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Abstract. A Helmholtz resonator is a shell Qg1 separating a compact cavity Qin¢ from a

noncompact outer domain Qoyt. A small opening Q% in the shell connects the cavity with the
outer domain, causing the transformation of real eigenfrequencies of the Neumann Laplacian
in the cavity into the complex scattering frequencies of the full spectral problem for the

Neumann Laplacian on ) = R?’\Qsheu.
The Kirchhoff model of 1882, see [21], gives a convenient ansatz

\Ilout(x,V, >\) = \Ilé\{lt(xaya >\) +Aout Gé\{lt($7a7>\)7 S Qout: (1)

for the approximate calculation of the outer component of the scattered wave of the full
spectral problem on €2 in terms of the scattered wave \Ifé\{lt (z,v,\) and the Green function
G(J)\{lt(x,a, A) of the Neumann Laplacian on the outer domain, with a pole at the pointwise
opening Q0 ~a.

In this paper, we suggest an explicit formula for the Kirchhoff coefficient Ay, based on
the construction of a fitted solvable model for the Helmholtz resonator with a narrow short
channel Q° connecting the cavity with the outer domain. The correcting term of the scattering

matrix of the model serves as a rational approximation, on a certain spectral interval, for the
correcting term of the full scattering matrix of the Helmholtz resonator.

DOI: 10.1134/S1061920809020046

1. PRELIMINARIES

A Helmbholtz resonator is a compact shell Qgpenr in R? with a piecewise smooth boundary. The shell
separates the outer domain ., from the inner domain €4, the cavity. In this paper, we assume
that the outer domain and the cavity are connected by a cylindrical channel Q°, of length H,
of radius §, and with imaginable “upper” and “lower” lids 'y and I' (disks) separating the channel
from Qg and Qjy¢, respectively.
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Fig. 1. Helmholtz Resonator.
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CALCULATION OF THE KIRCHHOFF COEFFICIENTS 189

On the domain Q = Qou U Qine U Q°, we consider the Neumann Laplacian LY =: L with
the Meixner conditions imposed on the inner surfaces (roughly speaking, the assumption that the
energy of the scattered field remains finite in every finite region). This condition provides automatic
convergence of the integrals arising in our formulas.

We discuss the full stationary scattering problem for the Neumann Laplacian L in € with the

wave-number k = v/ from an “essential spectral interval” A situated on the positive semi-axis,
in the range of relatively small wave-numbers kH < 7/2 or, equivalently, of large wavelengths,
compared with the length H of the connecting channel.

Typically, one considers the spectral problem for the Helmholtz resonator with a small opening
as a perturbation of the corresponding spectral problem for the Laplacian on ;¢ U Q¢ without
a connecting channel. This is then a standard perturbation problem with embedded eigenvalues.
Lord Rayleigh noticed around 1916, see [39], that a small opening in the shell causes the transfor-
mation of the eigenvalues of the inner problem for the Laplacian in €2;,; into complex “resonances”
and posed the problem of calculating these resonances. The spectral nature of resonances was
understood only fifty years later, see [28]. It has become clear since then that the problem of calcu-
lating the resonances cannot be solved by methods of the spectral theory of self-adjoint operators,
see [2, 3, 33, 34]. Researchers have used advanced asymptotic methods to approximately calculate
the resonances for a small opening (see, e.g., [8, 9, 10, 11, 12]), but the spectral nature of resonances
was hidden in technical details of the asymptotic approach.

Kirchhoff believed, see [21], that the resonator with a small opening can be replaced by a res-
onator with a “pointwise” opening localized at the center a of the upper lid, and supplied with
an asymptotic boundary condition. He suggested an ansatz for the Green function of the above
spectral problem, in the form of a linear combination of the unperturbed Green functions. The
corresponding scattering ansatz (1), with an undefined coefficient Aoy, satisfies the Helmholtz
equation —AW¥ = AWV in Q¢ and the Neumann homogeneous boundary condition on 0€.;. A sim-
ilar ansatz appears in the earlier work of Faddeev and Pavlov [7] as an eigenfunction of a “fake”
Hamiltonian for the Helmholtz resonator in the form of a self-adjoint extension, see [19], of the
Neumann Laplacian defined by some asymptotic boundary conditions at the point a. This fake
Hamiltonian considered in [7] contains several extension parameters which do not seem to have any
naive physical meaning, so fitting them turned out to be a problem. The general question of fitting
all parameters of the model [7] has remained unsolved.

In this paper, we modify the model in such a way that it is fitted, in a sense, on a spectral interval
A, namely, the scattering matrix of the modified model serves as an approximation on A of the full
scattering matrix. The fitted solvable model can be applied in different situations. First, it can give
an explicit approximate formula for the scattered waves in a remote zone, and it also enables us
to calculate the Kirchhoff coefficients approximately. Using this solvable model, one can construct
approximate solutions of the scattering problem with several resonators and, eventually, the meth-
ods developed here can serve as a jump-start in the two-step analytic perturbation procedure for
embedded eigenvalues, as was suggested in [30, 26, 31] by using ideas of [35, 37, 38]. The procedure
of fitting of the solvable model proposed in this paper is based on a rational approximation of the
Neumann-to-Dirichlet mapping (ND-mapping) of the Laplacian in €2;,,; and on transport properties
of a short thin channel. In particular, we suggest an explicit formula for the Kirchhoff coefficient
Aous- Most of the analytic results of this paper are derived under the assumption that the channel
is short and thin, kH < 7/2 and §/H < 1.

2. SOLVABLE MODELS FOR HELMHOLTZ RESONATORS

In this section, we recall the basic setup from [7] for the scattering problem in question. We
assume that the upper and lower disks 'y and T' of the channel Q° are parts of the common
boundary of the shell, of the outer domain {2,,; and the inner domain €2, respectively, I' C 9y,
Tz C 0%y We restrict the inner and the outer Neumann Laplacian Lt — L4 to the
smooth functions which vanish near the centers ar, = ag € Qo and ar € 0y of the upper
and lower disks, respectively.

The deficiency indices of the restricted operators Li"® and L$"* are (1,1), and the deficiency

elements at any complex point of the spectral parameter A are the Green functions Gint(x, ar, A)
and Gout(z, am, \), see [7].
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190 J. BRUNING et al.

We next discuss the asymptotic formulas for the Green functions Ging,out With poles at points
xy € 'y and ar € T on the upper and lower disks. We have

Gint (2, 20, A) = Ging (2, 20, M) + Cr (2,21, M) + (A = M)? Z ¢s 1/}5 mrj/!)?’
s:l

= Gint(z, 20, M) + Mint(zp, A) + -+, (2)

for + — xr and A\ # \,. Here the dots stand for terms vanishing at xr and, for x € I', M is an
arbitrary spectral point (but will typically be large and negative in applications), Cr(z,xr, M)
is a generalized kernel of a compact operator acting on I" which does not depend on A, whereas
Mt (z, xp, \) is a convergent spectral series

[ee]

Mint(mv Ir, )‘) = ()‘ B M)3 Z (As¢j(§;(1f\z(frjz4)3

with the sum over the discrete spectrum {As} and with associated eigenfunctions ;. Note that,
since the disks I', 'y are situated on flat pieces of the boundary of the shell, the inner and the
outer logarithmic terms, e.g., ain¢ log |z — 2r| := (1/87)[1/R1 + 1/R,| log |z — x|, ordinarily found
on the right-hand side of (2) and depending on the mean curvature, see [36], can be omitted.
Similar asymptotic formulas for the outer Green function when x — z g € I'g contain a spectral
characteristic of the outer problem which is represented in the form of the spectral integral over
the scattered waves of Loy at the point 2z on the upper section. The eigenfunctions of continuous

spectrum are 9, (z, k) for k > 0, the eigenvalue, and w € X, the unit sphere, 1, (k?, ) ~ e~ @) 4

12l /(4| x|) fr(w,v) as & — oo-v with the scattering amplitude fi(w,v). If 2 — 25 and Tm A # 0,
then

1 ¢w X k) ¢w($H7k)

Gout(l',xHa)\) — Gout(l‘axHaM) +CH($7$H7 ) (>‘ M) {73 / kzdk/d )\)(k‘Q —M)3
1

" rlz — zy| + Moulzsr, 2). ¥

Here Cy (z,x g, M) can be found by iterating the Hilbert identity which reads, suppressing the other
variables, G(\) = G(M)+(A—M)G(N)G(M) = G(M)+(A—M)[G(M)+(A—M)G(N)G(M)|G(M) =
GM)+ (A= M)G(M)G(M) + (A — M)>?G(M)G(A\)G(M) = ---. The limit of the spectral integral
on the positive semi-axis, as A — A\g = kZ € Ry, on the right-hand side of (3), is defined by the
Plejel (or Cauchy principal value) formula

lim / /-czdk:/d Y (2 "" %(va k)

A—k2 873 k%2 — M)3
_ Wko/ Yo (, ko) ¢w($H,k0) " PV/ k2dk:/d Vo (0, k) o (x5, k)
873 ko (k2 — M)3 873 J, (k2 — k2)(k2 — M)3
1
— (k% oy a)\(:c T, A) + (k2 _M)3Mpv(x,:z:H,)\).

