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Abstract

We consider the Schrodinger operator on the real line with a 2 x 2 matrix-valued 1-periodic potential. The
spectrum of this operator is absolutely continuous and consists of intervals separated by gaps. We define
a Lyapunov function which is analytic on a two-sheeted Riemann surface. On each sheet, the Lyapunov
function has the same properties as in the scalar case, but it has branch points, which we call resonances.
We prove the existence of real as well as non-real resonances for specific potentials. We determine the
asymptotics of the periodic and the anti-periodic spectrum and of the resonances at high energy. We show
that there exist two type of gaps: (1) stable gaps, where the endpoints are the periodic and the anti-periodic
eigenvalues, (2) unstable (resonance) gaps, where the endpoints are resonances (i.e., real branch points
of the Lyapunov function). We also show that periodic and anti-periodic spectrum together determine the
spectrum of the matrix Hill operator.
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1. Introduction and main results

We consider the self-adjoint operator Ty = —y” + V (x)y, acting in L*(R) & L%*(R), where
V is a symmetric 1-periodic 2 x 2 matrix potential which belongs to the real space H”, p =1, 2,
given by

1
P _ _yx _yTl _ Vi V3 . _
H —{V—V =V _(V3 Vz).fV3(x)dx—O},
0

equipped with the norm ||V||£ = fol(|V1 )P+ |Va(x)|? +2|V3(x)|P) dx < oo. Without loss of
generality we assume

1 1
V(O)Z/V(f)dh Vio < Vao, V30 =0, Vmo=/Vm(x)dx, m=1,2,3.
0 0

Let us introduce the self-adjoint operator 79 = —d?/dx?, with the domain Dom(7?) = W22 R)®
sz (R). In order to get self-adjointness of T we use symmetric quadratic forms. We briefly recall
a well-known argument (see [19]). We define the form (V, Y1) = —fR VY dx, ¥,y €
Dom(T?). Using the estimate (see [13])

lq'f. )| <e(f', f)+be(f, f) for any small & > 0 and some b, > 0
and for any f € WZZ(R), q € LZ(R/Z),
we deduce that
|V )| < (/2@ Y + b ), ¥ e W ([R) & W3 (R).

Thus we can apply the KLMN theorem (see [19]) to define T = —d?/dx? + V. There exists a
unique self-adjoint operator 7 with form domain Q(7') = W(R) & W (R) and

Ty, ) = (—y" Y1)+ (Vi ) all g,y € Q(TY) = Wi (R) @ WER).

Any domain of essential self-adjointness for T is a form core for T'.

It is well known (see [6, pp. 1486—1494], [8]) that the spectrum o (T") of T is absolutely con-
tinuous and consists of non-degenerate intervals S,,, n = 1,2, .... These intervals are separated
by gaps G, with lengths |G,| > 0,n=1,2,..., Ng < co. Introduce the fundamental 2 x 2
matrix solutions ¢(x, A), ¥ (x, A) of the equation

—"+Vx)y=2xry, reC, (1.1)
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with initial conditions ¢(0, 1) =9'(0,A) =0, ¢'(0, 1) = ¥ (0, ) = I, where I,,,, m > 1, is the
identity m x m matrix. Here and below we use the notation (') = 3/dx. We define the 4 x 4
monodromy matrix by

_ o P& A) elx,A)
M()")_M(lv)‘)y M(-x»)‘)_<ﬂ/(x’)\') (p/(x’)\‘) . (12)
The matrix-valued function M is entire. An eigenvalue of M (1) is called a multiplier, it is a root
of the algebraic equation D(t, A) =0, where

D(t,A) :=det(M() —1l), t,L€C. (1.3)

There is an enormous literature on the scalar Hill operator including the inverse spectral theory
[7,10,17]. In the recent paper [13] one of the authors solved the inverse problem (including char-
acterization) for the operator —y” + v'y, with a function v € L?(T) and v’ is its distributional
derivative and T = R/Z. However, in spite of the importance of extending these studies to vec-
tor differential equations, apart from the information given by Lyapunov and Krein (see [21]),
until recently nothing essential has been done. The matrix potential poses interesting new prob-
lems: (1) to construct the Lyapunov function, (2) to define the quasimomentum as a conformal
mapping, (3) to derive appropriate trace formulae (e.g. analogous to the trace formulas in [12]),
(4) to obtain a priori estimates of potentials in terms of gap lengths, (5) to define and to study the
integrated density of states. In fact this is the motivation of our paper.

The basic results in the direct spectral theory for the matrix case were obtained by Lyapunov
[16] and Krein [15] (see also Gel’fand and Lidskii [9]). Below we need the following well-known
results of Lyapunov [21], which we formulate only for the case of 2 x 2 matrices.

Theorem (Lyapunov). Let V € H'.

() If T (1) is a multiplier for some ) € C (or A € R), then t=' (1) (or T(L)) is a multiplier too.
(ii) M()) has exactly four multipliers t1()\), tl_l()»), 72(A), rz_l()») for all ) € C. Moreover,
reo(T) iff |ltm(X)| =1 for some m.
(iii) If T(A) is a simple multiplier and |t (A)| = 1, then t/ (1) # 0.

We mention some papers relevant for our context. For variety problems for periodic systems
we refer the reader to [5]. In the papers [2,3] Carlson obtained trace formulas. In [4] he proved
the compactness of Floquet isospectral sets for the matrix Hill operator.

