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L2-INDEX FOR CERTAIN
DIRAC-SCHRODINGER OPERATORS

JOCHEN BRUNING anp HENRI MOSCOVICI

1. Introduction. In [B2] a formula is given for evaluating the L?-index of a
Dirac-type operator D on a certain class of (noncompact) complete Riemannian
manifolds. Although in principle computable, especially in the Fredholm case, this
formula contains terms reflecting the contribution of the small eigenvalues, which
are difficult to evaluate. We show in this paper that the addition of a skew-adjoint
potential V, satisfying reasonable assumptions at infinity, has the effect of eventually
overcoming the influence of the small eigenvalues of D. Thus, the L?-index of the
“Dirac-Schrodinger operator” D + AV, for A sufficiently large, is given by an “adia-
batic limit” of y-invariants and is therefore local at infinity. (See Theorem 3.2 below.)
This generalizes and at the same time explains index formulae of Callias type. (See
[C], [A])

Due in part to the nature of the problem, but mainly because of the limitations
of the method we employ, the manifolds we are considering are subject to a number
of constraints at infinity. Some of these conditions have a clear geometric meaning,
but others do not. Thus, the class of manifolds to which our results apply is not easy
to quantify. It seems possible to enlarge it to encompass all complete manifolds of
strictly negative sectional curvature and finite volume; Theorem 3.5 below consti-
tutes an important step in this direction.

The L2-index theorem we prove in this paper can be used in conjunction with
vanishing type arguments, much in the same way as the standard index theorem
for Dirac operators and its relative version are employed in [GL], to gain informa-
tion about the scalar curvature. To illustrate this, we discuss in Section 4 a “version
with boundary” of the “conservation principle” for the scalar curvature of perturba-
tions of the standard metric on the n-sphere, suggested by Gromov [G] and proved
in [L]. We wish to thank Maung Min-Oo for making us aware of these references
and for substantial help with the calculations in Section 4.

2. Anabstract index theorem. In this section we recall the main facts from [B2],
adapted to the following situation. Let M be a complete noncompact Riemannian
manifold, of odd dimension m = 2k + 1, and let D be a generalized Dirac operator
acting on the smooth compactly supported sections of a Clifford bundle E, equipped
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312 BRUNING AND MOSCOVICI

with a Hermitean structure and a metric connection V compatible with the Clifford
multiplication (to be denoted by -). Thus, for any local orthonormal frame
{F,,..., F,}, one has

Do =Y FVgo, oeCyE).
=1

We also consider a skew-adjoint potential (i.e., a differential operator of order
zero), V = —V’': C3(E) —» CF(E), and form the one-parameter family of “Dirac-
Schrédinger operators”

Dl:=D+lV, AGR.
For simplicity we assume that

each D, has a unique closed extension in L*(E). 2.1)

Note that this is automatically satisfied if A = 0 and the curvature of the bundle E
induces a bounded operator in L2(E). (See [GL, Theorem 2.8].) More generally, if
V and the commutator [D, V] also induce bounded operators in L?(E), then (2.1)
holds; moreover, the domain 2(D,) is independent of A and in fact coincides with
2(D).

We will give sufficient conditions for the finiteness of dim ker D, and dim ker D¥,
and then compute the corresponding L2-index

L?-ind D, = dim ker D, — dim ker D¥.

In what follows, the unique closed extension according to (2.1) will also be
denoted by D,. Next, we assume that there is an open subset U = M such that

M, := M\U is a compact manifold with boundary,

2.2)
N = aMl

and that, on U, D, has a nice representation in the following sense. There is a Hilbert
space H and an isometry

®: LX(E|U) - LA(R,, H) (2.32)

which induces an isomorphism

H;(E|U) > Ho(R,, H) n LR, Hy) (2.3b)
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for some dense subspace H; of H. Moreover, there are smooth functions

R, ey S(y)e ZH,, H),

(2.4a)
R, ey W(y) e Z(H),
such that foru e C¥(R,, H,)
@D, 07 u(y) = —d,u(y) + (S(y) + AW (y)u(y). (2.4b)

We also assume that
S(y) is self-adjoint in H with domain H, and discrete forally >0 (2.4c)
and that

W (y) is self-adjoint in H. (2.4d)

Then (S + AW)(y) is also self-adjoint in H with domain H,. In all applications,
S + AW can be realized as a first-order elliptic differential operator on the compact
manifold N, which makes the following assumptions on {-functions (see [Gi, Lemma
1.10.17) reasonable.

If {, denotes the {-function of (S + AW)(0).. (the positive and
negative part of (S + AW)(0)), then . is meromorphic in C (2.5)
and holomorphic in some right half-plane.

