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Abstract. The resonance varieties are cohomological invariants that are studied in a
variety of topological, combinatorial, and geometric contexts. We discuss their scheme
structure in a general algebraic setting and introduce various properties that ensure the
reducedness of the associated projective resonance scheme. We prove an asymptotic for-
mula for the Hilbert series of the associated Koszul module, then discuss applications
to vector bundles on algebraic curves and to Chen ranks formulas for finitely generated
groups, with special emphasis on Kähler and right-angled Artin groups.
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1. Introduction

The concept of resonance initially appeared in topology. For a reasonably nice topological
space X, its resonance variety RpXq is defined as the jump locus

RpXq :�
!
a P H1pX,Cq : H1

�
H�pX,Cq, δa

�
� 0

)
,

where δa : H ipX,Cq Ñ H i�1pX,Cq is the differential obtained by left-multiplication by a.
Assuming X is 1-formal in the sense of Sullivan, RpXq is intimately related to the character-
istic variety VpXq parametrising rank 1 local systems on X with non-vanishing homology.
More precisely (see [14]), the resonance can be described as the tangent cone to the charac-
teristic variety, that is, RpXq � TC1

�
VpXq

�
, which links the resonance to the much studied
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theory of characteristic varieties. A set-theoretic description of RpXq for compact Kähler
manifolds in terms of irrational pencils has been given by Dimca–Papadima–Suciu [14]. For
complements of hyperplane arrangements a combinatorial (matroidal) description of the
resonance has been found by Falk–Yuzvinsky [16], building on previous work of Libgober–
Yuzvinsky [24] and Falk [15]. A purely algebraic definition of the resonance variety has
been put forward by Papadima–Suciu [32] and linked to the the theory of Koszul modules.
Important applications of this link, including a proof of the Generic Green’s Conjecture for
syzygies of canonical curves in sufficiently high characteristic have been obtained in [2, 1].

By its very definition as a jump locus, the resonance RpXq carries a natural scheme
structure that has been however largely ignored for some time. However, even in the
much studied case of hyperplane arrangements, this scheme structure comes to the fore in
the formulation of Suciu’s Conjecture [36] concerning the Chen ranks of the fundamental
group of the hyperplane arrangement, see also [12,35]. We aim to study systematically the
scheme-theoretic properties of resonance varieties in algebraic context, introduce several
natural scheme-theoretic properties that resonance varieties often satisfy and explain how
they are naturally linked to other interesting concepts in the theory of Kähler groups, vector
bundles on algebraic varieties, or geometric group theory.

We begin by recalling the connection between resonance varieties and Koszul modules
following the set-up of [1, 2], or [32]. Let V be a finite-dimensional vector space over an
algebraically closed field k of characteristic 0, and let V _ be its k-dual. We let S :� SympV q

denote the symmetric algebra on V . For a linear subspace K �
�2 V , we define the Koszul

module W pV,Kq as the middle homology of the chain complex of graded S-modules

K b S V b Sp1q Sp2q.
δ2|KbS δ1

Note that W pV,Kq is a graded S-module. Its degree q piece WqpV,Kq can be canonically
identified with the cohomology of the following complex of finite dimensional k-vector spaces

K b Symq V V b Symq�1 V Symq�2 V,
δ2|KbSymq V δ1

where δ1 and δ2 are the Koszul differentials. The annihilator AnnW pV,Kq of the S-module
W pV,Kq defines a resonance scheme RpV,Kq, whose set-theoretic support, also denoted
by RpV,Kq, has been described in [32] as being

RpV,Kq :�
!
a P V _ : there exists b P V _ such that a^ b P KKzt0u

)
Y t0u, (1.1)

where KK is the kernel of the projection
�2V _ � K_. We consider here the projectivized

resonance scheme,

RpV,Kq :� Proj
�
S{Ann W pV,Kq

�
.

We investigate in what follows the geometry of the resonance schemes and introduce
several concepts inspired by the study of particular cases of resonance varieties in topology
and Hodge theory, which turn out to be often satisfied and which ensure the reducedness
of the projectivized resonance RpV,Kq.
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1.1. Separable and isotropic resonance. We denote by E :�
�
V _ the exterior algebra

of V _ and fix a linear subspace V
_
� V _. We say that V

_
is isotropic (with respect to

K �
�2V ) if

�2V
_
� KK. The subspace V

_
is said to be separable (with respect to K) if

KK X xV
_
yE �

�2V
_
, (1.2)

where xV
_
yE denotes the ideal of the exterior algebra E which is generated by V

_
. Finally,

V
_

is strongly isotropic if it both separable and isotropic, that is, when the following equality
holds

KK X xV
_
yE �

�2V
_
.

If all the irreducible components of the resonance variety RpV,Kq are linear subspaces of
V _, we say that RpV,Kq is separable (respectively, isotropic, or strongly isotropic) if each of
those components of RpV,Kq are separable (respectively, isotropic, or strongly isotropic).
We use the same terminology for the Koszul module W pV,Kq, respectively for the resonance
scheme RpV,Kq. A characterization of strongly isotropic resonance RpV,Kq reminiscent of
Petri type theorems in algebraic geometry is provided in Lemma 3.13.

With this terminology in place, we can state one of our main results:

Theorem 1.1. Let K �
�2 V be a linear subspace, and suppose all irreducible components

of RpV,Kq are linear subspaces of V _.

(1) If W pV,Kq is separable, then the projectivized resonance scheme RpV,Kq is reduced
and its components are disjoint.

(2) If RpV,Kq is reduced and isotropic, then it is separable.

Assume now that the resonance RpV,Kq is linear and denote by V
_
1 , . . . , V

_
k the (linear)

components of RpV,Kq. For each 1 ¤ t ¤ k, the inclusion V
_
t � V _ corresponds to a linear

projection, πt : V � V t. Setting Kt :�
��2πt

�
pKq �

�2V t, we obtain in this way Koszul

modules W pV t,Ktq. As an application of Theorem 1.1, we prove the following result, which
describes the dimensions of the graded pieces of a separable Koszul module.

Theorem 1.2. Suppose W pV,Kq is a separable Koszul module. Then

dim WqpV,Kq �
ķ

t�1

dim WqpV t,Ktq,

for all q " 0.

If the resonance is separable and isotropic, then all the subspaces Kt �
�2 V t appearing

in the statement of Theorem 1.2 are trivial. For a vector space U we have the canonical
identification WqpU, 0q � ker

 
U b Symq U Ñ Symq�1 U

(
, and so dimWqpU, 0q �

�
q�dimU
q�2

�
.

Therefore, we obtain in this case a simple combinatorial asymptotic formula for the Hilbert
series of W pV,Kq.

Corollary 1.3. Suppose W pV,Kq is a separable and isotropic Koszul module and write

RpV,Kq � V
_
1 Y � � � Y V

_
k . Then for all q " 0

dim WqpV,Kq �
ķ

t�1

pq � 1q

�
q � dimV t

q � 2



.
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1.2. Chen ranks of groups. One of the main applications of this theory is to the com-
putation of the Chen ranks of large classes of finitely generated groups. Given such a
group G, let G{G2 be its maximal metabelian quotient, where G2 �

�
rG,Gs, rG,Gs

�
, and

let grpG{G2q be the associated graded Lie algebra with respect to the lower central series
filtration on G{G2. The Chen ranks of G are defined [12,29,35] as the graded ranks of this
(finitely generated) Lie algebra,

θqpGq :� rank grqpG{G
2q � rank Γq

�
G{G2

�
{Γq�1

�
G{G2

�
. (1.3)

From the cohomology algebra of G in low degrees, one can extract the Koszul module

W pGq :�W pV,Kq

of the group G, by setting V � H1pG, kq and letting KK be the kernel of the cup-product

map YG :
�2H1pG, kq Ñ H2pG, kq. We let RpGq � RpV,Kq be the corresponding reso-

nance variety of the group and RpGq � RpV,Kq the corresponding projectivized resonance
scheme.

As shown e.g. in [29,39], if the group G is 1-formal (that is, its pronilpotent Lie algebra
admits a quadratic presentation), then

θqpGq � dimWq�2pGq (1.4)

for all q ¥ 2. Moreover, as shown in [14], all the components of RpGq are (rationally defined)
linear subspaces of V _. As an immediate application of Corollary 1.3, we recover the main
result of Cohen and Schenck [12, Theorem A], in a somewhat stronger form.

Corollary 1.4. Let G be a 1-formal group, and assume RpGq is separable and isotropic.

Denoting by V
_
1 , . . . , V

_
k the (linear) components of RpGq, we have

θqpGq �
ķ

t�1

pq � 1q

�
q � dimV t � 2

q




for all q " 0.

The strengthening is two-fold: first, we drop the assumption that G admit a commutator-
relators finite presentation (in view of [39], that is no longer needed); and second, we drop the
assumption that the components of RpGq be projectively disjoint (in view of Theorem 1.1,
that property follows automatically from separability). In Section 8 we will characterize the
right-angled Artin group for which the resonance variety is separable respectively isotropic.

1.3. Resonance for vector bundles on curves. A major source of resonance varieties is
provided by vector bundles in algebraic geometry. To a vector bundle E on a complex alge-
braic variety X, one can associate a Koszul module W pX,Eq :�W pV,Kq and a resonance
variety RpX,Eq :� RpV,Kq, by setting V :� H0pX,Eq_ and

KK :� ker
!
d :

�2H0pX,Eq H0
�
X,

�2E
�)
,

where d is the determinant map on global sections. It was observed in [3] that RpX,Eq
parametrizes subpencils of the vector bundle E, that is, line subbundles A ãÑ E such that
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h0pX,Aq ¥ 2. It is thus natural to seek to characterize geometrically those vector bundles
E for which the resonance is strongly isotropic.

For simplicity, we assume X is a smooth algebraic curve and E is a rank 2 stable vector
bundle of degree d on X. Following Drinfeld and Laumon [23], we say that E is very stable
if it has no non-zero nilpotent Higgs fields, that is, the space H0

�
X,ωX bEndpEq

�
contains

no non-zero nilpotent elements. It has been proven in [33] that E is very stable if and only
if the space H0

�
X,ωX b EndpEq

�
is closed inside the moduli space HiggsXp2, dq of rank 2

Higgs fields on X. For further connections between very stability and mirror symmetry, see
[19]. It turns out that this concept is closely related to the strong isotropicity of RpX,Eq.

Given a line bundle L on X, let SUXp2, Lq be the moduli space of semistable rank 2 vector
bundles E on X with detpEq � L. The locus of stable but not very stable bundles on X
is known to be a divisor in SUXp2, Lq, see [28]. For a stable vector bundle E P SUXp2, Lq
and a positive integer a, we let

W 1
a pEq :�

!
A P PicapXq : h0pX,Aq ¥ 2 and A ãÑ E

)
be the variety of degree a subpencils of E. The following result describes the structure of
resonance varieties of rank 2 vector bundles on curves in terms of linear systems |A|:

Theorem 1.5. Fix a general curve X of genus g and a line bundle L P PicdpXq, where
2g � 2 ¤ d ¤ 3g � 1. For a general stable rank 2 vector bundle E on X with detpEq � L,
the following hold:

(1) If d   3g � 1, then RpX,Eq � t0u.

