THE UNIRATIONALITY OF S, AND MODULI SPACES OF POINTED SPIN CURVES

GAVRIL FARKAS AND ALESSANDRO VERRA

ABSTRACT. We show that the moduli space Sy of odd spin curves of genus 9 is unirational. This
is the highest genus for which such a result is known. This is achieved by realizing birationally

the moduli space S, when g < 9 as a locally trivial projective bundle over a certain (finite
quotient of the) moduli space S,/ ,, of n-pointed odd stable spin curves of genus ¢’ < g. We
then present general results on the Kodaira dimension of both moduli spaces S, ,, and S;n.

1. INTRODUCTION

The moduli space S, of spin curves of genus g parametrizes pairs [C, 9] consisting of
a smooth projective curve C of genus g and a theta-characteristic ¥, that is, a line bundle
¥ € Picd(0O) such that 992 = w¢. Using classical results [Mul, it is well-known that S, has
two connected components S, and S, depending on the parity of h°(C,¥). Both compo-

nents admit Deligne-Mumford compactifications S, and 3; by means of stable spin curves
which were constructed by Cornalba [Cor]. The spin moduli spaces (as well as their pointed

counterparts g;n and g;n) have been intensely studied either from a geometric [Lul], tropical
[CMP], or string-theoretic point of view [DW]. One has a complete classification by Kodaira

dimension of both 3; and 3; for all genera, see [F1], [EV1]], [FV3]. This situation contrasts the
case of the moduli space M, where in spite of the results in [EH], [HM], [FJP], the Kodaira
dimension of ﬂg when 17 < g < 21 remains unknown.

It is known that the odd spin moduli space S, is of general type for g > 12, uniruled
for g < 11, and unirational for g < 8, see [FV3]. The main result of this paper is the following:

Theorem 1.1. The odd spin moduli space Sq is unirational.

Note that this is the highest genus g for which S, is known to be unirational. It has
recently established that the Prym moduli space Ry is uniruled [FV4]. The even spin moduli
space 3;; is of general type [F2]; this is the lowest g for which g;r is of general type. Therefore
genus 9 can be regarded as the transition case for both the Prym and spin moduli spaces.

The proof of Theorem [1.1{ uses, on the one hand Mukai’s celebrated structure theorem
[M2] for curves of genus 9, on the other hand a fundamental construction in [FV3] applying
to all odd spin moduli spaces S, for g < 9. Precisely, denoting by

U :=Sp(3,6) C P*?

the 6-dimensional symplectic Grassmannian, since Ko = Og(—4), linear 1-dimensional sec-
tions of U are canonical curves of genus 9. It is the main result of [M2] that every non-
pentagonal curve [C] € My appears in this way, thatis, C = 0N H; N...N Hy C P¥, where
H; € |Opi13(1)| are hyperplanes. Following [FV3] we denote by = C Hilb(*0) the variety
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of length 16 clusters, consisting of 0-dimensional curvilinear subschemes Z € Hilb;5(0) with
supp(Z) = {p1,...,ps} such that mult,, (Z) = 2, fori = 1,. .., 8. Introducing the variety

U = {(C, Z):C = HyN---NH;N*Yis asmooth curve section, Z C C’},

and retaining the previous notation, one has an Aut(0)-equivariant map U --» S, given by
(C, Z) — [C,Oc(p1 + - -+ + pg)]. Itis shown in [FV3] Proposition 3.7] that this construction
induces a birational isomorphism

(1) s = U//Aut(T) -—» Sy .

We regard sg as being the Mukai model of 3; . Forevery 1 < § < g, we denote by U;s the subva-
riety of U consisting of pairs (I', Z) such that I is a 6-nodal curve with sing(I") C supp(Z). We
write supp(Z) = {p1,...,ps} and we may assume that {pi,...,ps;} = sing(I'). If v: N — I'is
the normalization of I" and {x;,3;} = v~ 1(p;) fori = 1,...,d, then

[N,21+y1,...,25 + Ys, On(ps1 + -+ + ps)]

can be regarded as an odd 24-pointed spin curve of genus 9 — . Letting B_ 5 := Sy 526/ 790
to be the moduli space of odd spin curves of genus g — § with ¢ pairs of points, one has a
birational isomorphism

(2) §9.6 ‘= L{(;//Aut(%) . Bg_#;.
One can combine the isomorphisms (1) and (2) into the following incidence correspondence
3) Pos = {(C.1.2) €U x=ths : 2 C C T}/ Aut()
/ K\
Sy By,

where the maps a and 3 are induced by the birational isomorphisms (1) and (2) respectively.
Note that /3 is birational to a Zariski locally trivial projective bundle, whereas & is surjective
if and only if 6 < dim (%) — 1, see [FV3] Proposition 3.13 ]. This construction has been used in

[EV3) Theorem 0.2] to show that S, is unirational for g < 8 by taking § = g — 1, in which case
B, ,_ is amoduli space of pointed elliptic curves. Due to the small dimension of the Mukai
variety U, this strategy does not work for the moduli space S, therefore this case remained

open. It is one of the main tasks of this paper to complete this program in genus 9. We take
6 = dim(W) — 1 and then Theorem .1 will follow from the following result:

Theorem 1.2. The moduli space S ,, of n-pointed odd spin curves of genus 4 is unirational for n < 10.

One has a finite surjective map Sy, — By . Therefore, from the correspondence
applied in the case 6 = 5 = dim() — 1, we obtain via Theorem that Py 5 is unirational.
Since @ is a dominant morphism, we conclude that the spin moduli space Sy is unirational.
It is an interesting open question in the spirit of [CL] whether the Chow wing CH*(S,, ) is
tautological for g < 9.

We now discuss the main ideas in the proof of Theorem We start with a general
triple [C, ¥, p], where [C, 9] € S, and p € supp(¢}). Observe that such a triple induces a plane
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quintic model I' C P? with a fixed bitangent line. Precisely, the canonical curve C' C P? lies
on a unique quadric Q@ C P? and we denote by ¢’ and ¢” the two rulings of @ passing through
p € O, therefore T, (Q) = (¢, ¢"") C P? is the tangent plane to the quadric Q. Then if

6 = Ouc(-p)|: C — P? =PH (wo(-p))’

is the corresponding projection, we set n := ¢(p) and denote by n’ := ¢(¢') and n” := (")
the two nodes of the projected canonical curve I' := ¢(C). We set F := (n’,n") C P%. Writing

supp(¥) = p + t1 + t2,

we consider a second line L = (¢(t1), ¢(t2)) € P2. The lines F and L meet in the point n and
the curve I is tangent to L at both points ¢(¢1) and ¢(t2). Observe that the union of the two
lines L + F' can be viewed as a (degenerate) totally tangent conic to the quintic curve I'.