It is convenient to work with the Hilbert space
#H = L*(EIM,) ® L*(R,, H), (2.6

the elements of which we denote as (u;, u,), refering to “interior” and “boundary”
parts.
We can conclude that D, has a finite L2-index, in the sense that both dimensions
in
L?-ind D, = dim ker D, — dim ker D¥ (2.7
are finite but D, is not necessarily Fredholm, if the situation just described is
“f-controlled”. By this we mean the following: there is a positive function f € CF(R,)

with

lim f'(y) = a, 0<ax<1, (2.8)

y—o©
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such that the operator

Si(9) = f)S ) + AW () =: S(») + AW(y) (2.9)

has bounded variation and no small eigenvalues. More precisely, we assume that

IS =C;>12, y=0 (2.10)
and that with
a(y) := 1SMU + 1S:)D) 7 Mla (2.11a)
we have
J fa(y)* dy =: C, < o0. (2.11b)
0
If, finally, we assume that
(1 —y/B)S,(y) = §,(0) for y near 0 (2.12)

where B is a constant depending on f (given explicitly in [ B2, (4.14)]), then we obtain
from [B2, Theorem 4.4] the following lemma.

LEMMA 2.1.  Under the above assumptions, for A sufficiently large we have
L%-ind D, = —11(S,(0)) (2.13)
where 1(S,(0)) is the n-invariant of S,(0).

Proof. In the notation of [B2] we have Q(y) = 0, y = 0, from (2.10). Hence, the
third and fourth contribution in [B2, (4.15)] vanishes. From [B2, Theorem 2.6 and
(2.28)] we derive hy = h; = 0; hence, we obtain (2.13). Finally, the Atiyah-Singer
integrand vanishes since m is odd [Gi, Lemma 1.7.4]. ]

The main point of introducing the parameter A in S is that we obtain (2.10) and
hence the “clean” index formula (2.13) under simple assumptions on S and W, if 1
is large.

We now consider an operator of the form (2.9) and try to reduce the assumptions
(2.10), (2.11b) to more tractable conditions.

LEMMA 2.2. Assume that

0 < C?2 < W(y)? (2.14)
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and that (SW + WS)(y) is bounded in H with uniformly bounded norm
IGW + WS (M < Ca. (2.15)

Then (2.10) holds for A = A, with
C, = 1Cy/2.
Proof. We compute

S0 = S + ASW + WS (») + A*W(y)*

> A2C2 — AC, = J2C2/4
if 4> 4. o

With any choice of f, conditions (2.14) and (2.15) impose restrictions on the choice
of the potential, the geometry entering through S. In order to clarify the nature of
(2.11Db) in this spirit, we make an assumption on S which will be justified in Section
3. Namely, we assume that for some smooth positive function h we have good
control, not over S, but over

() := h(y)S(). (2.16)

Here, the idea is that h is “controlling the geometry of U” in the sense that, as it
will be further explained below, we can estimate

B = IS WU + IS lus (2.17)

thus, h is a datum, whereas f can be chosen.

LEMMA 2.3.  Assume that for some f with (2.8) we have

fl hl

f

2

VA + IWH)I*) dy

f: ST O + f: )
2.18)

© 2
+[Tmo(1+ o+ im0 <c.

Then (2.11b) holds for A = A, with a constant C, depending only on C, and Cs.

Proof. We have
50 = & (1501 + 2700

_ (%)'m) +I50)+ w0,
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We estimate the right-hand side term by term. Using (2.17), we find

(D5 -+ som| < |2 Hows.ma + son

+ 1AW + 18D 7]

fw 2
< iT_WI(y)Q +a||W(y)II)-

Similarly,
W' N -1 2 A7
1AW WU +1S:D7 < & WO
3

Finally,

% WISMU +1S,)D 7 < ﬂ(y)§ WA + 1SN + 15D 72

2
<sl o+ 1+ 2 iwon |

The assertion now follows. m}

3. Anindex formula for Dirac-Schridinger operators. We now consider a com-
plete manifold M with decomposition M = M; U U, N = 0M, compact, as in (2.2).
In addition, we assume that U is “tame” in the sense that

U = (0, o) x N with metric g = dy* @ g,, where g, is a smooth (3.1)
family of metrics on N, y = 0. ’
Some of the assumptions in Lemma 2.1 already hold in this generality; they will be
verified first. Then we impose more restrictions on the geometry of U, requiring it to
be controlled by a simple function h, in a suitable sense. This will be further explained
in the second half of this section.

We also assume that M is equipped with a spin structure, and we denote the
corresponding spin bundle by S. Now S has a canonical Dirac connection induced
by the Levi-Civita connection on M. Consider next a Hermitian vector bundle E
over M with metric connection, and the associated Dirac operator, Dy, with co-
efficients in E. We consider D, as an operator in L2(S ® E) with domain C?(S ® E);
then D, has a unique closed extension in L?(S ® E) which will also be denoted by D,,.