(2) If d � 3g � 1, then RpX,Eq is strongly isotropic and moreover

RpX,Eq �

g�1¤
a�r g�2

2
s

RapX,Eq,

where RapX,Eq �
� 

|A| : A PW 1
a pEq

(
is a disjoint union of

#W 1
a pEq �

22a�g�2

g � 1

�
g � 1

g � a� 1, g � a� 2, 2a� g � 2



disjoint projective lines.

For a bundle E of degree 3g�1 as in part (2), we have that h0pX,Eq � g�3. The strong
isotropicity of RpX,Eq implies that the intersection P kerpdq XGr2

�
H0pX,Eq

�
consists of

deg Gr2pg � 3q �
p2g � 2q!

pg � 1q! � pg � 2q!
�

g�1̧

a�r g�2
2

s

22a�g�2

g � 1

�
g � 1

g � a� 1, g � a� 2, 2a� g � 2




reduced points. Furthermore, when degpEq ¡ 3g � 1, the resonance RpX,Eq is no longer
linear, see Remark 6.9. In the particular case a � g � 1 we have a more precise result that
holds for every very stable vector bundle, rather than for a general one.

Corollary 1.6. Let X be a general curve of genus g and let E be a very stable vector bundle
of degree 3g � 1. Then Rg�1pX,Eq consists of 2g disjoint projective lines.
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Note that the number of maximal line subbundles of a vector bundle has been the subject
of study in enumerative geometry [22,27] and recently in the context of Tevelev degrees [17].

1.4. Resonance of Kodaira fibrations. A Kodaira fibration is a submersion f : X Ñ B
from a smooth algebraic surface to a smooth projective curve B of genus b ¥ 2, such that all
fibres of f are smooth curves of genus g varying in moduli. Equivalently, f corresponds to a
morphism B ÑMg into the moduli stack of smooth genus g curves. Kodaira fibrations are
objects of intense study in algebraic geometry [9,21], in the theory of surface bundles [11,20,
10, 34], and in geometric group theory [26]. It is an open question posed independently by
Catanese and Salter whether there are algebraic surfaces that admit more than two Kodaira
fibration structures. We are confident that our Theorem 1.2 could be useful in this context.
We have the following result describing the resonance of double Kodaira fibrations (for the
case of surfaces admitting a unique Kodaira fibration structure, see Lemma 7.2).

Theorem 1.7. Let X be a compact algebraic surface which admits two independent Kodaira

fibrations, Σg1 ãÑ X
f1ÝÑ B1 and Σg2 ãÑ X

f2ÝÑ B2. Assume that the product map f �
pf1, f2q : X Ñ B1 � B2 induces an isomorphism on H1p�,Cq and a monomorphism on
H2p�,Cq. Then

(1) The resonance scheme RpXq � f�1H
1pB1,Cq Y f�2H

1pB2,Cq is separable.

(2) The Chen ranks of π1pXq are given by the following formula, for q " 0,

θq
�
π1pXq

�
� pq � 1q

��
2b1 � q � 2

q



�

�
2b2 � q � 2

q




�

�
2b1 � q � 3

q � 2



�

�
2b2 � q � 3

q � 2



.

We explain in Section 7.3 how the hypothesis of Theorem 1.7 are verified for the Atiyah–
Kodaira surfaces constructed in [5, 21]; consequently, the theorem provides a formula for
the Chen ranks (in large degrees) of these surfaces. Finally, we also conjecture in §7.3 that
the projective resonance RpGq of any Kähler group G is reduced and that a “Chen ranks
formula” in the spirit of Theorem 1.2 and generalizing the one in Theorem 1.7 always holds.

In this paper we refrain from studying the Koszul modules and the Chen ranks of hyper-
plane arrangements. They will form the subject of the forthcoming paper [4].
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2. Koszul modules and resonance schemes

2.1. Koszul modules. We now recast some of the notions introduced in the previous
section in a more convenient setting, following the approach adopted in [32] and developed
in [2, 1, 3].
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Once again, let V be a finite-dimensional vector space over an algebraically closed field
k of characteristic 0, and let K �

�2V be a subspace. We also let KK �
�2 V _ be the

subspace of all linear functionals vanishing on K. Unless otherwise specified, all tensor
products will be over k.

Set S :� SympV q. Upon picking a basis for V , this algebra may be identified with the
polynomial ring krx1, . . . , xns, where n � dimV . Let

�� V b S, δ
�

be the corresponding
Koszul complex. As already mentioned, the Koszul module W pV,Kq is the middle homology
of the chain complex

K b S V b Sp1q Sp2q.
δ2|KbS δ1 (2.1)

It is readily seen that W pV,Kq is the cokernel of the S-linear map��3V `K
�
b S

�2V b S (2.2)

with matrix δ3 � ι b idS , where ι : K ãÑ
�2V is the inclusion map. One has an alternate

presentation of W pV,Kq as a cokernel of a morphism of graded S-modules:

�3V b Sp�1q
��2V {K

	
b S W pV,Kq 0 (2.3)

A k-linear map ϕ : V Ñ V induces a linear map
�2ϕ :

�2V Ñ
�2V and we let K be

the image of K under this map. Writing S :� SympV q, the map ϕ induces a ring morphism

π : S Ñ S. Denoting by �W pV ,Kq the cokernel of the composed map

p
�3V `Kq b S

�2V b S
�2V b S

we obtain a morphism of graded S-modules (which by abuse of notation we also call ϕ),

ϕ : W pV,Kq �W pV ,Kq. (2.4)

Clearly, W pV ,Kq � �W pV ,KqbSS. Moreover, if ϕ : V Ñ V is surjective, then the morphism
(2.4) is also surjective.

2.2. Koszul modules and differentials. Next, we explain the relationship between Koszul
modules and the sheaf Ω � Ω1

P of differential forms on the projective space P :� PpV _q.
Consider the Euler sequence

0 Ω V bOPp�1q OP 0 . (2.5)

If p � rf s P P, where 0 � f P V _, then the restriction of (2.5) to p identifies with

0 kerpfq V k 0 .
f

Using the left exactness of the global sections functor, and the fact that W pV, 0q � kerpδ1q
(as follows from (2.1)), we obtain from (2.5) that

WqpV, 0q � H0
�
P,Ωpq � 2q

�
. (2.6)
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for all q P Z. Using (2.1), we can also write

WqpV,Kq � coker
!
K b Symq V WqpV, 0q

)
. (2.7)

The graded S-module W pV,Kq induces a coherent sheaf WpV,Kq on the projective space
P � P

�
V _

�
. We refer to WpV,Kq, as the Koszul sheaf associated with the pair pV,Kq.

From the natural surjection
�2V bOPp�2q� Ω, coupled with the inclusion K �

�2V ,
we obtain a map KbOPp�2q Ñ Ω, which, upon twisting, taking global sections, and using
(2.7) yields the identification

WqpV,Kq � coker
!
H0

�
P,K bOPpqq

�
H0

�
P,Ωpq � 2q

�)
,

for all q P Z. Accordingly, the associated Koszul sheaf can be realized as

WpV,Kq � coker
!
K bOP Ωp2q

)
, (2.8)

and in particular we have the identification WpV, 0q � Ωp2q of sheaves on P.

If i : V
_
� V _ is a linear subspace, let π : V � V be the dual map. Set K :�

�2πpKq.
By the discussion above, we have a surjective morphism of graded S-modules,

π : W pV,Kq �W pV ,Kq . (2.9)

The morphism π from (2.9) corresponds to a surjective morphism of coherent OP-sheaves,

π : WpV,Kq i�WpV ,Kq . (2.10)

2.3. The presentation of the Koszul sheaf. Let P � P
�
V
_�

ãÑ P � P
�
V _

�
be the

inclusion map and let p be a point in P. Write p � re1s for 0 � e1 P V
_

and complete

te1u to bases of V
_

and V _. We let X1, . . . , Xn denote the homogeneous coordinates on
P corresponding to the choice of basis for V _, and we let xi :� Xi{X1 denote the local
coordinates at the point p. Letting A � OP,p denote the local ring of P at p, we have

A � krx2, . . . , xnsm, (2.11)

where m � px2, . . . , xnq. Using (2.5), we have that the stalk of Ω at p can be described as

Ωp �
nà
j�2

A � dvj , (2.12)

where dvj :� vj � xj � v1. Here we identify vj and vj b
1
X1

P V bOP,pp�1q.

Proposition 2.1. When viewed as an A-module, the stalk of the Koszul sheaf W �WpV,Kq
at the point p P P has presentation

K bA Ωp Wp ,
B ν (2.13)
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where B is the restriction to K bA of the A-linear map δ2 :
�2V bAÑ Ωp by

δ2pvs ^ vtq � xs � dvt � xt � dvs for 2 ¤ s, t ¤ n,

δ2pv1 ^ vtq � dvt for 2 ¤ t ¤ n.
(2.14)

Proof. The Koszul differential δ2 :
�2V bS Ñ V b S yields a map δ2 :

�2V bAÑ V bA,
which in turn restricts to a map B : K bAÑ Ωp. We then obtain the commuting diagram

K bA Ωp Wp

�2V bA Ωp

B ν

δ2

(2.15)

and it is now readily verified that the map B has the desired form. �

By abuse of notation, we will write dvt for the element of Wp which is the image under
ν of the corresponding element dvt P Ωp.

2.4. Resonance varieties and schemes. It has been proven in [32] that the set-theoretic
support of the S-module W pV,Kq is given by the resonance,

RpV,Kq :�
!
a P V _ : there exists b P V _ such that a^ b P KKzt0u

)
Y t0u.

where KK �
�2 V _. In other words, for a given K �

�2 V we have that WqpV,Kq � 0 for
q " 0 if and only if RpV,Kq � 0. The annihilator of the Koszul module W pV,Kq, which
we denote by IpV,Kq, is a homogeneous ideal in S. We let

RpV,Kq :� Spec
�
S{IpV,Kq

�
(2.16)

denote the affine resonance scheme, which is the scheme-theoretic support of W pV,Kq
inside V _. Since this is the only scheme structure we will use, there is no ambiguity in
using the same notation for the scheme RpV,Kq and its underlying variety.

Remark 2.2. There is another possible scheme structure on RpV,Kq, given by the Fitting
ideal Fitt0W pV,Kq. However, the scheme structure given by the annihilator IpV,Kq is the
minimal one, and is invariant under closed embeddings of ambient affine spaces. This prop-
erty of the annihilator support will be used in the proof of Theorem 4.5. For a comparison
of these two scheme structures in the case of right-angled Artin groups, see Example 8.6.

The scheme-theoretic support of the Koszul sheaf WpV,Kq defined in (2.8) is called the
projective resonance scheme, and is denoted by

RpV,Kq :� Proj
�
S{IpV,Kq

�
. (2.17)

Using the same convention as above, we will denote the underlying projective resonance
variety by RpV,Kq, although our main interest is in the scheme structure.

We isolate here and in the later sections certain desirable properties of the resonance
schemes and their underlying varieties that arose from the study of resonance varieties of
complements of hyperplane arrangements.
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Definition 2.3. We say that the resonance of pV,Kq is linear if RpV,Kq is a union of
linear subspaces of V _. Furthermore, we say that RpV,Kq is projectively disjoint if the
irreducible components of RpV,Kq are pairwise disjoint. Finally, we say that the resonance
is projectively reduced if RpV,Kq is a reduced scheme.