By the Lyapunov Theorem, each M (1), A € C, has exactly four multipliers 7,, (1), 7, T,
m = 1,2, which are the roots of the characteristic polynomial det(M (A) — 714) = 0. Define the
very important constant in our paper by

V20— Vio
co= #

Then the multipliers have the following asymptotics:

Ly (V) = &l VA=Vio/@VIHO0U/) 31 L5 o0, |«/X—rm|>%, m=1,2, (14)
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as we prove in Lemma 3.2. Next we define the functions

u2+1 2 sinv/A
= —uf, po(X) = co - (L)
2 ' VA

1
()= TEM" (1), m=1.2,

Note that ¢ (x, A), 9 (x, L), w1 (L), u2(X), p(A) are real for all x, A € R and entire. If ¢cg > 0, then
Lemma 3.1 yields p(1) = ,05()»)(1 4+ o0(1)), as |A\| = oo in Dy, where

D, :={A6(C: A > r2, WA —mn| > %, neN}, r>0. (1.6)

Thus we may define the analytic function /o (1) for A € D, and large r > 0 by the requirement
that «/p(A) = po(A)(1+0(1)) as |A| — oo in D,. Then there exists a unique analytic continuation
of ,/p from D, into the two-sheeted Riemann surface A (in general, of infinite genus) defined
by ./p. We now introduce our Lyapunov function A(2) by

AN =W +/p(), AeA. (1.7)

Let A1(A) = i1 (A) + +/p(A) on the first sheet A and let Ax(X) = w1 (A) —+/p (1) on the second
sheet A, of A. Now we formulate our main result concerning the function A.

Theorem 1.1. Let V € H! with ¢g > 0. Then the function A = 1 + /P is analytic on the two-
sheeted Riemann surface A and has the following properties:

T (M) + 7, (V)

) An(0) = 5 . AEAn, m=1,2, (1.8)
sin /A PULEVAY
Apm(L) = cos VA + Vo =iy + ( - > m=1,2, AeD. (1.9)

(ii)) X € C belongs to o (T) iff A(X) € [—1, 1] for some m =1, 2.

@ii) If » € o (T), then p(A) > 0.

(iv) (The monotonicity property). Let A,, be real analytic on some interval I = (a1, 3) C R
and —1 < Ay (M) < 1, for any 1 € I for some m € {1,2}. Then A/, (L) #O0 for each A € I.

Remark. (i) For the scalar Hill operator the monodromy matrix has exactly two eigenvalues t
and ! The Lyapunov function %(r + t~1) is an entire function of the spectral parameter and
it defines the band-gap structure of the spectrum. By Theorem 1.1, our Lyapunov function for
the matrix Hill operator also defines the band-gap structure of the spectrum, but it is the sheeted
analytic function.

(ii) Consider the case of a diagonal potential, i.e., V3 = 0. Then the Riemann surface degen-
erates into two components, and we get

1 1 ) 1
m=5An+A4p).  p=740-4), Ve=5An-4). (1.10)

where Ay is the Lyapunov function for the scalar Hill operator —y” + V,,y, m = 1, 2. Thus
A=+ /p=Aq) and Ay =pu1 — /p=A).
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(iii) Many papers are devoted to resonances for the Schrédinger operator with compactly
supported potentials on the real line, see [1,14,20,22]. Assume that we have the coupling constant
before the potential. If this constant changes then roughly speaking some resonances create the
eigenvalues. In our case, if the coupling constant (before the periodic matrix potential) changes,
then roughly speaking some resonances create the gaps, see Proposition 1.3.

Let D4 (A) = 1D(£1, A). The zeros of D, ()) and D_()) are the eigenvalues of the pe-
riodic and anti-periodic problems associated with the equation —y” + Vy = Ay. Denote by
Aok, n=0,1,..., and k € {1,2, 3,4} the sequence of zeros of D, (counted with multi-
plicity) such that g1 < Ap2 < A2 1 <A22 <A23 < A24 SAg1 < Ag2 <Ag3 < Agq <ooes
Denote by Aa,—1k, (1, k) € N x {1,2, 3,4} the sequence of zeros of D_ (counted with multi-
plicity) such that A1 1 <A12 <A13 <Aa <A31 <A32 <A33 < Azg < ---. Note that A, g,
n=0,1,...,and k € {1, 2, 3,4} are the eigenvalues of problems with period 2 for the equation
="+ Vy=iy.

Denote by {r,}7° the sequence of zeros of p in C (counted with multiplicity) such that
0< |l < | < |r3] < ---. We call these zeros of p the resonances of T. We formulate the
theorem about the recovering the spectrum of 7 and the asymptotics of the periodic and anti-
periodic eigenvalues and resonances at high energy. Furthermore, we write a, = b, + £2(n) iff
the sequence {a, — by}u>1 € £2. Recall that Vo) = fol V(t) dt = diag{Vio, V20}.

Theorem 1.2.

(i) Let V € H? with ¢o > 0. Then the following asymptotics hold:
Mk = @) + Vo +£2(n), m,k=1,2, n— oo, (1.11)
Fanem = (rn)? 4+ €2(n), m=0,1, n — oo. (1.12)

(ii) Let V € H?, ¢o > 0. Then the following statements hold:
(a) The periodic spectrum and the anti-periodic spectrum determine the resonances and the
spectrum of the operator T.
(b) The periodic (anti-periodic) spectrum is determined by the anti-periodic (periodic) spec-
trum and the resonances.

Less precise asymptotics for the case V € C? were obtained in [3].

Example. Consider the operator 7, , = —dz/dx2 + qy,v, where g, , =aJ + yv,(x)J; is a
potential for some constants a, y € R,

and g, , satisfies
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Condition A. a/(27%) — n, € (0, 1) for some integer n, > 0. Each function v, € L'Y(T), v =
1,1/2,1/3,..., is such that v,(x) = v,(1 — x), x € (0, 1), and fol vy(x)dx =1 and for any
feC(0,k), k €N, the following limit relation holds:

k k s
/vv(x)f(x)dx—>/8per(x)f(x)dx asv— 0, 8per=25<x—n— %) (1.13)
0 0 -

If y = 0, then we have the operator 70 = —y” + ¢° with a constant potential ¢° = aJ. In
this case there are no gaps in the spectrum. The fundamental solutions of Eq. (1.1) with ¢° = aJ
have the form 9° = diag(c, c_), ¢° = diag(s, s_), where

ce(r,h)=cosnex,  si(n,A)=— g =ViFa, diag(b,o:(g 8)
n+

and the branch of /A is given by V1= 1. Below we will sometimes write oA, V), M(A,V),...,
instead of p(A), M(X), ..., when several potentials are being dealt with. Then the functions
,00(-) =p(, qo), /L%() = Um(, qo), ... corresponding to qo become the forms