Here PV stands for the principal value of the integral and £ for the spectral density of scattered
waves.

By the uniqueness theorem for matrix R-functions [27], for any zj, there are only finitely many
degenerate points Ao (with gi (g, xm, Ao) = 0) on the chosen essential spectral interval A.

Assumption 1. Assume that, for a given small flat upper disk centered at ay, there are no
zeros of the imaginary part Im Gout (2, y, A 4+ i0) on the chosen essential interval A,

Im CTYout (.’E, Y, A + 7’0) ~T (ag/a)‘)(aH7 ag, )‘) > 07 (4)
for \=k?c A, z,y€ly.
Now, combining the asymptotic formula (3) for the Green function at the pole xy € I'y with

the asymptotic formula for the imaginary part of Gout(z, g, A +i0) as © — xy, we obtain the
asymptotic formula for the outer Green function as x — z .
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CALCULATION OF THE KIRCHHOFF COEFFICIENTS 191

Lemma 2.1. An asymptotic formula for the outer Green function G(x,z g, A+10) on the upper
shore of the continuous spectrum [0,00), as © — xp, is given by

1
2r|lx — xy|
o
2|z — 2y

o€
Gout (T, 2, A +i0) = +C(x,xyg, M) +im a)\(mH,mH) + Mpv(xg,xm,A) + -

+Mout($7xH)+"'7 (5)

where the dots stand for terms vanishing at xy .

Remark 1. Due to Assumption 1, the imaginary part of Moy (z,xp) for A € R is strictly
positive on the essential spectral interval A. We do not provide an explicit formula for Moy (2, 25)
here and assume that this quantity is known, as well as the necessary information on the inner and
outer Neumann Laplacians.

In [7], a solvable model of the Helmholtz resonator was suggested in the form of a self-adjoint
extension of the orthogonal sum LI & L3 of the restricted Neumann Laplacian on Qint,out-
The domain of the extension is obtained by imposing a special boundary condition on the asymp-
totic boundary values A, B as © — ar, ay. As was assumed, H = 0, and hence ar = ay. Thus,
the asymptotic boundary values Ajn¢ out and Bingout are defined as the coefficients at the leading
terms at ar = ayg = a,

Aint Aout

Uint = +Bint+"' ; Uout = +Bout+"' ; (6)

27|z — al 27|z — al
of elements in the domain of the corresponding adjoint operators (L") @ (L°")d. The boundary
forms of the adjoint operators are calculated in terms of the boundary values A and B. For instance,
Agut — Agut

out

Toud = lim [~Awv + @ Av]dz® = BY,

out e—0 out
Qout \B(a,e)

Bout- (7)

Here B(a,e) = {z € R® : |z —a| < &}. A similar formula holds for the inner boundary form.
Therefore, the sum of the inner and the outer boundary forms vanishes if the asymptotic boundary

values A = (Aint, Aout) and B = (Bint, Bout) are subjected to a self-adjoint boundary condition
with a Hermitian 2 x 2 matrix 3 (for instance, if BB = /T)

Unfortunately, this naive model cannot be fitted to a resonator with nonzero channel length
H > 0. For a thin short channel (§ ~ 0), another (modified) model can be constructed by using the
same outer operator L(J)\{n =: Loyt and an “inner structure” A, E attached to the lower end I' of the
one-dimensional “link.” This linking is an interval [ar,ag], of length H, and the inner structure
is formed by a finite-dimensional Hilbert space Fr =: E and a Hermitian matrix A: £ — FE. The
modified model is constructed as a “zero-range model with an inner structure,” see, e.g., [29, 4].
We shall show (see Section 5) that this model can be fitted on a chosen essential spectral interval.

Here we use the standard notation for the zero-range models with inner structure that can be
found in, say, [31] and which we briefly recall. The elements in the domain of the formal adjoint

operator U = Uy + A‘fi 1§+ — A I ;1 &~ where Up is chosen from the restricted domain Dy, and
the elements €L € N; of the one-dimensional deficiency subspace IN; play the role of symplectic
coordinates for every element U in the domain Do+ N; + N_; = DO+ of the formal adjoint operator
AaL of the restricted operator Ag. The corresponding boundary form is represented as

T = (64,6 — (€, €0 m, (8)

see [29, 31]. The symplectic coordinates {1 € N; of the solution of the adjoint homogeneous equation
(AJ — AI)U = 0 are connected (see [19]) by the Krein matrix function M,

I+ XA
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192 J. BRUNING et al.

with M = Trace P x[)‘f}P. Here P is a 1D orthogonal projection onto N;. Generally, the Krein

1

function and its inverse —M ™" are R-functions which admit the standard Herglotz representation

N

I+ )MA
+ P:M0+M1>\+Z
=1

A — I

14 AA;

M(A) := Trace P A - I

a, (10)

where M, is real, M is positive, A; are the eigenvalues of A, and ¢; = Trace ;P are the spectral
projections @Q; of A framed as Trace PQ;P by the projections P onto the chosen 1D deficiency
subspace N;.

To construct a fittable model of the Helmholtz resonator, we attach the inner structure {E, A}
to the pointwise opening a = ay via a one-dimensional link, of length H, connecting the points
(ar,am), see Fig. 2, and set M =: Mr.

ar

Fig. 2. Inner link structure for the cavity of a resonator.

We assume that the link (ar,ap) is directed (inner to outer) and one-dimensional, with the
operator —d? on it. Then the transmission of the Neumann/Dirichlet data uf., ur — u/y, uy
from the lower end ar of the channel a, to the upper end ap is defined by the 1-dimensional
Neumann-to-Dirichlet mapping of the link, in particular:

ND[* i NDH, (11)
where NDr = ZE = — /vltr and NDy = _1;;\2_;/; f/a; }\I/J’r\f/[/:lr = — /\jH. The direction of differenti-

ation is defined by the vector (ar, ag). Considering the boundary forms Ji** = /v —uv’ |F, together

with the boundary form of the inner structure jﬁi = g}ﬁ{ﬁ — gﬁfi, we connect the symplectic
coordinates Y with uf., u. at ar by the symmetric boundary condition,

()= 5) (&), w

and thus the sum of the forms vanishes, j1§i +Jp" = 0, if the symplectic variables {4, ur, uf- belong
to the same element (U, u) of the domain of the adjoint AJ @& —(d2)* of the properly restricted
operator. In this way, we also connect M =: Mr with the Krein function of the inner structure,

I+ XA

§- = _PA Y 4 = —ME = —Mr&y. (13)
The boundary form of the Laplacian in oy and the boundary form on the link at the upper lid
are g’A = B" A" — A*BY and J" = —tyvg + g vy. The sum of these forms vanishes if a

symmetric boundary condition is imposed at the upper end ag of the link,

(B () =(a): ()

We now have the following elementary lemma.
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CALCULATION OF THE KIRCHHOFF COEFFICIENTS 193

Lemma 2.2. The Weyl function of the link at the upper lid, “F = — ! = tan VAH _
'y Mp VA

- 1\//\H x tan \/1>\H+Mp’ for any relatively small VAH < 1 is approzimately equal to the expres-

Mp(/\1)+>\H’ with a small error order N\H? < 1, on the complement of a small

neighborhood of zeros of the denominator.

