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Abstract. In the one-particle approximation, the quantum behavior of a (quasi-)particle is
studied in a thin waveguide having the form of a thin curvilinear film (in three-dimensional
space) placed in external magnetic and electric fields. Objects of this type arise in the actively
developing physics of nano-structures and, in particular, in the theory of ballistic transport
of electrons. The corresponding quantum-mechanical equation is a Pauli-type equation with
nonrelativistic Rashba spin-orbital interaction for a two-dimensional vector function. As-
ymptotic solutions of the Cauchy problem with special localized initial data and those of the
spectral problem are obtained. The construction of asymptotic solutions is carried out in two
stages. At the first stage, in the framework of the adiabatic approximation, using the “opera-
tor separation of variables” (the “generalized adiabatic principle”) for a rather broad class of
quantum states, the original three-dimensional equation is reduced to a two-dimensional sur-
face (the limit film), and then diverse solutions of this reduced equation are constructed. The
first part of the paper is devoted to the reduction and the solutions of the Cauchy problem.
Spectral problems will be treated in the second part.
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1. INTRODUCTION

In the paper, we study the quantum behavior of a (quasi-)particle in a thin waveguide having
the form of a thin curvilinear film (in three-dimensional space) placed in external magnetic and
electric fields. Objects of this type arise in the actively developing physics of nano-structures and,
in particular, in the theory of ballistic transport of electrons [11, 10, 34, 16, 19, 33]. In the one-
particle approximation, the corresponding quantum-mechanical equation is a Pauli-type equation
with nonrelativistic Rashba spin-orbital interaction for a two-dimensional vector function ¥ with
components ¥y, Uy (see [10, 17]),

W, =HY,  H=P%/(2m) + vins(r) + vexe (1, 1) — e/ (2me) (o, H) + Hso. (1.1)

Here P = —ihV — (e/c)A(r,t), h is the Planck constant, e is the effective charge, m is the ef-
fective mass of the quasiparticle, ¢ is the velocity of light, vex(r,t) and A(r,t) are the potentials
of the external electric and magnetic field, H = rot A(r,t) is the intensity of the magnetic field,

~

o ={01,02,03} stand for the standard Pauli matrices, and Hgo = a(o, [Vvin, P]) is the inter-
action of the spin with the intrinsic electric field (this interaction is determined by an effective
constant «). We restrict ourselves to the case of a homogeneous magnetic field H. The fact that
the problem is treated in a thin film (the domain ) is reflected by the existence of the so-called

confinement potential viy (r, 1) in the operator H; this potential vanishes on some “middle” smooth
two-dimensional surface I' and rapidly increases along the normal to the surface. This very potential
keeps the particle in a small neighborhood of the “middle” surface I'. The fact that the film is thin
means that the typical “longitudinal” size of the film is much greater than the normal size. Below
we return to the problem to define the domain €2, the surface I', etc.
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2 J. BRUNING et al.

For Eq. (1.1), we consider special boundary value problems and spectral problems formulated
below. It is clear from physical considerations that the dynamics of an electron in the film must
be approximately determined by some effective Hamiltonian on the two-dimensional surface I';
the Hamiltonian can depend on the geometry of the film, its local thickness, and so on. There-
fore, it is natural to decompose the problem to find wave functions on the film into two parts:
1) the reduction of Eq. (1.1) from three-dimensional space to the two-dimensional surface T,
2) the construction of solutions of the reduced equation. The first part of the paper is mainly
devoted to the accurate derivation of the reduced equation. This procedure uses a special version of
the adiabatic approximation, namely, the so-called “operator separation of variables” [5, 14, 1, 2].
We also consider here problems concerning the propagation of localized perturbations for the re-
duced equations thus derived; in this consideration, we use the Maslov canonical operator [26, 29] to
construct asymptotic solutions of these equations and complete the exposition with several simple
examples. The spectral problems are treated in the next part of the paper.

2. OPERATOR H IN CURVILINEAR COORDINATES

Curvilinear coordinates. When seeking solutions of Eq. (1.1), it is natural to use appropriate
curvilinear coordinates. The surface I' can be, for instance, a cylinder or a sphere, and therefore
the coordinates (the longitudinal coordinates x = (z!, 22) and the transversal coordinate y) can be
defined in general only locally, in a small neighborhood of an arbitrary (but connected) part of the
surface I'. Let the surface I' be (locally) equipped with some coordinates x!, z2. Suppose that T is
defined by a vector function R(z!,z?) by the rule I' = {r € R?|r = R(z',2?)}. Let n be a unit
vector orthogonal to the surface I'. In this case, the coordinates x', 22,y can be defined by setting
r = R(x) + yn(x).

Note that the coordinates ', 22 need not be orthogonal in general; however, we always have
(n,n) =1 and (n,9;R) =0, ¢ =1,2. Thus, the metric tensor becomes

Gy = H%ﬁ' O‘ . ab=1,23, (2.1)

1

1

where v;; = (9ivd;r) = g;; + y((O;R,9;n) + (9;n,;R)) + y*(O;n,d;n), i,j = 1,2, and g;; is
the metric tensor on I'. Hereafter, G = det G, = v = det~;;, g = det g;;. As is well known, in
the curvilinear coordinates, to simplify the manipulations, it is useful to replace the function ®
by the function ® = WG'/%. Therefore, we immediately represent the original equation in the
curvilinear coordinates for the function @,

ihd, = [Gl/‘*ﬁG—l/ﬂ o, (2.2)

Write out the Hamiltonian in the form H = ﬁo + ﬁs + ﬁso, where
Ho = (1/2)( = ihV = (¢/¢)A)” + vine (2, ) + vess (1, 1),
Hso = a0, [V, —ihV — (e/c)A]),  Hs = —eh/(2me) (o, H). (2.3)

In the calculation below, it is convenient to use the notation customary for relativity theory,
including the summation with respect to repeated indices. We also write

0; =0/0x7, p;j =—ihd/0x!, P, = p3 = —ihd/dy.

Let us use the invariant form of the operator (—ihV — (e/c)A)? and Coulomb gauge:

0 VG, divA =0,

(—inv - §A>2 - %<7ihdiv—EA)G“b(7ihvb* ZAb), divv = \;Gaxa

c
which gives
GV HoG™V = (v /2)(pipy — 2Aib; + AiAj) + Vext (¥, 1) + vine(z, ) — (iR/2)0i(v7)p;  (2.4)
— (ih/4)7Y Aid; () — (R /2y 20,1y 240, (v =) = (1277140, [y /28, (v /),
where A; = (e/c)(0ir, A) and A, = (e/c)(n, A). Moreover, it is clear that
GY4HsG Y4 = Hg. (2.5)
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 15 No. 1 2008



QUANTUM DYNAMICS IN A THIN FILM, I 3

Finally, let us represent the operator of spin-orbital interaction in an invariant form,

G1/4HSOG71/4: a771/25jkmaa(6kvint)(ﬁm — Am + (ih/4)Om(In 7))7 gj = <(9jr, o), (2.6)
where j,k,m = 1,2,3 and £/*™ stands for the identity completely antisymmetric tensor. Formu-
las (2.4)—(2.6) define Eq. (2.2) in the curvilinear coordinates.

