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GAUGE-PERIODIC POINT PERTURBATIONS ON THE
LOBACHEVSKY PLANE

J. Briining! and V. A. Geiler?

We study periodic point perturbations of the Shrédinger operator with a uniform magnetic field on the
Lobachevsky plane. We prove that the spectrum gaps of the perturbed operator are labeled by the elements
of the Ky group of a C* algebra associated with the operator. In particular, if the C* algebra has the
Kadison property, then the operator spectrum has a band structure.

Introduction

Let H be the periodic Shrodinger operator with a magnetic field on the Euclidean plane R?. As is well
known, the spectrum structure of the operator critically depends on the magnetic field flow 7 across the
elementary cell of the potential period lattice. If the value of 77 is rational, then the spectrum of H has a
band structure. Otherwise, some of its sections are Cantor sets [1]. The discrete version of H (the so-called
Harper operator) has a purely Cantor spectrum for almost all values of 7 [2-4]. The situation is different in
the case of the periodic Shrédinger operator H with a magnetic field on the Lobachevsky plane. For example,
the discrete version of H with the modular group ASL3(Z) as the period group has a band structure for
all values of 1 [5]. Sufficient conditions for the spectrum band structure in the case of an operator H with
a smooth potential invariant with respect to the cocompact action of a properly discontinuous group were
indicated in [6-8]. On the other hand, a very interesting class of periodic Shrédinger operators that give
an extensive set of explicitly soluble models can be obtained using perturbation theory [9-11]. We note
that point perturbations of the two-dimensional Shrédinger operator with a magnetic field are widely used
in theoretical physics to study transport properties of two-dimensional systems (e.g., see [12, 13] and the
references therein).

In this paper, we prove that the spectrum gaps of a point perturbation of the Shrédinger equation
with a magnetic field on the Lobachevsky plane are labeled by the elements of the Ky group of a C*
algebra associated with the operator. In particular, if this algebra has the Kadison property, then the
spectrum of the corresponding operator has a band structure (a broad class of algebras with the Kadison
property is indicated in [7] and [8]). Among other things, this result is interesting in the context of the
question of the effect of the curvature of a two-dimensional electron system on its spectral and transport
properties [14-16, 8].

1. Preliminaries

In this paper, the Lobachevsky plane X is realized as the upper Poincaré half-plane
{z=z+iyeC:y>0}

with the standard metric
ds* = % (dz* + dy?),
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for which the curvature of X is equal to R = —2/a?%. In this case, the distance between two points z, 2’ € X
has the form

12
d(z,2') = aarcosh{ 1 + lz=21 ,
2yy’

and the invariant area is given by the formula

a2
do = — dz Ady.
y

By definition, a constant homogeneous magnetic field B orthogonal to X is the 2-form

a2
B =B— dzAdy,
)

where B € R is the field intensity. The form B is exact, i.e., B = dA, where the 1-form A is called the
vector potential of the field B. We use the so-called Landau gauge
A = Ba’y~ldz

for the vector potential. The Hamiltonian H® of a free quantum mechanical particle moving on the plane X
in the field B is the closure of the symmetrical operator

1 . 8% B ., 8
—< - — + =— 2iby — + b?
a2{ y (39:2 +8y2> * lby@z+ }
with the domain C§°(X) [17]. We use the system of units in which e =c=h =1 and m = 1/2, and we

write b = Ba®. As is well known, D(H®) C C(X) (e.g., see [18]). The spectrum of H consists of two
parts [17], namely, finitely many eigenvalues (Landau levels)