(c4(1,1) —c_(1,1))?
7 :

cr(m,A) +c_(m,A)

, =1,2, o) =
) o (A)

1o () =

(1.14)

DY) = (1Fcr(1, ) (L Fe-(1, ), AL ) = ey (1,0), Ad () =c_(1, ),

(1.15)
where A(()m) is the Lyapunov function for the equation
-y = (=D"ay=2x1y, m=1,2.
The entire function ¢4 (1, A) — c_(1, A) has only the simple roots zg given by
2 2
L)+ - —rat (- n>l. (1.16)
" (2mn)? 2nn )’ -
Note that z(l) > zg > > zga and Z2a+l < 22a+2 < ---. Thus all roots of p° = p(-,¢°) have

multiplicity 2 and are given by (1.16). If 2a/7> ¢ N, then the zeros of A?m)()\)z — 1 have multi-
plicity 2 and are given by
Aa=a—(=D"@n)? Ay, #A23,, m=12n:s>0. (1.17)

m,n
Note that )»21’”, m=1,2,n >0 are the roots of Doi()»).
If y, v # 0 are small enough, then there exist gaps in the spectrum of 7, ,. Define the disk
D, = {A: |A| < 72r2}, r > 0. We show that there exist non-degenerate resonance gaps for some
potential V. In this example, some resonances are real and some are not.
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Proposition 1.3. Let a potential g, , =aJ + yv,(x)J1,a > 0,y € R, satisfy Condition A, and
let 4a /7% ¢ N. Then for any N > 1+ a there exist small €, 1, &2 > 0 such that for any (y,v) €
0, 1) x (0, &2) all zeros z,jf(q,,,,,) of p(A, qy,v) and the zeros )L,j,jyn Gy,v) ofAfn (A, gyv) —1lin
the disk Dy 11,2 are simple and have the properties:

Zr:::(%/,v)ecia I<n<ng, Z, (Gy,v) <Z;:_(CI}/,U)» ng <n<N,

|lzE(gy.0) — 20| < ea, (1.18)
- + + 0 _ _
Amn @y ) <M @y)e [AE L (Gy) =20 | <& n=0,...,N, m=1,2. (1.19)
There are no other roots of p(:, q,,) and A,zn (A, gy,v) — 1in the disk Dy 1 2.

Remark. (i) If 0 < a < 272, then o (A, gy,v) has only real roots zli (gy,v) in the disk Dy 41/ for
small y, v. If a > 272, then p(2, qy,v) has at least two non-real roots z?:(qy,v) for small y, v.

(ii) We show that the operator T, , has gaps associated with the periodic or anti-periodic
spectrum. Moreover, we show the existence of new type gaps (so-called resonance gaps). The
endpoints of the resonance gap are branch points of the Lyapunov function, and, in general, they
are neither the periodic n or the anti-periodic eigenvalues. These endpoints are not stable. If they
arereal (n =n, + 1, ..., N), then we have a gap. If they are complex (1 < n < n,), then we have
no a gap, we have only the branch points of the Lyapunov function in the complex plane.

2. Fundamental solutions

In this section we study ¥, ¢. We begin with some notational conventions. A vector 7 =
{hn}{v € CN has the Euclidean norm || = Ziv |h, |2, while a N x N matrix A has the operator
norm given by |A| = supy;,—; |Ah|. The function ¢ satisfies the following integral equation:

X

©(x, A) =g@o(x,A) + / w sinv/Ax
0

7 V(e 1dt,  ¢o(x, 1) = 7

L, (2.1)

where (x, 1) € R x C. The standard iterations in (2.1) yield

X

PN =D en(xh) i) = O/ M%vum(mm. 22)

A similar expansion gives ¢ = anol(}n with 9o (x, A) = (cos «/Xx)lz.
We introduce the functions

m t
lg(x):/dz/cosﬁ(m—2t+2s)F(t,s)ds, Ft,s)=TrV(OV(s),  (2.3)
0 0

m =1, 2. In Lemma 2.1 we shall show the simple identity

12(1) =410 () cos V1. (2.4)
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We define |A|; = max{l, |A|} and

1
Vo) = / V(x)dx, Vay =Tr V), Vioy=Tr V(%)),
0
A=ellmﬁ‘+x = ||V||1 )
VIl

We prove

113

(2.5)

Lemma 2.1. For each (x,V) € Ry x H! the functions ¢(x,-), 9 (x,-) are entire and for any

N > —1 the following estimates hold:

max {

’ )

N
D, A) = Y Dalx, A
0

N
ﬁ(wm —Z%(x,A))
0

1 N
— (' (x, ) — O (x, A
Gl ge)

<
(N +1)!

’

N
¢'(x,0) =Y g (x,2)
0

} (XX)N+1

AY. (2.6)

Moreover, each i, ()), m = 1,2 is real for . € R and entire and the following estimates hold:

1w ()] < A™, |1tm (M) — cosmz| < max A™,

(mx)?
2

sinmz

(X)) —cosmz — < A",

mv

N

4z 872 2 3!

where 110, Ig satisfy (2.4) and z = NS

Proof. We prove the estimates of ¢, the proof for ¢’, ¥, ¥ is similar. (2.2) gives

N\ .
sin(v/A(xk41 — Xx))
On(x,A) = / QUO(XI,A)( 1—[ \/;\_'— Vixg) |dxidx.
0<X] <X <+ <Xpp]=X 1<k<n
where for matrices ay, as, ..., a, we denote

N\
l_[ ay = ayay—1...4j.