Modelling the film’s boundary: “soft” and “rigid” walls. By problems with “rigid”
walls we mean problems with zero confinement potential vi,; = 0 and with the Dirichlet conditions
Ulsq = 0. In problems on films with “soft” walls, it is assumed that vipy # 0 and ¥ (z,y) € La(y)
for any x. In the latter case, it is further assumed that the potential viy(x, y) is uniquely defined on
the entire space R?. The last condition is too strong; however, since the function ¥(x,y) is usually
exponentially small for y > p, any assumptions concerning the function W in this area negligibly
influence its behavior. To be definite, assume that ¥(x,y)losq = 0. An “empty” film with “rigid”
walls can be regarded as the limit case of soft walls described by a potential with rapid growth near
the boundaries. For example, consider the potential vy (z,vy') = (v//D(x))*™, v = y/p, m > 0. In
this case, vipt(z, yd(x)) — oo as m — oo. Below we restrict ourselves to the modeling of films using
“soft” walls, adding also the hard-wall conditions on the boundary of a certain film neighborhood.

Parameters of the problem. Introduce the typical sizes. Suppose first that the film Q C R3 is
bounded by two smooth surfaces I'y and I'y without boundaries. The quantum process is described
by a wave function ¥(r,t) on the domain Q. Denote by [y the typical size of the domain Q and
by dg the typical thickness of the film. We assume that [y > dy, which means that the film is
thin. This relation leads to the presence of a small parameter ;1 = dy/lp in the problem under
consideration. We refer to p as the adiabatic parameter. Suppose for a while that the film is flat,
Q = {(x1,72,y) € R® : 0 < y < dp}, ie., it is bounded by the planes I'y = {y = 0} and
'y = {y = do}, that there are no electric and magnetic fields, and that the model with rigid
walls is treated. In this case, instead of (1.1), we have the Schrodinger equation corresponding to
a free particle with Dirichlet conditions on I'y and I's. In this case, one can construct the wave
function W(x,t) in the form of a plane wave ¥(r,t) = exp(—iwt + i(kj, z))sin(kLy). This function
is characterized by two wavelengths, the longitudinal length A = 27 /|k||| and the transversal length
AL = 2m/|k,|. We consider processes with transversal wavelengths comparable with the thickness
of the film dy, A, ~ dy. This means that the wave function ¥ has only a few (for instance, one
or two) oscillations in the transverse direction. The number of oscillations of the wave function in
the longitudinal direction has nothing in common in general with the oscillations in the transverse
direction and can be characterized by another dimensionless parameter h = \/ly, which we call
semiclassical or dynamical. In contrast to the parameter u, the parameter h can take different
values corresponding to different wave processes.

Equation in dimensionless variables. Let us now rewrite Eqgs. (2.2)-(2.6) in dimensionless
coordinates, considering the existence of diverse scales. Write x’ = x/ly and 3y’ = y/dy. Introduce
the dimensionless time, t' = ¢/T', T = mdyly/h (the unit is the time needed for a free particle with
longitudinal energy €9 = h?/(md3) to travel the distance ly). We also introduce the dimensionless
potentials v/, = Vint/€0, Vigt = Vext /€0, and A’ = edy(he) A, and also the dimensionless magnetic
field as the number of quanta of the flow of the magnetic field through the rectangle with the sides
lo and do, H' = 27lpdy - H/® and &y = 27hc/e, and the dimensionless quantity o/ = ha/lodp.
The evaluation of the constant & for specific materials and actual magnetic fields shows that o’
does not exceed one. For this reason, we divide Eq. (1.1) by the typical energy of the transversal
motion, €. In this case, Eq. (2.2) becomes

ind®, = H'®, H =Hy+Hs+ Hso, (2.7)

where
Hoy = (v9)2) (003 — 2400 + ALAL) + (1/2) (=02, + 20400, + A”) 0l (2, ' ) + vy (2,1
— 2] P — (in/ 4y Aj0;(In ) = (i/4) A0y (Iny) — (1 /2)y~ /40, [y /2470 (v /)]
— (127 10, (7120, (], Hio = (ua! /41?)eM 0 (05 i) Q. (2.8)
H = p/2(, H'), Q2 = (Plo— Alo+ (in/4)012(In7)), Qs = (—idy + (i/4)9,(In 7)),
2 Ik =gk ),y =), g kom = 1,23,
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS ~ Vol 15 No.1 2008

oj = (0jr,0), Pio=—iud/0x



4 J. BRUNING et al.

Let us stress that, in contrast to vj,, the potential vey includes the parameter p at y’. This
reflects the rapid growth of v;yy in the normal direction to the film.

Equation (2.3) with the Hamiltonian (2.8) is the object of our subsequent investigation. In what
follows, to simplify the notation, we omit the primes at all variables and functions except for the
function H' and the operator H'. The assumption that the external fields and the confinement
potential change rather slowly in the longitudinal direction means that the coefficients in the
operator 7:2 are smooth functions.

Symbol of the operator H' and its expansion. Equation (2.3)—(2.8) belongs to the class
of equations with operator-valued symbol [26, 2]. The variables x and y enter the equation in a
different way with respect to the parameter u, namely, the derivatives with respect to x contain u,
whereas the derivative with respect to the other variable does not. This very fact makes it possible
to apply the adiabatic approximation in the case under consideration. It is convenient to represent

1
the operator (2.8) in the form H = H (—ip 8/8m,:%,8y,y,u), where the digits over the opera-
tors mean the order of their action (see [28]) and the operator-valued function H'(p,z,dy,y, 1),
is obtained from (2.8) by replacing the operators p’; by the variables p;. In order to find approxi-
mate (asymptotic) solutions of Egs. (2.3)—(2.8), we need only several first terms of the expansion
H'(p, x,0y,y, 1) = Ho(p,x,0y,y) + wHi (D, x,0y,y) + > Hy(p,z,0y,y) + -+ in the parameter p.
Using the relations A = Ag + uyAq, Ag = 1/2[H,R], A; = 1/2[H,n], A; = A? + uyAl + O(u?),
A? = <81R, A0>, All = <8ZR,A1> + <8i1’1,A0>, Ay = Ag + /AyAgl/ + O(IUQ), Ag = <1’l, A0>, and
Allj = (n,A;) = 0 and the Taylor expansions of the functions v/*, ~, etc., in the parameter y, we
obtain

Hy(z,p,y, —i0/dy,t) =(1/2)g" PuP; + (1/2) P + vexs (R(z), 1) + vine (2, y), (2.9)
M (z,p,y, —i0/0y,t) = (1/2)y7 PuP; — yg" PrAl +(Vvexs (R(), 1), yn) — i((1/2)(dg" /02")p;
+(1/4)g"™ A0;(In g) +(1/4) A7 [0, (In )], _) +(1/2)(a, H)+g/?(0yvint) (02P1 —01P2).  (2.10)

Here p = (p1,p2), Pr = px — AY, P, = py — Aj, g" = ~k3|,_o, and g = v|,—o. The last summand
in H/ corresponds to the spin-orbital interaction and the coefficients g* define the elements of the
metric tensor of the surface I'. The summands H;- with indices j exceeding 2 have a complicated
structure; however, they are not needed to construct the leading term of the asymptotic solutions
of the original equation, except for the value of H/, for P; = 0 and vext = 0. For H}|p,—0,v.,,—0, We
have

Hy(,0,y, —i0/dy,t) = G(x) — (1/2)g~*0:[¢*?4"0;(g7Y")], G(x) = —(501 — 52)%/8. (2.11)
This term does not depend on y and p, and contains geometric characteristics only, namely, char-
acteristics of the embedding of the film I' in three-dimensional space. We refer to G(x) as the

geometric potential; its role in the theory of waveguides and resonators was first discovered by
V.P. Maslov [25, 30].