We introduce some convenient notation. n,: U — (0, o) and 7n,: U — N denote
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the natural projections associated with (3.1); for y € [0, co) we write N, := {y} x N,
No =: N, and i,: N 3 p—(y, p) € N, is the natural imbedding. Now y also denotes
the global coordinate induced by 7,; we put F, := 0/dy, the outward unit vector
field normal to N,. The second fundamental form of N, will be denoted by II,
II,(F) = —ViF,, F e C*(TN,), (3.2)
and the mean curvature by H,,
H,=trII,. (3.3)
Since 7, is a Riemannian submersion, we have
€XPy,p tFo = (¥ + 1, p). (3.4

It follows that the vector fields defined by

E(Gi,(p)) == Ti(p)(E), EeT,N, (3.5)

are Jacobi fields along the normal geodesic starting at p, with initial value E and
initial velocity —IT,(E). The given orientation on M defines an orientation on each
N,; if w), and w, denote the respective volume forms, then we require that

wp = F A W,. (3.6)

Next, we recall the explicit form of the Dirac connection V on S ® E: if VM denotes
the connection on S, induced by the Levi-Civita connection on TM, and V* the
given metric connection on E, then

V=V"®1+1Q®VE. (3.72)

Moreover, if we choose a local orthonormal frame (F;);5, for U (with F, = /0y as
above) and denote by (S,) the corresponding frame for S, then (see, e.g., [LM, Chap.
II, Thm. 4.14]) for F € C*(TU),

% ; F,F > F, F.S,; (3.7b)

here, - denotes the Clifford multiplication and also the left action of the Clifford
bundle /M on S.
Consider next ® € C*(End E) which is pointwise self-adjoint, ® = ®*, and set

Vi=/—11®®e CEnd S ® E). (3.8)
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We call
D:=Dy+ V:CP(S®E)—> CP(S®E)

the Dirac-Schrodinger operator with potential V.

(3.9)

The abstract machinery of Section 2 can be brought to bear on the present setting
by separating variables. This will be carried out next, leading to the representation

(2.4) for Dirac-Schrodinger operators.

Note that, since m is odd, §” := S|N, is a spin bundle over N, with grading given
by ./ —1F, =: 7. We compute with local orthonormal frames (F ), (S,) for TM and

S (as above) and (E;) for E, all assumed parallel along normal geodesics:

Dy (S, ® Eﬂ) = ; F;- VFi(Sa ® Eﬂ)

(3.10)

1
E; F, F)(F; F; Fy - a)®Ep+Z(F S)®VFE[3
i<k
1 M
=: D}(S, ® Ep) + 3. kzl {Vr, Fo, E)(F;* Fy Fy- S,) ® Eg
1

= D{)(Sa ® Eﬁ) - 5 i,k>1

= (D} + A°)(S, ® Ej).

CO(F), FO(F;- Fo- Fy- S,) ® Eg

If we assume that (F);,, diagonalizes II, at (y, p) with eigenvalues (4,(y, p))i>1>

we obtain
A(S, ® Ep)(y, p) = —% .-; 4(y, P)Fo" S, ® Eg(y, p)
or
A’ = —1H,F," .
With f e C*°(U) one has

Do(fS,® Ey) = grady S, ® E; + fDo(S, ® Ep)
= (Fof)FO'Sa®Eﬂ + gradNyf‘Sa®Eﬂ
+fD8(Sa®Eﬁ)_%nyFO'Sz®Eﬂ

= (Fo* Vg, + Dy — 3H,Fo")(fS, ® Ejp),

(3.11)
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arriving thus at
_F. 1
Dy = Fy- Vg, + D§ —3H,F,. (3.12)

To apply the results of Section 2 we need to trivialize the Hilbert bundle
L*(S ® E|U). To this end we introduce the function a € C*(U) ~ C*(R,, C*(N)) by

i*o, =:a(y) *w,. (3.13)

Next, we denote by P, the parallel transport in S ® E from N to N, along normal
geodesics and set E* := E|N,. Then we define the trivialization by

¥: L*(R,, L*(S° ® E®) —» L}(S® E|U),
(3.14)
Yo oi,:= a(y)P,a(y).

Proceeding as in [B2, Sec. 5], we now obtain the following lemma.

LemMA 3.1.  The Dirac-Schridinger operator D = Dy + Vin(3.3) is, on U, equiva-
lent in the sense of (2.3) to the operator

=0y + (Do(y) + A(y) + TW(y)
(3.15)
=:—0,+ S(y) + tW(y)

acting in L*(R,, L*(S° ® E°)) with domain CZ((0, c0), C*(S° ® E°)), where 1:=

— 1F,-is the grading of S° ® E°.
The operator functions S and W satisfy (2.4) and (2.5). They are explicitly given by

Do(y) = %, Fo -V (3.162)
Jz2

where Ti,(F(y)(p)) := P,(F(p)) and V2 := W*V, V’ the canonical connection on
S*® E*;

A(y) = Y, <F(y), V" loga(y)>Fo F;; (3.16b)

iz1
W=9'1®0)VY. (3.16¢)

Proof. The proof coincides with the proof of Theorem 5.3 in [B2], mutatis
mutandis. For the convenience of the reader, we repeat the main steps. Observe first
that multiplication by F, is unitary and that by (3.12)

FO.D0=~VF0+F0.D3+%H)J' (3.17)
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Under W the various terms in (3.17) transform as follows. From [B2, (5.20a)] we
obtain

—¥V, W= —0, — H,.

The operator D} is just the canonical Dirac operator on S* ® E”; so we obtain from
the analogue of [B2, (5.20d,¢)]

W7o DY = Y. [Fo' Fy Vi) + CF(»), VY log a(y)>Fy ;-]

iz1

This completes the proof. m]

Note that the map p: TN - End S® E, p(F)(s ® e) := (Fy* F-s) ® e, induces a
representation of /N on S ® E. Thus, Dy(y) is a Dirac-type operator; the connec-
tion V” is, however, not a Dirac connection, and the vector fields (Fi());»1 do not
form an orthonormal frame for TN in general.