We now reverse this construction and start with two fixed lines F and L in P2. We
denote by {n} = F'N L and fix two further general points n’,n” € F. We let

(4) P =P" = |Op2(5)(—n — 2n' — 2n")| C |Op2(5)]
be the linear system of quintics nodal at n’ and n” and passing through n. One has a map
(5) p: P-—s L4 >~ pt

given by assigning to each quintic curve I' € P the cycle I' - L \ {n}. Note that we identify the
a-th symmetric product L% of L with the projective space P®.

The key observation is, that under this identification, the image of the squaring map
LB — W ey 20 +y),

can be identified with the projected Veronese surface V.C P*. In this way the cone p*(V) C P
over V can be regarded as the family of plane quintics passing through n, nodal at n’ and n”,
which are bitangent to the line L at two unspecified points.

In order to parametrize 3;10, we start with a general point p = (p1,...,p10) € (P2)10
and let P% = |Op2(5)(—n — 2n’ — 2n” — p; — -+ - — p19)| be the 3-dimensional space of quintic
curves I' € P passing through the points in p. We then have a rational quartic curve
(6) Rp:=P>.p*(V)C P3
parametrizing those quintics in P which are bitangent to L. One has two fibrations
7) Ri={@ET):p=(p1,....p0) € (P!, T € Ry}

/ \
== 10
Si0 (%)

where q~1(p) = Ry, whereas m is the moduli map assigning to (p,I') the pointed spin curve

[C - qbil(r)aﬁ - OC(p+t1 +t2)7 P1y.-- 7p10] S 3;107

where ¢: C — T denotes the normalization map, p = ¢~ (n) and L-T' = n+ 2(d(t1) + ¢(t2)).
Observe that q is a birational to a fibration in rational (quartic curves), whereas m is dominant.
Now Theorem [1.2| follows by constructing a rational bisection of q which is a rational variety.
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Via a standard base change argument, this immediately implies that R, and therefore also
3;10, are unirational, which finishes the proof.

The Kodaira dimension of S .. Theorempresented above invites the more general ques-
tion which moduli spaces gjn of n-pointed spin curves of genus g are of general type. For

similar results in the much more studied case of ﬂg,n, we refer to [Log], [F1] and [AB]. Note
also the progress [Ba], [Bul, [CCM] on determining the Kodaira dimension of the strata of

abelian differentials, which can be thought of as generalizations of the spaces g;n. Introduc-
ing the quotient gg,[n] = ggyn /S5, we have an isomorphism

By = ggfl,[2]7
where B, is the ramification divisor of the map S, — M,. We prove the following result:

Theorem 1.3. 1) The even pointed spin moduli space 3;71 is of general type for n > f(g):

g [4][5]6[7[8[>9
Fylo[7|7[4l1] 0

Furthermore, 3;3 has non-negative Kodaira dimension.
2) The odd spin pointed moduli space S, , is of general type for n. > h(g):

g [4[5]6][7[8[9[10
hg) [ 121110754 2

Furthermore, both spaces Sg 4 and Sg 3 have non-negative Kodaira dimension.

It is an interesting open question whether the moduli spaces 3;3, Sg4 and Sy 5 are
indeed of Kodaira dimension zero, and if so, to find Calabi-Yau models for them. The proof
of Theorem [1.3| consists of two parts. First, by using Ludwig’s results [Lu], we show that

. . . =t
as long as g > 4, any pluricanonical form on the coarse moduli spaces S, extends to any
resolution of singularities. Then we show that the canonical class Ko+ (respectively K- )
g,n g,n

is big for n > f(g) (respectively for n > h(g)). To that end we use our extensive knowledge of
the cones of effective divisors of M, ,, provided by [Log], [F1], respectively of the unpointed
spin moduli spaces 3:. An important new divisor class calculation provided in this paper is

that of the universal odd spin structure, that is, the closure ©,,; in S ; of the locus

0,1 = {[C,vﬂ,p] €8, HY(C,0(-p)) # o}

of points in the support of odd spin structures. The class of 6, is computed in Theorem

Particularly interesting is the case g = 11. It is shown in [FV3] that S; is uniruled, this
being the highest g for hich S, is not of general type. We have the following result:
Theorem 1.4. -

1) The moduli space Sy 1 is not of general type; it has Kodaira dimension at least 19.

2) The moduli space 31_17[2} has Kodaira dimension at least 19.
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We show that K- is a linear combination of [©11.1], the pull-back of the Brill-Noether
11,1 ’

divisor under the forgetful map S;;; — Mji; and the pull-back under the forgetful map
8111 — Sy of the branch divisor of the generically finite map ©,; ; — S;;. Furthermore,
we show in Theorem [3.7| that through a general point of ©,; ; there passes a rational curve

I' C 81, such that T - K5- =0, which immediately implies (the first part of) Theorem
’ 11,1

We are tempted to conjecture that both S, ; and 3;17[2} have Kodaira dimension 19, this being
the dimension of the moduli space 1 of polarized K3 surfaces of genus 11. Note that it has
been shown in [FV2] that the universal Jacobian over M1, has Kodaira dimension 19, though

we cannot see a direct connection to Sy ;. There are other interesting moduli spaces of curves
of genus 10 and 11 that have submaximal Kodaira dimension [BM].

The last topic we mention concerns the moduli space gfn. It is a well known result of
Deligne that H'9(Mj 11) # 0, see [EP, §3.5], or [BF] for various presentations. This has been
one of the sources for producing non-tautological cohomology classes on M, ,,, see [CLP] and

references therein. We have the following resul on the space gin:

Theorem 1.5. One has H 770(31}) # 0. Furthermore, the Kodaira dimension of 3?7 is equal to zero,

whereas the Kodaira dimension of Ein is equal to one for n > 8.

Note that Krug [Kr, Corollary 4.25] showed that gin is rational for n < 6. Coupled with

Theorem one has a complete description of the Kodaira dimension of 3in for every n.
Acknowledgments: Farkas was partly supported by the Berlin Mathematics Research Center MATH+
and by the ERC Advanced Grant SYZYGY (grant agreement No. 834172). This work was started when
Verra was an invited professor of the Berlin Mathematical School.

2. SPIN CURVES OF GENUS 4 AND THE PROJECTED VERONESE SURFACE

We begin by recalling some of the basic properties of the projected Veronese surface,
whic are essential for the proof of Theorem Welet L 2 P! be the smooth rational curve and
denote by L[" = Hilb™(L) its n-th symmetric product. We consider the Veronese embedding

v: P2 it |0P2(1)’ — ‘OPQ(Z)} = P5, [’U] — [UQ],

identifying the Veronese surface v(P?) with the space of rank one conics in P?. We then intro-
duce the squaring map

(8) sq: L — LM sq(z+y) = 2(z +y).
Under the identification L[ 2 P?, the map sq can be given in coordinates as
[a, b, c] — [aQ, b2, ¢ + 2ab, 2ac, 2bc] e P*.