. 1 ~ B
SION — pq R H

This lemma will be used when fitting the solvable model of the Helmholtz resonator in Section 5.

Theorem 2.1. The hybrid operator constructed of the inner structure, the double differentiation
on the link and the Neumann Laplacian in the outer domain, and supplied with the boundary
conditions (12), (14) at the lower and upper lids of the link, respectively, is self-adjoint and defines
a solvable model of the Helmholtz resonator parametrized by the boundary conditions and by the
inner structure A. The outer Kirchhoff constant of the model thus constructed is

_ wout(w7aH) :| = Amoda (15)

Mout + |ﬁ01|72 |:_-/V%H + ﬁll

and the additional term of the amplitude of the solvable model, for the above boundary condition
and the inner structure, is represented as

1 wout (wa aH)wout (I/, aH)

=: 0Qmod (W, 1, A), (16)
3
87 Mout + |ﬁ01|_2 |:_ -/V%H + 611:|

and thus the full model amplitude is equal to ag(w,v, k) = aout(w, v, k) + damoa (w, v, A).

Here agyt is the scattering amplitude of the outer operator Loy and My is the kernel defined
in (3). On the smooth part of the boundary, it is continuous and can be calculated for x = xp.

Note that, below, the choice of inner structure defined by (65) or by Theorem 5.2 connects the
characteristics D of the inner problem, see formula (51), with the inner structure.

Proof. Denote by —/\g the restriction of the outer Neumann Laplacian to the functions van-
ishing near az. Then the restricted operator Ag @ —d? @ —Aq (defined on functions vanishing at
the ends of the link near the point ag on the upper lead and on the vectors e € Ej of the inner
space such that Ae—iel N;) is symmetric and has equal finite deficiency indices (3, 3). Then, after
switching to the original Neumann version of the extension procedure, which is based on isometries,
we conclude that this is also self-adjoint, because every isometry between two finite-dimensional
spaces is injective.

Then our formulas for the scattering amplitude and for the Kirchhoff constant are obtained as
the joint solution of the linear system (12), (14) with the help of (11).

The model constructed in this way is parametrized by the inner structure A and by the matrix
{Bir}. One may guess that the eigenvalues of the inner structure A should simulate properly
renormalized eigenvalues of the Neumann Laplacian on the cavity. The boundary parameters [3;;
have no naive physical meaning. We shall fit these parameters by the comparison of the model
scattering amplitude with the approximate full scattering amplitude.

The referee points out that constants similar to that of A,yt, which was defined at (6), can
be obtained from the asymptotic results of Gadyl’shin [13—-15]. These depend on the asymptotic
behavior at infinity of special harmonic functions in an unbounded domain. We shall discuss these
relationships elsewhere.

3. SCATTERING MATRIX OF THE RESONATOR
VIA THE NEUMANN-TO-DIRICHLET MAPPING

We proceed in this section with studying the extended inner domain Q, U Q% =: Qf, and
considering two boundary problems, namely, the “inner” and the “extended inner” problem for the

Neumann Laplacian Ling, L, in Qine, €25, respectively, with the normal on I', I', directed towards
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.- Solutions to

Qouts —Au = Au, au/an‘r = pr, T € Qing, —Au = Au, 8u/8n‘F = pyg, and x € QF

these problems are given by integral transforms with kernels deﬁned by the corresponding Neumann
Green functions Giyg, G, of the inner and the extended inner problems, respectively. For instance,

QL) i ] / G, 4. Npu(y)dl,  z € Q. (17)

The trace of Q. pr,, on I'y defines the restrictions of the standard Neumann-to-Dirichlet mapping
in Q, to I'y, 8Qi*ntpH/8n‘FH = pH, 8Qi*mpH/8n|8m ATw = 0. Hence, the trace of Qfpr on

[y coincides with the ND-mapping N'D;, prr. The inverse mapping [N'D}, ]! exists if A is not

an eigenvalue of the corresponding “mixed” boundary problem —Au = Au, du/ 8n| 00" \T'y = 0,

u‘FH = 0, and then this inverse is the associated relative Dirichlet-to-Neumann mapping obtained
as the restriction to I'y of the boundary current for the solution of the relative Dirichlet boundary
problem —Au = Au, (‘)u/(‘)n|89§w\F =0, u|FH = um, 8u/8n‘rH =: DN} up, and

DNlnt ND?nt PH = PH- (18)
A similar statement holds for I.

One can consider a similar boundary problem in €,,; with the normal on I'y directed towards
Qout, —Au = Au, 8u/6n|FH = —ppg, and 8u/6n‘89 Ay = 0. The solution of this problem

is given by the integral transform v = [Qpg] (z) = fFH GN . (2,8)pr(s)dT g, because, with the
normal defined as above, 0Qpg /8n‘ 5 = —pH, the corresponding standard Neumann-to-Dirichlet
mapping N Dy (associated with the normal on 'y directed outside Qqy¢) is defined by the trace of
Qpu on 'y, Qoutpr = Tracer, Qoutpm. It is again convenient to note that the inverse [./\/'Dl’iH]*l

of the ND-mapping associated with Iy is obtained as the relative Dirichlet-to-Neumann mapping
for the boundary problem on €, with relative Dirichlet boundary data, for instance, —Au = Au,

8u/8n|8Q =0, u|FH =ur,, and 8u/8n|FH =: DN wup,, . Matching outer normals on I' gives
DNout NDit‘pH Pry = PTy- (19)
As was proved in [32], the singularities of DNy (A\) (regarded as an unbounded operator on

W; / (")) and the poles of DNy () at the eigenvalues of the inner Dirichlet problem can be
separated, see Theorems 3.1 and 3.2 below. These statements are valid both in case of classical
DN-mappings and in case of the relative DN-mapping, by the above formulas (18) and (19). In the
following theorems, Theorems 3.1 and 3.2 quoted from [32], we mean, respectively, both the stan-
dard and relative DN-mappings associated with Dirichlet or relative Dirichlet boundary problems,

out \FH

Theorem 3.1. Consider the Dirichlet Laplacian L, or the relative Dirichlet Laplacian in
Lo(Qint) on a compact domain Qi C R3 with a smooth boundary 02 = I or 02 D T, respec-
tively. The DN-mapping (the relative DN—mapping) of LY. has the following representation on the
complement of the corresponding spectrum a ot in the complex X plane, for M > 0:

DNT(A) = DNT(M) — (A — Mﬂ’*( JP(M) — (A = M)*P*(M)R\P(M), (20)

where Ry stands for the resolvent of L1nt and P(—M) for the corresponding Poisson kernel. A sim-
ilar formula is true for the ND mapping and, after two iterations of the resolvent equation, we
obtain

NDr(A) = NDr(M) + (A = M)Qih (M) Qint (M) + (A — M)*Qif, (M) Ry Qine (M). (21)
Here N'Dr()\) is the trace of Q(\)p on T'. The operators DN (M) and P+ (M)P(M) are bounded
(

from W, 5/2 I') to W,/ 2( I') (onto) and bounded on WS/Q(F), respectively, and the operator function
[PHMRAP(M)] (ar,yr) = Y 9ps/Onlar) dps/nlyr) (A = M) 2 =N)7H (22)
A EEL

is compact in WS/Q(I‘).

On the continuous spectrum, A > 0, the Dirichlet-to-Neumann mapping is defined as the bound-
ary current of the outgoing solution of the corresponding boundary problem, which is obtained as
a limit of the square-integrable solution lim._,o ux1; of the boundary problem with data on T'.
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Let us calculate the boundary currents for the inner and outer domain by differentiating the out-
going solution of the corresponding boundary problem (in the outward direction on I'yy). A state-
ment similar to Theorem 3.1 quoted above is also true for the DN-mapping of the exterior domain,
see [32]. In particular,

DN out(A) = DNow(M) — (A = M)PT(M)P(M) — (A = M)*P*(M)R\P(M), (23)

with the only difference that the first terms of the decomposition contain the DN-mapping and the
Poisson mapping for the exterior domain and the generalized kernel in the last term is represented
via the integral over the absolutely continuous spectrum ¢ = [0, 00), and the integrand is combined
of normal derivatives of the scattered waves ¥ (z, |k|,v), k = |k|v, |v| = 1, Im A # 0, namely,

. 00 (on(ar, K],) 0. /o e 1], )
PHRP( ) = 2n) [ O T

The absolutely continuous spectra Uout of both the Dirichlet and Neumann Laplacians LgltN fill
the positive semi-axis 0 < A < oo with infinite multiplicity, and the scattered waves ¥ (x, k) are
parametrized by the energy A = k% > 0 and the direction v, |v| = 1, or just by the momentum
kv € R3.