It follows from [B2, (5.39)] that for y =0 we have V° =V ® 1 + 1® V%,
F;(0) = F;, a(0) = 1; hence,

S(0) = ,-; Fo F- Vg (3.18)
is the Dirac operator on N with coefficients in E.
For simplicity we will assume in what follows that
M has the product metric near N, (3.19a)
W is constant in a neighborhood of y = 0. (3.19b)
Then the condition (2.12) reduces to an assumption on f
(1 — y/B)f(y) = f(0) = 1 near y = 0. (3.20)

This will also be assumed from now on.
Returning to the assumptions of Lemma 2.1, we see that in the geometric setting
(3.1) we only have to find smooth positive functions h and f such that

0 fl h/
L [f(y)}‘f’ﬁ

If this holds, then the potential W has to satisfy the conditions (3.19b), (2.14), (2.15),
and

2 fz
) + flfz(y)<1 + F(Y)):I dy < 0. (3.21)

r SOOI dy < o (3.22)
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for all such potentials we then obtain the index formula (2.13). However, this formula
can be made more precise by evaluating the adiabatic limit in (2.13). To do so, we
note that W(0) is invertible in view of (2.14); so E° splits as E® = E? @ E° into the
eigenspaces of W(0) with positive and negative eigenvalues, respectively. We project
the connection VE to connections V* on E¢ and obtain from D,(0) two Dirac
operators on N:

Dg*: CX(S? ® E2) — C*(S2 ® EY)
and

D§™: C*(S2 ® E?) —» C~(S° ® E?).
With this notation we can prove the following theorem.

THEOREM 3.2. Assume (3.1), (3.19a,b), and the existence of smooth positive func-
tions h and f satisfying (3.20) and (3.21). Then for any potential V satisfying (3.19b),
(2.14), (2.15), and for A, sufficiently large, we have

L2-ind(Dy + Ao V) = —% lim 5(S(0) + ATW(0)) (3.23)
A= 00
= —ind Dg*
= —J A(N) A ch EY.
N

Proof. Combining Lemma 2.1 with [BC, (2.45)], we obtain
L*ind(Dy + 4oV) = —3[ind D§* — ind D§ ~].
Since N is spin cobordant to zero, we also find
0 =ind Dg =ind Dg* + ind D§ .

The proof is completed using the Atiyah-Singer formula. a

We will show below and also in the next section that the assumptions of Theorem
3.2 are satisfied in cases of interest. We now proceed to define the notion of
“h-control”.

M is said to have h-controlled geometry at infinity for some positive function
he C*(R,) if (3.1) holds and we can find a smooth positive function f with (2.8)
such that (3.21) holds for every Dirac operator on M canonically associated with
the metric. Note that the operator enters only through the function § defined in
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(2.16). To make this work, it is necessary to obtain estimates of f in terms of h, which
in turn must be well adapted to the geometry of M near infinity.

The simplest case arises for warped products. If U = (0, o0) x; N with metric
dy? @ h(y)*g, then the separation of variables yields (see [B2, Sec. 5])

D~—¢,+ ~—1-[S(0) + W ()] (3.24)
h(y)

with $(0) a Dirac operator on N, given by (3.18). Note that the representation (3.24)
for the Dirac operator does not contain a term involving f” if, e.g., the coefficient
bundle together with its metric and connection are pulled back from N via the
natural projection. (This is false in the general case; see [B2, Sec. 5].) Hence, the
choice of h is now very simple: taking

h(y) := h(y),
we find
B(y)=0.
Thus, (3.21) is certainly satisfied with
J() = h(y);

so we only have to assume that h satisfies (2.8).
To derive the result of Callias, we let

U:= {xeR"||x| > 1}

with metric dy? @ y*g,, where g, = the standard metric on N = S™!. We choose
0 <a<1and put

h(y):=ay=:f(y), y=1,

such that

i1

1 ~ —
D~—d,+ El:a Y Fo F-VR + 1W(y)].

Clearly, the factor a does not affect the index formula (3.23).
Next, we examine the assumptions on

W(y) = ayW(y).



L2-INDEX FOR CERTAIN DIRAC-SCHRODINGER OPERATORS 323

Except for the initial condition (3.19b), we have to require

C3 < a®>y*W(yp, (3.25a)
ISO)W(y) + W(y)SO)|| < C4/ay, (3.25b)
Lw yIiGWy)Y il dy < 0. (3.25¢)

This means essentially that W(y) ~ y"'W(1), i.., the potential has to decay at
infinity.

Though this is an interesting condition, too, it does not give the original result
of Callias. To obtain it, we have to observe that the choice of f in our setting is by
no means unique. In fact, we could also choose, e.g.,

fy =1,

0
d
[
1Y

Then the conditions on W become

in which case (3.21) reduces to

C: < W(y)?,

ISOW() + WSOl < Cq,

f W pl dy < oo.
0

Keeping this in mind, we obtain the following generalization of the Callias theorem
[C, Theorem 2].

