = k(v)N. Since vk(v)™' € N we have j,hi(a) = johy(a)
for all a € H, as desired.

We have shown:

Theorem 1.1 GZ » has the amalgamation property.
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