Remark 2.4. If RpV,Kq is a finite union of lines, then these lines are necessarily projec-
tively disjoint.

2.5. Projective geometry interpretation of resonance. The projectivized resonance
has a simple description in terms of projective geometry, using the incidence variety of the
Grassmannian. Let G :� Gr2pV

_q be the Grassmannian of 2-planes in V _, viewed as a

subset of P
��2 V _

�
via the Plücker embedding. Consider the diagram

P�G Ξ G P
��2 V _

�
,

P

pr2

pr1
(2.18)

where Ξ �
 
pp, Lq P P � G : p P L

(
is the incidence variety and pr1 and pr2 are the

two projections as in (2.18). The natural bijection between the points of G and the set
of lines in P is given by the correspondence pr1 �pr�1

2 , which maps a point ra ^ bs P G
to the line Lab in P passing through ras and rbs. The inverse of this map is given by
Lab ÞÑ pr2ppr1

�1prasq X pr1
�1prbsqq. The next lemma readily follows.

Lemma 2.5. Set-theoretically, the projective resonance variety is given by

RpV,Kq � pr1

�
pr2

�1pGXPKKq
�
. (2.19)

Moreover, the following inclusion holds

GXPKK � pr2

�
pr1

�1pRpV,Kqq
�
. (2.20)

In the particular case of hyperplane arrangements, the equality (2.19) was previously
established by Lima-Filho and Schenck in [25, Proposition 2.1]. As illustrated in Example
3.3 below, the inclusion (2.20) is not an equality in general.

Since the projection pr2 realizes Ξ as the projectivization of the universal rank-two bundle
on the Grassmannian, the projectivized resonance is covered by lines. More precisely, if
ras P RpV,Kq and 0 � a ^ b P KK, then the line Lab joining ras and rbs is included in
RpV,Kq. Note that a point in the resonance may be contained in a higher-dimensional
linear subspace of RpV,Kq. Specifically, if ras P RpV,Kq, then

Ha :�
 
rbs P P : a^ b P KK

(
(2.21)

is a linear subspace of P of dimension at least one and completely contained in RpV,Kq.

The projective geometry description of resonance yields plenty of examples of projective
varieties that are not resonance varieties.

Example 2.6. Even among varieties covered by lines, there are simple examples that are
not resonance varieties. Let Γ � tp1, . . . , pmu � G be a set of points that are not contained
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in any hyperplane of Pp
�2 V _q. Then the set X :� pr1 � pr�1

2 pΓq is the union of m disjoint

lines, X � L1 \ � � � \ Lm. Suppose X � RpV,Kq, for some subspace K �
�2 V . By the

above discussion, for any ras P RpV,Kq, the linear subspace Ha is contained in RpV,Kq.
It follows that for any j and any ras, rbs P Lj we have a ^ b P KK, which implies that
Γ � GXPKK, which is a contradiction. Hence, X is not a resonance variety.

Remark 2.7. The above situation is in stark contrast with what happens for the closely
related characteristic varieties. For instance, given any integrally defined hypersurface
Y � pC�qn, there exists a finitely presented group G with H1pG,Zq � Zn for which the
characteristic variety VpGq :� tρ P HompG,C�q : H1pG,Cρq � 0u is isomorphic to Y Y t1u;
see [38, Lemma 10.3].

3. Isotropic and separable subspaces of resonance

Recall that V is a finite-dimensional vector space and K �
�2V is a linear subspace.

Definition 3.1. A linear subspace V
_
� V _ is said to be isotropic (with respect to K) if�2V

_
� KK.

The isotropicity property can be described by passing to the quotient. If π : V � V is the
corresponding projection, recalling that KK is the kernel of the projection

�2V _ � K_,

setting K :�
�2pπqpKq we observe that V

_
is isotropic if and only if K � 0.

Definition 3.2. We say that the resonance variety RpV,Kq is isotropic if it is linear and
each of its irreducible components is isotropic.

By definition, any isotropic subspace V
_
� V _ is automatically contained in the reso-

nance variety RpV,Kq. Moreover, RpV,Kq is a union of isotropic lines; more precisely,

RpV,Kq �
¤

a,bPV _:a^bPKK

Lab. (3.1)

On the other hand, a linear component of the resonance variety is not necessarily isotropic,
as shown by the following example.

Example 3.3. Consider a subspace K �
�2V of dimension 1 ¤ m ¤ n � 2, where

n � dimV . Since the sheaf Ω1
Pp2q has rank n � 1, formula (2.8) implies that RpV,Kq

coincides with V _. However, RpV,Kq is not isotropic, as KK is a proper subspace of�2 V _.

Remark 3.4. Another instance when the resonance coincides with the ambient space is
when V decomposes as a non-trivial direct sum of k-vector subspaces, V � U1`U2, so that
U_

1 ^ U_
2 � KK. Then it follows that RpV,Kq � V _, see also [30].

For the next definition, let E :�
�
V _ be the exterior algebra on the dual vector space

V _, and write xUyE for the ideal in E generated by a subset U � E.

Definition 3.5. A linear space V
_
� V _ is separable (with respect to K �

�2V ) if

KK X xV
_
yE �

�2V
_
. (3.2)
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We say that V
_

is strongly isotropic if it is separable and isotropic, that is,

KK X xV
_
yE �

�2V
_
.

We say that the resonance variety RpV,Kq is separable if it is linear and each of its
irreducible components is separable. Likewise, the resonance is strongly isotropic if it is
isotropic and separable.

Example 3.6. If KK � 0, then any subspace is separable with respect to K. At the other
end of the spectrum, if KK �

�2V _, then the only separable subspace is the trivial one.

The next example will be used in the proof of Theorem 4.5.

Example 3.7. Suppose RpV,Kq � V _. Then the resonance variety is separable. Moreover,
the scheme structure is clearly reduced. If RpV,Kq � t0u, then the resonance variety is
automatically separable. The scheme structure is not necessarily reduced; however, the
projectivized resonance is empty, and thus reduced.

Example 3.8. An example of non-separable resonance is obtained if V _ � xe1, e2, e3, e4y
and KK � xe1 ^ e2, e1 ^ e3 � e2 ^ e4y. Then RpV,Kq � xe1, e2y, which is not separable.

As shown in the next example, separable subspaces are not necessarily contained in the
resonance.

Example 3.9. Take again V _ � xe1, e2, e3, e4y and KK � xe1 ^ e2 � e3 ^ e4y. Then the

subspace V
_
� xe1, e2y is separable, yet RpV,Kq � t0u.

3.1. A local view of separability. If n � dimV and n � dimV , fix a basis pe1, . . . , enq of

V _ such that pe1, . . . , enq is a basis for V
_

. Set U :� ker
 
π : V Ñ V

(
. Letting pv1, . . . , vnq

denote the dual basis of V , we obtain a direct-sum decomposition,�2 V � L`M `H, (3.3)

where

L �
@
vs ^ vt : s, t ¤ n

D
�

�2 V ,

M �
@
vs ^ vt : s ¤ n and t ¡ n

D
� V b U, (3.4)

H �
@
vs ^ vt : s, t ¡ n

D
�

�2 U.

Observe that
M_ �

��2 V _ X xV
_
yE

�
{
�2V

_
. (3.5)

Consider now the map
�2π :

�2V Ñ
�2V . Then ker

��2π
�_

�
�2V _{

�2V
_

, and hence

M_ � ker
��2π

�_
, inducing a surjection π : ker

��2π
�
�M . Let

pM : K X ker
��2π

�
M (3.6)

be the restriction of π to the subspace KXker
��2π

�
. The next lemma provides a convenient

local criterion for verifying the separability of V
_

, that we will often use for concrete
applications.
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Lemma 3.10. With notation as above,

(1) cokerppM q �
�
pKK X xV

_
yEq{pK

K X
�2 V

_
	_

.

(2) The subspace V
_
� V _ is separable if and only if the map pM is surjective.

Proof. The exact sequence

0 K X ker
��2π

�
K

�2V

gives rise by dualizing to the exact sequence

KK X
�2V

_ �2V
_

K_ pK X kerp
�2πqq_ 0, (3.7)

from which we infer that the kernel of the map K_ Ñ pK X kerp
�2 πqq_ is equal to�2 V

_
{pKK X

�2 V
_
q. Consider now the diagram

0 0 0

0 KK X
�2 V

_ �2 V
_ �2 V

_
{pKK X

�2 V
_
q 0

0 KK X xV
_
yE

�2 V _ X xV
_
yE K_

0 pKK X xV
_
yEq{pK

K X
�2 V

_
q M_

�
K X kerp

�2 πq
�_

0 0 0

p_M

.

(3.8)

By (3.5), the middle column is exact; the left columns and the top row are clearly exact;
finally, the middle row is also exact. Thus, the bottom row is also exact and the diagram
commutes, by the Snake Lemma. Dualizing the bottom row in diagram (3.8) yields the first
claim. The second claim now follows from claim (1) and Definition 3.5. �

When V
_

is isotropic with respect to K, the above separability criterion simplifies. First
observe that V

_
is isotropic if and only if K � kerp

�2 πq. We then have the following:

Corollary 3.11. An isotropic subspace V
_
� V _ is separable if and only if the map

pM : K ÑM given by (3.6) is surjective.

We refer to Lemma 3.13 below for a dual version of Corollary 3.11. With the help of
diagram (2.18), we obtain now the following projective-geometric interpretation of separa-
bility.

Lemma 3.12. Let V
_
� V _ be a linear subspace and denote by P � P the associated

projective subspace. Then V
_

is separable if and only if

Spanppr2 pr�1
1 pPqq XPpKKq � P

��2V
_�
. (3.9)

Proof. Note that the projective subspace Spanppr2 pr�1
1 pPqq � P

��2V _
�

spanned by

pr2 pr�1
1 pPq is the projectivization of the space of quadrics in the exterior ideal xV

_
yE .

The claim follows. �
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Lemma 3.10 provides useful information regarding the restriction of the Koszul sheaf over
the projectivization P :� PpV q of a separable subspace V . Recall that K denotes the image

of K under the projection
�2V �

�2V and that the conormal bundle N_
P{P

is isomorphic

to kerpπqbOPp�1q. We infer that the morphism WpV,Kq|P ÑWpV ,Kq is an isomorphism

provided pK X kerp
�2 πqq bOP Ñ kerpπq bOPp1q is surjective. Given that M is naturally

identified with kerpπq b V , Lemma 3.10 ensures that if V
_

is separable, this morphism is
already surjective on global sections, and hence the isomorphism WpV,Kq|P

�ÝÑ WpV ,Kq
is guaranteed. In the next section we shall prove a stronger statement, namely, that the
map WpV,Kq ÑWpV ,Kq is a local isomorphism at any point of P.