COROLLARY 3.3. Let M satisfy (3.1) with U = {x € R™||x| > 1}, m odd, equipped
with the standard metric. If f is a smooth positive function on [1, o) satisfying (2.8)
and

2
dy < 0,

f 1) —(y) - ;

and if the potential V satisfies the conditions (2.14), (2.15) (with W(y) = fW(y)), then
D + V has a finite L*-index given by

L%ind(D + V) = — f ch E9.
Sn-1
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In view of (3.24) we can immediately obtain analogous results for manifolds with
more general ends which are warped products.

COROLLARY 3.4. Let M satisfy (3.1) withU = (0, 00) x; N,modd. If f is a smooth
positive function on [0, o0) satisfying (2.8) and

2
dy <

0 f/ B E!
L f(y)'T(Y) E(Y)

and if the potential V satisfies the conditions (2.14) and (2.15) (with W(y) = fW()),
then D 4+ V has a finite L*-index given by

LkmdD+Pﬁ=—jlﬂqumE$
N

Remark. N. Anghel [A, Theorem 0.4] has proved a generalization of the Callias
Theorem to warped ends as above but imposing the conditions

h(y) > o, y- oo,

and (essentially) W(y) := W(y), i.e, f(y) = 1. This does not follow directly from
Corollary 3.4 as it stands, as can be seen from the example h(y) = e’. However, the
representation (3.24) does not involve f’; hence, the Fredholm results given in [A,
Prop. 4.2] allow us to deform £ to the function h(y) = y without changing the index.
Thus, after this deformation, the above corollary applies.

If we consider more general metrics than warped products, e.g., asymptotically
Euclidean metrics as in [B1, Sec. 2], then f may no longer vanish and (3.21) is not
so easy to deal with. The following result will allow us, however, to extend the
index calculation to a large class of complete noncompact manifolds, e.g., with
finite volume and pinched negative curvature. This will be the object of a future
publication.

THEOREM 3.5. Let M satisfy (3.1) and the following conditions.
(@) The curvature transformation & of the Dirac bundle S ® E has uniformly
bounded norm
12,1 <C;, qeU.
(b) The second fundamental form of N, is uniformly bounded in y,
LGP <Cs, y=0,peN.

(c) The function a(y) € C*(N), introduced in(3.13), is constant on N forally > 0.
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Then, with h = 1 in (2.17), we have for f in (2.16) the estimate

B(y) < Go. (3.26)

Remark. The proof of Theorem 3.5 will be broken up into a sequence of lemmas.
Before embarking on it, we want to mention the following application. Assume
again (3.1) but require in addition the following special properties.

TN has a global orthonormal frame (F});,, such that[F,, F;] = z c¢iF. (3.27a)

with cf; constant on N ;

the parallel translates F; in the y-direction satisfy

[F, F1=[F, F]= Z ck (3.27b)

and
[F,, F1=AF,  with 4, constant on U. (3.27¢)
This can be satisfied, for example if N is a nilpotent Lie group with a left invariant
metric, and 4; + 4; = 4, if ¢f; # 0. The metric on U is then defined by requiring that
(e*F, o iy)i>1 1S an orthonormal frame for all y > 0 and p € N; the assumptions
(3.27) will imply that F, i, (p)) =e W :(i,(p)). It is then easy to see that the assump-
tions of Theorem 3.5 are satisfied for all Dirac operators canonically associated to

the given metric. In particular, we can apply Theorem 3.5 to all locally symmetric
spaces of rank one with finite volume.

We now start the proof of Theorem 3.5 with a simple geometric lemma.

LEMMA 3.6. Let A(y):= Ti;' o P, e C*(R,, C*(End TN)). Then we have
0 _
(7_yA(y) = A(y)P,'IL,P,. (3.28)
Proof. For G € C*(R,, C*°(TN)) observe that
0 1 )
5,60 = T [Fo, TGO (3.29)

This implies for F € C*(TN) that

9 -
5y AWF = Ti; ' [Fo, F] = Tiy M, BF

= A(y)P;'TL,P,(F). |
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With the vector fields F;(y) = A(y)F;, associated to the local orthonormal frame
(F)i»1 for TN, we now define a family of quadratic forms on C*(S° ® E°)as follows:

Q,(0) == zl V2012 voly. (3.30)
i> N
This is clearly independent of the choice of frame. It follows from Lemma 3.6 that
’ . 0 =1 T
F(y):= a—yFi(y) = Ti,"[Fo, F] (3.31)

= A(y)P; ' T, P(F);

the corresponding family of quadratic forms will be denoted by Q:

Q,(0) = Zl |V3,ya1% voly. (3.32)
izl JN

Now recall from Lemma 3.1 that, in view of assumption (c) in Theorem 3.5, we
have

~

S) =Y, ForF;Vi,. (3.33)

i>1
LeMMA 3.7.  Under the assumptions of Theorem 3.5 we have for ¢ € C*(S° ® E°)
I5'(¥)ell* < 2n*(1 + C;)(@y(0) + lla]|?).