Remark. With regard to specific numerical values of the intensities of the magnetic and elec-
trical fields, one actually can and must often assume that the potentials vint(z,y), Vext (R(m), t),
and A; depend on p regularly, and thus the formulas for H{ and H can also include summands
of order O(u). However, it seems to be hardly reasonable to immediately make the corresponding

re-expansions because the formulas become significantly more awkward. For the same reason, we
omit this dependence in the arguments of these functions.

3. REDUCTION TO AN EQUATION ON A TWO-DIMENSIONAL SURFACE

Adiabatic approximation and the “operator separation of variables”. As we said
above, since the problem has different scales in the longitudinal and transversal directions of the
film, it is natural to assume that the original problem can be reduced to a family of two-dimensional
problems describing the longitudinal motion. Certainly, an exact reduction of this kind can be car-
ried out precisely only for a few models, and the reduction is usually carried out in an approximate
or, more exactly, in an asymptotic sense. As a rule, the full asymptotic expansion is rather com-
plicated and has a rather puristic interest. For physical applications, it suffices to construct the

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 15 No. 1 2008



QUANTUM DYNAMICS IN A THIN FILM, I 5

leading term of the expansion (and sometimes several corrections to the leading term). From the
“asymptotic point of view,” the reduction is related to the presence of the small parameter p and
can be realized in the framework of the adiabatic approximation, which we apply in the form
of an “operator separation of variables” (the “generalized adiabatic principle”, [14, 5, 2, 1], see
also [31, 13]). This approach amalgamates the classical Born—-Oppenheimer approximation [6, 7],
the theory of equations with operator-valued symbols [26], the operator methods [28], and also the
“Peierls substitution” from the physics of solids [32, 22].

As was noted above, in the problems under consideration there is another “semiclassical” pa-
rameter h characterizing the longitudinal wavelengths in the film. In every specific problem, it is
natural to assume that these parameters are related, and we set h = u®, where 2 > « > 0. This
relation between the parameters was discussed in detail in [1, 2, 8, 3], where a classification of the
longitudinal waves is carried out (based on a relation of this type) and some remarks are expressed
explaining that, in fact, under the corresponding conditions on the potentials, it suffices to restrict
ourselves to the relations h = O(1) (“long” waves), h = O(y/i) (“medium” waves), h = O(u)

(“short” waves), h = O(u?/?) (“ultrashort” waves), and h = O(u?) and higher (states). The re-
duction we make includes the case of a < 3/2, and the two-dimensional reduced equation thus
obtained (on the surface I') enables one to describe all cases with these values of a. Moreover, this
equation describes solutions whose structure varies in time and solutions containing singularities
with respect to h related to the presence of focal points. (One of the simplest examples of this kind,
namely, a Cauchy problem with localized initial data, is considered in the next subsection.) In the
case of “superexcitated” states, the adiabatic approximation is no longer applicable, the reduced
equation is not related to the original one, and one must use other approaches. We also note that
there are many monographs and publications concerning adiabatic problems, and we mention only
the sources [10, 12, 13, 17, 18].

Let us now discuss the operator separation of variables for Eq. (2.7). Since there are different
scales in the longitudinal and in the transversal directions of the film, one can separate the modes
adiabatically. The standard adiabatic approach enables one to separate the modes as follows: start-
ing from the fundamental papers of Born and Oppenheimer [6, 7], the leading part of the wave
function in the adiabatic approximation is sought in the form of a product

O(z,y,t, 1) = x(y, 2, p)Y(z,t, 1. (3.1)

However, this representation can be used only if the function ¢ (z,t, ) is rather smooth, and it
works badly for sufficiently large energies of longitudinal motion. If the function ¢ (z, ¢, 1) has rapid
oscillations (for instance, if ¢ is a WKB-solution ¢ (x,t, u) = exp(iS(z,t, u)/h)e(x,t, p, h)), then
the representation (3.1) is inconvenient for the decomposition, and it becomes necessary to include
the momentum 0S5/9dz into the factor x(y,z, 1) and use the formula [26]

O(z,y,t, 1) = x(y, ,05/0x, w)(z,t, p) (3.2)
instead of formula (3.1). Recall that the phase S is a solution of the Hamilton—Jacobi equation
0S/0t + H".(08/0z,z,t) = 0 with the so-called effective Hamiltonian H!%(p,z,t). Formula (3.2)
is still not satisfactory because, if focal effects exist (like turning points or caustics), the WKB-
representation is wrong, and the form of ¢ and x must be changed. We want to “correct” for-
mula (3.2) so that the new formula will be valid for focal points and turning points as well. This

correction is based on the observation that, in the case of WKB solution, the right-hand side of
Eq. (3.2) is preserved (up to a small correction, see [26]) if we assume that the first factor is a

1
(pseudodifferential) operator X(:%, —ipud/0x,y,t, u) represented as a function (its symbol) of non-
commuting operators x and p = —ipud/dx. Thus, in the adiabatic approach, it is suggested to seek
U(z,y,t) in the form ) 1
®(x,y,t, 1) = x (T, —ipd/0x, y, t, p)Y(x, t, 1), (3.3)
where y is a 2 x 2 matrix whose elements are pseudodifferential operators. The indices over the
operators mean the order of their action. From the physical viewpoint, we “freeze” not only the
slow variables z (as in the adiabatic approximation) but also the slow momentum which is the
differential operator —ipd/0z in quantum mechanics.

We still have not fixed an equation for the function ¢ (which describes the longitudinal motion).
Following the idea of Peierls substitution in the physics of solids (see [32, 22]), assume that 1 is a

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 15 No. 1 2008



6 J. BRUNING et al.

solution of the following equation describing the longitudinal dynamics:

1

iy = L%, —ip /0, t, u) o, 1 (3.4)
where L stands for the effective Hamiltonian with the essential part Heg(s%, —ipnd/0z,t). The ob-
jective of the present paper is to evaluate the operators L and x and to construct the semi-
classical asymptotics of Eq. (3.4). The evaluation of the operators L and X is reduced to the
evaluation of their symbols, i.e., of the functions L(p, z,t, 1) and x(p, x,t,y, ). As a rule, this eval-
uation cannot be carried out exactly, and we restrict ourselves to the evaluation of the coefficients
L07L17L2|p =0, Xo, and X1 in the expansions L = Lo(p,l‘,t) + :uLl(pa:E7t) + :U’2L2(pax7t) +oe
and x = xo(p, z,t,y) + px1(p, x,t,y) + p?x2(p, z,t,y) + - - -. This turns out to be sufficient to find
the leading term of the asymptotic solutions (with respect to the parameters p or h (see [1, 2, 8]))

we are interested in. The description of the operator separation of variables is presented in these
papers; for completeness of our exposition, we also present it in the appendix.