In particular, the smooth surface V := Im(sq) C LI*/ 2 P* can be identified with an isomor-
phic projection of the Veronese surface v(P?). Severi showed that V C P* is the only smooth
non-degenerate surface that can be obtained as a linear projection.

IThis contradicts [BE, Lemma 2], which is incorrect.
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Itis a classical result [Dol, Theorem 2.1.4] that the variety D := {¢ € G(1,4) : £-V > 3}~
representing the closure in the Grassmannian of lines G(1,4) C PY of the family of trisecant
lines to V is a de Pezzo threefold being a smooth linear section of G(1,4). Furthermore, the
universal line over D, that is,

X = {(g;,e);zeD, xeeglﬂ} C P! x G(1,4)

/ \

P! D

realizes 71 as a birational map, that is, for a general point o € P* there is a unique trisecant
line ¢ € D passing through o.

2.1. Plane quintic models of odd spin curves of genus 4. Let [C,9,p] € O, be a general
point, consisting of a theta characteristic ¥ with h°(C, ) = 1 and write supp () = p + t1 + to.
We denote by A’, A” € W4 (C) the two minimal pencils on C, thus 4’ ® A” = wc.

Proposition 2.1. For a general point [C,9,p] € Oy, for both A’, A" € W3(C), we have

HO(Cv A/(_2p)) - 07 HO(Ca A//(_Qp)) =0.
Furthermore, both divisors A'(—p) and A”(—p) are reduced.
Proof. We use that ©, is irreducible, see also Remark Assuming that for a general point
[C,9,p] € @;1, the point p is either a ramification, or an antiramification pointﬂ of a pencil
A" € W(C), it follows that A’, A” € W4 (C) have in total at least (g — 1) - 2971(29 4+ 1) = 408

ramification or antiramification points. But the total number of ramification and antiramifi-
cation points of A’ and A” equals 4 - (2g + 2 - deg(A’) — 2) = 56, a contradiction. a

We denote by ¢ = ¢, (—p): C — P? the projected canonical curve and by T' := Im(¢)
the corresponding quintic plane model. We write
A" = Oc(p+ny +nj) and A” = Oc(p + nf + nj),

where by Proposition 2.1 the points n), n,, n/,n} and p are pairwise distinct. It follows that
the curve I' has two nodes at the points n’ = ¢(n}) = ¢(n)) respectively n” = ¢(n}) = ¢(n}).
As explained in the Introduction, we denote by

F = <n/’n//> C PQ

the line spanned by the nodes of I. Set also n := ¢(p). Since n} +nf +nf +nfj +p € |we(—p)
it follows that n € F.

We set by := ¢(t1) and by := $(t2) and introduce the line L := (b1, b2) C P2. Note that
T-L=¢.(C) L= u(2t1 + 2+ p) = 261 + 2o + 1,

showing, on the one hand that n € L, on the other that I is bitangent to L at the points b;
and by. The data contained in L and F' is that of a rank 1 conic which is totally tangent to the
quintic curve I', that is,

9) (L+F)-T=2(n"4+n"+n+ b +by).

4

2We say that p € C is an antiramification point of a pencil f: C' — P! if 7! (p) contains a ramification point of
f, or equivalently, f(p) € P' is a branch point.
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As explained in the Introduction, in order to parametrize the moduli space of odd spin
curves of genus 4, we now turn this construction around and fix a line F' C P? and distinct
points n/,n"", n € F. We also fix a general line L. C P? passing through n. Let

S = Bl{n’n/m/l}(PQ) L) P2

be the blow-up of P? at n,n’ and n” and denote by F, E’, E” the exceptional divisors over the
points n, n’ respectively n”. Let L' C S be the proper transform of L.

We introduce the linear system of 2-nodal plane quintics P := |5h — E — 2E' — 2E"|,

where h € |¢*Op2(1)| and consider the map p: P --» LI described by (5) and which is the
projectivization of the surjective map p in the following exact sequence:
(10)

0 —s H°(S,0g(4h—2E'—2E")) X5 H(S, 0g(5h—2E'—2E"~E)) 25 HO(L', 01 (4)) — 0.

In this way, the map p: P --» LM is a linear projection.
Definition 2.2. Let p: C := p*(V) — V denote the cone over the projected Veronese surface V.

Clearly C can be identified with the parameter space of those plane quintics I' € P
which are bitangent to the line L. Note that C being a cone over a rational surface, is a rational
11-dimensional variety.

Proposition 2.3. One has a dominant mapm=: C — S .

Proof. We take a general point [['] € P, where the plane quintic ' C P? satisfies the relation @)
Retaining the same notation, we may assume the points n’,n”, b; and b, are pairwise distinct
and we assume I' is tangent to L at the points b; and b,. Let

v:C —T

be the normalization map and set p := v~1(n), where {n} = LN F. Lett; := v=1(b;), for
i =1,2. Setting ¥ = O¢(p+t1+t2), from @), we obtain that 92 = w¢, therefore [C, ¥, p] € Oy
We then define m ™ ([I']) = [C, ¥]. Our discussion above shows this map is dominant. O

2.2. The unirational parametrization of S, ;. Let us now fix a general point

p= (p17 cee aplo) € (P2)107

and we do not distinguish whether we regard these points in P?, or in S. We denote by
P2 :={T €P:py....p10 € T} = |Tgp,  pioy/s(Bh — E — 2E' — 2E")|. We consider the
intersection Ry := C - P% already introduced in (6). We have the following:

Proposition 2.4. Ifp € (P?)!0 is general, then Ry C P% is a smooth quartic rational curve.

Proof. We claim that when p is general as above, then P% = Py (P%) is a general hyperplane in
L =~ P4, Indeed, we use the sequence and observe that by the generality assumption of
the points p1, ..., p1g, we have

H(S, Iy, .. proy/s(4h — 2E' — 2E")) = 0,

therefore p, (P%) is a hyperplane in L4 As P varies in (PZ) 10, then Ry is a general hyperplane
section of V. By Bertini’s theorem, it is therefore a smooth rational quartic curve. O
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We now globalize this construction and ultimately obtain a variety dominating S ;.

We denote by U C (PQ)10 the dense open subset of configurations p € (P2)10 such that

dim ‘I{p1,...,p1o}/5(5h — FE—2F — 2E”)} = 3. We then consider the projective bundle
q: P — U, with ¢ 1(p) = P%, foreachp € U.
We introduce the subvariety R = {(p,I') : p € U, I € Rz} C P. Using Proposition we
conclude that the projection
(11) ¢R—U

is birationally a fibration in rational quartic curves over the rational variety /. In particular,
using [GHS||, we obtain that R is rationally connected, though we shall soon prove that it is
in fact unirational.

There is a moduli map m: R --+ 8,1, which we now describe. Since there is a dom-
inant map R — C, a general point (p,I') € R corresponds to an irreducible plane quintic
I’ C P?, which is nodal at n’ and n” and satisfies the equations, cf. @:

I F=2n"+2n"4+n and T'-L =2b; + 2by +n.