3.2. Strong isotropy via the multiplication map. We now recast Corollary 3.11 in
a setting that will prove to be useful when studying Koszul modules associated to vector
bundles on varieties. Assume V

_
� V _ is an isotropic subspace, put U_ � V _{V

_
with

projection map ρ : V _ Ñ U_, and denote by φ :
�2 V _ Ñ K_ the dual to the inclusion

map K ãÑ
�2V . By the isotropy hypothesis, the map φ induces a multiplication map,

µ : V
_
b U_ K_,

by setting µ
�
α b ρpβq

�
:� φpα ^ βq. Note that absent the isotropy condition, µ is not

well-defined. With the notation from the previous sections, under the natural identification
M � V b U , the map µ is dual to pM . The following result which can be deduced from
Lemma 3.10. For the convenience of the reader, we also give here a self-contained proof.

Lemma 3.13. The subspace V
_

is strongly isotropic if and only if µ is injective.

Proof. Assume first that µ is injective. Let ω �
°
αi ^ βi P K

K X xV yE , with αi P V
_

linearly independent. Set bi :� ρpβiq. Since φpωq � 0, it follows that µp
°
αi b biq � 0,

which implies
°
αi b bi � 0. Since αi are linearly independent, the elements bi all vanish,

hence βi P V
_

for all i. In particular, ω P
�2 V

_
.

Conversely, if V
_

is strongly isotropic, choose w �
°
αibbi P kerpµq with αi P V

_
linearly

independent. Lifting each bi to βi P V
_, we obtain an element ω �

°
αi^βi P kerpφq � KK.

Since ω belongs also to xV
_
y and since V

_
is isotropic, it follows that ω P

�2 V
_

, and

hence ω �
°
α1j ^ β1j with α1j , β

1
j P V

_
. Since ρpβ1jq � 0, we have that w � 0. �

This form of Corollary 3.11 is particularly useful in the case of vector bundles. We refer
to Section 6 for a more detailed discussion.

4. Koszul modules with separable resonance

Our goal in this section is to study those Koszul modules whose resonance varieties are
separable, and to prove Theorem 1.1, part (1) and Theorem 1.2 from the Introduction.
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4.1. Bases in K with respect to separable subspaces. As usual, let V be a finite-
dimensional vector space and let K �

�2V be a subspace. The next lemma provides explicit

bases in K, related to a given separable linear subspace V
_
� V _. Let

�2 V � L`M `H
be the direct-sum decomposition given by (3.4).

Lemma 4.1. Let V
_

be a separable subspace of V _ with respect to K. There exists then
a basis of K of the form tαs,t : s ¤ n, t ¡ nu Y tβ1, . . . , βNu, where N is a non-negative
integer, such that, for each s ¤ n, t ¡ n, and 1 ¤ j ¤ N , we have

αs,t � vs ^ vt � hs,t, βj � `j � hj , (4.1)

for some collection of elements `j P L and hs,t, hj P H.

Proof. By Lemma 3.10, the map pM is surjective. Hence, we can lift each vs ^ vt P M to
an element αs,t P K X pM `Hq. We write αs,t � vs ^ vt � hs,t, where hs,t P H. If we take
pβ1, . . . , βN q to be a basis of an algebraic complement of K X pM `Hq in K, the elements
βj have the desired form, namely, βj � `j � hj , for some `j P L and hj P H. �

Note that for some of the elements βj in the above lemma (e.g., those contained in the
kernel of pM from (3.6)), the corresponding element `j is zero.

4.2. Koszul sheaves and separable components. Consider the map of Koszul modules
π : W pV,Kq ÑW pV ,Kq from (2.9) and the corresponding map of Koszul sheaves,

π : WpV,Kq WpV ,Kq. (4.2)

We write W � WpV,Kq and W � WpV ,Kq, and we let P � P
�
V
_�

ãÑ P � P
�
V _

�
be

the inclusion map. Fix a point p P P. Write p � re1s for 0 � e1 P V
_

and complete te1u

to bases of V
_

and V _ as before. By Proposition 2.1, the stalk of W at p has presentation

K b A
B
ÝÑ Ωp

ν
ÝÑ Wp Ñ 0, where B is the restriction to K b A of the map defined on�2V bA by (2.14).

Assume now that V
_

is a separable subspace of V _ with respect to K, and consider the
basis of K obtained in Lemma 4.1.

Lemma 4.2. For t � n� 1, . . . , n, we have that dvt � 0 in Wp.

Proof. We let M � Wp denote the A-submodule generated by dvn�1, . . . , dvn. To prove
that M � 0, it suffices by Nakayama’s lemma to show that M � m �M. We note that by
(3.3) and (2.14) we have that

νpBphqq P m �M for all h P H. (4.3)

Since
0 � νpBpα1,tqq � νpδ2pα1,tqq � νpdvtq � νpδ2ph1,tqq,

it follows that dvt P m �M for t � n � 1, . . . , n, showing that M � m �M and concluding
the proof. �

Combining Lemma 4.2 with the following result will allow us to conclude that locally at
p, the Koszul sheaf W is scheme-theoretically supported on P � P

�
V
_�

.
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Lemma 4.3. We have that xt � dvs � 0 in Wp, for all 2 ¤ s ¤ n and t ¡ n.

Proof. As in the proof of Lemma 4.2, we have that

0 � νpBpαs,tqq � νpxs � dvt � xt � dvsq � νpδ2phs,tqq. (4.4)

Using (4.3) together with Lemma 4.2 we conclude that νpxt � dvsq � 0, as desired. �

Proposition 4.4. Assume V
_

is a separable linear subspace contained in RpV,Kq. Then
the map π : WpV,Kq�WpV ,Kq induces an isomorphism on stalks at each point p P P.

Proof. If B :� A{pxn�1, . . . , xnq denotes the local ring OP,p of P at p, then Lemmas 4.2

and 4.3 show that the map ν : Ωp �Wp factors through Ωp, where Ω � ΩP. We thus obtain
an alternative presentation of Wp, this time over B, given by

K bB Ωp Wp .
B (4.5)

Observe that Bpvs^ vtq � 0 if t ¡ n, and therefore the map B factors through K bB. Since
Wp has presentation

K bB Ωp Wp , (4.6)

we conclude that the natural map Wp Ñ Wp is an isomorphism, thereby completing the
proof of Proposition 4.4. �

4.3. Separability and reduced scheme structure. Next, we apply Proposition 4.4 to
obtain a characterization of the separable irreducible components of the resonance scheme.

Theorem 4.5. Each separable irreducible component of RpV,Kq is a reduced, isolated
component of projectivised resonance.

Proof. Let P � P
�
V
_�

be a separable component of RpV,Kq (possibly non-reduced).
Suppose that P intersects some other componentQ (not necessarily linear), and let p P PXQ
be any point. Using Proposition 4.4, we infer that locally at p the resonance scheme RpV,Kq
is a closed subscheme of P � Pred, which is a contradiction, since Pred does not contain Q.
Therefore, P is an isolated irreducible component, i.e., a connected component of RpV,Kq.

To prove that the scheme P is reduced, consider any point p P P . Applying Proposi-
tion 4.4 as in the previous paragraph, we deduce that locally at p, the component P is
contained in P � Pred, and so P � Pred. �

A consequence of this theorem proves (in a stronger form) Theorem 1.1, part (1).

Corollary 4.6. If the whole resonance is separable, then it is also projectively disjoint and
reduced.

As we shall show in Example 8.6, the converse of Theorem 4.5 is not necessarily true.
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4.4. Decomposition of separable Koszul modules. Suppose RpV,Kq is linear, with

components V
_
1 , . . . , V

_
k . For each 1 ¤ t ¤ k, the inclusion V

_
t � V _ corresponds to a

linear projection, πt : V � V t. We set Kt :�
��2πt

�
pKq, and obtain in this way Koszul

modules W pV t,Ktq, together with natural surjective maps πt : W pV,Kq � �W pV t,Ktq as
in (2.9), as well as corresponding maps of Koszul sheaves, πt : W �Wt �: WpV t,Ktq.

The next theorem proves Theorem 1.2 from the Introduction.

Theorem 4.7. Suppose W pV,Kq is a separable Koszul module. Then the morphism

Π :� pπ1, . . . , πkq : W pV,Kq
Àk

t�1
�W pV t,Ktq, (4.7)

is an isomorphism in sufficiently large degrees.

Proof. Consider the map of sheaves

Π :� pπ1, . . . ,πkq : W
Àk

t�1 Wt. (4.8)

Let p P RpV,Kq a point; then p belongs to, say, V
_
t . Since V

_
t is a separable subspace,

Proposition 4.4 implies that πt is an isomorphism at p. Moreover, outside RpV,Kq, the
map πt is also an isomorphism, since the stalks on each side are zero. Corollary 4.6 now
shows that the map Π is an isomorphism. Since Π is the sheafification of Π, it follows that
Π is an isomorphism in degrees q " 0. �

5. Isotropic components of the resonance

As mentioned in Section 4.3, the projective resonance can be reduced in the absence of
separability. We will show in this section that if the resonance is isotropic, then the two
conditions—projectively reduced and, respectively, separable—are actually equivalent.

Suppose V
_
� V _ is a linear, irreducible component of RpV,Kq which is isotropic, and

let P denote the corresponding linear component of the resonance scheme RpV,Kq. The

reduced subscheme structure on P is given by Pred � P, where P � P
�
V
_�

. The goal of
this section is to analyze the condition that P is reduced. We prove the following theorem.

Theorem 5.1. Suppose that V is an isotropic component of RpV,Kq, and let P denote the
corresponding component of RpV,Kq. The following are equivalent:

(1) P is reduced.
(2) P is generically reduced.
(3) V is strongly isotropic.

Proof. It is clear that (1) ñ (2). Since strongly isotropic components are separable, it
follows from Theorem 4.5 that the implication (3) ñ (1) also holds. The only implication left
to prove is therefore (2) ñ (3). Let π : V Ñ V be the associated surjective homomorphism.

Recall that V
_

is isotropic if and only if p
�2πqpKq � 0. We then obtain as in (2.9) a

surjective homomorphism of Koszul modules, π : W pV,Kq�W pV , 0q, and a corresponding
surjection at the level of sheaves, π : WpV,Kq�WpV , 0q � Ωp2q, where Ω � ΩP is viewed

as a sheaf on P via the closed immersion P ãÑ P.
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Suppose now that p � re1s is a reduced point of P , where 0 � e1 P V
_

. Upon choosing

bases for V
_

and V _ as in Section 4, consider the decomposition
�2V � L`M`H given by

(3.3) and (3.4), and let pM : K Ñ M denote the restriction to K of the second-component

projection
�2V ÑM . As shown in Corollary 3.11, condition (3) is equivalent to pM being

surjective. Since the reduced locus of P is non-empty, it is dense in P , and so it is not
contained in any other irreducible component of RpV,Kq. We will therefore assume that
the point p is chosen to lie only on the component P of RpV,Kq. It follows that WpV,Kq
is supported on P locally at p. We prove:

Lemma 5.2. The map π : WpV,Kq� Ωp2q is a local isomorphism at the point p.

Proof. Since WpV,Kq is scheme-theoretically supported on P at p, and since Ω is a locally
free sheaf on P, we can think of π locally at p as a split surjection of sheaves on P. To
conclude, it is then enough to check that it is an isomorphism on the fiber at p.

Recall from (2.8) that WpV,Kq � coker
 
K b OP ÝÑ Ωp2q

(
. We need to prove the

exactness on the fiber at p of the exact sequence

K bOP Ωp2q Ωp2q 0 . (5.1)

Exactness on the right follows because P ãÑ P is a closed immersion. For the next argument,
which is independent on the earlier choice of bases, we write f � e1 P V

_, so that p � rf s.