The normal limit values of N Dy, can be calculated as above, due to absolute continuity of the
spectrum of Loy, via the principal values limy_,x,+i0 N Dout = i7dE /dN+ PV Qqut, where PV Q¢
is found as the principal value of the sum of spectral integrals. For instance, if M > 0, then

PV Qout(M) R,\ Qout( 27T PV/ dek‘ / dx fLTy k V;¢(%2F, k)\g)7

where the PV limit of the integrals is taken over the complements of a sequence of small nesting
intervals centered at A € R.

In [32], the Hilbert identity is transformed into the corresponding Krein formula for the resolvent,
see (24) below. The transformed expression has a form of Schur complement, see [25], and contains
the denominator Q , (A) 4+ Qout (A) constructed of Neumann-to-Dirichlet mappings of the extended
inner and the outer boundary problems. The Krein formula connects the resolvent of the self-adjoint
operator £ on the composite domain 2, U Q. with the characteristics of the orthogonal sum of
the self-adjoint operators L, & Loyt deﬁned in Ly (€2, ) @ La(Qout) by the homogeneous Neumann
boundary conditions.

Theorem 3.2. The resolvent kernel G(x,y,\) of the operator L for reqular A and x,y in Qout
is represented by the Krein formula

G(xa Y, )‘) = Gout(m7 Y, )‘) - Gout (a;, *, )‘) [ mt( ) + Qout()‘)]il Gout(*a Y, )‘)7 (24)

where the asterisk stands for the wvariable in U'y. In particular, the above formula implies a re-
lationship between the scattered waves (xz,v, \) of the perturbed problem (with opening) and the
corresponding scattering amplitude with the corresponding characteristics of the outer Neumann
problem,

¢($> v, >‘) = onut(x? v, >‘) - Gout (:L‘v *, >‘) [ 1nt( ) + Qout(A)]_l ¢0ut(*v v, )‘)7 (25)
a(w, v, ) = ot (w, 1, 0) + o Swout(* W, A) [Q5 (N 4 Qout (W)™ ous (%, 1, ). (26)

Formulas (25), (26) admit an analytic continuation on the spectral sheet of the variable A = k?
(Imk > 0), and all operator functions on the upper and lower shores of the continuous spectrum
are calculated as weak limits of the values in the corresponding half-planes.

Formula (26) is a multi-dimensional analog of the popular 1D formula for the scattering matrix
in terms of the Weyl function, see, e.g., [16]. The role of the Weyl function in (26) is played by the
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Dirichlet-to-Neumann mapping (actually, its inverse, the ND-mapping). For the use of DN-mapping
in spectral analysis, we refer the reader to the recent papers [17, 18].

Remark 2. The calculation of the amplitude by using (26) requires the solution of the equation

[ 1nt( ) + Qout( )]u - wout(*y v, )\) (27)

Both the operators on the left-hand side of this equation exist and, generically, are mappings
VV21 / 2(I‘) Loy VVQ3 / 2(F ) if A is not an eigenvalue of the relative Dirichlet problem —Au = Au,
u‘r =0, au/an\aﬂm\r = 0. Both Q¢ and 9}, can be extended from WQI/Q(FH) to La(I'y). The
extended operators are compact in Ly(I'). Their sum is also a compact operator. To construct

the corresponding inverse, we must regularize the problem.

If A\g is an eigenvalue of the relative Dirichlet problem and ug is the corresponding eigenfunc-

tion, then dug/On Qing 0, and hence Qj, has a zero eigenvalue. Moreover, Qi Lo (0€2) = Lo(02) ©

{8u0 / 872‘ } Due to the absence of eigenvalues of the outer problem, the operator Qout 1Is invert-

ible, and the inverse is an operator of differential order 1, Q .1 = DNH - ( w)— W, / *(Ty)
or QL = DNE . W}(Ty) — Ly(T'y). The inverse coincides with the relatlve DN-mapping

which is associated with the boundary problem —Au = Au, 8u/8n|89 Ay T = 0, u‘r = ugy,

with the Meixner condition imposed on the inner domain (u € W3, () N W5 (Q)): DNE =
DNTH : ypy — c@u/@n‘r

Because of (21), the operator O} ,(\) can be represented as

;knt()‘) = ;knt( ) (>\ M) 1nt( )Qint( ) (>\ M)2Q1nt( )R/\ Qint (M) (28)

Here we need no smoothness, because the Meixner conditions ensure the convergence of the inte-
grals.

The third term on the right-hand side of (28) can be represented as a series (of one-dimensional
polar terms) convergent with respect to the operator norm on W3 (') x Lo(T),

al 901| 901 79> 3+a/24a’ /2
(- MQZ)\IF v NS M)? (ZA o/ )
1=1 N+1 (29)
— QN 4 (A= M) (ZA 3+a/2+a’ /2) = QN+ KN,
N+1

with the estimates o > 1/2, o' > 3/2, and /2 + o//2 < 3/2 following from embedding results.
The details are like those for the similar estimate in [24].

Note that the compact operator Quyu;: La(I') — WJ(T) is invertible. Its inverse exists for any A,

Im A > 0, and acts as the relative DN-mapping DN ¢ associated with the generalized VV2 (Qout)

solution of the boundary problem —Au = Au, 8u/8n|89 Ar T = 0, u‘r = ur, ImA > 0. The

generalized VV23 / 2(Qout) solution of this problem is unique, see [22], and the corresponding relative
DN mapping is a closed operator DN : W4 (I') — Lo(T'). Then the inverse operator is a closed
mapping Quui onto Lo(I') — W(T).

The operator R-function on the upper half-plane ImA > 0, Q(\) = Qou(N) + 9 (M) +
(A — M)le( )Qint (M), is compact in Lo(T") and defines a closed operator Lo(T') — W4 (T). The
mapping is “onto” if Q(A) does not have the zero eigenvalue. In this case, the corresponding inverse
exists and is bounded, due to the closed graph theorem, see, e.g., [6], Q~1(\): WH(T) — Ly(T),
||Q71()\)||W21(I‘)><L2(F) < 00. The operator R-function Q(A) is smooth on the closed upper half-
plane, and its vector zeros pg are real, Q(us)es = 0, es € Lo(T"). Further, according to [27], it can
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have only finitely many vector zeros of this kind on any finite interval of the real axis of spectral
parameter. Denote by A, the finite set of all vector zeros on the essential spectral interval A and
select, for a given rational approximation (29), a real neighborhood of A, such that the condition

sup  [|Q NN |y =g < 1 (30)
AEA\A,

holds on the complement of A, in A. Then the operator function Q+ ™ (A) is invertible on A\A,,,
and equation (27) can be rewritten on A\A, in a finite-dimensional form,

u [Q+EYN] TN = [Q+ KNV tout (5, 1, A). (31)

Summarizing the above discussion, we obtain the desired regularization of problem (27). An ex-
tended discussion can be found in [24].

Theorem 3.3 (cf. [24]). Problem (27) is reduced on A\A, to a finite-dimensional equation
and has a unique smooth solution u € W21/2(F) if X € A\A, is not a zero of the corresponding
determinant, det [I +[Q+ ICN()\)]fl Q{Xt] =:D()\) #0.

Proof. We use the smoothness of the trace ¢out‘r IS W; / 2(I‘) on I' of the generalized eigen-
function 1oy (scattered waves) of Loy.

Theorem (3.3) is used below in Section 5 when fitting the solvable model.