Choosing the points p1, ..., p1o generally, we may also assume they are smooth points of I'.
As in the proof of Proposition we denote by v: C — TI' the normalization map and set
p=v"1(n),t; = v (b)) and ty = v~ !(b2). We then define the map

m([ﬁv F]) - [Cv OC(F"‘ tl + t?)a DP1y.-- aplO] S 3ZI,IO?

where we identify p; and v~!(p;). We summarize what has been achieved so far:

Proposition 2.5. The moduli map m: R — S ¢ is dominant.

Proof. Follows immediately by combining Propositions [2.1jand a

The canonical way to show that R is unirational, would be by constructing a rational
section of the fibration q: R — U defined in (11). It is however unclear whether such a section
exists. Instead, we first construct a natural unirational bisection of q. To that end, we fix a conic

Q CVCPL

Note that V has a 2-dimensional family of such conics which are image of lines in P? under
the map sq described in . We denote by Hilb?(q) — U the relative Hilbert scheme of length
2 subschemes of the fibration g.

Definition 2.6. The rational section o : (P?) ' __, Hilb?(q) is defined by setting o(p) := R5- Q.

Note that o(p) corresponds to the intersection in L of a conic corresponding to Ry with
the fixed line whose image under sq defines the conic @), therefore o(p) is indeed a length 2
subscheme of Rp. Observe that o also gives rise to a rational morphism

(12) fu--Q% 5 Ry Q.
Proposition 2.7. The fibration f is birational to a Zariski locally trivial G(1, 10)-bundle over Q2.

Proof. We choose points z,z’ € @ and let ¢ = (z,2’) C (Q) be the line spanned by z and '
in P*. Then f*(z + ') corresponds to those points p € U such that z,2’ € p(P3). Identifying
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z,x’ € V with the divisors 2(a + b) respectively 2(a’ + V'), where a,d’,b,b" € L, then f*(x + z')
corresponds to those points p for which there exists nodal quintics I', I € P;’—) such that
I'L=n+2a+2b, and I'- L' =n+2d" +2V.

Then recalling that the map p defined in (5) is a linear projection, this immediately implies
that dim P2 - p*(¢) > 1. Conversely, if the intersection p*(¢) - P3 is positive dimensional, there
exist two points z, 2’ € £-Q C (Q) such that f(p) = x + 2’. We conclude that the general fibre
f*(x + 2') is isomorphic to the Grassmannian of lines G(1, p*(). Varying now = + 2’ € Q?,
we obtain that f is birational to a locally trivial G(1, 10)-bundle over Q. O

We now denote by 7: Q x Q — Q2 the double cover given by 7(z,y) = = + y and set
Frl=Uxgm (@xQ) — QxQ.
Therefore U is the parameter space of pairs (7, ), where p € U and z € P% Q.

Corollary 2.8. The morphism f:U = Q x Q is birational to a locally trivial G(1,10)-bundle. In
particular, U is a rational variety.
Proof. Follows immediately by base change from Proposition[2.7] 0
We now base change the fibration in rational curves g, to obtain the family
i R=RxyUd —U.
The general fibre of q is still a rational quartic curve. Note that there exists a rational section

g:U --» R given by q(p,z) := (p, Rp,T;). Here, I'; € Ry denotes the nodal quintic curve
corresponding to the pointz € Q- Pf—,. The situation is summarized by the following diagram:

R R
ills q m
uU—>r sy St

Proof of Theorem Since U is rational by Corollary 2.8 and § is generically a fibration in
rational varieties which possesses a rational section, it follows that R is a rational curve over
the function field of ¢/ having a rational point. We conclude that R is a rational variety. Using
Proposition [2.5(and the diagram above, we have a dominant map R --» S4.10, therefore we

obtain that S, is unirational. O

3. MODULI SPACES OF POINTED SPIN CURVES

We recall basic facts concerning the moduli space S, ,, of n-pointed spin curves of genus
g, largely following [Cor], [F2]. If (X, p1,...,py) is an n-pointed nodal curve, a smooth ratio-
nal component E C X is said to be exceptional if |E N (X \ E)| = 2 and no marked point p;,
lies on E. The curve X is said to be quasi-stable if any two exceptional components of X are
disjoint. A quasi-stable curve is thus obtained from a stable pointed curve by blowing-up
each node at most once.
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Definition 3.1. An n-pointed stable spin curve of genus g consists of a triple (X, p1, ..., pn, ¥, 8),
where (X,p1,...,p,) is an n-pointed genus g quasi-stable curve, ¥ € Pic?~!(X) is a line
bundle of total degree g — 1 such that ¥ = Og(1) for every exceptional component E C X,
and 3: 992 — wx is a sheaf homomorphism which is generically non-zero along each non-
exceptional component of X.

We denote by S, ,, the moduli stack of n-pointed spin curves of genus g, which splits
into two connected components S, ,, and g;n depending on the parity of h°(X, ). One has
a finite morphism 7: S,,, — My, of degree 229. We also set S, ] := Sg.n/S,, where the
action is by permuting the marked points. Let A := 7*()\) and ¢; := 7*(¢;) € CH'(S,,)
be the standard codimension one tautological classes; we refer to [AC] for background on
divisor classes on M, ,,.

3.1. Boundary divisors on gg,n. We introduce the standard notation for the boundary divi-
sors on both components of 3;,1 as follows. For 0 < i < g and a subset S C [n], we denote
by A;.s C §;n (respectively B;.g C g;in) the closure of the locus consisting of spin curves
[CUy D,p1,...,pn,Yc,9p], where C and D are smooth curves of genera ¢ and g — i meeting
at a point y, both theta-characteristics Yc and ¥p are even (respectively odd), and the marked
points lying on the component C are precisely those labelled by the set S. We set a;.5 := [A;.s]
and ;.5 := [Bi.s]. Note that By.s = () for all S. For 2 < s < n, we set

(13) ans = Y aos € CHY(S, ).
se(™)

Similarly, we let A;.g C S, ,, be the closure of the locus consisting of those spin curves
[CUy D,p1,...,pn,Yc,9p], where C and D are smooth curves of genera i and g — i meeting
at a point y, the theta-characteristic ¢ is odd, whereas ¥ is even, and the marked points
lying on C' are precisely those labelled by S. We set ;.5 := [A;.5]. To ensure uniformity with
the notation from [FV3], we also set B;.s := Ay_;.gc. Note that in this case, Ag.s = ) for all S.
Then for s > 2, we can define the class

(14) Bo:s = Z Bo:s € CH' (g;n)

se(")

We recall the description of the pull-back of the boundary divisor A;,, of ﬂgm under
the finite cover 7: S;,, — Mg,. For a point [X,p1,...,pn, ¥, 8] € S, corresponding to a
stable model st(X) = Cy, := C/y ~ ¢, with [C,y, q] € M,4_1 2, there are two possibilities for
the spin structure ¥, depending on whether X has an exceptional component or not. If X
has no exceptional component and ¥¢ := v*(¥), where v: C' — X denotes the normalization
map, then 95? = we(y + q). For each choice of ¢ as above, there is precisely one choice of
gluing the fibres ¥¢(y) and ¥ (q) such that h%(X, n) has a prescribed parity. We denote by Ay
the closure in gg,n of the locus of spin curves as above.