Proof. Letoje C*(S°® E°), j = 1,2. Using Lemma 3.1 and denoting the paral-
lel transport by the superscript ~, we compute

~

0
a—y<S(J’)J150’2> =3 Z (Fy Fy+ ;i(y)01,0'2>

Y i>1

Z (For F V61, 6,) 0,

jz1

«S’IQ)

(F0<Fo F VF G1,6,))0 iy

Y M

i
~

For F;- Vg, Vi, 61, 620 o,

v
A

= Y. [Fo Fi R(Fy, F)y, 8, 0 iy + <Fo Fi- Vi, 5061, 620 01iy]

2

~
-
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= i; [<F0'Fi'Py_19?(Fo, F})Pyo'n 03>
+ (Fy" F;+ 6’}i;l[Foj-‘,.]O'n 6,>].
Hence, in view of (3.31), S'(y)o is of the form
S'(y)o =: i; [Fy F;- V’,’p;ma + Fy- F,».@,,(Fo - F)o]. (3.34)

The assertion follows. (]

The next lemma allows us to compare Q;(c) and Q,(c).
LeMMA 3.8.  Under the assumptions of Theorem 3.5 we have for ¢ € C*(S° ® E°)

0,(0) < C30Q,(0).
Proof. We write B(y) := P, 'II, P, and

AWF =: Y ay(y)F;,  BYF, = ; bu(y) Fe »

a(y) := (aij(y))a b(y) = (bij(y))'
Then we find with (3.31)

Q,(0) =Y. j \Visorol?
i JN

= z j bij'aj'ibik'ak'k(}’)<V1yrj0, Vlyr,‘0>§
i,j,i'\kk" JN
hence with

ci(y) = <§¥,.0', ~1y=,0>, c(y) = (c(y),
Q(0) = f tr(baca'b*)(y).

Now c is a matrix of Gram type and thus >0. Hence, we obtain

Q)(0) = f tr(c'a'b'bac'?)(y)
N

< llb)I? f tr aca'(y)

N

< C20,(0). ]
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Finally, we have to estimate Q,(c) by [|S(y)a||> which amounts to an argument
of Weitzenbock type.

LeMMA 3.9. Under the assumptions of Theorem 3.5 there is a constant C, such
that

S(Mal? — @,(0)] < C10(Q,(0) ol + C;llall?).
Proof. We compute, for 6 € C*(S° ® E®) and p € N,
IS(Ma(p)I> = <S(»)?a(p), a(p))

=X <F0‘E’W«y)FO‘}‘}'W,»@)G, a>(p)
i,J

=Y (Fo F;" Vg Fo F; Vg 6,6) 0 i\(p)
LJ

Y. [—<Fo F; " T(F)  F;- V5,6, &) o iy(p)
t,J
+ (Fo" Fy Fo Vi F- V5,6, 6) 0 iy(p) (3.35)

+ (Fy F;+ Fy F; Vg Vi, 6, 6 0 iy(p)]

1 4,(0)(p) + B,(0)(p) — X {VE, V5,6, 6 ©i,(p)

+ Y [<F; F R(F, F)é, 6 o i,(p) + (Fy i Vig, 1,6, 6 0 i, (p)]

i<j

: 4,(0)(p) + B,(0)(p) + 0,(0)(p) + C,(0)(P) + D(0)(p)-

We estimate the terms in (3.35) one by one.
Clearly, the assumptions of Theorem 3.5 imply

- 1/2
|4,(0)(p)| < Cllo(p)] (Z IIV¥,<y>0(P)I|2> . (3.36a)

Moreover, since S(y) is independent of the choice of local orthonormal frame, we
may assume that

ViF(i,(p)=0, 1<ij<n.
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This implies
Dy(s)(p) =0
and
Vi F(i,(p)) = <V&.E, Fo>Foliy(p))

= (F, IL(F))Fy(i,(p)).-
Hence, we also find
- 1/2
|B,(a)(p)| < Clla(p)ll <Z IIVi,(y)G(p)Hz) .
Finally, we have

-1
@0l <" Do,

This implies the assertion, but with Q,(c) replaced by

Qy(a) == Z (Vi V3,6, 6) 0 i,m,.
N 1

329

(3.36b)

(3.36¢c)

(3.36d)

To complete the proof, we need an integration by parts. Recall from (3.13) that the
volume form w, on N, was related to w, by i*w, = a(y) " *w,, with a(y) constant on

N by assumption. Thus, we find

0,(0) = — f Y (V5 V6, >a(yfo,
N, i

f Y [~ FdVi6, 65 + [V 6121a0)w,
Ny 1

1 Ey(0) + Q,(0).
To calculate E (o) we define a vector field V e C*(TN,) by

KV, W) :=<(Vyé,6), W e C*(TN,).
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Then it follows that

E (o) = J a(y)* div Vv
Ny

= J div(a(y)*V)

The proof is complete. a

Proof of Theorem 3.5. The assertion of the theorem amounts to showing that
ISMI + 1SN < Co (3.37)

for some constant C,, independent of y. Combining Lemmas 3.7, 3.8, and 3.9, we
obtain for o € C*(S° ® E°)

IS'()ell? < CUSK)all? + lloll?) (3.38)

with C independent of y and ¢. Then (3.38) holds for all ¢ € 2(S(y)) since S(y) with
domain C*(S° ® E°) is essentially self-adjoint. Substituting ¢ = (I + |S(y)|)"*#,
n € L*(S° ® E®), we obtain (3.37). O

Of course, it is not difficult to estimate C, explicitly in terms of C; and Cg.