Recalling that V
_
� V _, there exists a linear form f : V Ñ k such that f � f � π. The

restriction of (5.1) yields a complex,

K kerpfq kerpfq,

where the second map is induced by π, and the first one is induced by the Koszul differential
a^ b ÞÑ fpaq � b� fpbq � a. By duality, its exactness reduces to that of

kerpfq_ kerpfq_ K_, (5.2)

where the second is the map ψ in the commutative diagram:

V _
�2V _ K_.

kerpfq_

^f

^f
ψ

(5.3)

The exactness of (5.2) amounts to the following statement: if g P V _ has the property that
g ^ f P KK, then the restriction of g to kerpfq is obtained via composition with π from

a linear form on kerpfq. This follows if we can prove that g P V
_

. In view of (2.1), the
condition that g ^ f P KK implies that

@
g, f

D
� RpV,Kq, which in turn implies that the

line Lf,g through p � rf s and rgs lies in RpV,Kq. Since the only component of RpV,Kq

containing p is P , it follows that Lf,g � P . In particular, g P V
_

, completing the proof. �
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We let A � OP,p as in (2.11). Using the presentation of Wp from (2.13), the description

(2.12) of the stalk at p of Ω, and the analogous description of Ωp, we derive from Lemma 5.2
an exact sequence

K bA
Àn

j�2A � dvj
Àn

j�2B � dvj 0 ,B (5.4)

where B � A{pxn�1, . . . , xnq � OP,p, vj � πpvjq P V , and dvj � vj � xj � v1. Since V
_

is

isotropic, it follows that KK � L_, and therefore K �M `H, which yields

kerppM q � K XH. (5.5)

If we let m � px2, . . . , xnq denote the maximal ideal of A, we infer using (2.14) that B
sends pKXHqbA into

Àn
j�n�1 m �dvj . We then obtain from (5.4) a commutative diagram,

pK XHq bA
nà

j�n�1

m � dvj 0

K bA
nà
j�2

A � dvj
nà
j�2

B � dvj 0 ,

(5.6)

where the vertical maps are inclusions. Using (5.5), we infer that pM pKq � K{pK X Hq.
Taking cokernels of the vertical maps in diagram (5.6) gives rise to an exact sequence,

pM pKq bA

� nà
j�2

A � dvj


à� nà
j�n�1

k � dvj

 nà

j�2

B � dvj 0 ,B (5.7)

where A{m � k. Tensoring over A with A{m2 preserves right exactness; therefore, since
kbA A{m2 � k and B bA A{m

2 � B{m2, we obtain a further exact sequence,

pM pKq bA{m2

� nà
j�2

A{m2 � dvj


à� nà
j�n�1

k � dvj


 nà
j�2

B{m2 � dvj 0 .B (5.8)

It follows from (2.14) that pM pKq b pm{m2q � kerpBq, so (5.8) yields the exact sequence,

pM pKq bA{m

� nà
j�2

A{m2 � dvj


à� nà
j�n�1

k � dvj


 nà
j�2

B{m2 � dvj 0 .B (5.9)

Viewing this as an exact sequence of k-vector spaces, and noting that dimkpA{m
2q � n

and dimkpB{m
2q � n, we conclude that

dimppM pKqq ¥ pn� 1q � n� pn� nq � pn� 1q � n � n � pn� nq � dimpMq. (5.10)

Since pM pKq � M , this shows that pM is surjective, thus concluding the proof of Theo-
rem 5.1. �
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As a consequence of this theorem, we infer that separability is equivalent to reducedness
in the isotropic case, thereby completing the proof of Theorem 1.1, part (2).

Corollary 5.3. Suppose that RpV,Kq is isotropic. Then RpV,Kq is strongly isotropic if
and only if RpV,Kq is reduced.

Proof. If the resonance variety is strongly isotropic, then it is separable, so by Theorem 1.1
part (1), we conclude that RpV,Kq is reduced. The converse follows from Theorem 5.1. �

6. Resonance for vector bundles on curves

6.1. Vector bundles on projective varieties. In this section we study the scheme-
theoretic properties of resonance varieties associated to vector bundles. We fix a smooth
projective variety X, a vector bundle E on X and consider the determinant map

d :
�2H0pX,Eq H0

�
X,

�2E
�
. (6.1)

Set V :� H0pX,Eq_ and KK :� kerpdq �
�2V _. Following [3], we consider the asso-

ciated Koszul module W pX,Eq :� W pV,Kq and resonance variety RpX,Eq :� RpV,Kq.
As pointed out in [3], a section 0 � s P H0pX,Eq lies in RpX,Eq if an only it spans a
subpencil of E, that is, s P H0pX,Aq � H0pX,Eq, where A ãÑ E is a line subbundle with
h0pX,Aq ¥ 2. Thus one is led to describe the resonance variety RpX,Eq in terms of the
variety of subpencils of E.

We observe that the projective resonance RpX,Eq of a vector bundle enjoys a nice geo-
metric property. Recall the notation in Lemma 2.5, that is, P � PpV _q.

Proposition 6.1. Let E be a vector bundle over a smooth projective variety X. Then

(1) The projective resonance scheme RpX,Eq comes equipped with a regular morphism
χ : RpX,Eq Ñ Z, where

Z �
!
A ãÑ E : A is a saturated line subbundle of E, h0pX,Aq ¥ 2

)
.

Moreover, all fibres of χ are positive dimensional projective spaces.

(2) RpX,Eq is linear if and only if Z is finite.

Proof. Given rss P RpX,Eq, with 0 � s P H0pX,Eq, let A be the saturation of the rank
one subsheaf of E generated by s. Since rss P RpX,Eq, there exists s1 P H0pX,Eq which
is not a scalar multiple of s, with dps ^ s1q � 0. This means that s1 is a multiple of s at
the generic point, and therefore s1 defines a section of A, in particular h0pX,Aq ¥ 2. We
set χ

�
rss

�
:� rA ãÑ Es P Z. In order to establish (1) it suffices to prove that if `1 and `2

are two lines in P with `1 X `2 � trssu and `1, `2 � RpX,Eq, then `1, `2 � RpX,Eq. Each
line `i corresponds to a subspace xs, siy � H0pX,Eq that generates a rank-one subsheaf
Ai ãÑ E with h0pX,Aiq ¥ 2. In a general fibre Epxq of E the values spxq, sipxq generate a
subspace of dimension at most one. Therefore, the space spanned by the sections s, s1, s2

generates a rank-one subsheaf A of E, and `1, `2 � PH0pX,Aq � RpX,Eq. The sheaf A
being saturated, χ�1pAq � PH0pX,Aq � RpX,Eq. Part (2) is a direct consequence of
(1). �
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6.2. Rank 2 vector bundles on curves. We now specialize to the case X is a smooth
curve of genus g ¥ 2. For a line bundle L P PicdpXq, let SUXp2, Lq be the moduli space
of S-equivalence classes of semistable rank 2 vector bundles E on X with detpEq � L. We
shall undertake a more systematic study of the geometry of the subpencils of given degree
of a tank 2 vector bundle.

For g�2
2 ¤ a ¤ g � 1, we denote by W 1

a pXq :�
 
A P PicapXq : h0pX,Aq ¥ 2

(
the Brill–

Noether variety of pencils of degree a on X, see [6, Chapter 4]. If X is a general curve of
genus g, then W 1

a pXq is equidimensional of dimension 2a� g � 2 and the Petri map

µA : H0pX,Aq bH0pX,ωX bA_q H0pX,ωXq (6.2)

obtained by multiplication of sections is injective for each pencil A P W 1
a pXq. For a vector

bundle E P SUXp2, Lq and a line subbundle A ãÑ E (which implies H0
�
X,E b A_

�
� 0),

we introduce the twisted Petri map,

β � βE,A : H0
�
X,E bA_

�
bH0

�
X,E_ b ωX bA

�
ÝÑ H0pX,ωXq, (6.3)

obtained by composing the multiplication and the trace maps respectively.

We first describe in terms of extensions when the resonance RpX,Eq is strongly isotropic.

Lemma 6.2. Let E be a rank 2 vector bundle on a curve X expressed as an extension

0 A E LbA_ 0,
j

(6.4)

where A is a pencil on X with h0pX,Aq � 2. Let F :� |A| be the base locus of A and let
e P Ext1

�
L b A_, A

�
� H0

�
X,ωX � L � 2A

�_
be the extension class corresponding to E.

Then H0pX,Aq � H0pX,Eq is not strongly isotropic if and only if there exists a non-zero
element u P H0

�
X,Lp�2A� F q

�
such that

u �
�
H0pX,Aq bH0pX,ωX bA_q

�
� kerpeq. (6.5)

Note that in (6.5) the left hand side is viewed as a linear subspace of H0pX,ωX�L�2Aq
via the multiplication map.

Proof. We apply Lemma 3.13, where with the notations introduced there, V _ � H0pX,Eq,

V
_
� H0pX,Aq, U_ � j

�
H0pX,Eq

�
� H0pX,LbA_q, and K_ � impdq, with d being the

determinant map given by (6.1). The map

µ : H0pX,Aq b j
�
H0pX,Eq

�
H0pX,Lq

described in Lemma 3.13 can be viewed as the restriction of the multiplication map of
sections H0pX,AqbH0pX,LbA_q Ñ H0pX,Lq. Observe also that H0pX,Aq � H0pX,Eq
is clearly isotropic, so it remains to determine when it is a separable subspace.

Assume the map µ is not injective. If H0pX,Aq � xt1, t2y, via the Base Point Free Pencil
Trick [6, p. 126], every element in kerpµq is of the form t1 b

�
t2 � p�uq

�
� t2 b

�
t1 � u

�
, where

0 � u P H0pX,L� 2A� F q. If

m : H0pX,L�Aq bH0pX,ωX �Aq H0pX,ωX � L� 2Aq
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denotes the multiplication map, then

im
!
j : H0pEq Ñ H0pLbA_q

)
�

!
s P H0pLbA_q : m

�
sbH0pωX bA_q

�
� kerpeq

)
,

where the extension class e is viewed as an element of H0pX,ωX�L�2Aq_. It follows that
if H0pX,Aq is not separable, then impµAq � xuy � kerpeq, and this completes the proof. �

Corollary 6.3. Let E be a rank 2 vector bundle on X as before, such that RpX,Eq is
strongly isotropic. If A ãÑ E is a subpencil with h0pX,Aq � 2, then h0pX,E bA_q � 1.

Proof. We consider an extension such as the one in Lemma 6.2, with h0pX,Aq � 2; we may
clearly assume that A is base point free. Assuming h0pX,E bA_q ¥ 2, we obtain the non-
injectivity of the coboundary map B : H0pX,L � 2Aq Ñ H0pX,ωXq

_ obtained by twisting
the extension (6.4) by A_ and taking cohomology in the corresponding exact sequence. It
follows that there exists a non-zero element u P H0pX,L� 2Aq such that u �H0pX,ωXq �
kerpeq, where the left hand side is viewed as a subspace of H0pX,ωX � L � 2Aq via the
multiplication map. Applying Lemma 6.2, this contradicts the fact that H0pX,Aq is a
strongly isotropic component of RpX,Eq. �

Lemma 6.4. Let X be a general curve of genus g and L P PicdpXq be a line bundle of
degree d ¤ 3g � 1. Then a general vector bundle E P SUXp2, Lq carries no line subbundles
A ãÑ E satisfying either degpAq ¡ g � 1 or h0pX,Aq ¡ 2.