Effective Hamiltonian and corrections to it. To find the effective Hamiltonian Ly and
the function xq in the situation with “soft” walls, one must solve the following auxiliary spectral
problem for any chosen z:

(= (1/2)8/0y® + vina (2, 9))u(z,y) = e (@)u(z,y),  [ulz,y)], = 1. (3.5)

Denote by || - || and (-, -) the norm and the inner product in Ly (R, ), respectively. As is well known,
the spectrum of this problem is nondegenerate, all eigenvalues are separated from one another,
and the eigenfunctions can be chosen to be real. Therefore, the value of u(x,y) is preserved as
the point = bypasses a closed path on I', and hence the function u(z,y) (as well as €, (x)) is a
one-valued smooth function of x (and y). Let us enumerate the eigenfunctions and the eigenvalues
by the index v, v =0,1,2... We have

Ye(zopt) = (1/2)g7 PiPj+ver, Vet = Vext (R(2),t)+&" (z), x§ = exp(iy(n, Ag))u”Es, (3.6)
where F; is a unitary 2 X 2 matrix in the spin space. The index v is referred to as the index of

“subzone of dimensional quantization.” We fix this index and, to simplify the notation, omit the
dependence on this index in the objects arising below as a rule.

For the model potential viy(z,y) = (y/D(x))*™, m > 0, we obtain ¢, (z) = (d(0)/d(z))?c 1 (0),
where d(z) = D(x)™+1d(0) is the variance of the state with the energy £ (x). Assuming that the
thickness of the film is proportional to d(z), we see that D(x)™+1 is the coefficient of the homothety.
As m — oo, this coefficient tends to D(z), which corresponds to a half of the thickness of the film
with “rigid” walls.

Let us evaluate the first correction for the effective Hamiltonian of the longitudinal motion, i.e.,
the matrix L;. It is determined by the following formula (see the appendix):

. dXO . 8Hg oOH" 8)(0

T oy _/.or @Xo\ ./ T _ OHlgg

L1 = (xo ’H1X°>y Z<X°’ dt >y 1<X0’ [8pj p; } dzi >y’ (3.7)
% _ T8X0 _ 8Hgg 6)(0 8H5ff aXQ

dt ot dxd Op, dp; OxI’

Write Y = Y () = (X0, ¥X0)y- Apply the relations

_ aXO . aIAO 8Hétﬁ' 8X0 . ij
<u7a]u>y - 07 <X07 8t>y - ZYv<n7 W>7 <X07 ap] @>y - ZYg Pzaj <na A0> )
Ygijpi<ajR7 A1> = _Ygijpi <1’1, a]“AO> = (1/2><H7 A>>
9ip; = 097 A}) = 0i(g7Py),  0i(g7AJ) + (1/2)9" AY0;(Ing) + A[0, (In7)]y=0 = 0.
(The last relation is the zero term of the expansion of the gauge rule
9i(v7 Aj) + (1/2)77 Ai0;(Iny) + 0y Ay + (1/2) Aydy(In~y) = 0
with respect to the change y = py’.) This yields

Ly = -Ya!g" PP, — (E(R(z),t), Yn) — (H,A) + (1/2)(c, H) — (i/2)0;(g"P;)
+ 971/2<U7 (OyVint)u) (02 P1 — 01P2).
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 15 No. 1 2008




QUANTUM DYNAMICS IN A THIN FILM, I 7

Here A = [Yn,P], P = ¢¥P;0;R, and E = —Vvexy — T(0A(/0t). The summand in the last row
corresponds to the spin-orbital interaction. Note now that, for any subzone with index v, one can
choose the “middle surface” (by using the change of variable y — y — Y”(x)) in such a way that
the function Y = Y¥(x) vanishes. In this case, the first three summands in the formula vanish.
Further, we have (u, (Oyvint)u) = 0 (see Appendix A3), and therefore the spin-orbital interaction
makes no contribution to L. Thus, as the result, we obtain
= (1/2)(o. H) — (i/2)(0/0")(g"P;),  k.j=1. (3.8)
Finally, it follows from the formula for Lo (see Appendix A2) that the contribution into Lo
for P; = 0, vext = 0 is made only by Hj(z,0,y, —id/dy,t) = G(z) — (1/2)g~/*0;[g*/2g" 9;(g~/*)].
Therefore, La|p—o v=0 = G(x) — (1/2)g~/4(0/02%)[g'/?g*70; (g~ /*)]. Thus, the reduced equa-
tion for the longitudinal function v becomes (we neglect the correcting summands making no
contribution into the leading term of the asymptotic solutions)'

Zﬂlbt [ eff(pu ) +:U’L1 (pa ) —|—,U, g( )]¢7 (39)
where H.g is determined by formula (3.6), Ly by (3.8), and G(x) by (2.11).

The matrix part of the operator on the right-hand side is the constant matrix (1/2)(o, H), which
can be eliminated by the substitution! ¢ = exp(—(i/2)({o, H)t)¢. Furthermore, it is convenient to
present ¢ in the form ¢ = g%/ 4( il ) In what follows, we assume that this substitution is carried
out and that ¢* are the amphtudes corresponding to the spin that is codirected or counterdirected
to the magnetic field. To simplify the notation of the equation derived above, we also note that the
summand —(ix/2)d; (9" P}’) in (3.8) should be referred to the operator Lo as an addition needed

for Ly to be self-adjoint and occurring due to asymmetric (non-Weyl) quantization of the “kinetic”
part of its symbol (1/2)g"P;P;; the same holds for the second G-summand in (2.11) which occurs
in the Laplace—Beltrami operator due to the modification of the measure of vector functions under
the change ¥ — & = UG'/4. Finally, for the functions ¢*, we have

+
2 = (B + v (R(), 1) + 1.(2) + 026 (@), (3.10)
0
- M = — \;*8'%,1\/79,”_'_21.92]146_{_9 AA +f<8 7,\/>g” >

where G(z) = —(301 — 32)?/8, Ay stands for the Laplace operator on the surface I' with regard
to the curvature and the presence of magnetic field (which manifests itself in the replacement of
the derivatives by “long” derivatives). We especially note that the spin in the preserved summands
in the equation thus obtained is totally absent, which means that effects related to the spin are
inessential for the leading term of the asymptotics.

The recovering of a solution of the original equation from the functions ¥* is carried out by the
formula

U =g'/tG™ 1/4(exp(zy(n Ag))u” + ,MX1(—W 8/5:E 7 )Y, t)) eXp(—(i/2)<U7H>t)(zJ—r ) (3.11)

Note that, first, the summand px;(—ip 8/81‘ z y,t) (in contrast to xo) is really an operator
rather than a functlon and, second, this summand gives only a correction to the leading term:;
however, if we do not take it into account, then the function thus constructed is not an asymptotic
solution of the original equation. These problems were discussed in detail in [1, 2, §].