If X = CUy,q E, where E is an exceptional component, then the restriction J¢ is a
theta-characteristic on C. Let By C S, be the closure of the locus of spin curves

[C U{y,q} E7p17'-'apn7 00 S VWC, ’lgE - OE<1)] egg,n'

Remark 3.2. One has an isomorphism B = 39_1:[2] valid for both components of S,.
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If ag := [Ag], Bo := [Bo] € CH(Syn), then 7* (0irr) = o + 250. In particular, By is the
ramification divisor of the map m. Coupled with the formula [Log] for Kz , this yields

(15) Kz, =13A—200-38+ ) vi—2 Y (ais+fis) —arg— fro € CH (Sgn).
i=1 1,5C[n]

3.2. Extension of pluricanonical forms. The Kodaira dimension of gg,n, being an invariant
of the coarse moduli space S, ,, rather than of the stack, is defined by passing to a resolution of

singularities e: S, ,, — S,.,,. For a Q-factorial normal projective variety X, we denote by x(X)
its Kodaira dimension and by (X, K x ) the Kodaira-litaka dimension of its canonical bundle.

In order to work directly on the space S, , whose geometry we can control, we need to know
that pluricanonical forms on S, extend to any resolution, therefore #(Sgn) = £(Sgn, K5, )-

Such a result has been established for M,, in [HM], for S, in [Lu], and for M, , in [Cog].

Proposition 3.3. We fix g > 4 and n > 0. Then for any { > 0 one has an isomorphism
*. 70 (S ®¢ =, go(g ®¢
5 H Sy KE' ) =5 HO (S KE ).

Proof. We explain the local description of the map 7: Sy, — M., around a spin curve
[X,p1,...,Pn, ¥, B]. We denote by Ey, ..., E, the exceptional components of X, by v: X — C
the map contracting F1, ..., E, and we set ¢; := v(E;) € Cying, fori =1,...,7. Let C2973t " pe
the versal deformation space of (X, p1,...,pn,V, 3), where the coordinates (71, ...,735-31n)
are chosen in such a way that for 1 < ¢ < r the locus (7; = 0) corresponds to those defor-
mations which preserve the components E;. Then C}¢~ %" =~ Ext' (Qc(z1 4 -+ 2n),00)
is the versal defomation space of [C, v(p1),...,v(pn)], where the coordinates (t1, .. .,t35—3+n)
are chosen in such a way that for 1 < i < r the divisor (t; = 0) C (Cf g=3+n corresponds to the
deformation failing to smooth the node g;.
The morphism 7: gg,n — ﬂg,n is locally given by the following map
C39—3+tn C39—3+n
H
AUt(X7p1a <y DPn, 797 6) Aut(C, V(pl)a ey V(pn)) ’

The singularities of the quotient Cl9—3tn JAut(X,p1,...,pn, ) are studied via the Reid-Tau
criterion [HM] p.27]. For an automorphism ¢ € Aut(X,pi,...,pn, ", 3) having order m, we
define its age as the quantity age(¢) = % + - + 33 where (“,..., (%3 are the

ti=12i<r, ti=m,i>r+1

eigenvalues of ¢, with ( = e . An automorphism ¢ with age(¢) > 1 leads to a canonical
singularity. Every automorphism of ¢ € Aut(X,ps,...,pn, 9, 5) induces an automorphism
¢up of the unpointed spin curve (X, 9, 5). Clearly, one has age(¢u,) < age(¢). Note also
that contracting a rational curve under the stabilization map v: X — C does not change the
age of the automorphism. We now use [Lu, Theorem 3.1] stating that if (X, 9, §) admits an
automorphism ¢ with age(¢) < 1, then necessarily C has an elliptic tail .Jy with j-invariant
j(Jo) = 0 and that 95, = Oy, and ¢ acts non-trivially on Jy. Therefore the same conclusion
applies for ¢ € Aut(X,p1,...,pn, v, B).

We are left with the exceptional case singled out in [Lul, that is, when X has an ellipic
tail Jy as above. If one of the marked points p; lies on Jy, then the resulting singularity is
canonical, cf. [Log, Theorem 2.5]. If p1,...,p, € X \ Jo, the argument in [Lu, Theorem 4.1]
or in [HM, p.43-44] applies mutatis mutandis to show that the non-canonical singularity of
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S,.n induced by ¢ does not impose global adjunction conditions, that is, every pluricanonical
form on S, ,, can be lifted to a resolution. O

Remark 3.4. A result analogous to Proposition 3.3/has been established in [Kr, Theorem 5.61]

for the space Sin. Probably the analysis in Proposition [3.3|can be extended to cover the case
g = 2,3 as well.

3.3. The universal odd theta-characteristic. We now compute the class of an important ef-
fective divisor on S ;, namely the closure © ; of the locus

0, = {[C,p, 9 €S, : H(C,9(~p)) # o}

of points in the supports of odd theta-characteristics. The forgetful map ©,, — S/ is a
generically finite cover branched along the divisor Z; considered in [FV3] and consisting of
odd spin curves [C, 9] € S, such that ¢ is non-reduced.

Remark 3.5. The divisor ©_ is intimately related to the stratum of abelian differentials

Hg(2g_1) = {[C,pl, . ,pg_1] € Myog—2:we = Oc(2p1 +-- 2pg_1)}.

There is a dominant forgetful morphism #,(29"") — ©_ . Since H,(297") is irreducible, see
[KZ], it follows that 6;1 is also irreducible for g > 2.

Theorem 3.6. The following formula holds for g > 2:

Proof. We expand the class of the divisor © , in the standard basis of CH' (S, ;)
g—1
(16)  [©,1] =X A+¢-v—ao-ao—Po-fo— Z(dm S Qi1+ Gy - agg) € CHY(S, ),
i=1
and determine the coefficients by intersecting both sides of the equality with standard
test curves lying in the boundary of S, ;.
For 1 <i < g — 1, we fix general spin curves [C, 1922] € S;r and (D, q,y,9,)] € S, i and
we form the test curve

F, = {[CUyD,qe D, 0%, 05y € c} S

Note that F; - ay—;.1 = —deg(wc) = 2 — 2¢ and that Fj has intersection number zero with

all remaining generators of CH'(S, ;). Then we fix general spin curves [C,9;] € S; and
[D,q,y,9}) € S;fm and consider the following test curve

G; = {[CUyD,qE D, 9, 195] (Y € C} Qg;l.

Then G; - a;,p = 2 —2i and the other intersections with the generators of CH! (3;1) equal zero.