Remark 3. The precise smoothness of the scattered waves 1,y is determined by the smoothness
of the boundary. In particular, for a sufficiently smooth boundary, 0. € Cs, we have at least

ﬂ)out‘r € W25/2(F). Then the right-hand side of (31) belongs to WS/Q(F), and hence u € W§/2(F) €
().
In the next section, we shall develop another regularization method for (27) to obtain an ap-

proximate solution of (31). This regularization is based on filtering the signals by a thin channel
barred at a certain level of frequencies.

4. TRANSPORT PROPERTIES OF A SHORT THIN CHANNEL

Let us now evaluate the contribution of the channel to the additional term of the amplitude (26)
under the assumption that the channel is “relatively short and thin,” kH < 7/2, §/H < 1, see
Fig. 2.

In fact, each of these conditions can be loosened a little, and we make a few concluding comments
about this. In this section, we shall also impose the harder conditions kH < /2, §/H < 1, which
define “short thin” channels.

«  H
aHO Q° Oar Iza

Fig. 3. A thin short channel.

To evaluate the denominator Qf , (A\)+ Qout () in formula (26) in terms of spectral characteristics
of Qnt, we must transfer the ND mapping of the inner domain from the lower lid I' to the upper
lid Tz along the channel Q°. This will be done by using transport properties of the channel. If
the channel is relatively short and thin, the final formulas turn out to be sufficient for an explicit
asymptotic calculation of the additional term of scattering amplitude. As in Section 1 above, assume
that the channel is a relatively short and thin circular cylinder, see Fig. 3, of height H, 0 < x < H,
of radius §, 0 < r < §, and with the lower lid I" and the upper lid I'g.
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Denote by A, s = 12 () = 672 v} ]? the eigenvalues of the Laplacian on the cross-section of the
cylinder with homogeneous Neumann boundary conditions at » = § and by P,  the projections to
the corresponding normalized eigenfunctions Y, J,, (v, s 7), n = 1,2, ..., with Y,,(¢) = Const et "%,
The eigenvalues v = 62 (v')?2 | are defined by the zeros of the derivative of the Bessel functions,
J! (Vn.s6) = 0. Denote by Py the projection to the constant eigenfunction Yy o = (v/278)~! cor-
responding to the eigenvalue 13 = 0. In this case, Z(n,s)#(O,O) P,.s = Pt is the projection to the

orthogonal complement of the constants on the cross-sections ', T'gy, Py@® P+ = I 'in Ly(T'), La(Tg).
The complementary projections Py, P+ in Ly(T'), Ly(I') are represented as

x(2)) (x(y) pl_ g x@) ()
w2 w2
Here x(z) = xr(x), xg(z) is an indicator of the corresponding lid T', 'y, e.g., xg(x) = 1 if
x € 'y and xg(x) = 0 on the complement 0Q,\I'y. Hereafter, we use spectral data for the
scaled Neumann Laplacian —/A" on an orthogonal cross-section of the channel 5 with respect to
the scaled variables 617 =: ¢, 0 < ¢ < 1, with the scaled eigenvalues >\717,,s = (1/%75)2.
We also consider the boundary problem for the Laplacian on the channel with Neumann bound-
ary condition at » = § and nonhomogeneous Dirichlet boundary conditions on the lids, —Au = Au,
u‘r = ur, u| 5 = um. The relative Dirichlet-to-Neumann mapping A% of this problem on I',T'y is

defined by the normal outward derivatives with respect to the inner domain, on both the sections
I', 'y, and is obtained via the separation of variables,

AS — AHH  AHT _ VA cos VAH -1 Py
ATH AT sin VA H 1 —cos VAH

o0 \/1/37S—>\ cosh\/u,%’S—)\H

+ 2
n,s=1 Sin

For a thin channel, the nontrivial (off-diagonal) component of the DN-mapping, which is responsible
for the transmission of Dirichlet/Neumann data from one lid to another, is essentially defined by
the constant eigenfunction of the cross-section,

571/ — AL 201 PE 0
A~ AD H , 34
°+< 0 -41¢—AL4%H%> (34)

by = (32)

-1
P, = A+ AJ.
h\/V%,s_)‘H 1 —cosh\/y,%,S—)\H ’ ’ l(33)

where —A* is the Neumann Laplacian on the orthogonal complement of constants on the lids T,
'y represented in terms of the scaled variables (on the corresponding scaled section of radius 1).
Let us discuss the approximation suggested above.

The inverse operator, which is the Neumann-to-Dirichlet mapping, can be calculated as

B 1 1
b — <Q‘ﬁ1H Q‘}}r) _ ( VAtan VAH - VAsinVAH ) j o

w w
QFH QFF _\//\ sin VAH VX tan VAH
1 . 1
An,s—Atanh \/ A, s—AH An,s—A sinh /Ay, s —AH 5 5
+Z \/ 1\/ \/" 1\/ Pn,s::Q(]“‘QJ_'

s\ /Ans—Asinh/Ans~AH  y/Ane—A tanh /Ay —AH

This coincides with the restriction of the full ND-mapping of the channel to the lids. Note that the
second sum here also admits the spectral representation

1
o) — ( 1 e\/Al”LH> V—AL-AILH 0

1
e~V —AL-AILH 1 0 VAN

y 1 _ef\/fAJ-fAIJ-H 1
e~V —AL-AILH 1 1 — =2V -AL-AILH
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Therefore, for a thin channel, §/H < 1, the values of the spectral parameter, below the second
threshold Q‘i, can be replaced with small error by the diagonal matrix

1
0
\/=AL ATt tanh\/—AL XL H
0 - ! ’
V/=AL-ATL tanh/—AL—ATLH
1
. Voal_xrlmy 0 .
or even by the matrix -~ B L , because tanh V—AL — \[LH =~ 1 for a thin
VoAl _xrly

channel, §/H < 1.
Hereafter, for a short thin channel

0<VAH <7/2, 6H '<«1, (35)

we use the following approximation:
Q ~ Q)+ P (~A— AP, (é _‘f) (36)

where the second term on the right-hand side deviates from the corresponding exact term by an
exponentially small error

1
0 \/)\n,s_)‘ sinh\/)\n,s—)\H ~ 6,\/)\}“3,52)\ H/(S' (37)

_ 1 0
VAn,s—A sinh /A, =X\ H

For the short channel VAH < 7 /2, a further simplification is possible:

1 -1 1 —1/2 1 0
6 (] —_— —_—
QN)\H<_1 1>PO+PJ_( A )‘I) P 0o —1 />
but now the deviation of the first term on the second line of (36) from the corresponding exact

term contains powers of VIH.

In what follows, we neglect the exponentially small terms (37) in the second term on the first
line of (36) and retain the exact expression for the first term Qy,

- ! ! VA At 11\/>\ ANH 0
Qg,ppr — ( _\/)\tarll VH \/)\sui\/)\H > PO + Z n,s 0 i,s ) Pn,s
VAsinVAH  VAtan VAH n,s VAn,s—X tanh \/An o —X H
1 B 1 Q6 Q6
_ Yo Vs ) p d 0 ) _. HH <Hr
AH <_75 %> ot < 0 _dl> ' < Q?‘H Qiir . 38)

We use the following notation:
\/)\Htan_l\/)\H::%, \/)\Hsinfl\/)\H::'ys,

1 1
dt = P, = . (39
Z\/)\ms—)\tanh\/)\n,s—)\H ’ V=A| — AP tanhv/-A| — AP, H (39)

n,s

and the exponentially small off-diagonal elements of Q‘sF are neglected. Note that the diagonal
elements Q%F, Q‘;[ g are invertible if the channel Q0 is thin. Indeed, for QI‘ZF, we have

1 IS VAtanVAH ] Py n
VI tan VAH 0 [—A] — AP ]2 VI tan VAH '
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Substituting, for thin channel, §/H < 1, the exact ND-mapping of Q? by the above approximation
Qgppr, we admit an exponentially small error O(e=/9).