4. CAUCHY PROBLEM WITH LOCALIZED INITIAL DATA

Let us show by an example of the Cauchy problem with localized initial data how one may find
solutions which are related to regimes with diverse wavelengths on one hand, and contain focal
points and change their structure in the course of evolution on the other hand.

Representation of initial data in the form of canonical operator. Let us suppose for a
while that T is a diffeomorphic to the plane R?. Let h be a small positive parameter and let V(2),
z € R?, be a smooth function decaying at infinity as 1/|z|¥, k > 1, where the derivatives OV /z;

1Since the magnetic field is directed along the z axis, the matrix (o, H), and hence the matrix L1 as well, is diagonal
(with the elements +(1/2)|H| — (i/2)0; (g% P;)).
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decay as 1/|z|**1. Write 2 = z/h, z € R2. The function V(x/h) is localized in a neighborhood of
zero. The objective of this section is to construct the asymptotics of the Cauchy problem

¥|,_y =V(z/h) (4.1)

for the reduced equation (3.10). Here we consider the case in which the parameter h is related to u
by u = h®, where o > 0. In particular, we claim that the form of the asymptotic behavior of the
Cauchy problem heavily depends on this ratio (i.e., on «). To solve the Cauchy problem, we would
like to use the general scheme [26, 29] based on the Maslov canonical operator. To this end, we

use the following representation for localized functions. Denote by V(p) Fourier transform of the
function V'(z), 1
Vip) = — P2V (2)dz.
W)= 5= [ IV

Here the symbol (-,-) stands for the real inner product. In this case, we have the formula

1 . -
V(z/h) = — / e/ P2}y (p)dp. (4.2)
27 R%

The function V(z/h) rapidly decreases outside a small neighborhood of the point x = 0.
Meaning the study of asymptotic solutions of the Cauchy problem with the initial data of the

form (4.2) for partial differential equations, one can represent the expression on the right-hand side
in the form of the Maslov canonical operator K KQ on the Lagrangian manifold (a plane) given by
0

A2 ={p=a,z=0|aecR?} acting on the function V() on A2,
V(z/h) = (h/D)K}a[V(a)). (4.3)

The last relation readily follows from the definition of canonical operator with regard to the following
facts: (a) we have (p,dz)|,, = 0; (b) all points on A are focal and infinitely degenerate, and thus
0

A2 is covered by a single focal map x = 0 with the coordinates (p1,p2); (c) the Jacobian satisfies
the relation det dp/0a = 1. Formula (4.3) defines a d-shape sequence and, as h — +0, we have

h=2V(z/h) — 6(x) /R2 V(z)dz,

and, in essence, formulas (4.2),(4.3) give a “spreading” of the Dirac d-function which is based on

the well-known representation ,
§(x) = (2m) 72 / P dp,
R2
If T is not diffeomorphic to the plane R2, for example, I is a sphere or a cylinder, then we assume
that V(z) is finite and preserve (4.1), (4.3).

Shortwave asymptotics. First consider the case in which p = h in (4.1). Having in mind the
representation (4.3) and the general scheme [26, 29], we construct the asymptotics of the solution

of the Cauchy problem (3.10), (4.1). By [26, 29], this asymptotics is expressed using the solution

of the Hamiltonian system in the phase space with the coordinates p = (p1,p2), x = (z!, 2?),

l.‘i = 8Heff(x7p7 t)/apzv pz = *8Heﬂ?($,p, t)/a‘/l“Z (44)

This system generates a canonical transformation 92{0“ taking a point with coordinates (p°,x¢)
to the point (p,x) = g}lcff(po,xo) = P(°, zo,t), X(p°, 20,1t), where P(p°, z0,t), X(p°, ¢, 1t) is the
solution of system (4.4) with the initial data

P‘t:O =, X|t:0 = xy. (4.5)
The transformation gtHeff takes the Lagrangian manifold A2 to the Lagrangian manifold given by
A? = g4 A§ and, for the coordinates on the latter, one can choose the coordinates o induced by
the coordinates on the manifold AZ. Namely, denote by (P(«,t), X(a,t)) the trajectory of (4.4)
issued from the point (o, 0). In this case, A? = {p = P(a,t),r = X(a,t)}.
Let us choose a point (z = 0,p = 0) on the manifold A2 and denote by
Y0 = {p=P°(t) = P(0,t),z = X°(t) = X(0,t)}
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the trajectory of the Hamiltonian system (4.4) issuing from this point (0,0). For any chosen ¢, we
regard (P°(t), X°(t)) as a distinguished point on the Lagrangian manifold A?. Let us introduce a
function V («) on the family of Lagrangian manifolds A7, where V() is constant on the trajectories
P(a,t), X (a,t). On the trajectory 7o, we have the action

dn.

1= [ ({028~ )|

Recall that a point (p,z) = (P(a,t), X(a,t)) (with the coordinates o) on A? is said to be nonsin-
gular if J(a,t) = det 0X /O # 0. This definition works, in particular, for the points (P°(t), X°(¢))
on the trajectory o (with the coordinates o = 0). Let time ¢ be such that the point P°(t), X°(¢) is
nonsingular. In this case, we can define the Morse index m(t) of this point on the trajectory; it is
equal to the number of zeros (counted according to their multiplicities) of the Jacobian J(0,t) on
the interval (0, ¢]. Let us construct the Maslov canonical operator K K% on A? acting on the function

V(a) and write

O, ) = i OB R () (4.6)

One of the main results of this paper is the following assertion.

The function ¥F (x,t, ) is the leading term of the asymptotic solution of the Cauchy problem
(3.10), (4.1) with respect to  mod O(h?) in Lo(T).

This assertion seems to hold for a wide class of films and external potentials. Under some
assumptions, in the second part of this paper, we present a proof using general assertions [26, 29]
on solutions of Cauchy problems. Let us now present a realization and simplification of the general
formula (4.6) in specific situations.

Example 1. Van-Vleck-type formula for localized initial conditions. A rather general
formula can still be obtained under the assumption that the surface I' (the layer) is diffeomorphic
to the plane R? and that the manifold A? is projected onto I bijectively. In this case, the Jacobian
J(a,t) = det 0X (a,t)/0a vanishes nowhere, and the equation

X(a,t) =x (4.7)
can uniquely be solved with respect to c. Therefore, at any point x, we can define (in the coordinates

of z) the action fél(gﬁ’t) (p,dx) and the Jacobian J(a(x,t),t). In this case, formula (4.6) becomes

. . . a(x,t) -
W (8, 1) = —ipeOm—immO26000 [T G (0 1) T 1), D] (48)

If the external electric and magnetic fields are absent, the layer is flat, and its thickness is constant,
then (3.10) becomes the Schrédinger equation for the free particle, Heg = p?, P = o, X = 2at, and
the Jacobian is J = 2t; for ¢ > 0, J does not vanish, the trajectory 7 is the point (0,0), m(t) = 0,
s(t) = 0, [§'{p,dz) = &*t, and a(t,z) = z/2t. Therefore, for ¢ > 0, we obtain a well-known
WKB-formula in quantum mechanics,

ix? /(4ut)
. € ~ (T
OF (2t 1) = —ip < )

- v(=
NeT: 2

If one replaces the function V by 1 (or, which is the same, the function V' by the delta function §(z)),
then formula (4.8) is transformed, up to normalizing factors, to the Van Vleck formula for the semi-
classical asymptotics of the Green function for the Cauchy problem for the Schrédinger equation,
and this formula is well known in quantum mechanics (see, e.g., [4] and also [9]), whereas formula
(4.9) is transformed into an exact formula for the Green function of the Schrédinger equation for
a free particle. This example shows that the solution (4.8) can change its structure, but the inter-
twining operator X and the reduced equation remain invariant with respect to such transformations,
which is the main advantage of the “operator separation of variables.”