1
En=a”(bl2n +1) —n(n+1)), 0<n<|p -z,
and the continuous spectrum
Ll o )
E(U):ﬁ :1+b +v°), 0<v <o (1)

The resolvent R(¢) = (H® — ()~! of the operator H° plays the main role in our investigation. The
integral kernel of the resolvent (i.e., the Green’s function G%(z, z'; () of the operator H°) was found in [17).
It has the form

o . _i ibp L(t+0)T(t —b) o1
G (z,25¢) = yrks ———————F(Qt) Flt+bt b,2t,a , (2)

where F(q, 3;7; ) is the hypergeometric function,

5 [d(z, 2 - —x'
a:coshz<(—’——)>, gp:?arctan(:r ud ,
2a, y+y

and, according to (1), the function ¢ = ¢(¢) is uniquely defined for ¢ € C \ o(H®) by the condition

t(1—t)+ b2
(=90 peysy
a
The lemma below enumerates the properties of the Green’s function G° needed in what follows (we omiit
the corresponding purely technical proofs that are based on formula (2)).
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Lemma 1.
1. For any z € X, the limit

9(6) = lim |G%(2,2,0) - 5 logd(z,

exists. It does not depend on z and is given by the formula

1
90 = - (¥(t +b) + ¥(t — b) + 2Cp — log4a?],
where ¥(z) = log'(2)' and Cg is Euler’s constant.
2. Reg(() & —oc as Re( = —o0.
3. Let K be a compact subset in X and zo be a point belonging to X. Then for any ¢ > 0 and an
arbitrary ¢ € C such that Re( < 0, there are constants ¢, (K, zg,€,{) =¢; > 0 and & (e,¢) = & > 0 such
that

sup{|G%(z,2"; Q)|: 2’ € K} < ¢je 61 %z:20)

when d(z, K') > €. Moreover, if K, 29, and € are fixed, then ¢;(¢) = o(1) and &,(¢) = +o00 as Re( = —o0.
4. The integral

/ GOz, 2'; Q)P do(2')
X

is finite and is independent of z for all ( € C\ ¢(H®) and z € X.
5. If K is a compact subset in X and z is a fixed point belonging to X, then for any ¢ € C such
that Re( < 0, there are constants c2(K, z9,() = ¢ > 0 and &(¢) = & > 0 such that

1/2
[/ IGO(z,z’;C)lzdo(z’)} < cpe—tadlziz0)
K

Moreover, ¢;(() = +00 as Re( =+ —o0. If K and zq are fixed, then c3({) = O(1) as Re{ - —c0.
2. Point perturbations of the operator H°

We consider an isometry group I' of the plane X. Although the field B is invariant relative to the trans-
formations in I', the Hamiltonian HY is not I invariant in the general case. To obtain the invariance group
for H%, we must extend I to the so-called group of magnetic translations (19, 7). We recall the construction
of this group. Let U be the standard unitary representation of I in L2(X), U,f(z) = f(y"'z) (y €T
and f € L?(X)), and let v* be the induced map of the space of differential forms. We suppose that v*A # A.
Then U,H® # HOU,. Nevertheless, we have d(y*A — A) = 0 because y"B = B. Consequently, there is a
function w, € C*°(X) such that dw, = v*A — A. We fix one of these functions w.,, for eachy € I'. For y = 1,
weset w; = 0. Let T? be the unitary operator in L?(X) acting according to the formula Tf,)f = exp(iw4)U, f,
f € L*(X). Then TPH® = HT? for all v € I. The map v — T? is a projective representation of I
in L*(X). In other words, T9T? = ©(8,v) T4, for any 3,7 € T, where O(8,7) € C and |©(B3,v)| = 1. The
family ©(8,~) possesses the property O(v1,72) O(miy2,73) = O(71,7273) O(72, 73), ie., it is a 2-cocycle
on I' with coefficients in U(1). This cocycle defines the extension 1 - U(1) - M(I',0) - T = 1 of [
using U(1). The group M(T', ) is called the group of magnetic translations. Its element is uniquely
determined by a pair (v,(), where v € " and ¢ € U(1). In what follows, we identify it with the pair.
Let [v,¢] denote the unitary operator (T?. Then the correspondence (v,() — [v,(] is the exact linear
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unitary representation of the group M(I',©) in L?(X). This representation is denoted by T. Clearly, the
operator HY is invariant with respect to T.
In what follows, we consider only the groups I satisfying the conditions
1. the action of T is properly discontinuous on X and
2. the orbit space ' \ X is compact.