1<k<n

2.7)

(2.8)

sinmz 1 m?2cosmz mx)?
tm(X) — cosmz — mvyy — —(1,9,@) — 7v(2)>‘ < (m>) A", (2.9)

..dxy,

(2.10)

Substituting the estimate IVAgo(x, M) < MVl jneo (2.10) we obtain |vAg,(x, )| <
(xx)" /nle™2* " which shows that for each x > 0 the series (2.2) converges uniformly on
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bounded subsets of C. Each term of this series is an entire function. Hence the sum is an en-

tire function. Summing the majorants we obtain estimates (2.6).
We have

A =TrM™ (M) =Tr M(m, A) = Trz My, (m, ),
n>=0

where m =1, 2 and

TrMo(m, L) =4cosmz, TrM,,(m,A) =Trd,(m, L) —i—Tr(p;,(m, A), n=>1.

The estimates

(max)"
n!

(mox)"
n!

elmzlm  and |29n(m,)»)|< eltmzlm

|y (m, 0| <
yield

n
|Tr My, (m, 1) < 4@%"““1@, n>0.
n:

Using (2.11) we obtain

m

1
TrM (m, L) =— /(Sinz(m —t)coszt +cosz(m —t) sinzt) TrV(t)dt
Z
0
sinmz
= mV,
z (eY)
and
l m t
TrMy(m, L) = = / / sinz(t —s)z(m —t +s)F(t,s)dtds
Z
00
1 m t
=— (cosz(m — 2t +2s) —coszm)F(t,s)dtds
272
0 0
1 0 m?
= ﬁ Im()\‘) — TCOSmZV(2) s
since

t

//F(t,s)dtds:
00

N =

m 2
m2
Tr(/V(t)dt) ZTVQ).
0

@2.11)

(2.12)

(2.13)
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We know that w1, uy are entire. Moreover, the trace of the monodromy matrix is the sum of its
eigenvalues. By the Lyapunov Theorem (see Section 1), the set of these eigenvalues is symmetric
with respect to the real axis, as A € R. Thus, 1, u> are real on R.

We show (2.4). Let 12 = 1,91 (A). We have 2 cos zllo =Yy + Y1, where

1 ¢t 1 ¢
Y0=//0082z(t—s)F(t,s)dtds, Y =//cosZZ(1—t+S)F(t,S)dldS-
0 0 0 0

We get Ig =Y+ Y, + Y3, where

t

2 1 2
Y2=//coszz(1—t—I—s)F(t,s)dtds, Y3=//COSZZ(1—t+s)F(t,s)dtds
1 0 1 1

and using the new variable T =t — 1 we get

1t

Yzszcos2z(r—s)F(r,s)drds=2Y0.
0 0

‘We use the new variables T =¢ — 1, 0 = s — 1 and obtain

4

1
Yng/cos2z(1—t—i—a)F(t,a)dtdo:Yl,
0 0

which yields 19 =2Y| +2Yy. Thus we have (2.4). O
We need the basic properties of the monodromy matrix.

Lemma 2.2. Let V € H!. Then the function D(z, %) = det(M(X) — t14), », T € C? is entire on
C? and the following identities are fulfilled:

D(t,))=—D(t, ) Tr(M() — r14)*', (2.14)

D(r,) =t —4u o3 +2(4M% - /Lz)tz —4uit+1
= (2? = 2(u1 = V)T + 1)(2% = 2(u1 + VP)T +1). (2.15)

Proof. Let D(t) = D(t, A). The standard identity

D'(t) = D(r)Tr((M — ! M)

dt
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yields (2.14). We prove (2.15). Since det M = D(0) = 1, we have: D(t) = 1+art +bt? 4+
dt*,a,b,c,d € C. Then D(t)=(t —1)(t — rl_l)(r —n)(t — 12_1), where 71, rl_l, , 12_1
are the multipliers. Therefore d = 1, a = c. Then we have

D(t)=1+ D'(0)t + %D”(O)tz + D' (0)73 + % (2.16)

Identity (2.14) yields D'(0) = —Tr M l=——_TrM= —4 1. Differentiating (2.14) we obtain
D"(0)=—D'(x)Tr(M — )" = D(1) Te(M — 7) " |r— = 4(413 — 12).

Substituting these identities into (2.16) we obtain the first identity in (2.15). The second identity
is proved by direct calculation. O

3. The Lyapunov function
We need some results about the functions p, pg = cgsin VA / (Zﬁ), where ¢ = %(Vgo —Vio).
Lemma 3.1.

() For each V € H' the function p = %(;Lg +1) — ,u,% is entire and real on the real line.
Moreover; the following estimate holds:

[0 = p3 00| < 23AMMVHH2 3 e €, e = | VI/YIAL 3.1

(ii) Let V e H' withco= %(Vzo — V10) > 0. Then for each integer N > 27 v ||%/c% the function
p has exactly 2N roots, counted with multiplicity, in the disk {\: |A| < w2 (N + %)2} and for
eachn > N, exactly two roots, counted with multiplicity, in the domain {\.: |\/X —mn| < 1}.
There are no other roots.

(iii) Let V € H!, co > 0. Then the function /P is an analytic function in the domain D,,r =
22|V ||?/c(2) given by (1.6) and the following estimate holds:

3Co |po(r VI3 )
Wp(x)—po(x)KTO'pow(_')', coz44"c(2)”1<@,xeu. (3.2)

Proof. (i) By Lemma 2.2, p is entire and real on the real line. Let i, = o+ tm1 + Um2 + fm3,
m =1, 2, where

2

sinmz 1 0 m
MmO = COSMZ, ol =~ mVqy, Wm2 =5 L, (%) — > cosmzVi |, (3.3)

and z = /A, where Vi) is defined by (2.5). We obtain ,uﬁ = B + B;, where

Bi = (w10 + 1) + 2u101412, By =2pq0i13 + (1 — 1o + w11 (1 — (10 — K11)-
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Then (3.3) yields

) sin?2z 4coszl?(k) +sin?zV (1) —2cos? zV(z)
By =cos* 7+ yw Vay + 1622
Thus we get
M2+1_M%:G1+G2’ 61:1+M20+M21+M22—Bl, 622@_32’
2 2 2
Ig(k) —2c0s2zV(p) — 4cosz10()») + 2 cos? zZV(2) —sin zV(l) sin? z