We claim that F; is disjoint from 91,10 particular ag_;:1 = 0, fori = 2,...,g—1. Indeed,

assume there exists a point ¢ € ©,, N F; corresponding to a point y € C. Then there exists a
pair of non-zero sections (c¢, op) corresponding to a limit theta-characteristic on C'U, D such
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that op(g) = 0. We may assume that h°(D, ;) = 1 and that neither y nor g are zeroes of the
unique section in H%(D,¥,). Onehas o € HY(C,9/((9—1)-y)), op € H*(D,9(i-y)) and,
by the definition of a limit linear series, that ord,(o¢) + ord,(cp) > g — 1. Since op(q) = 0,
it follows that ord,(cp) < i — 1, therefore ordy(cc) > g — i, from which it follows that

HO(C,9}) # 0, which contradicts the generality of [C, 9/] € S;r . - This proves that F;-0,, = 0.

Next we claim that Gi'@;1 = i—1, therefore a;.y = %, fori =2,...,9—1. Lett € @;106’2-
be a point corresponding to a point y € C. Then we have o¢c € H°(C,9.((g — i) - y)) and
op € H°(D,9}(i - y)) and, again, ordy(c¢) + ordy(op) > g — 1. Since, by generality, we may
assume HY(D,dp(y—q)) = 0, it follows that ord,(op) < i — 2, therefore ord,(o¢) > g—i+1,
thatis, y € supp(). This yields i — 1 points for the intersection G; - ©,, ;, each corresponding
to the points in the support of J. To see that each of them counts with multiplicity one, we
reason along the lines of [FV3, Proposition 5.1].

Now we argue that ), ; is disjoint from two elliptic pencils in the boundary of S,
Let f: Blg(P?) — P! be the family of elliptic curves induced by blowing-up a pencil of plane
cubics at its 9 base points and denote by 7: P! — Bly(P?) a section corresponding to one of
the base points of the pencil. We fix a general spin curve [C, y, ¢, 93] € S _ 1 and set

By i= {[CUyuriy FH(0), 98 Vpry = O] 1t € P} S5,

We find Fyy - a9 = —1 and Fp - A = 1. For each of the 12 points ¢, € P! corresponding to
singular fibres of £, the spin structure is locally free on CUf ! (), therefore we obtain a point
lying in the divisor Ag. We therefore conclude that Fy - 3o = 0 and, accordingly, Fy - op = 12.

A second elliptic pencil is obtained by choosing a general element [C, y, ¢, 9] € S, 5
On f~1(t) one takes each of the three even theta-characteristics. This induces the family

Go 1= {[C Upurtty 1718), 95, - 0f- 1 €77 1F @] st € P} C S,

with ~: 3?,1 — M 1 being the degree 3 map forgetting the spin structure. We obtain G-\ =
and Gy - 81,9 = —3. The map ~ being simply ramified over the point corresponding to j-
invariant oo, we conclude that Gg - ag = 12 and therefore Gy - 8y = 12.

It is a simple exercise in limit linear series to show that © , ; is disjoint from both Fjy and
Go. Accordingly, we obtain the following relations

(17) A—12a9+ a9 =0 and X —4ag — 480 + B9 = 0.

Next we fix a general pointed even spin curve [C,y,95] € S, +1 1 and consider the map

vi Mis = S, givenby [J,y,q] — [J U, C,q,9; = Oy, 9] € S,,, where J denotes an
elliptic curve. The following relations are immediate:

vi(A) = A, v () = g, v (@0) = e, v7(B0) = 0, v (1) = =%z, v (a1g) = S0:yg-

Again, it is an easy exercise to show that 1*(0, ;) = 0. Inside CH' (M 2) = Q(ty, do.yq) One
has the following well-known relations [AC, Proposition 1.9]:

¢y = wqa A= ¢y - 50:yQ7 5irr = 12('¢y - 60:yq)-
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We obtain that 0 = [1*(0, ;)] = (A + ¢ — 12a0) - ¥y — (A — 1280 + @19) - Souyq € CH' (M1 2).
It is a consequence of [F3| Proposition 4.3] that & = %, while obviously ¢ = 1. It follows that
ao = 75 (% + 3) = 15. It then follows from the first relation in (17) that a9 = 3.

We are now in a position to determine the coefficient Bo and to that end, we use that
in [F3, Theorem 0.3] the class of the pushforward = ([0,,]) € CH'(M,,) has been deter-
mined. In particular, its d;,,-coefficient is equal to —229=6_ From the set-theoretic description
of both divisors ag and fy, clearly . (ap) = 229~ 26m and W*(ﬁo) = 2972(2971 —1)6yy,, therefore
229720 +2972(2971 — 1) = 22976, Since ay = £, we obtain 3y = 0. Finally, from the second
equation in (17), we obtain 3,y = 0. This completes the proof. 0

3.4. The uniruledness of O, for small g. In the range when the general curve of genus g
lies on a K3 surface, we can show that the divisor @;1 is uniruled. In fact, we have a more

precise result which will be used when determining the Kodaira dimension of S ;

Theorem 3.7. For g < 9 or g = 11, the universal theta-characteristic @;1 is uniruled. Precisely

through a general point of © , there passes a rational curve ' C © 1, such that T'- ©, ; = 0.

Proof. We fix a general point [C, p, J] € S, ; and we may assume h%(C,¥) = 1 and that supp(¥)
consists of g — 1 distinct points p = p1, p2,...,py—1. When g < 11 and g # 10, there exists a
smooth K3 surface S O C. We may even assume Pic(S) = Z - C. Note that in the embedding

S u> P9, the points p,...,ps—1 span a codimension two subspace IT = (p1,...,ps—1) C PY

such that IT- S = 2(p; + - - - + pgy—1). Following [FV3] Theorem 3.10], we consider the pencil of
hyperplanes { H;},.p: in PY containing II. This induces a rational curve in moduli

(18) {[C’t = H,N 8, p1, Uy =Oc,(pr+ - +pyg1)] :tePl} co,,

It follows thatT'- A = g+ 1, T - By = g — 1 and that I' - a9 = 4g + 20, see [FV3, Corollary
3.8]. The points in the intersection I' - 5y correspond to those hyperplanes H; such that the
intersection H; N S is nodal at one of the points p;. All the elements in the pencil {H; NS}, cp1
are irreducible and have at most one singular point.

Observe that II N T,,(S) is a 1-dimensional space and this tangent direction may be
regarded as a point v on the exceptional divisor £, of the blow-up S = Bl ...py_13(5). Set
e: 8" :=Bl,(S') — S and denote by £, C S’ the proper transform of E,,. The family of pointed
spin curves in is then induced by the fibration f": S" — P!, where

1 (091 (1)) = Os/(e(C) — B}~ By — -~ B, ).