We carry out the subsequent calculations with the precision of o(5/H), o(v/AH) and just replace
Q° by Qappr In particular, using the above approximation (38) for Q°, we shall calculate the

restriction to I'gy of the ND-mapping for the extended inner domain 2}, nt = Qine UQY. Using [5], one
can construct an approximate spectral representation for the DN- mapplng of the basic domain Q¢

0y /On) (Dpy/On
DNp Z l/)\ )\l’/ + KN, = DN + KX,

with respect to I', on an essential spectral interval A and on its complex neighborhood G . Choose
a number N such that || QI‘ZFICQLHWS/Z(FH) < 1. Then the operators [ — Q3 KN, Q3 — Q3 KN O

are invertible, and therefore we obtain

1

I i © [Q%L]7Y ~ AH Py. (41)
I'T"~dn

[Qdr — QIr K Q] =V = [Q0p] !

Denote by EN = \/l]\i1 o the invariant subspace of L, which corresponds to the eigenfunctions
{gol}l]\il and introduce the spectral projection P = Zl]\il ¢1) (¢r and the part LY = Zl]\il i) (o
of Lint in EN. Below we also use the mappings

al 0py l Iy
T = Z¢l> < QFF >F T‘+ = Z Q?‘F an ‘F> <80l,*>- (42)
=1 =1

The following statement describes the transmission of the Dirichlet/Neumann data from the lower
lid T" of the channel Qs to the upper lid I'j.

Theorem 4.1. For a thin channel (6/H < 1), the approzimation (38) for Q° implies the
following approzimate formula for the relative ND-mapping N'Dj; of QF, on T'gy:

tan VAH I
ND} =d" + Py - Py|VTt
" A0 Asin? VAH 0[

I

)\IN—LN—TVT+TV+V . (43)

Proof. The DN-mapping of Li,; with respect to I' is related to the ND mapping of L}, on the
extended domain ), by the linear system

Qun Qyr PH _ (NDxu pu (44)
Oty Qfr ) \DPNrur ur '

This system yields the representation
—1 —1

which we now simplify by using the explicit expressions for Q° substituted with Q‘Sppr picking up
an exponentially small error. In particular, the first term on the right-hand side of (45) simplifies

to Qfrp — Q%F[Qi{r]ilQl‘iH =dt + tan\/;‘H P,. To calculate the second term in (45), we must

[Q%F - Q%FDNF Q?‘F] u = Q?‘HPH’ (46)
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If the spectral rational approximation of DN is chosen in such a way that the mapping
[Qbr — QFrKN Qb ™ =2V (47)

exists, then, because of the domination condition ||Q%pKC < 1, the solution of the

" s/ oo
above equation can be found by inverting a finite matrix. Indeed, in terms of the new variable

s 9¢p w
v=S"N o <QF/\F_6/\"I ) = (MY — L)~ 1Tu, equation (46) can be represented as

AN — LMYy — TVT o = TV QS p; (48)

hence, v = ;x5 _pyps TV Q2pp. Thenu=VTTo+ VL p=VTH v 4 ppr TVOLyp+
VQlyp, and NDyp = dtp + tan\/‘/;‘H Pop+ Q4 |[VTT v 18 _pyps TV + V} Q% ;;p. Note that

Q= A Sii\/)\H Py = —QJ;;. This completes the proof.
Remark 4. When deriving the expression for N'D7};, we have neglected the exponentially small
off-diagonal terms O (e~ /%) of the component Q and obtained an approximation for N'D%; in the

form of the diagonal matrix
ND}y =~ d+ 4+ MP, (49)

with the scalar function M = ta“f)\AH — )\Sinzl\//\H Trace [VTJr MNfLNI,TVT+ TV +V | Fy. Denoting

D = Trace |VTV \,x ;& _pypr TV | Po, using (41), and replacing the last term in (43) by —1/AH

tan VAH
VA

for short thin channels. It can readily be seen

(on the complement of poles), we also obtain the approximate expression for M, M =
D Trace PoV . tan VAH . D 1

Asin2 VAH  Asin?2VAH VA Asin2 VAH ~ AH?
that the diagonal expression (49) differs from the exact value of N'D}; by an exponentially small
error estimated as

IND}; — d- — MPB|| < CDe #/?, (50)
which is small for a thin short channel and for A outside an open neighborhood of the poles of D.

Remark 5. We might also consider another approximation for N'D}; (less accurate but more
convenient for fitting) for a short thin channel (kH < 7/2,0/H < 1). This approximation is
obtained by replacing V' by PyAH and D by A2H?D for ImD < 0 and set

N 01 I 0Pm
D(3) := Trace [Pol,gil on ‘r> <90” AIN — [N —TVT+ S0’”>< on r}

=S [ Gl (e s _gypeen) [ ] 0w,

again, outside the poles. Then, using (41), for a short channel VAH < 1, we can substitute PyV by
PyAH to obtain M~ H — D — /\31 with a controllable error for small ICI%, [VPy — AHPy] ~ ICI%.

Next, we can estimate the difference D — AH D AH P, on the complement Gp := A\Up of an open
neighborhood Up of the poles of D,

1
Asin® VAH

Under the same condition, we estimate

Trace[D — NH D AH|Py| < || P ||| D). (52)

Trace[PyV — Po(QPr) '] ~ Trace KN, . (53)

Summarizing the above observations (52) and (53), we obtain the following assertion for short thin
channels.
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Lemma 4.1. For small |KY,| and VAH < 1, the function M can be approzimated, with a
relatively minor error on Gp, by the expression M~ H —D — !

AH -
Remark 6. Inserting the expression for M into (49), we obtain, for Qy(\) =: Q. (\) =
d+ +MP, + - - -, a convenient approximate expression for the denominator of the additional term

of the scattering amplitude (26), namely,

1 _
873 QpOUt(*’ W, )‘) [ i*nt()‘) + Qout()‘)] ! onut(*a v, )\)
1 _
~ g Yo (5w, 0) [d + M Py + Qo (V)] Yous (%, 1, \) =1 dan. (54)

*

We also have an exponential estimate for the deviation of O, from d*+ + M Py on the complement
of some open neighborhood of the poles of M, or, following the above arguments, a slightly coarser
estimate for the deviation on the complement Gp of an open neighborhood Up of the poles of D.

5. FITTING OF THE SOLVABLE MODEL

A solvable model of the Helmholtz resonator is said to be “fitted” if the corresponding model
for the scattering matrix serves as a local approximation for the original scattering matrix of the
Helmholtz resonator on the major part Gp = A\Up of the essential spectral interval A, i.e., on the
complement of an open neighborhood of the poles of the corresponding intermediate DN-mapping.

We can fit a solvable model using a comparison of the additional term of the model amplitude
(16) with the corresponding rational approximation.

Note first of all that the values ¥ous(x, w, A), Yout(x, v, A) of the scattered waves in a solvable
model are taken at the center ay of the upper lid. According to Remark 3, the solution u of (27)

obtained by the corresponding regularization is unique and smooth, u € VV23 /2 (T"), for nonsingular
A. Now we can evaluate the solution u of (27) by replacing QF , by the approximate expression (49),
see Remark 4 above. We also replace ©ous(*, w, A) and 9oyt (*, v, \) on I'y by their values at the
center ay of the upper lid which are multiplied by the indicator function xr, = x g of the upper
lid, Yout (7, Wy A) — Yout(arr, w, \)xm(x), v € Tg. Since Yo € WZ(Q), it follows that the trace

of Yous on I'g is smooth, 1oy € W;/Q(FH). By the embedding theorem, the inclusion W;/Q(FH) C
Lip; /3(I'sr) holds, and thus we have the estimate

|1/}0ut(m7 w, )‘) - wout(aHa w, )\)X(l’)‘ < 051/3|)\|3/47 T e FHa (55)

for an absolute constant C, since [[Yout |ly3/2 (') < C|A[. The resulting expression for the approx-
2
imate correcting term of the amplitude is

1

87T3 wout(aHa wa)‘) <XH7 *

out (@m, V,A) =: da. 56

Let us now estimate the difference between da and the original correcting term,
1 . _
873 Yout (¥, w, A) [Qing (A) + Qout (N)] ' Yout (¥, v, A) =t da. (57)

Lemma 5.1. On the major part of the essential spectral interval A, i.e., on the complement to A

of a small open neighborhood of the poles of the relative DN-mapping, the deviation of the solutions
of equations (56) and (57) from each other can be estimated as maxr,, |u — | < Const(5v/\) s

Proof. Let us denote by u and @ the solutions of the equations [QF, + Qout]t = Yous () and
[QF i + Qout]t = X1 (V)Vout (amr, v, \), respectively. Applying the procedure described in Remark 4
to the above equations, we reduce them (for a thin channel, §/H < 1) to the finite-dimensional
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linear system with the determinant det [I + (I + DN outhrjlvd)il DN ot ON ] =: det B()\). We have

int
det B(A) # 0 on the complement to A of the discrete spectrum of the intermediate Hamiltonian.
In this case, maxr,, [u—a| < C5/3|A[*/4/det B(A) = C(6V/\) 1/38 [det B(A)] 7' |A|7/*2 with a constant
C independent of A. This implies the corresponding estimate for the difference da — da, again with
some constant C' independent of \.