Proof. Suppose we are given an extension 0 Ñ A Ñ E Ñ L b A_ Ñ 0, where A is a
line bundle of degree a. Using results of Laumon [23] (see also [22]), the generic bundle
E P SUXp2, Lq is very stable in which case the maximal degree of a line subbundle of E

equals td�g�1
2 u� g � 1. Since d ¤ 3g � 1, we quickly obtain a ¤ g � 1.

In order to deal with the second statement we perform a parameter count. Assume that
for every E P SUXp2, Lq, we have an extension as above with h0pX,Aq � r � 1 ¥ 3, that
is, with A P W r

a pXq. Thus E corresponds to an extension class e P P Ext1pL b A_, Aq. If
h0pX, 2A� Lq ¤ 1, then, by Riemann–Roch, h0pX,ωX � L� 2Aq ¤ g � d� 2a. It follows
that the number of parameters on which vector bundles E appearing as such extensions is
bounded above by

dim P Ext1
�
LbA_, Aq � dimW r

a pXq ¤ g � 1� d� 2a� g � pr � 1qpg � a� rq

� �r2 � 1� pa� g � 1qr � g � a� d

¤ 4g � a� r2 � pg � 1� aqr

¤ 2g � a� 6 ¤ 3g � 5   dimSUXp2, Lq.

If, on the other hand, h0pX, 2A � Lq ¥ 2, we can apply Cliffords’s inequality and write
h0pX,ωX � L � 2Aq ¤ g � a � d

2 and since d ¤ 3g � 1, one again obtains that a general
stable vector bundle E P SUXp2, Lq does not appear in this way. �

6.3. The variety of subpencils of a vector bundle. Before stating the next result,
recall that θ P H2

�
PicdpXq,Q

�
is the class of the theta divisor, see [6, Chapter 7].
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Proposition 6.5. Let X be a general curve of genus g. Fix a positive integer d, a line
bundle L P PicdpXq and a vector bundle E P SUXp2, Lq.

(1) For d�2g�2
2 ¤ a ¤ g � 1, each irreducible component of the variety of subpencils

W 1
a pEq :�

!
A PW 1

a pXq : h0pX,E bA_q ¥ 2
)

has dimension at least d� 3g � 1.

(2) If W 1
a pEq is of the expected dimension d� 3g � 1, its cohomology class equals

rW 1
a pEqs � 22g�2a�d�1 θ4g�d�1

p2g � 2a� d� 1q! � pg � a� 1q! � pg � a� 2q!
P H�

�
PicdpXq,Q

�
.

(3) If E is very stable and RpX,Eq is strongly isotropic, let A P W 1
a pEq be such that

h0pX,Aq � 2. Then W 1
a pEq is smooth of dimension d� 3g � 1 at rAs if and only if

there exists no element 0 � υ P H0pX,Aq bH0pX,ωX bA_q such that

υ �H0pX,L� 2Aq � kerpeq. (6.6)

Note that the left hand side in (6.6) is viewed via the multiplication map as a subspace
of H0pX,ωX � L � 2Aq. Also note that Theorem 1.5 asserts that the hypotheses on the
vector bundle E appearing in part (3) of Proposition 6.5 are satisfied for a general vector
bundle E P SUXp2, Lq.

Proof. We denote by P the Poincaré bundle on X�W 1
a pXq and by π1 : X�W 1

a pXq Ñ X and
π2 : X�W 1

a pXq ÑW 1
a pXq the two projections. We fix an effective divisor D :� p1�� � ��pb

of large degree b :� degpDq " 0 and consider the following vector bundles over W 1
a pXq,

E :�
�
π2

�
�

�
π�1

�
EpDq

�
b P_

	
and F :�

�
π2q�

�
π�1 pEpDqq b P_

|D

	
.

Note that rankpEq � d � 2a � 2 � 2g � 2b and rankpFq � 2b and that our assumption on
a amounts to the inequality rankpEq ¤ rankpFq. There exists a vector bundle morphism
χ : E Ñ F which fibrewise corresponds to the evaluation map

H0
�
X,EpDq bA_

	
H0

�
X,EpDq bA_

|D

	
.

Then we can realize W 1
a pEq as the locus where χ fails to be injective. Using the general

theory of degeneracy loci, cf. [6, Chapter 3], we conclude that each component of W 1
a pEq

has dimension at least

dimW 1
a pXq � rankpFq � rankpEq � 1 � 2a� g � 2� 2b� pd� 2a� 2� 2g � 2bq � 1

� d� 3g � 1.

This proves part (1).

Applying the Porteous formula, we compute the virtual class of W 1
a pEq and we find that�

W 1
a pEqs

virt � c2g�2a�d�1pF � Eq � c2g�2a�d�1p�Eq,
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where we used that F is algebraically equivalent to the trivial bundle, and thus cpFq � 1,

see [6, p. 309]. Furthermore, cp�Eq � erkpEq�θ � e2θ, whereas it is well-known that

rW 1
a pXqs �

1

pg � a� 1q! � pg � a� 2q!
θ2g�2a�2 P H2p2g�2a�2q

�
PicdpXq,Q

�
,

see [6, Theorem 4.4]. Putting all these facts together, we obtain the equalities�
W 1
a pEq

�virt
� c2a�2g�d�1

�
e2θ

���
W 1

a pXq

�
22a�2g�d�1

p2g � 2a� d� 1q!
�

θ4g�d�1

pg � a� 1q! � pg � a� 2q!
.

This finishes the proof of part (2).

We now proceed to prove (3) and begin by describing the tangent space of W 1
a pEq at a

point rAs using the identification TrAs
�
PicdpXq

�
� H0pX,ωXq

_. From Brill–Noether theory

we know that TrAspW
1
a pXqq �

�
impµAq

�_
, see [6, Chapter 4]. Then by Kodaira–Spencer

theory, the tangent space of W 1
a pEq will consist of those vectors ϕ P TrAs

�
W 1
a pXq

�
such that

ϕY s � 0 P H1pX,E bA_q, for every s P H0pX,E bA_q. Via Serre duality, we have that
H1pX,E bA_q � H0

�
X,E_ b ωX bA

�_
; therefore, we obtain

TrAs
�
W 1
a pEq

�
�

!
ϕ P H0pX,ωXq

_ : ϕ|H0pX,AqbH0pX,ωXbA_q�impβE,Aq � 0
)
, (6.7)

where βE,A is the twisted Petri map introduced in (6.3).

We continue with the proof of (3) and assume E P SUXp2, Lq is a very stable such that
RpX,Eq is strongly isotropic and choose rAs PW 1

a pEq be an element such that h0pX,Aq � 2.
Using Corollary 6.3, we have that h0pX,E b A_q � 1, whereas the very stability of E
guarantees that the map β :� βE,A is in fact injective; in particular,

dim impβq ¥ h0pX,E_ b ωX bAq � 2a� 2g � d� 1.

Since X is general, the Petri map µA is injective, hence dim impµAq � 2pg � a� 1q and

dim impβq � dim impµAq � 4g � d� 1.

Thus W 1
a pEq is smooth of the expected dimension d� 3g� 1 at the point rAs if and only if

impβq X impµAq � 0. (6.8)

Assume (6.8) does not hold, in which case there are non-zero sections s P H0pX,EbA_q
and t P H0

�
X,E_bωXbAq such that βpsbtq P H0pX,AqbH0pX,ωXbA

_q � H0pX,ωXq.

In order to make this condition more explicit, we write down the exact sequence obtained
by tensoring (6.4), using that E � E_pLq and then taking cohomology:

0 H0
�
X,E_ b ωX bA

�
H0pX,ωXq H0pX,L� 2Aq_

βpsb�q B

Assume βps b tq P H0pX,Aq b H0pX,ωX b A_q for t P H0
�
X,E_ b ωX b A

�
. We set

υ :� βpsb tq P H0pX,Aq bH0pX,ωX bA_q and denote by

ν :
�
H0pX,Aq bH0pX,ωX bA_q

	
bH0pX,L� 2Aq H0pX,ωXq (6.9)
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the multiplication map, where we identify H0pX,AqbH0pX,ωXbA
_q with its image under

the map µA. We then obtain that W 1
a pEq is smooth of the expected dimension at the point

rAs if and only if there exist no element 0 � υ P H0pX,Aq bH0pX,ωX bA_q such that

ν
�
υ �H0pX,L� 2Aq

�
� kerpeq, (6.10)

where recall that e P Ext1pLbA_, Aq is the extension class of the vector bundle E. �

Remark 6.6. The argument given in Proposition 6.5 also shows that when a   d�2g�2
2 ,

the equality W 1
a pEq �W 1

a pXq holds.

The following result shows that in the extremal case d � 3g � 1, the strong isotropicity
of the resonance RpX,Eq is equivalent to the smoothness of all determinantal loci W 1

a pEq.

Theorem 6.7. Let X be a general curve of genus g and let E P SUXp2, Lq be a very stable
vector bundle of degree 3g � 1.

(1) If RpX,Eq is strongly isotropic, then W 1
a pEq is smooth and zero-dimensional for

each g�2
2 ¤ a ¤ g � 1.

(2) The variety W 1
g�1pEq is smooth, zero-dimensional, and consists of 2g reduced points.

Proof. Assume RpX,Eq is strongly isotropic. Since E is very stable H1pX,L � 2Aq � 0,
for every subpencil A P W 1

a pEq, therefore by Riemann–Roch we obtain h0pX,L � 2Aq �
2pg � a � 1q. Moreover, the argument in Lemma 6.4 shows that h0pX,Aq � 2, for every
such A. Set W :� H0pX,Aq b H0pX,ωX b A_q and U :� H0pX,L � 2Aq, therefore
dimpUq � dimpW q � 2pg � a� 1q. We consider the following diagram,

PpW q �PpUq � P2g�2a�1 �P2g�2a�1 P
�
H0pX,ωX � L� 2Aq

�
.

PpW q PpUq

π1 π2

ν

(6.11)

Here ν is the projection of the Segre embedding induced by the multiplication map, and
thus

ν�
�
OPpH0pωX�L�2Aqqp1q

�
� π�1

�
OPpW qp1q

�
b π�2

�
OPpUqp1q

�
.