We haveI'- ¢ = (E') = 2. Using Theoreml we obtain I'- @Q 1= 9+1 +1-— 49+20 =0. O

3.5. The positivity of Kz . In order to prove that Kg is big, we introduce some known

g,n

effective divisors on moduli spaces related to g.j;n' We first recall the class [F1]] of the com-
pactification O, of the theta-null divisor O := {[C, VN eS; H 9(C, ) # 0}:

1 L" J
(19) [Onun] = A - —ap— = Z Bi e CHY(S)).
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On S, , we have the class of the closure of the locus Z, of odd spin curves with a non-reduced
support [FV3] Theorem 0.4]:

g—1
2040 — 2,80 — ZQ(Q - Z')Oéz' € CHl(g;)

i=1

(20) Z,) = (g +8)r - L5

Observe that Z, is the branch divisor of the generically finite forgetful map ©_;, — S;. On
My, we have the class of Logan’s divisor [Log, Theorems 5.3-5.7] defined as the closure in
My 4 of the following locus Dy := {[C’,pl, oo pgl € Mg BO(C,Oc(pr + - +pg)) > 2}:

2 —i
Eg]z—)\—FZdh’— Z (HS| 2‘+1>(5 € CHY(M,,).
i=1

i>0,8
We are now in a position to prove Theorem 1.3}

Proof of Theorem |1.3| for 3;;”. We first treat the case n > g. We shall use the fact that the

class 7, ¢); is big on S, .. For a subset S C [n] with [S| = g, let ms: My, — M, be the
morphism forgetting all the marked points in S and we consider the symmetrized version of
the pull-back of Logan’s effective divisor D, ,, := ﬁwg(Dg) on M, ,,. Then using standard

formulas for the pull-backs of boundary classes under forgetful maps [AC], we compute

g g 3+ 2n) —
(1) [Dyn] = A+ 7 sz 1) ;2605— e CH (M,,).

We choose an effective divisor D on M, with [D] = s\ — iy — EE{ bi - 6; € CHY(M,),
with b; > 1, and where s = 6 + 91% when g + 1 is Composite (in which case D is a multiple
of a Brﬂl Noether divisor [EH, Theorem 1]), respectively s = when g = 4, respectively

s = @ ” when g = 6 (in both these cases D being a multiple of the correspondmg Petri divisor,
see [EH, Theorem 2]) and finally s = 7 when g = 10, in which case D is the K3 divisor
considered in [FP]. Denoting by o: S;,, — M, respectively by u: S,,, — S, the natural
forgetful maps and recalling that 7: S;n — M, is the covering map, we form the following

. o =+
effective combinationon S,

(B 2n(n —1 .= 31 . 3s+4 2n(n —1
8[1* (Opun)] + M[W (Dgn)] + 5[‘7 (D)] = ( 82 B g(gn—(n3+2)n)> +
g2(n3_+12n Z Vi — 200 — 3P0 — 200:2 — Z(@izs - Qs + Bis - Bis) € CHl(?In%

7,5

where @;.5, B;.¢ > 2 in all cases except when i = 0 and |S| = 2, in which case the correspond-
ing coefficients are equal to zero. We compare this formula to the expression (I5). We observe
that the coefficient of Y ;" 9; is smaller than one, whereas the range of (g, n) in the statement
of Theorem 1.3|is choses such that the A-coefficient is less than 13. It follows that Kggn is big.

Coupled with Proposition this shows that §;n is of general type in this range.
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For g = 8, itis easy to see that K+ can be expressed as a combination with positive co-
8,1
efficients of [0*(D)], [*(Onun)], ¥, the pull-back of the Weierstrass divisor under the forgetful

map Sy g1 — Mg and certain boundary divisors. It follows that K+ 57, is big.

8,

Finally, on 37,3, we consider the closure of the divisor ©1.2.3 consisting of those pointed
spin curves [C,p1, pa, p3, Y] € S5, such that there exists a permutation 7 € &3 with
hO(C, Oc(2pr(1) + 27(2) + 3D-(3))) = 2-
Using [Log, Theorems 5.4-5.7], its class is equal up to a positive rational constant, to
[D2::3] = =3A+12(¢h1 + 2 + 3) —40- g2 —0- a9 —0- g — -+ € CH1(§{3).

By direct calculation, we observe that K+ y - 8[1* (Onun)] — 15[D2:2:3] — 3[0* (D)] is an effective
combination of boundary classes, whlch Completes the proof. O
We now move on to prove Theorem [1.3|for the moduli space of odd spin curves.

Proof of Theorem [1.3|for S, ,,. We first treat the case when g > 4 and n > g. Since the proof
bears similarities with the one for S, ,,, we skip a few details. We recall that we considered

the Logan divisor D, ,, on M, , and the effective divisor D on M, having minimal slope

s. Denoting by m;: S,,, — S, the morphism forgetting all marked points except the one

labelled by the index i, we set O, := 7} (Og,1) + - - - + 7 (Oy,1). From Theorem

(22) ©,.] = A+ sz 1500 — foa = € CHY(S, ).

We form the following effective linear combination on S,

8 — 2(n—4)(n—-1) , — 3r . _(3s+4 2(n—-4)(n—1)
E[@g’n] g(g—3+2n) [ﬂ- (Dg’n)]+§[a (D)]_< 2 (g—3+2n))
2(n? +2g—n—

n(g —3+2n)

Z¢z 200 — 380 — 2002 — Y _ Firs - s,
i=1

7,5

where @;.5 > 2, except when ¢ = 0 and |S| = 2, when the corresponding coefficient equals
zero. Again, observe that the coefficient of )", v is smaller than one. Then for4 < g < 7, the

A-coefficient of this effective divisor is smaller than 2 precisely in the range in the statement
of Theorem 1.3l

Assume now n < g. We use the effective divisors provided by (20), and (22). We
can easily show that for every g € {8,9,10, 11} and n > h(g), we have that

K - €Q>0<rgn] [ (z )} [ *(D)L [W*(ﬁg,n)L :LEZ;¢@>;

where the coefficient of ¢; + - - - + 1y, in this expression is positive. It follows that K- is big.
g,n

For the boundary cases Sg 4 and Sy 3, we have the following expressions for the respective
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canonical divisors: K§§4 —2[Ogy4] — 2[0*(D)] € Qx0(ev.5), respectively

Ks;, ~ 2[0g.3] — 170[0*(17)] — — [ (Zy)] € Q20<ai:S 112>0,5C [n]>-
This finishes the proof. O
We now discuss the case g = 11.
Proof of Theorem The same consideration as in the proof of Theorem [I.3]show that one can
represent the canonical class of S 11,1 as follows

1 10

(23) Kgi = 2[00, + %[U*(D)] + 5 (" (Z1)] + Z(ai o+ by ),
’ i=1

where a;,b; > 0. In fact, using [FP, Proposition 10.5], there is a 19-dimensional family of
effective divisors on Mi; having slope 7, therefore we obtain that m(gl_m) > 19.