Our next step is to compare the approximate correcting term

1
87'('3 wout (CLH, w, )‘)<XH7 [dJ_ + M PU + Qout()\)]71XH>¢out (aHJ v, )‘) (58)

with the correcting term obtained from the solvable model, see (16). To calculate the approximate
correcting term (58), we must solve the equation

[PoM + dt + Qout] u = xu. (59)

Although the problem is ill-posed, we have already discussed above (in Remark 4) a way to regularize
the problem and establish the smoothness of the solution. The difference between the approximate
correcting term and the original correcting term (26) is estimated by using the results of the previous

section. In particular, the term Qf  can be replaced with a minor error by PyM + d+.

Writing u = (po xg + v ) and applying Py = [70%] " xu){xm, PL = I — P to (59), we obtain
the system of two equations for pg,u |, namely,

PJ_dJ_UJ_ +PJ_Qout UJ_+PJ_Qout XHPo = 07 MXHpO+POQ0ut Uy +P0Qout XH Po = XH- (60)

The middle term of the above formula (56) is directly related to the component pg of the solution
of the system

1
; = , = po 2. 61
<XH £y Ount XH> (Po XH XH> Po ( )

The kernel of the integral operator Q. coincides with Green’s function for the Neumann Laplacian
in the outer domain; this kernel can be represented by (5). Hence,

Qoutu = Gout(ajaya )\)U(y)dy = Gout(ajay>M)u(y)dy + Mout(l‘yy7>\7M)u(y)dyv
'y Ty Iy

with a large negative M and a continuous kernel

Mout(way) = ()\ - M)/ Gout(l‘azaM)Gout(zvyv)‘)dZ'
Q

out

One can show that, near a smooth point y € 0Qqy, Green’s function Goyt(z,y, M) has an as-
1 VAL

om|lz—y| 27w for

ymptotic expansion as x € 'y — y € 'y of the form Gou(z,y, M) =
lz —y| VM < 1. Below we use the notation

dad dzd
= 53// e , and therefore // = 6.
rJr 27|z —y r.Jr 27|z —y|

We also use the notation Myt (A+10, a) for the limit of Mt at the center of the upper lid ay = a,
see (4), limy y—q Mout(z,y, A\, M) = C(a, M) + indE /dX (a) + My p = Mout (A + 10, a).
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Theorem 5.1. For small 0, the component py of the solution of (59) is approximately

1 — o(y16%/3 \3/%) 1

PO~ M + 4107+ Mo 62 0ut T M+ y1 07T+ Moy 62

on the magjor part of the essential spectral interval (on the complement of a small neighborhood of
the zeros of the denominator).

Proof. We have already noted at the end of Section 3 that, due to the local smoothness of
eigenfunctions of the Laplacian, see Remark 3, the solution u of the above equation (59) is smooth
and, in particular, u € VV23 / *(T) C Lip, /2(I'). More precisely, due to the corresponding embedding
theorem on the small upper lid and to the relations u € W2(Q) and u‘FH € WS/Q(FH), we see that

supr,, |uL| = supr |u — Pyu| < Const 51/3||u||W3/2 Therefore, equation (60) yields
2

Tw)”
_ dxd
Mpo + (m6%)7* // 4 po + Mous(a) 62 po
rJr 27T|5L° - y|

=1—(n6*)7! / / uJ‘_ dzdy =1 — Const 6*/3 \3/4, (62)
rJr 2mlz — y|

This gives an approximate expression for pg on the major part of the essential spectral interval.

Remark 7. Combining the above result with earlier assertions in Lemmas 4.1 and 2.2, Theorem
2.1, and formula (61), we see that, on a major part of the essential spectral interval (on the
complement of a small neighborhood of zeros of the denominator),

1 w62

<XFH’ * o + Qout XFH> T [H=D— (AH)" 471671 + Moy 762

int
for a thin short channel, and the correcting term (56) for the amplitude is

wout (CLH, w, )‘)> 7"-52 <¢out (CLH, v, )‘)

da ~ 31—-1 .
e [H—D— (AH)"! 4+, 6 71 + Mgyt 762 (63)

Comparing this expression with the corresponding model correcting term at (16) gives
Smoq = [87%] 7 Yout (arr, w, N)) (Yout (arr, v, \) ”

(Bo1)72[H = g iam + Bu] + Mou

We see that the solvable model constructed in Theorem 2.1 is fitted on the complement of an open
neighborhood of the zeros of the denominators of D and My (on the major part of the essential
spectral interval) if

1

= oH-D—(OH) " +ynir ] (65)

1Bo1]72 [H + B

1
_Mr+)\H

for A € A. Since the analytic functions on the left- and right-hand sides of the above equation
are in the Nevanlinna class, and therefore they can be represented by the Herglotz formula (10),
we can compare the polynomial terms of the formula and the polar sum separately and insert the
calculated values of the model parameters into (65) to obtain the following main result of the paper.
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Theorem 5.2. If |ﬁ01|2 =762 and B11 = 6 ‘7 and if My is such that

1 1
_MF+AH__D_)\H’ (66)

then, under Assumption 1, the solvable model constructed in Theorem 2.1 is fitted on the major

part of the essential spectral interval A, damoq = 0a + 0(1), Amod = Aous + 0(1), if the channel Q°
is thin and short.

Remark 8. Note that the inner structure A is subjected to an essential renormalization (66)
compatible with the restriction L of the inner Laplacian to the spectral subspace corresponding
to the essential spectral interval. Moreover, the chosen values of the model parameters are not
uniquely defined, because in (66), we apply the Herglotz formula to a rational function of Mrp
rather than to a linear one. By adding equivalent rational terms to the left- and right-hand sides
of (65), we can transfer some part of the sum of polar expressions to the polynomial part of the
Herglotz formula. However, this is not used here.

6. HISTORICAL REMARKS AND BEST PROSPECTS

This work is essentially a continuation of the paper [7] published jointly by M. D. Faddeev with
one of us (B.P.). In that paper, the connection between the Kirchhoff model and the operator
extensions was discovered and developed later into the zero-range model with inner structure,
see [29]. The problem with that paper was that the authors could not present a persuading procedure
to choose parameters of the operator extension to “fit” the solvable model. This problem proved to
be related to the perturbation of embedded eigenvalues. Eventually, these difficulties were overcome,
inspired by the idea of H. Poincaré, see [35], about the “elimination of dangerous resonances.”
We developed in [30, 26] a modified two-step analytic perturbation procedure based on a “jump-
start” technique. We also used essentially recent progress in spectral representations of the Dirichlet-
to-Neumann mappings and the connection between the DN-mapping and the scattering matrix
discovered in 2001, see [32].

The first problem to discuss next is fitting of the original zero-range model suggested in [7],
which actually corresponds to an “almost point-like opening” obtained as a limit of a short channel,
52X — 0, H/§ — 0. One can expect that, in contrast to the solvable model of the resonator with
thin short channel considered here, this fitting needs just a restriction of the inner Laplacian to
the spectral subspace corresponding to the essential spectral interval rather than an essential re-
normalization of the inner structure A. We feel that the fitting of the original solvable model [7]
of the Helmholtz resonator with “short channel” could be recognized as a solution to the original
1882 Kirchhoff problem, in the original formulation, and simultaneously as a confirmation of the
optimistic 15-year old Gadyl’shin conjecture quoted above [8].