4. An example. We shall now illustrate our results in a simple but interesting
case. Let M be R%**!, We consider various metrics, notably the flat metric g,
and for each ¢ € (0, 1/2] a “comparison metric” g,, g, := dy> ® h,(y)*g,; here, y is
the Euclidean length function, g, the standard metric on S%*, and h, € C*(R,) is
positive on (0, co) which satisfies

ho(y) = {Slin Y 2:13;; /2, @.1)
as well as, for y > /2
[h(y) — 1] <, (4.2a)
[h:(y)| < e, (4.2b)
h(y) <e. (4.2¢)

Thus, (R?**1, g,)looks like the standard hemisphere S2**! with a cylinder attached.
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Now consider a metric g on R?**! which coincides with g, on y > /2 and
satisfies

g = g, everywhere; 4.3)

then our manifold will be M := (R?**!, g). To link this to the notation of Section 3
we put

U := (n/2, ) x S, (4.4)

which satisfies (3.19a) by construction. Denote by S = S, the spin bundle on M,
constructed with the metric g. As a coefficient bundle, we choose E := Sj, the spin
bundle on M constructed with the flat metric. These data define the Dirac operator
D, with coeflicients in E.

Finally, we define the potential V by

V(p)s@e:=s@F(p)oe, seS,,  eckE,, 4.5

where “o” denotes Clifford multiplication in the flat metric g (whereas “-” is Clifford
multiplication in the metric g) and F is the smooth vector field on M given by

— 0
F(y, w):= p(y)a—y . (4.6)

Here, p € C*(R,) is odd near zero (i.., p*’(0) = 0, j > 0) and p(y) = 1, y > n/2. It
is a routine matter to check the assumptions of Theorem 3.2: we choose h := h and
fsuch that (3.20) holds and f = h near infinity. In the representation (3.15) we easily
find
S(y) = Do(y) = Y, F;*Vg,, the canonical Dirac operator
i1

on $% with coefficients in E |S2* (4.7a)

and
WM)(w)s®e)=sQwoe, weS*, se82, eeE’. (4.7b)
Hence, the remaining conditions (3.19b), (2.14), (2.15), (3.21), and (3.22) are all

satisfied.
Thus, Theorem 3.2 gives (see [Gi, Lemma 3.8.9]) the following lemma.

LemMA 4.1.  For A sufficiently large we have

L2-ind(Dy + AV) = 1. 4.8)
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It is fairly easy to discuss the Fredholm properties of this special Dirac-
Schrodinger operator. We need the following lemma.

LEMMA 4.2. On U we have the estimate
D@l = Vol + [(A — k> — k)2 + 0(e)]loli:, @ eCPS®EIU). (49)

Proof. We have D¥D, = (D — AV)(D + AV) = D* + A[D, V] — A*V2. 1t follows
from the Lichnerowicz Theorem (see, e.g., [LM, Thm. 8.8]) that

D? = V*V + k, /4 (4.10)
where «, denotes the scalar curvature of g. A well-known formula (see [LM, Chap.
IV (6.16)]) gives, in view of (4.2),

Ky(x) = 2k(2k — 1) + O(e), xeU. 4.11)

Moreover, from (4.6) we see that

Vix)=—id, xeU. (4.12)

Hence, it remains to compute the commutator. We find, with Fy := 0/dy and (F)is1
a local orthonormal frame on S?*, with parallel translates (F;);-, in the y-direction,
for g € C*(S), 6 € C*(E),

[D,V1e®0= Y F-o®[Vi(F,o0) — F, o VE0]

i>0

=Y Fra®(VEFy)o0

i>0

Y Fro®ytFo0=Y A(c®0).
i1

i>1

For the last equality we have used the second fundamental form (see (3.2)) and
Vi Fy, = 0. Now observe only that A? = y~2| F;||Z, which implies || 4;| = 1. Hence,
we find

I[D, VIl < 2ky™* | F,|l; = 2k. 4.13)

With (4.10), (4.11), and (4.12), we derive the assertion. O
We obtain now easily the following. (See [GL, Sec. 3].)

LEMMA 4.3. (1) D, has a unique closed extension with domain independent of 2,
2(D;) = D(Dy).

(2) If 2 ¢ [k — Jk/2 + O(e), k + \/k/2 + O(¢)], then D, is a Fredholm operator,
depending continuously on A.
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Proof. (1) This assertion is obvious since D, has a unique closed extension [GL,
Thm. 1.17] and V is bounded in L?(S ® E).

(2) The Fredholm property is easily derived from [H, 19.1.3]:if (f}); n is bounded
in 2(D,) with respect to the graph norm and (D, f});. v is convergent in L*(S ® E),
then (4.9) implies that (f;);cn converges in L*(S ® E|U), provided that A¢
[k — \/l% + O(e), k + JkTZ + O(¢e)]- The estimate in Lemma 4.2 then implies that
(f;)je n is bounded in the Sobolev space H(S ® E|M\U). Thus, the Rellich theorem
implies the existence of a subsequence convergent in L*(S ® E).