(4.9)

Example 2. Flat film in a homogeneous magnetic field. In this example, one can again
obtain explicit formulas. Let © be a flat film of constant thickness (¢1(x) = const), the exter-
nal electric field being absent, and the magnetic field being everywhere constant and equal to
H = (Hy, Ho, H3). In this case, the reduced equation (3.10) given on the plane I' = R? is simply
the equation for a free particle in a constant magnetic field,

ipd /0t = (1/2)(( = in(0/01) + (w/2)w2)” + (= in(0/02) — (w/2)21)" ),
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS ~ Vol. 15 No.1 2008
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where w = Hs. The corresponding trajectories of the Hamiltonian system (4.4) are of the form

1 1
Pi(t,a) = = (a1 + a1 cos(wt) + agsin(wt)),  Pa(t,a) = = (a2 + ag cos(wt) — ay sin(wt)),

2 2
. ] (4.10)
Xi(t,a) = » (a2 — g cos(wt) + ay sin(wt)), Xa(t, o) = ;( — oy + oy cos(wt) + ag sin(wt)).

These very trajectories define the Lagrangian manifolds A7 at the time moment ¢. At the time mo-
ments that are multiples of T' = 27 /w, the trajectories return to the initial points (x1,z2,p1,p2) =
(0,0, 1, a2), i.e., the Lagrangian manifold comes to the original one, and at the other moments,
this manifold is projected to the plane (x1,x2) bijectively. The Jacobian J is equal to

J =det ‘le/aaj’ = w_2‘ _f:lc((::a)t) 1;:25;‘;15) = 4sin?(wt/2)w ™2,

J = 0 at the points t = 27k/w, k = 0,4+1,£2, ..., and the zeros of J are obviously of multiplicity 2.
The trajectory of 7 is the point (p = 0,z = 0), s(t) = 0 and, when “running along” this trajectory,
the Morse index changes by 2 when passing through the points ¢t = 27k /w. Therefore, after “jump-
ing” over k points of this kind, the index becomes equal to 2k, and one can rewrite the exponential
ets(M)/p=imm(t)/2 i the form sign(sin(wt/2)). Let us present the asymptotics of the functions ¢* at
the time instants separated from kT i.e., for some chosen € > 0 and any integers k = 1,2, ..., the
time moments of interest belong to the set |t — kT| > . The phase on the Lagrangian manifold
(in the variables «, the phase is well defined for any t) is

[e% 052 ]
/0 (P,dX) = 5 sin(wt).

w

To evaluate the phase in the coordinates x, one must express a1 and «» in the last formula in terms
of x1,x2 by solving Eq. (4.7). Elementary manipulations give

2 WQ(QC% + x%)

w w
a; = —(xq ctg(wt/2) — x9), ay = —(xo ctg(wt/2) + x1), Q= ———-=.
1= S(arctgt/2) —a2), 0o = S(eactg(wt/2) +a) RO

Therefore, S(x1,z2,t) = (w/4)(2% 4+ 23) ctg(wt/2). Thus, formula (4.8) becomes
TUwW

+_ W iwa?etg(wt/2)/(4p)(r (Y tol(wt/2) —
v 2sin(wt/2) V(z(xlcg(‘”/) z2);

%(mg ctg(wt/2) + xl)) :

As V — 1, we obtain the well-known formula for the Green function for a free particle in a
homogeneous magnetic field.

Example 3: Spherical film. Let € be a film of constant thickness near the unit sphere and
let the external electric and magnetic fields be absent. In this case, the reduced equation is given
on the sphere of unit radius I' = S2,

. oY 2 1 0 . 0 1 0?

— =-"A A= — _—sinf— + —5———
o 5 A sn000 "™ 90 T snZg0s2
where 0 € [0, 7], ¢ € [0,27] are the spherical coordinates.

Let us present the asymptotic solution of this equation in the case of initial conditions strongly
localized at the “noth pole” (0 = 0), ¥|i—o = V (z1/p, x2/p), where z1 = 0 cos ¢, zo = 6 sin ¢ are the
coordinates in a neighborhood of the pole and V is a smooth compactly supported function. The
trajectories of the Hamiltonian system (4.4) that pass through the north pole are the geodesics with

ty/a2 + a3 (mod 27) for t\/a?+ a3 (mod 27) € [0, 7],

21 — t\/a? + a3 (mod 2m) for t\/a?+ a3 (mod 27) € [r, 27],
o'
P(t, a1, az) = arccos (ﬁ)a po(t, a1, ) = \V a% + 0‘%7 Py = 0.
voi+ o
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Modifying the parameters (a1, az) € R?, we obtain a set of points corresponding to the Lagrangian
manifold at the time moment ¢. To any point of the sphere distinct from the poles, at any time
moment ¢t > 0, there comes a set of trajectories that are indexed by the number of performed
full rotations and by the sign of the direction of motion (from the north pole/to the north pole).
This means that, when projecting the Lagrangian manifold from the phase space to the configura-
tion space (the sphere S?), every point of the sphere distinct from the poles has countably many

preimages, ag ) = = ((0 + 27k)/t) cos ¢, agk) =((0+27k)/t)sing, k=...,—2,-1,0,1,2,...
Let us find the asymptotic behavior of the function (6, ¢,t), t > 0, in the cylindrical band
0 € [e,m — €], e > 0. To begin with, let us find the phase on the Lagrangian surface,

(af +a3)t

S(t, Oél,CQ) = /0 {p(T, P, ¢)X(7—7 P7 d)) - H(l’(T, Pa ¢)7p(7—7 Pv ¢))}d7— - 2

The Jacobian of the passage from the coordinates oy, as to the coordinates 6, ¢ of the configuration
space is J = t/\/a? + a3.
The singular points on A? are the concentric circles o? = mn/t, n = 0,1,2,... (the preimages of

the poles of S?). The Maslov index can change when passing from one map to another. However.
since the Jacobian J is everywhere positive, it follows that the modification of the Maslov index is
zero, and the index is zero everywhere. Thus, the asymptotic solution in this example is of the form

k=-+o00
W(O,0,t) = (1/t) > /0 +2rkle! T2V MY (9 + 27k) /1) cos 6, (0 + 27k) /1) sin ¢).
k=—c0

Since the function V' is compactly supported, the function V vanishes at infinity, and the series
can be truncated by replacing the limits 00 by £1/(u)?, where § > 0 is some small number. This
truncation of the series is also useful when justifying the asymptotics.