(2Vi) = V)

= 1622 = 1672

which yields G| = p3. Using (2.7)~(2.9) we obtain

x? 2 x? 2 4 2
Ba <275 +(%A+}fA)—A A,
i 4(x)3 453
Gl < B3l g < (;) IR 3.4

which yields (3.1).
(if) Let N’ > N be another integer and r = (N + %). Note that
%

1
4<— for A € D,.
S 2| vip T 27 '

Using the estimate emVal o 4|sin N |, > € D,, and (3.1) we obtain (on all contours)

VIS V]
5 < —
2

0

| K
|p()\,) )00()\)| 162(\Imz\+1) < CO E44

IZI3 IA

, €Dy, (3.5)

Hence, by the Rouché theorem, p(A) has as many roots, counted with multiplicity, as sin® v/A /A
in the bounded domain D, N {A: |A| < T (N’ + ;)} Since sin® v/ /A has exactly one double root

at (tn)2,n > 1, and since N’ > N can be chosen arbitrarily large, (ii) follows.
(>iii) Let p = ,00 + p1, po = cosin \/_/(2\/_). Estimates (3.5) imply

V() =po(M)v1+bR), b=%, Ib()»)|<|CZ—T<%,k€Dr- (3.6)
0

Using the estimate

V14+b(0) —1|< §|m)y for A € D;,

we obtain

3C A
Vo®) =] =] (VT+50) — 1)| < % '%'. o
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We need asymptotics of the eigenvalues of the monodromy matrix.

Lemma 3.2. Let V € H', co = (Vag — Vio) /2 > 0. Then the monodromy matrix M (L) has two
multipliers t,(A), m = 1,2 with asymptotics (1.4). Moreover, asymptotics (1.9) holds.

Proof. Using the estimates (2.8), (3.2), we obtain asymptotics in (1.9), which yields

. 2
2200 —1= (oosﬁ+ Vmo%) — 1+ 0(EM))
sin Acos«/x
N

p
= —sin? ﬁ(l - Vmo%nfﬁ + 0(E(A))>

= —sin® VA + Vyo +O0(EM))

as A € Dy, |x| — 0o, where E(%) = 2™V /5 which implies

,/A,zn(k)—1:isinﬁ—iVmo%+0(E(k)). 37)

By (2.15), the matrix M (X)), A € D,, has the eigenvalues 7, (1) satisfying the identities 7, (1) +
Tn(A) "1 =2A4,,()). Then 1, (1) has the form

Tn(A) = A (V) +/AZ,(0) — 1

and the asymptotics give

sinv/A . cosv/A iﬁ(
—iVmo———+ O(E(X)) = 1-
rn I  HOEM) =e

iVm,O

2/

Tn(A) = eiﬁ + Vino >+0(E()\))

which yields (1.4). O
Now we prove our first result about the Lyapunov function A = 1 + /p.

Proof of Theorem 1.1. By Lemma 3.1 we have A is the analytic function on the Riemann
surface of the function ,/p.

(i) Identity (2.15) shows that A,, = (t + r~!)/2 for some multiplier 7. Lemma 3.2 gives the
asymptotics of A,, and t,,, m =1, 2.

(ii) The result follows from the statement (i) and the Lyapunov Theorem (see Section 1).

(iii) If » € o(T), then w1 (A) is real. By (ii), A(}) is also real. Hence by (1.7), /p (&) is real
and p(A) > 0.

(iv) Assume that A}, (g) =0 for some Ag € I C o (T) and m € {1, 2}. Then we have

A (o) |
An(A) = A (o) + (= )P ———=+ O(Ir = 2l"*"), asi—kg—0, (3.8)
p!
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where Af,{’ ) (X0) # 0 for some p > 1. By the implicit function theorem, there exists some curve
I c{r: |A—2xl <e}NCy, I' # 0, for some & > 0 such that A, (1) € (—1,1) forany L € I".
This contradicts the Lyapunov Theorem in Section 1. O

Recall that D+ (1) = L det(M (L) F 14), the set {A: D, (1) =0} is a periodic spectrum and the
set {A: D_(A) = 0} is an anti-periodic spectrum. Now we prove a lemma about the number of
periodic and anti-periodic eigenvalues in a large disc.

Lemma 3.3. For each V € H! the functions A1 + A, A1As, Dy are entire and satisfy the
following identities:

n2+1
A+ A =14, Ady=2u% - - (3.9)
Qui ¥ 1? — po
Di=(u T —p=""""—T2 Dy —D_=—4u. (3.10)

2

Let, in addition, Tr fol V(t)dt = 0. Then the following estimates and properties are fulfilled:

IS

(i) For each integer N > 8||V ||| the function D4 has exactly 4N + 2 roots, counted with multi-
plicity, in the disc {|\] < 4w (N + %)2} and for each n > N, exactly four roots, counted with

3

)
D_()\) — 4cos* %’} <22 4 2)2HmVAH e,

D4 (A) —4sin

(3.11)

multiplicity, in the domain {IWA = 27n| < %}. There are no other roots.

(ii) For each integer N > 8|V |1 the function D_ has exactly 4N roots, counted with multi-
plicity, in the disc {|\| < 47*N?} and for each n > N, exactly four roots, counted with
multiplicity, in the domain (WA =7@2n+1)| < %}. There are no other roots.