Assume by contradiction that W 1
a pEq is not smooth and of dimension zero at a point

rAs. Then by applying Proposition 6.5, there exists an element rvs P PpW q such that
v � H0pX,L � 2Aq � kerpeq, where recall that kerpeq is regarded as a hyperplane inside
H0pX,ωX �L� 2Aq. In other words, if H is the pull-back of kerpeq under the natural map
PpW b Uq 99K P

�
H0pX,ωX � L� 2Aq

�
, writing the equation of H as¸

1¤i,j¤2pg�a�1q

cijzij � 0,

it follows that the coefficient matrix pcijq is singular. Therefore, there exists an element
rus P PpUq such that ν

�
PpW q � trusu

�
� P kerpeq. Using Lemma 6.2, this amounts to

RpX,Eq not being strongly isotropic. This contradicts our hypothesis, and thus proves
part (1).
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Part (2) follows immediately from part (1), once we consider the tangent space description
(6.7) when d � 3g�1. Since E is very stable, the map β is surjective, hence condition (6.8)
is automatically satisfied. This completes the proof. �

Remark 6.8. Assuming E P SUXp2, Lq is a vector bundle as above (of degree d � 3g � 1)
which contains no line subbundles A ãÑ E with h0pX,Aq ¡ 2 (an assumption satisfied
outside a subset of codimension 3 in SUXp2, Lq, see Lemma 6.4), the proof of Theorem 6.7
can be reversed and we obtain that RpX,Eq is strongly isotropic if and only if W 1

a pEq is

smooth and zero-dimensional for each g�2
2 ¤ a ¤ g � 1.

6.4. The resonance variety of a general vector bundle. We are now in a position to
complete the proof of Theorem 1.5 from the Introduction.

Proof of Theorem 1.5. We fix a general vector bundle E P SUXp2, Lq of degree d ¤ 3g � 1.
Assume by contradiction that RpX,Eq is not strongly separable, which amounts to its
non-separability. After invoking Lemma 6.4, we can express E as an extension

0 A E LbA_ 0

as in Lemma 6.2, where A PW 1
a pXq is such that h0pX,Aq � 2 and the base locus F of |A|

is an effective divisor of degree b on X and the subspace H0pX,Aq � H0pX,Eq �: V _ is a
non-separable component of RpX,Eq. Therefore, the conclusion of Lemma 6.2 holds. Via
a parameter count, we shall argue that this is not possible for a general choice of E.

For given values g�2
2 ¤ a ¤ g � 1 and 0 ¤ b ¤ a, we denote by Ta,b the subvariety of

W 1
a pXq�Xb consisting of pairs pA,F q, where F is an effective divisor of degree b on X and

A P W 1
a pXq is a pencil having F in its base locus. Clearly Ta,b is irreducible of dimension

dimW 1
a�bpXq � b � 2a� g � 2� b. We now introduce the parameter space

Σa,b :�

$'&
'%
�
A,F, rus, res

�
:

A PW 1
a,F pXq, F P Xb

rus P PH0pX,L� 2A� F q, res P PH0pX,ωX � L� 2Aq_

H0pX,Aq bH0pX,ωX bA_q � xuy � ker peq

,/.
/- ,

together with the projections

Ta,b Σa,b SUXp2, Lq,
pr1 pr2 (6.12)

where pr2 associates to
�
A,F, rus, res

�
the vector bundle E corresponding to the extension

class e P Ext1pL b A_, Aq, whereas pr1

�
A,F, rus, res

�
:� pA,F q. We now estimate the

general fibre dimension of pr1. By the generality hypothesis, E may be assumed to be very
stable, therefore h1pX,ωX � 2A � Lq � 0, hence h0pX,L � 2A � F q � d � 2a � b � 1 � g.
Having fixed A,F and rus P PH0pX,L�2A�F q, the parameter space for extension classes
res P PExt1pLbA_, Aq such that

�
A,F, rus, res

�
P Σa,b is the projective space of dimension

h0pX,ωX � L� 2Aq � h0pX,Aq � h0pX,ωX bA_q � 1 � d� g � 4.

We obtain the estimate

dim Σa,b ¤ dim Ta,b � pd� 2a� b� gq � pd� g � 4q

� 2d� 3g � 6 ¤ 3g � 4   dimSUXp2, Lq,
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which shows that the resonance of a general vector bundle E P SUXp2, Lq is strongly
isotropic.

In the case d ¤ 3g, this parameter count also establishes that RpX,Eq � 0, for a general
E P SUXp2, Lq. Indeed, assuming the general vector bundle E appears in an extension
(6.4), we obtain that vector bundles appearing in this way depend on at most

dimW 1
a pXq � h0pX,ωX � L� 2Aq � 1 � d� 4 ¤ 3g � 4   dimSUXp2, Lq

parameters, thus finishing the proof. l

Remark 6.9. In degree 3g � 2 ¤ d ¤ 4g, the projective resonance RapX,Eq is not linear.
Indeed, it follows from Propositions 6.1 and 6.5 that RapX,Eq admits a regular fibration
over W 1

a pEq. Each component of W 1
a pEq is a positive dimensional variety of general type.

7. Kähler groups and Kodaira fibrations

7.1. Resonance varieties of Kähler manifolds. We now discuss the case of Kähler
groups, when the resonance varieties in question are not isotropic (unless they vanish). For
a compact Kähler manifold X, let

YX :
�2H1pX,Cq H2pX,Cq

be the cup product map. We consider the resonance variety RpXq :� R
�
π1pXq

�
of the

fundamental group of X. As is well-known, X is formal, and thus π1pXq is 1-formal; thus,
RpXq is linear and projectively disjoint. On the other hand, if RpXq � t0u, then, as shown
in [14], all irreducible components of RpXq are 1-isotropic, that is, the restriction of YX to
each such component has 1-dimensional image.

The first notable case is that of surface groups. Let Σg be a smooth algebraic curve of
genus g ¥ 2, and let Πg :� π1pΣgq be its fundamental group. It is well-known that Σg is
formal, and thus Πg is 1-formal. The cohomology ring has the form H.pΣgq � E{I, where
E �

��
e1, . . . , eg, ē1, . . . , ēg

�
and I is the ideal generated by the quadrics ei^ ej , ēi^ ēj for

1 ¤ i   j ¤ g, ei ^ ēj for i � j, respectively e1 ^ ē1 � ei ^ ēi for 1   i ¤ g.

It is readily seen that RpΠgq � H1pΠg,Cq � C2g. Clearly, this linear space is 1-isotropic
and separable. Moreover, as shown in [29], the infinitesimal Alexander invariant BpΠgq has
the following Hilbert series,

HilbpBpΠgq, tq � 1�
1� 2gt� t2

p1� tq2g
.

Therefore, the Chen ranks are given by θ1pΠgq � 2g, θ2pΠgq � 2g2 � g � 1, and

θqpΠgq � pq � 1q

�
2g � q � 2

q



�

�
2g � q � 3

q � 2



for q ¥ 3. (7.1)

We discuss next the case of irregular fibrations. A fibration from a compact complex
manifold X onto a smooth complex curve B is a surjective holomorphic map with connected
fibers. For smooth projective varieties, and, more generally, for compact Kähler manifolds,
all components of the resonance variety RpXq are of the form Vf :� f�H1pB,Cq, where
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f : X Ñ B runs through the (finite) set EpXq of equivalence classes of fibrations with base
B being a smooth curve of genus g ¥ 2 and with no multiple fibers (see e.g. [14, 13, 37]).
We sometimes write these maps as f : X Ñ Bf to emphasize the dependence of the base
of the fibration on f . The resulting components Vf are linear (of dimension 2gpBq ¥ 4),
projectively disjoint, and 1-isotropic. As shown by Catanese [7], the existence of such a
fibration f : X Ñ B is equivalent to the existence of an epimorphism π1pXq� π1pBq whose
kernel is finitely generated.

Example 7.1. To illustrate the phenomenon that the resonance does not detect fibra-
tions with multiple fibres, we mention the Catanese–Ciliberto–Mendes Lopes surface X
[18, Example 2], which admits an elliptic fibration, f : X Ñ B with base a smooth curve
of genus 2. It follows from [18, 37] that the resonance variety RpXq consists of a single,
4-dimensional linear subspace in H1pX,Cq � C6, which is equal to f�pH1pB,Cqq. Indeed,
direct computation shows that H�pX,Cq � E{I, where E �

�
pe1, ē1, e2, ē2, e3, ē3q and

I � xe1 ^ e2, ē1 ^ ē2, e1 ^ ē2, e2 ^ ē1, e1 ^ ē1 � e2 ^ ē2y. Setting V _ � H1pX,Cq and

KK � I2 �
�2 V _, we have that RpXq � RpV,Kq � V

_
� xe1, ē1, e2, ē2y. Clearly,

KK �
�2 V

_
and K � xv1 ^ v̄1y; thus, V

_
is 1-isotropic. Moreover, V

_
is separable,

and thus, by Theorem 4.5 it defines an isolated component of RpV,Kq. To sum up, the
resonance of X is linear, projectively disjoint, and reduced. The surface X also admits a
fibration with base an elliptic curve and with 2 singular fibers, each of multiplicity 2. This
(singular) fibration defines by pullback a 2-dimensional translated torus component of the
characteristic variety VpXq, but this component is not detected by RpXq, see again [37].

7.2. Kodaira fibrations. Assume now that f : X Ñ B is a Kodaira fibration over a
smooth projective curve of genus b ¥ 2 and denote by Σg a general fibre of f . A Kodaira
fibration induces a monodromy representation, ρ : Πb Ñ Sp2gpZq � Aut

�
H1pΣg,Zq

�
. The

Leray–Serre spectral sequence of the fibration gives rise to the short exact sequence

0 H1pB,Cq H1pX,Cq H1pΣg,Cqρ 0.
f�

(7.2)

In particular, the relative irregularity, qf :� qpXq� gpBq of the fibration can be regarded

as the invariant part of the monodromy representation; that is, qf �
1
2h

1
�
Σg,C

�ρ
. There

are essentially two known ways to construct Kodaira fibrations. One is by taking generic
complete intersections in the moduli space Mg of stable curves of genus g using that the
Satake compactification of Mg has boundary of codimension 2; the other via ramified
branched cover constructions over product of curves, see [5,9,21]. No examples of compact
Kähler surfaces X having at least three non-equivalent Kodaira fibrations are known, see
[8, Question 10]. On the other hand, Salter [34] has provided examples of closed (non-
algebraic) 4-manifolds which admit a number of non-equivalent surface bundle structures
that is an arbitrary power of 2.

The resonance of complete intersection Kodaira fibrations turns out to be quite simple.

Lemma 7.2. Let Σg ãÑ X
f
� B be a complete intersection Kodaira fibration. Then

H1pX,Cq � f�H1pB,Cq and accordingly the resonance RpXq � f�H1pB,Cq is separable.
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Proof. We let Mpnq
g be the moduli space of genus g curves with a level n ¥ 3 structure

and denote by Mpnq
g the normalization of the Deligne–Mumford compactification Mg in

the function field of Mpnq
g . Then using the theory of Satake compactifications, there exists

a regular map, ι : Mpnq
g Ñ PN such that the boundary Mpnq

g zMpnq
g is contracted to a

codimension 2 set of its image. It follows that the inverse image under ι of the intersection

of 3g� 4 general hyperplanes in PN is a smooth projective curve B �Mpnq
g . Since Mpnq

g is
a fine moduli space, the pull-back to B of its universal family induces a Kodaira fibration
f : X Ñ B of smooth curves of genus g. By the Lefschetz hyperplane section theorem, since

B is obtained by intersecting Mpnq
g with ample divisors, the map ι� : π1pBq Ñ π1

�
Mpnq

g

�
is

surjective, in particular the image under the monodromy map of π1pBq inside the mapping
class group Modg is of finite index. Then H1pΣg,Cqρ � 0 and via (7.2), we have that
H1pX,Cq � f�H1pB,Cq. Therefore, kerpYXq � kerpYBq and accordingly RpXq � f�RpBq.
Applying Lemma 3.10, we conclude that RpXq is separable and formula (7.1) applies for
the Chen ranks of X. �

Assume now X admits two non-equivalent Kodaira fibration structures, Σg1 ãÑ X
f1Ñ B1

and Σg2 ãÑ X
f2Ñ B2. We consider the product map, f � pf1, f2q : X ÝÑ B1 �B2, and the

homomorphisms induced in cohomology,

H ipfq : H ipB1 �B2,Cq H ipX,Cq (7.3)

for i � 1, 2.