We conclude that both D, and D¥ = D_; have a finite-dimensional kernel and
closed range. The continuity in 4 is obvious. : ]

We proceed to show that the innocent-looking operator D, in fact loses

Fredholm-ness for some A€ [k — . /k/2 + O(e), k + /k/2 + O(e)]. We use the
Bochner-Lichnerowicz technique to prove that ind D, = 0 for A sufficiently small.

LEMMA 4.4. In M\U we have the estimate

IED, VIlsommn < = K + D sup (|p'(y)|+’@—p’(y)‘>. (@14)

o<y<m/2
Thus, for A < min{miny,y x,/47;, k — \/k/2 + O(e)} we have ind D, = 0.

Proof. Consider a local orthonormal frame (F,)#, for the metric g. We

decompose
F = <Fvﬁ>£+FtL
ay g 6y

and compute

[D,VI(c®0) =Y Fo®(ViF)o0

i>0
g g 0
= ZO F; ) (VgFi,t?/By);a/ay + V;’;‘l)<p(y)$> o0

, d\ 0
—P(Y)i;)Fi U®<Fi,a-y>5;°9

[

+p—(y—)2 Fro®F o0

Yy i>0

—p'() ,};)E-0®Fioe+<¥—p'(y)> 3 Fro®Ft o0,
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To complete the proof of (4.14) we observe that we have, for y € [0, =/2],
1 < y/siny < n/2.

Hence, since (F}); is g-orthonormal,

0 2 0 2 y2 y2 nz
F|?=(F, FH2 =(F, — _ Ff? <2 |F|2 <™,
| |g < i ay> + | |g < i ay>08 + Sln2 yl i lg, = Sln2 yl 1|gt = 4

|ﬁ;<m@<%
thus,
\[D, V] ”L2(S®E|M\U) ST
Now assume 4 < min{min,,\y k,/47,, k — \/k/2 + O(¢)}. It follows from Lemma

4.2 and (4.14) that in this case
DyD,>é, D,Df =9,

for some 6 > 0, hence the assertion.

We can now derive some interesting geometric consequences.
First, if A > k + /k/2 + O(g), we know that the estimate

K,(%) = 41,4 > dri(k + k2 + 0(e))

cannot hold for all x e M\ U. Hence, for at least one x, € M\ U, we obtain

p(»)
. @41
7). @

K,(xo0) < 4k + /k/2 + O(e)) 2k + 1)~ sup <|p W) +

O\y\n

-p'(y

To derive a good bound, we use our freedom in the choice of p: we may consider
any p € C*[0, n/2], which is odd at 0 and satisfies p(n/2) = 1, p’(n/2) = 0. Construct
now t = p(y) as follows. Let the graph consist of two pieces: a small circular arc
tangent to t = 1 at (n/2, 1) and the tangent to that arc through (0, 0). If the point of
tangency has abscissa y, € (0, #/2), then we have

p(yo) _ p(»)
"(y) = =, 0, s
p'(y) Ve y y€ [0, yo]

(4.16)

0<p() < PR PO oy
y Yo
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Since p(y,)/yo can be made arbitrarily close to 2/x, it follows that
K,(%o0) < 22k + /2k)2k + O(e).
PROPOSITION 4.5. Let g, be the standard metric on S**!. For any metric g on
2k+1 such that

(i) g extends to a metric =g, on R?**1,
(i) g = g, on S,

and
(ii) g > g, on ST,
one has
inf x, < 2(2k + \/2k)2k + Of(e).
Proof. This is an immediate consequence of the above discussion. O

Remark. M. Llarul [L] proved a sharp version of this result, namely,
infx, <k, =2k + 1)2k

but for metrics on S***! satisfying the condition g > g, on the whole sphere.

Another consequence of the preceding discussion is the following “semiglobal”
estimate.

PROPOSITION 4.6.  With the same assumptions as in Proposition 4.5, given § > 0
and A > k + \/k/2, either

inf x,(x) < 4A(t, — A9)

p(x)>d
or

inf x,(x) < 44t,.
P <8

In particular, choosing A = A; = 1,/6%, one obtains that, if

inf K, (x) > 467217,
p(x)<d

then

inf x,(x) <O0.
p(x)=6

Proof. Sinceind D, = 1if A > k + /k/2, the statement follows from the follow-
ing estimates for the Dirac-Laplacian.
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(i) On U one has

k
DiD;, = V*V + (A — k)* — 5 + O(e);

(i) on My = {x € S¥**!|p(x) > &} one has

D¥D; = V*V + fk, — 5, A + 624%;

(iii) on M- = {x € S2¥"!|p(x) < 8} one has

DiD; = V*V + ik, — 1, 4. O

Remark. The above results can be extended to spin manifolds (M, g) with
boundary M admitting 1-contracting maps f: (M, g) — (S2**, g,) such that
flos: OM — S?* has nonzero A-degree. (Cf. [L, Thm. 4.1].) In particular, similar
estimates hold for even-dimensional hemispheres.
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