We fix a fundamental domain F of " once and for all, i.e., a set F C X such that (a) F = Int F,
(b) F is compact, and (c) the restriction of the canonical map X — '\ X to F is bijective. To construct a
I-periodic point perturbation of the operator H?, we select a firite subset K C F and let A = I" - K denote
the orbit of this set. Each element A € A has a unique representation of the form A = yx, where y € T
and « € K. In our further considerations, we need the following lemma, which was proved in essence in [20}
(in what follows, #Y denotes the number of elements in the set Y).

Lemma 2. There are constants ¢ > 0 and és > 0 such that

#{Ae A d(\ Xo) <7} <cae®T

forall e Aandr € R, r > 0.

We now present the construction of a point perturbation for the operator H°. Because D(H®) C C(X),
the set

D= {feDH®: f(A) =0 VA€ A}

is well defined. Let S be the restriction of H? to the domain D(S) = D. It is clear that S is a symmetrical
operator in L2(X). The self-adjoint extension H of S is called a point perturbation of H° concentrated on
the set A if D(H)ND(H®) = D(S). It is convenient to describe point perturbations of the operator H? using
the Krein resolvent formula (10.11 in [21]). For this, we fix a Hilbert space G isomorphic to an arbitrary
deficiency space of the operator S and define the holomorphic operator-valued functions

B: C\o(H®) = L(G, L*(X)), Q: C\o(H® = L(G,G)

satisfying the so-called Krein T' and Q conditions [21] (as usual, L(E, P) denotes the Banach space of
bounded operators from E into F). Accordingly, B and @ are called the Krein I’ and Q functions. If the
" and @ functions are fixed, then there is a one-to-one correspondence between the point perturbations H
of H® concentrated on A and the self-adjoint operators A in the space G. This correspondence is expressed
by the Krein formula for resolvents,

(H-¢O™' =(H" -0 = BO[QEQ) + 47" B*(0). (3)

In what follows, H,4 denotes the point perturbation of H that corresponds to A in accordance with for-
mula (3). The resolvent of H 4 is denoted by R4(¢).

Below, we give explicit descriptions of the Krein I" and Q functions using Theorem 4 and Proposition 4
in [22] (the proof of these assertions in [22] for the space L?(X), where X is a domain in the Euclidean
space, remains valid in the case of a Riemannian manifold X). We let G denote the space {>(A) and Q(¢)
denote the infinite matrix

GO\ ) for ApeA, A#up,

€)=
QL ki¢) {q«) for Aped, A=p.

The lemma below is an immediate consequence of Lemma 1.
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Lemma 3.
1. There are constants c3(¢) = c3 > 0 and &(() = é; > 0 such that

|Q(X 1; Q)| < e3(Q)em (4N

for Re ( < 0 and A # p. Moreover, c3({) = o(1) and ¢3{() = +o0 as Re{ = —o0.
2. 1Q(A, A\ Q)] = +00 as Re( — —oo.

For arbitrary ( € C\ o(H°) and X € A, we let g\({) denote the function z — G°(z,A;¢) on X. It
is clear that g\(¢) € L*(X) (see Lemma 1). Lemmas 2, 3, and A.2 (in the appendix) imply the following
lemma.

Lemma 4. There is a number E; € R such that the matrices Q(¢) and ((g,\(()lg,‘(())))\ eA define
bounded operators in 1*(X ) for all ( € C and Re ( < E,.

We now state the main result of this section.

Theorem 1.
1. For any ¢ € C\ a(H"), the family (gr(¢))aea forms the Riecz basis in the closure of its linear span.
Let the map B((): 1?(A) = L?(X) be given by the formula

B =Y w(Nar(C), € *(A).

A€EA

Then B(() is the Krein ' function for the pair of operators (S, H?).
2. There exists an Ey € R such that the matrix Q(() defines the Krein Q function of the pair (S, H°)
for all ( € C and Re( < Ey. Therefore,

Ra(Q)f =RYQ)F - ( YR+ 4™ (&#)(%(OU)) 92 ({)

AEA \ €A

for all f € L2(X).