It remains to show that Sy, ; is not of general type. To that end, we consider the family
of rational curves constructed in the proof of Theorem A general member I' C O, ; of

this family passes through a general point of ©,, ; and has the intersection numbers -\ = 12,
I'¢yv=2T-a9g=64andI"- 5y =10, whileI' - aj; =T - ;g =0, fori =1,...,10.

We observe via Theorem [3.7| and that I' has intersection number zero with every
divisor appearing on the right hand side of 1' in particular, also I" - Kgl_1 = 0. Since

I fills-up a divisor in S;; ; this rules out the possibility of expressing K- as an effective
’ 11,1
combination of an ample and an effective class. In particular, K5~ is not big, that is, Sy s
11,1 ’

not of general type. The case of 3;1:[2} is similar and we skip the details. O

3.6. Holomorphic forms on gin. We now discuss the geometry of gin and establish Theo-
rem Note that one has an identification Eil >~ X1(2) = P

Proof of Theorem One can use in genus one, together with the relations 12\ = 6, and
12¢p; = 0y + 12 ), g 00:5, to obtain the following formula [BE, Proposition 3]:

n—1
Kxg,, =m=10A+Y " > (a=2)dos+ (n—3)dm € CH (My,).
a=2 5Cn],|S|=a
The finite cover =: gfn — My, is branched along the divisor By. Since we have the iso-
morphism 3?1 = P! at the level of coarse moduli spaces and both divisors Ay and By corre-

sponds to points on 3{1, it follows that ag = 39 € CH 1(§In). Since 7*(6irr) = g + 230 and
T (Ap.s) = Ao.s for every subset S C [n] with |S| > 2, by the Hurwitz formula we can write

n—1 n
n—"17
(24) Kgfn =(mn—-1)1+ ;2(0, = 2)ag.q + (n— 3)00:m + Bo = 1o + ;2(0, —2)0:q — QO

In particular, for n > 8, via Remark 3.4/ using the forgetful morphism gfn — gil, we obtain

that #(3,,) = n(girn,Kng ) > K(S11,a0) = K(P,Op1(1)) = 1. On the other hand, as
b b 1,n b

explained in [BF, Proposition 4], since the general fibre of the morphism gin — gil has
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Kodaira dimension zero, by the easy addition theorem we write n(gin) < dim(gfl) =1, thus
/@(gin) =1, forn > 8.

For n = 7, we obtain from that H° (3?7, Kgl 7) # 0. Finally, K§+7 admits an ef-
’ ; 1

fective representative consisting of boundary divisors Aj.s, where S C [7] For each such
divisor, by varying the j-invariant of the elliptic curve corresponding to a general point,
one constructs a rational curve I's C A.g passing through a general point and satisfying

Is-aps=—-land I's - ap.s = 0, for every S’ C [7] with S" # S. It follows that n(girj) =0.0

4., CORRESPONDENCES BETWEEN MODULI SPACES OF POINTED SPIN CURVES.

We now explain a structure result for the spin moduli space S; which makes no refer-
ence to Mukai’s structure theorem [M2] for curves of genus 7 in terms of the spinorial variety
OG(5,10) C P, that is, of the birational isomorphism

My ——» G(9,15)//Aut OG(5, 10).

This construction establishes a correspondence between S; and 3;6.

We denote by HS, the Hurwitz spin stack parametrizing triples [C, ¥, A], consisting of
an odd spin curve [C, Y] € S; and a pencil A € W} (C). The general fibre of the forgetful map

HS; — S; is a smooth curve. By Serre duality L := we @ AV € W2(C). We consider the
induced plane model

¢: ¢ L rcp2—PHO(C, L)V
For a general choice of [C, 1, A], it is straightforward that I' is a nodal septic curve with 8
nodes, which we denote by 21, ..., 25 € P2 Setting ¥ := O¢(p1 + - - - + ps), it then follows that
there exists a smooth plane quadric curve D € |Opz(4)| such that

(25) D-T'=2(1+ - +2+p1+-+ps)
Thenn:=Op(p1+--+ps+21+-+28)® wBB € PicQ(D) is an even theta-characteristic.

To obtain a parametrization of HS; (and ultimately of S; ), we consider the following
locally trivial P5-bundle over ng ¢ Letu: C — ng ¢ be the universal curve and £ € Pic(C) be
the universal spin bundle. We denote by o;: S; ¢ — C the section corresponding to the i-th
marked point and set ; := Im(o;), fori =1,...,6. Let

Psg:=P(u(L@wy(—=1 — - — X)) — Sy

A point of P3¢ corresponds to an element (D, 7,, z1 + - - + zg), where [D, 7] € S is an even
spin curve, p = (p1,...,ps) and z; + - - - + zg is an effective divisor on D such that

p1+--+petz+--+28€ ‘w%@n}.
Note that 2(py + - - + pe) + 2(21 + - - - + 28) € |wp| = |Op(7)]|. From the exact sequence
0 — HO(P2,0p2(3)) -2 HO(P2, 0p2(7)) — HO(D, Op(7)) — 0,

we conclude there exists a plane curve I' € }OPQ (7)|,withD-T' =2(p1+---+ps+21+---+28).
We set Topyoz :=17 N...NI2 NI2 N...NZIZ C Op. From the exact sequence

(26) 0 — HO(P?, 0p2(3)) — H®(P?, Topy2:(7)) — H°(D,Op) — 0,
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it follows one has a 10-dimensional linear system of plane curves of degree 7 cutting out the
divisor 2p + 2z on D.

Definition 4.1. We denote by J — P3¢ the parameter space of objects (D,7,p, 21+ -+2s,T),
where I' € ‘Izﬁ+22(7)‘ is a curve such that Sing(I") = {z1, ..., z3}.

We denote by 11 Y --» S5 the forgetful morphism (D,7,p, 21 + - -+ + 2,T) — [D, 7).
Proposition 4.2. The morphism Y --+ Ps g is birationally a P?-bundle.
Proof. Having fixed a general element (D,7,p,z1 + -+ + 2g3), from (26) the linear system

|1—2ﬁ+2§(7)‘ is 10-dimensional. Requiring that z; € sing(I') is a linear condition fori =1,...,8
and via a local calculation is straightforward to see that these 8 conditions are linearly inde-
pendent. It follows that ) — P3¢ is birational to a P>-bundle. O

Summarizing this construction, one has the following diagram,

(27) y:{(.D,T],ﬁ,Zl'i‘"“FZS,P):D’F:2(Z?:1pi+2?:12j)}
/ \
S?—:G 7'[87_9 37_

where X is given by (Dvﬁv n,21 + 0+ 28, F) = (07 OC(Vil(pl) +ot Vﬁl(pﬁ))v(ﬂC(_l))/
with v: C — I' being the normalization map.

Theorem 4.3. The Hurwitz spin stack HS, is birational to a double projective bundle over ng 6

A variant of this construction provides a birational correspondence between Sg and
=+
Syr
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