Example 4: Compact Riemannian manifold. Let 2 be a film of constant thickness near a
compact Riemannian manifold I" and let the electric and magnetic fields be absent (H = E = 0).
In this case, the reduced equation is given on I' and has the form

s
gy = gAY

where A is the Laplace—Beltrami operator on I'. The initial condition is localized at an arbitrary
point Xy € I'. The Hamiltonian flow given by (4.4) is the geodesic flow. Suppose that all geodesics
issuing from Xg contain no focal points.

Let us present an asymptotic solution of this equation outside a neighborhood of the focal points,
i.e., for the points containing no singularities of the projection of AZ. To any point of X € T', at any
time moment ¢ > 0, there comes a family of trajectories issuing from Xy at ¢ = 0. All these trajec-
tories have their own length [(X) and their initial momentum «; we enumerate them by an index
k € I(X,t). The sets of preimages smoothly depend on X € I'; ¢ > 0, and therefore the entire family
of indices is countable and, in what follows, the summation is taken over one and the same set I.

Let us find the asymptotics of the function ¥(0,¢,t), t > 0. The phase on the Lagrangian
surface is . 2

S(t.0) = [ {p(r.P.0)(r. P.g) = H(a(r. P.6).plr. P.o)) b7 = %5
Note that, if we know the expression for aj in terms of X at some moment, then we know this
at any time moment, ax(X,t) = ax(X,1)/t, where ai can be expressed in terms of the length
of the geodesic, af (X,t) = [2(X)t~2. The Jacobian of the passage from the coordinates « to the
coordinates of the configuration space is Ji = Ji(X)t. The Maslov index vanishes because the focal
points are absent by assumption. Thus, in this example, the asymptotic solution is of the form

zli(X)t/h"}(ak(X’ t))

- 5w
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Gaussian wave packets and “medium” waves. Let us now consider the situation in which
h = \/p and restrict ourselves to the case in which the initial function has the form of Gaussian
exponential V = exp (—(y, B%y)/2). Here B® stands for a symmetric positive 2 x 2 matrix. Assume
that the initial function is localized in a neighborhood of the point x = £. In this case,

V¥ limo = Aexp (— (z — & B%(z — €))/(2n)), (4.11)

where A is a constant. The application of the above scheme to construct an asymptotic solution
without strong additional assumptions is not possible due to a mismatch between the parameters
p and h in the equation and in the initial data. If we take p for the “basic” parameter, then the
corresponding functions V'(y) and V' (p) should be replaced by V (y,/iz) and V(p/,/1), and thus the
amplitude in the asymptotics becomes a rapidly varying function, which prevents an application
of formula (4.6). In this case, to construct an asymptotic solution, one can use complex germ the-
ory [27, 15]. Let us describe these solutions. They consist of a trajectory (P(t, &), X (t,&)) of the same
Hamiltonian system (4.4) issuing from an initial point of the form (P(0,¢), X (0,£)) = (0,¢); along
with this chosen trajectory, one must find matrix solutions (B(¢,&),C(t,€)) of the linear system
(system in variations which is linearized on the trajectory (P(t,£), X (t,€)) of the system (4.4),

B = —Hp(P(t,£),X(t,€))B — Huo(P(t,£), X (t,€)C,  B|,_, =B

. (4.12)
C = Hyp(P(t,€), X (1,€)B + Hyo(P(£,9), X (£,))C,  C|,_, = E.

Note that det C' # 0 for any ¢ [27].

Proposition 4.2. The asymptotics of the solution of the Cauchy problem (3.10),(4.11) is de-
termined by the formula (see [27])

V(1) = (A)y/det O(F, ) Jy (PO, X1 0)=H(X(1,6).P(1.£)))an
x el mP(L&) =X (16) o(i/2m)(x =X (1), BC™ @=X(16) | (4.13)

Note now that this formula works for any smooth potentials A;, ve, €. g., if A; = O(p) = ,uA}
and veg = v03+puvlg. In particular, this means that the walls of the film vary rather slowly. However,
in this case, the wave packet (its leading part) moves rather slowly and cannot have time to pass
the entire wave film at the (dimensionless) time. On the other hand, in this case, we can pass from
the functions ¥* to the functions

ot = e(i/mVqE (4.14)

(this corresponds to a renormalization of energy) and divide the equation for the functions ¢ by p.
Further, we can modify the time scale and set ¢t = t'/,/j, assuming that the new time ¢’ varies
from 0 to O(1), and thus the “old time” varies up to “larger” values O(1/,/1). However, these are
the very times at which the wave packet propagates along the entire film. We can now pass from
the parameter p to the parameter h, and then the equation for the function ¢ becomes

ihdp® Jot = (—h2 Ay + vig + 26 (x))p™ . (4.15)

The structure of this equation is the same as that of (3.10); however, this equation now describes
“medium” waves with wavelength ~ h. The solution of the Cauchy problem (4.15), (4.1) is de-
termined by formula (4.6) (and its diverse realizations) with the changes u — h, veg — vlg,
and A; — Ajl-. In essence, we have “renormalized” the momenta p and the Hamiltonian Heg(p, =)
by setting

(D, @) = (/) (Hlg(1/)p, ) — o).

It is clear that the long-wave geometric potential G(x) makes here no contribution to the leading
term of the asymptotic solution either (with respect to the parameter h). From the point of view
of formula (4.6), in this situation, formula (4.13) can be regarded as a realization of the canonical
operator at (small) times for which the solution is still localized in a neighborhood of the initial
focal point.
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Propagation of “widely spread” initial perturbations and the long-wave limit. If os-
cillations are absent in the initial condition, i.e., in Eq. (4.1) we have h = 1, the function V(X)
is compactly supported, and Jveg/0z # 0, then, as a rule, the solutions ¢* still oscillate with the
frequency ~ pu. These solutions can be constructed by using the same formula (4.6), but with the
replacement of the Lagrangian manifold AZ by the manifold A2 = {p = 0,2 = a} and the function
V(a) by V(«). Similarly to the previous subsection, a perturbation of this kind practically does
not move along the film at times t O(1) (as p — 0) if A; = O(p*) = p* A} and vy = Vg + pvZg. We
have weak fields, and the walls of the film vary very slowly. The time at which the initial perturba-
tion propagates along the entire film becomes equal to =2, the semiclassical asymptotics do not
work, and one should carry out the following procedure: introduce a function by formula (4.14),
substitute it into Eq. (3.10), set ¢t = #""/u?, and divide the equation for ¢* by p2. This leads to the
equation of long-wave approximation (without a parameter),

i0pT J0t" = (=An +vlg + G(x))p™. (4.16)

This equation must be now solved exactly, and the “geometric potential” G(x) makes a contribution
to the solution. Similarly to the above considerations, we can say that the procedure of derivation
is reduced to the “renormalization of momenta” p and of the Hamiltonian Heg(p, ), namely,

de(p @) = p 2 (Hlg(up, ©) — vlg)

5. APPENDIX

A1l. Operator-valued separation of variables. Let H be a pu-pseudodifferential operator of
the form