Proof. The proof of the theorem follows directly from Theorem 4 in [22] with Lemma 4 taken into
account.

We are interested only in T-invariant point perturbations H4. To find a criterion for the T invariance
of H4, we introduce the linear unitary representation T of the group M (T, ©) in the space {(A) given by
the formula T(‘fy'ogo(/\) = (exp(iwy(A))p(v1A), where (v,() € M([,0) and ¢ € [2(A). The proposition
below (we omit its simple proof) gives a necessary and sufficient condition for the 7" invariance of H 4.

Proposition 1. The operator H, is T invariant if and only if the operator A is T? invariant.

In what follows, we consider only operators H 4 invariant with respect to the representations 7. From
the standpoint of physical applications, the most interesting class is formed by the Hamiltonians H 4 whose
parameterizing operators A have diagonal matrices in the standard basis of the space {?(A) (11-13]. In par-
ticular, only these operators can be limits of Hamiltonians with short-range local potentials [11]. Therefore,
in what follows, we assume that A is determined by a diagonal matrix, A(A, i) = axéx,. The T invariance
of A implies that the sequence (a,) is completely determined by its elements with indices belonging to K,
namely, a, = a,, forall v € I' and x € K. We need the following assertion directly implied by Theorem A.1
in the appendix.
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Theorem 2. There is a number E4 € R with the following properties:

1. if Re( < E,, then Q(¢) + A has a bounded inverse operator;
2. for any ( € C, Re( < E,, there are constants c4({) = ¢4 > 0 and &(¢) = ¢4 > 0 such that

Q) + A)7H (A, )| < cqe e dhm)
for all A, € A. Moreover, c4(¢) = O(1), and &(¢) = +00 as Re( - —co.

Corollary 1. The operator H 4 is semibounded from below.
3. Main results

We first recall the notion of the twisted group algebra C*(I', ©) for the pair (I, ©) {23, 5]. We define
multiplication and involution in the space of finite sequences Cy(I') by the formulas

(@) =Y 087,80 a(v87) b(B),

pger

a* (7) =0(v"L,v)0(1,1)a(y1).

We let I denote an injective *-homomorphism of Cy(T') into the operator algebra L({?(T')) such that it
transforms an element a € Cy(I') into an operator Ja possessing the property

(Ta)o(y) = >_ OB~ 8)" a(vB7)p(B)

Ber

for p € [2(T"). The twisted group C* algebra C*(I', ©) is defined as the completion of Co(I') with respect
to the norm |ja|| = ||Ia||. The algebra C*(I',©) has the standard trace = defined as 7(a) = a(1). We next
let p, (y € T') denote an operator in [2(T") acting according to the rule (p,¢)(8) = ©(3,7)p(B7). It is easy
to verify that v — p, is a projective unitary representation of I' in the space {*(T).

We now define the “canonical” isomorphism &: L?(X) — [3(I') ® L*(F) = I*(T', L*(F)) by the rule
(2f)(v) = rr - [7,1] f, where rF is the restriction operator to F, rpf = f|F [6]. Using ®, we extend p
to the projective unitary representation p in L?(X) by the formula 5 = p® 1. It can be shown that the
operator @ intertwines the representations T and 5. Let K be the algebra of compact operators in L?(X).
We let A denote the tensor product C*(I',©) ® K. The trace 7 in C*(T', ©) induces the standard trace on
A, which, as before, is denoted by 7. The isomorphism & determines the canonical embedding Ix of A in
the C* algebra L(L*(X)) = L({*(I') ® L*(F)). Let A be the image of A under the embedding. We write

M(T,0) = {A € LU*T) ® L*(X)): Apy = p,A Yy eT}.

It is easy to show that 4 C M(T',0) and Ra(¢) € M(T,0) for all ¢ € C\ o(Hp).

Following {6], we now define the Fourier coefficients for the operator A € M(T',©). The Fourier
coefficient A(v) for an element v € [ is an operator in L?(F) acting on the function u in L?(F) according
to the formula A(y)(u) = p, A(8 @ u)(1).