Proof. By Lemmas 2.1, 2.2 the functions A + A», A1 Ay, D4 are entire and the identities (3.9),
(3.10) are fulfilled. Using Lemmas 2.1 and 3.1 we obtain

2
pO) =cosz+ (). |an()| < —A2 lp)] < (14225 A%

Substituting these relations into D+ = (] F D2 —p we get (3.11).
(i) Let N’ > N be another integer. Let A belong to the contours

1
Co2N + 1), Co2N"+1), C2n<§), In| >N,

where C,(r) = {v/A: |VA —n| = 7r}, r > 0. Note that x < ﬁ on all contours. Then (3.11)
and the estimate e% i 4| sin/A/2| on all contours yield

s VA _ e+ n)? | AR 4 \/_

Dy ()) —4sin > < = 4sm
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Hence, by Rouché’s theorem, D (1) has as many roots, counted with multiplicities, as sin* v/A /2
in each of the bounded domains and the remaining unbounded domain. Since sin*+/A/2 has
exactly one root of the multiplicity four at (2771)2, and since N’ > N can be chosen arbitrarily
large, (i) follows.

The proof for D_ is similar. O

We are ready to prove Theorem 1.2.
Proof of Theorem 1.2. (i) It is enough to consider the case Vig = cop = — V9. We prove the
asymptotics (1.11) for A2, ,, 1 < m < 4. The proof for Az,41,, is similar. Firstly, we prove

rough asymptotics of Ao, m, . Lemma 3.3(i) yields /A2, m = 2mn + &5, |ep| < 1, as n — o0.
By Lemma 3.3,

A
D4 (X) = 4sin* % + O(n_z) as |[VA—mn| <1, n— oo.
Then the identity D1 (A2,,,) = 0 implies

Vionm =2an+e,, ea=0(n""?), 1<m<4 (3.12)

Lemma 3.1(ii) implies /r2n—m = wn + &,, |6n] < 1 for n — oo, m = 0, 1. Moreover, Lem-
ma 3.1(i) gives

p(A) =cj +0(n73), WA —mn| < 1asn— oo.

5 sin® /&
4
Since p(r,) =0, we have
Vnom =48, 8 =0n""?), m=0,1. (3.13)
Secondly, in order to improve these asymptotics of A2n,m, r» We need asymptotics of the multi-

pliers in a neighborhood of the points 7. We introduce the matrix M = U ~' MU with the same
eigenvalues, where

I 0
v= ( 0 ﬁ12> '
We shall show the asymptotics

M) = Mo(h) + €2 (n), Mo(x)=<_cég) g((:\\))> Vi=ran+0(n %), (3.14)

where

C () = diag(cosn,cosn_), S(A) = diag(sinn,, sinn_),

N+ =+/ A F Co. (3.15)
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Estimate (2.6) gives

1
9 (1, A) =cos Vb + % / sinﬁ(l —t)cos «/XtV(t) dr + O(n_z)

—cosf12+—/ (sinv/A +sinVa(l = 20) V() dr + 0(n?),  (3.16)

as n — 400, |ﬁ —mn| < 1. Let Vi=mn+ Up, Uy = O(n_1/2). The Taylor formula gives
sin2¢(wn + uy,) = sin2mwnt + 2tu, cos2wnt + O(n~') and the similar formula for the case of
cos 2t (rn + u, ). Substituting these asymptotics into (3.16) we obtain

9(1,0) = cos VAl + Sizn\/é_coJ + R =C)+Em),  Vi=mn+0(n )
Similar arguments for ¢ (1, 1), 9'(1, 1), ¢’(1, A) yield
o(1,0) = 7S(,\) + 6 (n), 9 (1, 1) = —vVASV) + £2(n), @' (1,A) =C() + 62 (n),

as VA=nmn+ 0mY 2) Substituting the obtained asymptotics into the definition (1.2) of M
and using the identity M=U""MU we get (3.14).

We will use the next standard arguments from perturbation theory (see [11, p. 291]). Let
A, B be bounded operators, A be normal and denote by o (A), o (B) spectra of A, B. Then
dist{o (A), o (B)} < [|[A — B||. Note that MO(A) is a normal operator having eigenvalues el
Hence M has eigenvalues 74 satisfying the estimates |t — e/7*| < |M M0| Then (3.14)
implies

() =" +03(n), asvVa=mn+0(n'?). (3.17)

Now we improve the asymptotics (3.12) for Ay, ,,. We note that A = A2, ,, iff 74 (A) =1 or
7_(A) = 1. Then (3.17) and (3.12) yield

el’ﬂi()\hl‘m) =1 + e%(”), A= )\Zn,m- (318)

Substituting the asymptotics (3.12) into (3.18) we have

V@rn + )2 +co=2mn+€3(n), n— +oo.

and therefore ¢, = Fco/(4mn) + E%(n). Substituting this asymptotics into (3.12) we obtain (1.11)
for Aoum.

Finally, we improve the asymptotics (3.13) of r,,. Note that A = r,,, iff the following condition
is fulfilled: 74 (1) = r:l(k) or 4 (A) = t_(A). The asymptotics (3.17) imply that the second
equation has no solutions for large n. We rewrite the first equation in the form:

et =e -+ 03(n), asVi=mn+0(n"'?). (3.19)
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Substituting asymptotics (3.13) into (3.19) we obtain

Vn+8)2 — co+ v (mn +8,)2 + co =2mn + £1(n),

which gives §, = Z%(n). Substituting (3.13) into we obtain (1.12).

(ii) (a) Assume that we have the periodic spectrum Ao ,,, m = 1,2, Aoy m, m = 1,2,3,4,
n > 1. Using the asymptotics (1.11) and repeating the standard arguments (see [18, pp. 39-40])
we obtain the Hadamard factorization for the function D :

(A=A, DA —2p2) 1—[ A — A

by = 4 Qrn)?

m=1,2,3,4,n>1

In a similar way, we determine D_ by the anti-periodic spectrum. Using (3.10) we obtain p.
Thus, we recover the resonances.

(b) Suppose that we know the periodic spectrum and the set of resonances. Then we determine
the functions D4 by the periodic spectrum and p by the resonances. Using (3.10) we get w1,
uo and then D_. Thus, we recover the anti-periodic spectrum. The proof of another case is
similar. O

4. Example

1. Periodic §-potentials. Consider the operator

2

d
TV:—d?J,-qV, y eC,

where g7 = aJ + y8perJi with the potential Sper = Y 20 8(x —n — %). Let /ﬂf =u1(,q7),
pY =pC,q"),....