~ oAb 2 . ~ s

H= H( —ipd/0x, x,y,—id /0y, u) = Hi;ll7 j=1-

with the operator-valued symbol

H(xapuya —1 a/ayvt’ h) = HO(xvpvya —1 a/ayvt) + ,qu (xvpvya —1 8/8%75) e

We assume that the operator-valued symbol and the coefficients of its expansion are (smoothly
dependent on p, x,t) self-adjoint operators acting on an appropriate Hilbert space with respect to
the variable y with the inner product (-,-),. Consider an equation (a system of equations) for the
vector function ¥ = (¥l ... T,

ipdV /0t = HU. (5.1)
Let us seek solutions of Eq. (5.1) in the form
k L,
\Iji(xa Y, t, M) = Z Xij ( - Z,LL 8/8337 z,Y,t, M)% (1’, t, :u)a (52)
j=1
where ¥ = (1, ...,1%5)T is the wave function of some chosen term (or mode) with multiplicity of
degeneration equal to k and y stands for the “intertwining” matrix pseudodifferential operator
X=X l5 =1, x(pomytm) = xo(p,2,y,t) + pxa(p, @,y ) + -+ . (5.3)
Concerning the vector function v, we assume that it satisfies the “effective” equation
1
. . 2
Ty = L( —ip0/0z, x,t, u)zp (5.4)

given by the matrix operator L,

L= HI:ini'C,j:l: L(p7 T, tv M) = LU(p7 €, t) + IULI(pa z, t) + -
with a matrix Lo(z, p,t) proportional to the identity k x k matrix Ej (Lo(z,p,t) = HlzFE)). The
coefficient of proportionality H' is said to be the (classical) effective Hamiltonian. If one defines

% and L, then the initial problem (5.1) is reduced to a simpler (“reduced”) equation, Eq. (5.4),
for the vector function . The original solutions ¥ are recovered via formula (5.2) by using the

intertwining operator x. The problem of finding the operators x and L is reduced to finding their
symbols (functions) x and L or the coefficients of their expansion in the parameter p.

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 15 No. 1 2008
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Substituting the function ¥ from (5.2) into Eq. (5.1), we obtain iuxy: + iuxi = Hxv. Using
condition (5.4), we represent this equation in the form (YL + iux: — Hx)y = 0. A sufficient

condition for the validity of the last formula is the relation xL +iuyx: — Hx = 0. Let us pass in this
relation from the operators to their symbols [26] by using the following formula: the symbol of the

1 1
product of two operators, A(azc, —ipd/ox, M)B(%, —ipnd/0z, 1), is expressed using their symbols by

1
the rule A(azv, p —ipd/0x, w)B(z,p, 1) (for a correct derivation of this formula for pseudodifferential
operators and the description of the conditions on their symbols, see [28]). This leads to the equation

1
. 2 .
X(p - 8/8377 £, y,t,u)L(p,:):,t,u) + ZMXt(p7x7t7y7/J')
2 . ,
= H(xap — 8/8%% -t a/6y7t7M)X(x7p7yvta /’L)

To solve this equation, we use regular perturbation theory in powers of the parameter . Collecting
terms of zero order with respect to u, we obtain a family of spectral problems (depending on z, p, t)
for the self-adjoint operator Ho(z,p,y, —i0/0y, t),

HO (xap7 Y, —1 8/ay7 t)XO(xupu Y, t) = XO(x7p7 Y, t)LO(xupa t) (55)

Suppose that the asymptotics of the desired function (5.2) is completely determined by an eigenvalue
(effective Hamiltonian or term) H'.(x,p,t) whose multiplicity is equal to k and does not depend
on xz,p,t. In this case,

Lo(z,p,t) = Hig(x, p,t)E, (5.6)

where E is a unitary kx k matrix and the matrix xo(z, p, y, t) formed by orthonormal column vectors
(eigenfunctions of the operator H, which correspond to the eigenvalue H'y(z, p, t)) is the projection
to the eigensubspace generated by the eigenvalue. It is natural to assume that xo(z, p,y,t) depends
smoothly on all its arguments.

Collecting the terms at p/, we obtain nonhomogeneous equations for y; and Lj;,
(Ho — HigE)x; = Fj — Hjxo + xoL;,
where the summands F; depend on xo,...,Xxj—1 and Lg,...,L;_q; in particular, F; = @XO with

B Oxo | .[OHoOxo OHlgOxo1 _ .dxo _ .[0Ho OH[g]0xo

ot " 'lop; 0w 0w op; )~ at " 'Lop;  op; lowi
dXo o 8X0 6H5ff 8)(0 8H(’jff 6)(0

dt ot dzd Op; dp; Oxi’

Since the operator (Hg — H!4E) is self-adjoint, it follows from the Fredholm alternative that the
solvability condition for this equation is equivalent to the condition that the right-hand side is
orthogonal to the column vectors of the matrix xo. This yields L; = (x&', H;x0) — (X3 , F}) (see [26]),
in particular,

L= O ), — i B2 =i [ - ] Sxe 6.7

Assuming that L; is of the form (5.7), one can find a correction, i.e., the matrix
x1 = (Ho — HlgE) ™' (F1 — Hixo + xoL1),

choosing it (to be definite) by the condition of orthogonality to the column vectors of the matrices
Xo and xi. The repetition of this procedure leads to the evaluation of L,, and x,. Formulas (5.6),
(5.7), etc., give the coefficients of the expansion for the symbol of the reduced equation (5.4).

A2. In order to evaluate the symbol Lo, one needs an expression for F5. Let us write it out,
OH1 0xy  Ox§ 8L1} 1 [ O*Hy 0%xy  O*HYy 0%xg
Opj OxJ  Op; Ox7 2L0p;0p; 0x'0x7  Ox'OxI Op;Op,
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By setting A =0, P; = 0, vext = 0 here and using Egs. (2.9), (2.10), and (2.11), we obtain

=600 iromels 0 ()] 90 = g )

Denote by ag the coefficients of the first fundamental form on I'. In this case, d;n = af O0;R, and
ojir =0;R+ydn = (5;“ + ya?)(?kR. For the matrix +;;, we have
vij = {0, 05x) = (OF + ya) gu (8 + yal),
and thus v = (E + ya)Tg(E + ya),
T =(E4ya) g (E+ya) T =g —ylagT + g7 ") + O(7).
Hence, vfl = —(ag~t + g tal) and yijpipj = —2a§-gjkpipk. The eigenvalues A; of the matrix o
are equal to (—;), and thus

J =det(1 + ya) = (1 — 30y)(1 — sy),
so that

LE 1/22 L _ (b1 — %2)2
Y14 0y {W dy <71/4>} T A1 = ay)2(1 — sy)? (5.9)

A3. Let us choose an arbitrary point x on the surface (but omit it in the notation as an argument
in quantities depending on it); then we have

(1, (Byving)u) = / N u” (y)vine (y)u(y)dy = — / h vint () (u* ()’ (y) + u*' (y)u(y))dy,

— 00 — 00

expressing the products vint (y)u(y) and vint(y)u*(y) in Eq. (3.5) (and its complex conjugate), we
continue,

v (e @)+ 5 W)+ ) (ru) + 0 0)dy

> * 1 * ! 1
—— [ (e @) + 50 ') dy = 5 (' (00 () ) = 0
since the function u vanishes at infinity together with the derivative.

When performing this research, we had numerous and useful discussions with V. A. Geyler.
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