Lemma 5 (see [5, 6]). Let A € M(T,©). If the operator A('y) is compact for all v € T and satisfies
the inequality

STHAMN < +oo,

yer
then A € A.

The theorem below is the main result in this paper.
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Theorem 3. Let A be a T%-invariant self-adjoint operator in the space I>(A) with a diagonal matrix
in the standard basis of 12(A). Then the resolvent R4{() belongs to the algebra A for any ( € C\ o(Hy).

Proof. We first note that because the resolvent is analytic, it suffices to prove that R4(E) € A for
all E belonging to a semi-infinite interval (—oo, Eg). We next note that R%(¢) € A for all ¢ € C\ a(H°) [6];
therefore, it is only necessary to prove that V(E) = R°(E) — R4(E) € A for all E belonging to {(—o0, Eg).
By Theorem 2, there is a number Ey € R such that

V=Y ( S MO g o(gu(om) ()

AEA M pu€eA

when Re( < Eg, where M (), 11;¢) = [Q(¢) + A]7! (A, ). By Lemmas 2 and 3, there are constants ¢y and
¢o(() such that

[M(A, 11 Q)| € coe™ 3 dNm) 1 545(0) > 3¢, (4)

for Re{ < Ey, where &4 is the constant in Lemma 3 and ¢ does not depend on (.
We define the matrix Mg(A, p; ¢) by the relation

M, Q) if A\=9k and p =0’ for some v €T and «,k' € K,
0 otherwise,

Mo ) = {

where 3 € . Because (91(¢)),., is the Riecz basis, formula (4) and Lemma A.1 imply that the series

A€EA

Va(Q)f = ( > Mp(A, s <)<gu<<‘)|f>> ar(¢)

AEA \ €A
converges and defines a bounded operator in L?(X) for any function f € L2(X). We prove that
Vs < 400 (5)
ger

for Re( < Eo. Because the family {g()) is the Riecz basis in its linear span, we have

AEA

Zw(x)guou <o@lell, S Ha@INE < SOIAP )

AEA A€A

for ¢ € [*(A) and f € L?(X). Using (4) and (6), it is easy to derive the inequality

V(O FI? < (#K) cd ¢ max{e™22( 4B o 1! € K} I f]1,

whence (5) follows in view of Lemma A.1.
We next note that
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for Re( < Eg because by Lemmas 1, 3, and A.1, the series

> (il Va(Q) fa)

Ber

is absolutely convergent for any f;, f2 e_C(‘,"’(X ).
It remains to prove that V3(¢) € A for any 8 € I' whenever Re{ < Ey. For the Fourier coefficient
Vs(v) = Vs(¢)(7), we obtain

V) =0(1,7) > > e e® Ly ()

a€ll k,kx'€K

by direct calculation. Here, L, « ' is a one-dimensional operator of the form

Lo wox (u) = M(ak, afrk'; C)(gaan'(f)lﬂ)émn(C),

where @ is the extension of the function v € L?(F) throughout the plane X and § is the restriction of
g € L?(X) to F. It is easy to show that

3" NLaweull < +oo.

KL,k

Therefore, the operator \75(7) is compact. By Lemma 5, to complete the proof, it remains to verify that

S IVs()l < +oo. (8)

Y€l

Let v € L?(F) and ||u|} < 1. In this case,

VM@l <er Y Y 1gapw O] 131ax (Ol

K,&'EK a€l

Cumbersome calculations, which we omit, give

5 9ot QI el < cal, ) exp (- 5n ) ).

acl,
whence

T < ea(©) 3 exp( =5 dls 1))

s€K
It remains to use Lemma A.1 to derive (8).

Corollary 2. Let Ey,E, € R\ o(H4) and E|, < E>. Then the spectral projection BlE, B, of Hy
belongs to the algebra A.

We now fix a number E' € R such that E' < inf o(H,4) and consider the function
P g for E > E',
N(E):{T( (5" .E}) or E >
0 for BE < E'.