Proof of Theorem 1.7. With the notation of (7.3), we are in the situation of a double
Kodaira fibration for which H1pfq is an isomorphism, whereas H2pfq is injective. We are
going to verify the separability of RpXq using Lemma 3.10. To that end, we write down
the following commutative diagram:

�2H1
�
B1 �B2,C

� �2H1pX,Cq

H2
�
B1 �B2,C

�
H2pX,Cq

�2H1pfq

YB1�B2 YX

H2pfq

(7.4)

From the Künneth formula, it follows that kerpYXq � kerpYB1q`kerpYB2

�
, and accordingly,

RpXq � f�1H
1pB1,Cq Y f�2H1pB2,Cq. Setting Ui :� ker

 
pfiq� : H1pX,Cq Ñ H1pBi,Cq

(
, we

obtain that

K �
�
U1 b U2

�
`
��2f�

��1�
H2pB1,Cq

�
`
��2f�

��1�
H2pB2,Cq

�
�

�2H1pX,Cq. (7.5)

Using the notation (3.4) for the component V
_
1 � f�1

�
H1pB1,Cq

�
of RpXq, we have that

H �
�2U1, M � U1 b U2, and L �

�2U2.

Since U1bU2 � K, it follows with the notation of (3.6) that the map pM : KX
�
H`M

�
ÑM

is surjective. Using Lemma 3.10, we conclude that the component f�1H
1pB1,Cq of RpXq is

separable. Same considerations apply for the component f�2H
1pB2,Cq of the resonance. l
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7.3. The Atiyah–Kodaira construction. The simplest examples of double Kodaira fi-
brations where the conditions of Theorem 1.7 are satisfied are provided by the Atiyah–
Kodaira fibrations constructed in the 1960’s in [5, 21]. These surfaces can be described as
follows. Let τ : B2 Ñ B2 be a fixed point free involution of a curve of genus gpB2q � 2g� 1,
and let ϕ : B1 Ñ B2 be the congruence unramified cover classified by the homomorphism
π1pB2q� H1pB2,Zq� H1

�
B2,Z{2Z

�
, thus degpϕq � 22p2g�1q and gpB1q � 1�24g�1pg�1q.

We let X be the 2-fold branched cover of B1�B2 ramified along the divisor Y1�Y2, where

Y1 :�
 
pz, ϕpzqq : z P B1

(
and Y2 :�

 �
z, τpϕpzqq

�
: z P B1

(
.

Observe that Y1 X Y2 � H. The two independent Kodaira fibrations of X are of the form

Σ4g�2 X B1
f1

and Σ1�24g�2p4g�3q X B2.
f2

(7.6)

Using [20, Theorem 2.2], we obtain that f � pf1, f2q : X ÝÑ B1�B2 induces an isomorphism
on H1p�,Cq and an injection on H2p�,Cq, see also [10, Theorem 1.1], where only the case
g � 2 of this construction is treated. Indeed, one applies the sequence (7.2) to the fibration
f1 : X Ñ B1 and use that its general fibre Σ4g�2 is a double cover of B2 � Σ2g�1, branched

at two points conjugate under the involution τ . Then H1
�
Σ4g�2,Cqπ1pB1q � H1pB2,Cq,

therefore b1pXq � 4g � 24gpg � 1q and RpXq � V
_
1 Y V

_
2 , where V

_
i � f�i H

1pBi,Cq for
i � 1, 2. Therefore, Theorem 1.7 applies in this case.

Similar considerations apply to the example of the double Kodaira fibration given in [11].
This complex surface X has b1pXq � 38 and fibers in two distinct ways, Σ4 Ñ X Ñ Σ17

and Σ49 Ñ X Ñ Σ2. A similar argument shows that RpXq is separable. We have not tried
to verify the hypothesis of Theorem 1.7 for other families of double Kodaira fibrations, for
instance, those constructed in [9].

These considerations naturally raise the following question.

Question 7.3. Is the resonance variety of a Kähler group G always linear, projectively
disjoint, and reduced?

Of course, the real question is whether RpGq is reduced. Again, it would be enough to
show that the components f�pH1pBf ,Cqq of RpGq are all separable. If this question were
to have a positive answer, the following Chen ranks conjecture for Kähler groups would be
the natural next step to consider.

Conjecture 7.4. Let X be a compact Kähler manifold. For each g ¥ 2, we denote by
hgpXq :� #

 
f P EpXq : gpBf q � g

(
the number of components of RpXq of dimension 2g.

Then for all q " 0, the following Chen rank formula holds:

θq
�
π1pXq

�
�

¸
fPEpXq

θqpπ1pBf qq �
¸
g¥2

hgpXqθqpΠgq

� pq � 1q �
¸
g¥2

hgpXq

�
2g � q � 2

q



�

¸
g¥2

hgpXq

�
2g � q � 3

q � 2



.
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8. Resonance of right-angled Artin groups

We now apply the general theory to the case when the subspace K �
�2V admits a

monomial basis, that is, there exists a basis tv1, . . . , vnu for V so that K admits a basis
whose elements are of the form vi ^ vj .

Let
�rns
k

�
be the set of ordered k-tuples from rns � t1, . . . , nu. The above information is

conveniently encoded in a (simple) graph Γ � pV,Eq on vertex set V � rns and edge set

E �
!
pi, jq P

�
rns
2

�
: vi ^ vj P K

)
. (8.1)

Dually, V _ is spanned by te1, . . . , enu and KK is the linear subspace spanned by the elements

tei ^ ej : pi, jq P Eu, where E �
�
rns
2

�
zE is the edge set of the complement graph Γ � pV,Eq.

We also denote by T the set of complete triangles in Γ, and by T �
�
rns
3

�
zT the set of

triangles with at least one missing edge. To the graph Γ one can associate the right-angled
Artin group GΓ having the following presentation

GΓ :�
A
vi : vi � vj � vj � vi for vi ^ vj P K

E
.

The cohomology ring of GΓ can be identified with the Stanley–Reisner algebra E{xK_yE ,
where E �

�
V _ is the exterior algebra generated by e1, . . . , en.

A graph Γ1 � pV1,E1q of Γ is a full subgraph of Γ (or, an induced subgraph on the

vertex set V1 � V) if E1 � E X
�
V1

2

�
. Given two graphs, Γ1 � pV1,E1q and Γ2 � pV2,E2q,

their join Γ � Γ1 � Γ2, is the graph with vertex set V � V1 Y V2 and having the edge set
E � E1 Y E2 Y tpi1, i2q : i1 P V1, i2 P V2u.

Let S � SΓ be the polynomial ring krx1, . . . , xns and let WΓ �W pGΓq :�W pV,Kq be the
Koszul module associated to Γ. This module has the following graph-theoretic description:

Lemma 8.1 ([31]). The Koszul module of a graph Γ admits a presentation,

WΓ � coker
 
Θ: SpanpTq b S SpanpEq b S

(
, (8.2)

where Θ is the matrix with entries

Θijk,`m �

$'''&
'''%
xk if ` � i, m � j

�xj if ` � i, m � k

xi if ` � j, m � k

0 otherwise.

(8.3)

Example 8.2. For the complete graph Kn on n vertices, we have WKn � 0. On the
opposite end, if Γ � Kn is a discrete graph, then WΓ � kerpδ2q.

Let RΓ � RpGΓq :� RpV,Kq be the resonance scheme associated to the Koszul module
WΓ. The underlying set RΓ was described in [30, Theorem 5.5] as a union of coordinate
subspaces of V _. For a subgraph Γ1 � Γ, we denote by V _

Γ1 � V _ the coordinate subspace
spanned by the vertices of Γ1. With this notation,

RΓ �
¤!

V _
Γ1 : Γ1 is a maximally disconnected full subgraph of Γ

)
. (8.4)
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The next result explains in combinatorial terms the isotropicity and separability condi-
tions for resonance components introduced in this paper.

Proposition 8.3. Let Γ be a connected graph, let Γ1 be a maximally disconnected full
subgraph, and let V 1_ � V _

Γ1 be the corresponding component of RΓ. Then,

(1) V 1_ is isotropic if and only if Γ1 is discrete.
(2) V 1_ is separable if and only if Γ � Γ1 � Γ2.

In particular, isotropic implies separable for the resonance varieties of graphs.

Proof. By definition, the linear subspace V 1_ is isotropic if
�2V 1_ � KK, that is, the set

tei ^ ej : pi, jq P V1u is contained in tei ^ ej : pi, jq P Eu. This last condition amounts to�
V1

2

�
� E, which is equivalent to Γ1 being discrete.

Finally, V 1_ is separable if KK X
��2V 1_ ` pV 1_ b V 2_q

�
�

�2V 1_. This condition is

equivalent to EX
��

V1

2

�
YpV1,V2q

�
�
�
V1

2

�
, that is, EXpV1,V2q � H, which again means that

Γ � Γ1 � Γ2. �

We now give two classes of graphs that satisfy the conditions of Proposition 8.3, and
thus, of Theorem 1.1. In what follows, we denote by Kn the complete graph on n vertices.

Example 8.4. Let Γ � Kn1 � � � � � Knr be a complete multipartite graph, that is, an
iterated join of discrete graphs. Then RΓ is projectively disjoint and isotropic (and hence,
separable).

As a concrete example, take the complete graph Kn � K1 � � � � �K1; then RKn � H. As
another example, consider the square, Γ � K2 �K2; then RΓ is the disjoint union of two
(isotropic) lines.

Example 8.5. Let Γ be a graph obtained from the square with one diagonal, by taking
iterated cones. Then RΓ consists of a single line, and therefore is projectively disjoint and
isotropic (and hence, separable).

In general, though, the resonance varieties RΓ are neither isotropic, nor separable, nor
projectively disjoint. The simplest such example is as follows.

Example 8.6. Let Γ be a path on 4 vertices. Then V _ � Spante1, e2, e3, e4u and KK �
Spante1 ^ e2, e2 ^ e3, e3 ^ e4u. Setting S � krx1, x2, x3, x4s, the S-module WΓ is presented
by the matrix

ΘΓ �

�
���

13 14 24

123 �x2 0 0
124 0 �x2 x1

134 x4 �x3 0
234 0 0 �x3

�
��.

Note that Fitt0pWΓq � px2q X px3q X px1, x
2
2, x

2
3, x4q is not reduced, though the annihilator

AnnpWΓq � px2q X px3q is reduced. It follows that RpV,Kq � tx2 � 0u Y tx3 � 0u is linear
and reduced, but neither projectively disjoint, nor isotropic, nor separable.
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