Lemma 4.1. For the operator TV = —d*/dx> +aJ + ¥ 8perJ1 the following identities are ful-
filled:

2
, ,u)z/z,ug+2h, o’ =p' +h, Dl:D?t—h, h:%s+s_, y eC.

A.1)

Proof. The solution y(x), x € R of the system —y” 4+ ¢¥y = Ay is continuous and y’(x,, + 0) —
¥ (xn —0) = yJ1y(x;) at the points x = x, =n + % Then the fundamental solutions have the
form:

9 (1) =000), ¢ (x) = (), 0<x<%,

and

N =
N
=
A

| W

87 () = ( e+ (%) ye—($)sp(x — %)) |

yer(3)s—(x = 3) - (x)
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1 _1
(py(x): 1S+(x) 1 Vs*(z)SJr(x 2) ’ l <x< é’
ysp(3)s_(x — 3) s-(x) 2 2
and
o [HOT yZer(3)s-(Ds(x = 3) *
* (@) +yie-(3)ss(Ds_(x = 3)
o () = 54 () 4+ 251 (3)s-(Dsy(x — 3) *
* s— () +y2s- (s (Ds—(x = 3)
for <x<3 5, where * is some term. These relations yield

(e % oy (e %
ﬂ(l)-( L C_(1)>, <p(1)—< N C_(l)),

(s +2h * s (D) +2h *
’9(2)—< * c(2)+2h>’ "’(2)—( * c(2)+2h)'

The last identities and (1.14) imply

y_ Tr@7 (M) +(@)'1) y _ Tr(@7(2) + (p7) @) _
ny = 2 =Ky, Ky = 2

y 94 2h,
which give p¥ = 2(1+;L}/)—(;L 2 =p"+h andDjE_(u,1 :|:1)2—,1,L2 _DO —h. O
We describe the spectrum of the operator 7.

Lemma 4.2. Let the operator TY = —d?/dx*>+q", where ¥ =aJ + YoperJ1, a>0andy e R,

(i) Let0 < a/(27r2) —ng < 1, for some integer n, > 0. Thenfor each n € N there exist analytic
functions z;, (y) ly| < yn for some y, > 0 such that z;, (;/) are the zeros of p¥ (L) and

() =20+ (=D"yif (e, + o<y>)a

1 if1<n<n,,

0 ifn>ng, asy — 0. “4.2)

cp >0, knz{

Moreover, each spectral interval (z,, (y), z,} (y)) CR,n > n, is a gap in the spectrum of T" .
(i) If 2a/n? ¢ N, then for each n > 0,m = 1,2 there exist real analytic functions )u,ﬂ,f,n(y),

Y € (—Y¥n, Vn) for some y, > 0, such that )»n (V) is the zero of the function A,%I (A) — 1 and

)“;,m ()/) < )“r_tm(y)’ n m (O) n m:* (43)

Moreover, each spectral interval (A, (), A, Fa(Y) #B, n > 1, has multiplicity 2.
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Proof. (i) Recall that ny = /A F a. The zero of p¥ (1) = 0 satisfies the equation

2

Ozpy()‘)=f2()»)+VTSJF(A)s_(A), £ =2sin N+ =M= o 77++77_.

2 2

4.4)

The zeros z?z of p% = p(-, ¢°) have the form (1.16) and satisfy the following identities:

\/Z2+a+\/z2—a=ﬂa—n, \/zg—i—a—\/z?l—a:Zmz, if 1 <n<ng, 4.5)

\/z +a+./z) —a=2mn, \/zg—i—a—\/zg—a:i, itn>n, >0. (4.6)

mn

Using (4.5), (4.6) we have the identity

l—cos= >0 ifl <n<ng,

cos = —1<0 1fn>na. @7

sinn. (A) sinn_(M)];—0 = {

Recall that the function f has only simple zeros A = z ,n > 1. Consider the case n > n,, the
proof for 1 < n < ny is similar. We rewrite p¥ (1) =0 in the form

(fQ) =y FW)(FQ) +yFM)) =0, FG)=/—s1()s—(1)/2, F(z5) > 0.

Applying the implicit function theorem to @1 (X, y) =0, where @+ (A, y) = f(A) £y F(}) and
3P+ (z9,0)/91 # 0 we obtain a unique solution z},”i =u=u(y),y € (—yo, 1), u(0) =0 of
the equation @4 (A, y) =0, such that @1 (u(y), y) =0,y € (—y, yo) for some yy > 0.

(i1) Consider the equation 0 = D_’; )= Dg A) — VTzs+ (A)s—(X1). Using

2
Dg(k) = 4sin? ’72+ sin’ 77_ s+ (1) = —sin UES cos — ez

) —(A 1, 4.8
R e S 5 cosn—(Azm1) # 4.8)

we obtain two equations for the zeros of DL/_ ()

2
D(A,y)=sin % - 4777177+ cos % cot % =0, sin — = 0. 4.9

The equation sin (14 /2)/n4+ = 0 has the zeros )‘(1) o+ Consider the first equation in (4.9). Ap-
plying the implicit function theorem to @ (A, y) = 0, where 8®(A2n 1»0)/9A # 0 we obtain a
unique solution u = u, (¥), ¥ € (—¥n, ¥n), un(0) = )\gn’I of the equation @ (A, y) =0, such that
D(uy(y),y)=0,y € (—vu, yn) for some y, > 0. The proof for DY (1) =0is similar. O

2. The perturbed operator. 'We consider the operator T, , = —d?/dx* + qy,» where the po-
tential g, , = aJ + yv,J; satisfies Condition A, y € R is small and a > 0. We determine the
asymptotics of the function p(X, gy ), um (A, gy ), m=1,2.
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Lemma 4.3. Each function p (X, qy.v), im (X, qyv),m =1,2,v=1, %, %, ..., is analytic in C2,

Moreover, uniformly on any compact subset in C? the following asymptotics are fulfilled:

PO gy ) =p" 0+ o), wn(hgy) =) +o(1), m=1,2,v—>0. (410

Proof. The fundamental solutions ¥, ,,, ¢, , of the equation —y” + ¢, ,y = Ay, satisfying the
conditions 9, , (0, 1) = (¢y,)' (0, 1) = I, (8,,,)(0, 1) = ¢, ,, (0, 1) = 0 are the solutions of the
integral equation

X

oy (X.2) = g0, 1) + / 000k — 1, M)y (Dy (£, 1) d. @.11)
0

The standard iterations in (4.11) yield

X

Pv,y = Zn>0§0n,v,y, §0n,v,y(xa A) = / @olx —t, )\)Qy,u(t)(/’nfl,v,y(t’ A)dt. (4.12)

0
The last identity gives
')
Py (X, 1) = / @o(x1. A)( [T et —x, x)qy,v(xk)> dxydx; ... dx,,
0<x|<X2<'++<Xp4]=X I<ksn
(4.13)
where for matrices ay, az, ..., a, we define ]—[f%kgn ay = apan_1 . ..ax. Substituting the esti-

mate [|v/Ago(x, A)|| < e™VA¥ into (4.13) we obtain

n
”\/)_“pn,v,y(X, )\)H < Me\lmzbc7
n!

which shows that for each x > 0 the formal series (4.12) converges uniformly on bounded subsets
of C. Each term of this series is an entire function. Hence the sum is an entire function. Since
vy, — p in the sense of distributions we obtain @, (x, A) = @40,y (x, A) as v — 0 uniformly
on bounded subset of R x C2, which yields (4.10). O

We give

Proof of Proposition 1.3. Lemma 4.3 yields p(%,q,.) = p(X,q7,) and pwn(X,qy,,) —
tm(x,q¥), m = 1,2, uniformly on any compact subset in C2 as v — 0. Then their zeros converge
to the corresponding zeros at v = 0, uniformly on any compact subset in C2. Due to Lemma 3.3
we have convergence of D+ (4, g,,,) and of the Lyapunov function A(A, gy, ). Thus using Lem-
mas 4.1, 4.2 we obtain the proof of Proposition 1.3. O



126 A. Badanin et al. / Journal of Functional Analysis 234 (2006) 106—126

References

[1] B. Brown, I. Knowles, R. Weikard, On the inverse resonance problem, J. London Math. Soc. (2) 68 (2) (2003)
383-401.
[2] R. Carlson, Large eigenvalues and trace formulas for the matrix Sturm-Liouville problems, SIAM J. Math. Anal. 30
(1999) 949-962.
[3] R. Carlson, Eigenvalue estimates and trace formulas for the matrix Hill’s equation, J. Differential Equations 167 (1)
(2000) 211-244.
[4] R. Carlson, Compactness of Floquet isospectral sets for the matrix Hill’s equation, Proc. Amer. Math. Soc. 128 (10)
(2000) 2933-2941.
[5] S. Clark, H. Holden, F. Gesztesy, B. Levitan, Borg-type theorem for matrix-valued Schrédinger and Dirac operators,
J. Differential Equations 167 (2000) 181-210.
[6] N. Dunford, J. Schwartz, Linear Operators, Part II: Spectral Theory, Interscience, New York, 1988.
[71 J. Garnett, E. Trubowitz, Gaps and bands of one dimensional periodic Schrodinger operators, Comment. Math.
Helv. 59 (1984) 258-312.
[8] L. Gel’fand, Expansion in characteristic functions of an equation with periodic coefficients, Dokl. Akad. Nauk SSSR
(N.S.) 73 (1950) 1117-1120 (in Russian).
[9] 1. Gel’fand, V. Lidskii, On the structure of the regions of stability of linear canonical systems of differential equations
with periodic coefficients, Uspekhi Mat. Nauk (N.S.) 10 (1) (1955) 3—40 (in Russian).
[10] P. Kargaev, E. Korotyaev, Inverse problem for the Hill operator, the direct approach, Invent. Math. 129 (3) (1997)
567-593.
[11] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin, 1995.
[12] E. Korotyaev, The estimates of periodic potentials in terms of effective masses, Comm. Math. Phys. 183 (2) (1997)
383-400.
[13] E. Korotyaev, Characterization of the spectrum of Schrodinger operators with periodic distributions, Int. Math. Res.
Not. 37 (2003) 2019-2031.
[14] E. Korotyaev, Stability for inverse resonance problem, Int. Math. Res. Not. 73 (2004) 3927-3936.
[15] M. Krein, The basic propositions of the theory of A-zones of stability of a canonical system of linear differential
equations with periodic coefficients, in: In Memory of A.A. Andronov, Izdat. Akad. Nauk SSSR, Moscow, 1955,
pp. 413-498.
[16] A. Lyapunov, The General Problem of Stability of Motion, 2nd ed., Gl. Red. Obschetekh. Lit., Leningrad, 1935;
reprinted in Ann. of Math. Stud., vol. 17, Princeton Univ. Press, Princeton, NJ, 1947.
[17] V. Marchenko, I. Ostrovski, A characterization of the spectrum of the Hill operator, Math. USSR Sb. 26 (1975)
493-554.
[18] J. Poshel, E. Trubowitz, Inverse Spectral Theory, Pure and Appl. Math., vol. 130, Academic Press, Boston, MA,
1987.
[19] M. Reed, B. Simon, Methods of Modern Mathematical Physics, vol. 2, Fourier Analysis, Self-Adjointness, Acad-
emic Press, New York, 1975.
[20] B. Simon, Resonances in one dimension and Fredholm determinants, J. Funct. Anal. 178 (2) (2000) 396-420.
[21] V. Yakubovich, V. Starzhinskii, Linear Differential Equations with Periodic Coefficients, vols. 1, 2, Halsted/Wiley,
New York, 1975.
[22] M. Zworski, Distribution of poles for scattering on the real line, J. Funct. Anal. 73 (1987) 277-296.