Clearly, it does not depend on the choice of the point E’. The values of N'(E) are constant on the spectrum
gaps of H4 and thus give a natural parameterization of the gaps [24].
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Corollary 3 (the gap parameterization theorem). The values of the function N'(E) on the spectrum
gaps in o(H 4) belong to a denumerable set of real numbers 7*(KoC*(I",©)), where KoB denotes the K,
group of the C* algebra B.

We recall that, by definition, a pair (I', ©) possesses the Kadison property if there is a constant cx > 0
such that 7(P) > ck for any nonzero projection P in the C* algebra C*(I',0) ® K.

Corollary 4. If the pair (I',®) has the Kadison property, then the spectrum o(H,) has a band
structure.

We note that the condition in this corollary holds for a torsion-free Fuchsian group I and a magnetic
field with a rational flow across the fundamental domain F [7, 8]. (For a detailed discussion of the Kadison
property in the context of the Hall quantum effect on the Lobachevsky plane, see [8].)
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Appendix

We consider a discrete metric space A with a metric d possessing the property
there are constants cx > 0 and éx > 0 such that

#{/\ € A:d(A N) < r} < cpefar

forall \p e Aandr e R, r > 0.
(For the proof of the lemmas below, see [25].)

Lemma A.1. Let a function ¢: A — C satisfy the inequality
lo(N)] < ce—(1+8)ead(A.p)

for some p € A and positive ¢ and §. Then

D e < cead™t.

A€A
Lemma A.2 (Schur’s test). Let (L(A, 1£))x.nen be an infinite matrix such that

sup > |L(A. u)| < C, sup dILapl<C

“EA/\EA A€ pEA

for some C > 0. Then L(\, i) defines a bounded linear operator L in [?(A) such that ||L]|| < C.

Theorem A.1. Let (K, )n>0 be a sequence of bounded linear operators in [*(A) satisfying the following
conditions in the standard basis of the matrix (K, (A, p))a pea:

1. if A # p, then |Kn(A ¢} < aexp(—b,d(A, ), where a does not depend on n and b, —» +00 as
n — +o9o;

2. infyep [Kn (A A)| = 400 asn — +0o.
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Then for any a, 0 < a < 1, there is an ng € N such that for all n > ng, the operator K, has a
bounded inverse operator L, = K ' whose matrix satisfies the condition |L,, (A, p)| < 2¢, exp(—abnd(A, 1)),
where ¢, = (infxea [Kn(X, A)]) 71

Proof. Let Dp(\p) = Kn(A A)dx, and Sp(A, p) = Kn(A p) — Dp(A, p). We can assume without
loss of generality that inf{|K,(A, A)|: A € A} > 0 and b, > ¢a for all n € N. In this case, we have
K. = Do(1 + D;'S,), where D, and S, are determined by the corresponding matrices. Conditions 1
and 2 in Theorem A.1 and also Lemmas A.1 and A.2 imply that the operator 1 + D, 'S, has a bounded
inverse operator T,, = (1+ D;1S,)! for sufficiently large n. To prove the theorem, it suffices to show that

|Ta (A, )] < 267 0n 40, 9)
We fix a € (0,1) and take a sufficiently large n such that
(1~ a)by > 2é4, acpcn < % ID;'S. < 1.
We estimate the sum

Ta(h ) = D (-D7'Sa) (A, ).

j20

To prove (9), it suffices to show by induction that
(D7 Sn) (A, )] < (acacn) e abndm), (10)

Inequality (10) is obvious for j = 0. We suppose that it holds for some j > 0. Then

(D7 SaY P )] = [Kalh )™ S Salh 1) (D5 SaY (k, )| <

KEA
< en Z ae_b"d(’\'“)(acAcn)je'ab"d(”’“) <
xEA
< acn(acl\cn)je-abnd(/\,p) Z e—ZEAd(z\.n} <

KEA
< (ac,\cn)”le“‘b"d(’\"‘),

that is, (10) holds for 7 + 1 as well.
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