Another tempting problem suggested in [39] is an approximate calculation of the poles of the
scattering matrix and, in particular, the poles of the additional term of the amplitude placed near
the continuous spectrum. These resonances belong to the series of resonances, see [33, 34|, which
appear due to the opening. Certainly, it is natural to attempt to calculate them formally as zeros
of the denominator of the additional term dayoq of the model amplitude. A simple result which
is obtained in this way (and will be published elsewhere) needs a serious verification based on the
matrix version of Rouché’s theorem, see [20]. This verification requires an accurate estimation in the
complex plane of the errors we neglected on the real axis, when deriving approximate expressions
for ND; .. D, Myy:. We discuss the related problems elsewhere.

int»

The problem of approximate calculation of the scattering matrix for the Helmholtz resonator
with a relatively wide opening is more interesting. Recall that we successively simplified the basic
equation (27) for a thin channel due to the fact that all exponential modes in the channel that
correspond to positive cross-section eigenvalues A; ., : J,,(Am,) = 0, are “filtered out” by the
channel. Indeed, they do not contribute to the transfer of the Dirichlet/Neumann data from the
lower section to the upper one, because )\llm 572 > X beginning with [ = 1. When using direct

computing, we are able to relax the above condition, neglecting only the transfer by the higher
modes, namely, [sinh \/)‘rln,l — 82X H/5|71 < 1if Ay > Ao, beginning with some Ag, which is
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to be be chosen large enough. There are only finitely many modes below that level, which can be
taken into account in an explicit way, by the direct computation. The procedure thus suggested
is actually an extension of the perturbation procedure (suggested recently in [1]) for the junction
of a quantum network to the case of Helmholtz resonator. Note that the computational procedure
is suggested there for resonances in any resonator, without additional conditions on the diameter
of the opening. The procedure described above enables us to extend our analysis to Helmholtz
resonators with wide openings, with potentially intriguing applications of this extension, as was
discussed in [24].

7. ACKNOWLEDGMENTS

We express our gratitude to M. Birman and S. Manakov for their criticism of the paper [7],
soon after its publication in 1983. This criticism led eventually to the discovery of the mechanism
of resonance conductance in quantum networks, see [26], and, as a by-product, to the scattering
problem for the Hemholtz resonator and, finally, for one of versions of the problem of fitting of the
solvable model for the Helmholtz resonator.

The first version of this paper was prepared, see [5], as a report presented by the co-authors to the
participants of the program “Quantum graphs: analysis and applications” held at the International
Newton Institute, Cambridge, during the first semester of 2007 (January—June). The authors are
grateful to the International Newton Institute and to the organizers of the program on quantum
graphs for the hospitality and for the support. The authors also recognize a support from the ISAT
grant of the Royal Society of New Zealand; thanks to it, the visit of one of us (J.B.) to New Zealand
in 2006-2007 became possible. B.P. also recognizes the support by RFBR grant no. 03-01-00090.

REFERENCES

1. V. Adamyan, B. Pavlov, and A. Yafyasov, “Modified Krein Formula and Analytic Perturbation Pro-
cedure for Scattering on Arbitrary Junction,” Preprint of the International Newton Institute, NI07016
(2007).

2. A.A. Arsen’ev, “On Singularities of the Analytical Continuation and the Resonance Properties of the
Solution of the Scattering Problem for the Helmholtz Equation,” Zh. Vychisl. Mat. Mat. Fiz. [USSR
Comput. Math. Math. Phys. 12, 112-138 (1971)].

3. J. Beale, “Scattering Frequencies of Resonator,” Commun. Pure Appl. Math. 26, 549-564 (1973).

4. J. Brining, V. Geyler, and I. Lobanov, “Spectral Properties of a Short-Range Impurity in a Quantum
Dot,” J. Math. Phys. 45 (4), 1267-1290 (2004).

5. J. Bruiining and B. Pavlov, “On Calculation of Kirchhoff Coefficients for Helmholtz Resonator,” Inter-
national Newton Institute report series, NI07060-AGA (Cambridge, 2007).

6. M. Fabian, P. Habala, P. Hajek, V. Montesinos Santalucia, I. Pelant, and V. Zizler, Functional Analysis
and Infinite-Dimensional Geometry, CMS series in Mathematics 8 (Springer, NY, 2001).

7. M. Faddeev and B. Pavlov, “Scattering on a Hollow Resonator with a Small Opening,” Zap. Nauchn.
Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 126, 159-169 (1983) [J. Sov. Math. 27,
2527-2533 (1984)].

8. R. Gadyl’shin, “About Merged Poles of an Acoustic Resonator,” Dokl. Akad. Nauk USSR 324 (4), 773~
776 (1992) [“Coalescent Poles of Acoustical Resonator,” Soviet Phys. Dokl, 37 (6), 281-282 (1992)].

9. R. Gadyl’shin, “On the Influence of the Location and Shape of a Hole on the Properties of the Acous-
tic Helmholtz Resonator,” Teoret. Mat. Fiz. 93, 107-118 (1992) [Theoret. and Math. Phys. 93 (1),
1151-1159 (1992) (1993)].

10. R. Gadyl’shin, “On Scattering Frequencies of Acoustic Resonator,” C. R. Acad. Sci. Paris Ser. I Math.
316, 959-963 (1993).

11. R. Gadyl’shin, “Scattering by Bodies with Narrow Channels,” Mat. Sb. 185, 39-62 (1994) [Sb. Math. 82,
293-313 (1995)].

12. R. Gadyl’shin, “Scattering by a Cylindrical Trap in the Critical Case,” Mat. Zametki 73 (3), 355-370
(2003) [Math. Notes 73 (3), 328-341 (2003)].

13. R. Gadyl’shin, “Asymptotics of Scattering Frequencies with Small Imaginary Parts for an Acoustic
Resonator,” RAIRO, Modelisation Math. Anal. Numer. 28 (6), 761-780 (1994).

14. R. Gady!l’shin, “Poles of an Acoustic Resonator,” Funktsional. Anal. i Prilozhen. 27 (4), 3—16 (1993)
[Funct. Anal. Appl. 27 (4), 229-239 (1993)].

15. R. Gadyl’shin, “Systems of Acoustic Resonators in the Quasistationary Mode,” J. Appl. Math. Mech.
58 (3), 477485 (1994).

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 16 No. 2 2009



16

17.

18.

19.

20.

21.
22.

23.

24.
25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

37.
38.

39.

CALCULATION OF THE KIRCHHOFF COEFFICIENTS 207

F. Gesztesy and B. Simon, “Inverse Spectral Analysis with Partial Information on the Potential. I. The
Case of an A.C. Component in the Spectrum,” Papers honouring the 60th birthday of Klaus Hepp and
of Walter Hunziker, Part II (Ziirich, 1995), Helv. Phys. Acta 70 (1-2), 66-71 (1997).

F. Gesztesy, Y. Latushkin, M. Mitrea, and M. Zinchenko, “Nonselfadjoint Operators, Infinite Determi-
nants and Some Applications,” Russ. J. Math. Phys. 12 (4), 443-471 (2005).

F. Gesztesy, M. Mitrea, and M. Zinchenko, “On Dirichlet-to-Neumann Maps and Some Applications
to Modified Fredholm Determinants,” preprint (2006).

I. Glazman, Direct Methods of Qualitative Spectral Analysis of Singular Differential Operators (Gosu-
darstv. Izdat. Fiz.-Mat. Lit., Moscow, 1963; Israel Program for Scientific Translations, Jerusalem, 1965;
Daniel Davey, New York 1966).

1.S. Gohberg and E.I. Sigal, “An Operator Generalization of the Logarithmic Residue Theorem and
Rouché’s Theorem,” Mat. Sb. 84, 607629 (1971) [in Russian].

G. R. Kirchhoff, Gesammelte Abhandlungen (Barth, Leipzig, 1882).

O. A. Ladyzhenskaya, The Boundary Value Problems of Mathematical Physics (Nauka, Moscow, 1973;
Springer, New York—Berlin—Tokyo, 1985).

M. Marletta and M. Levitin, “A Simple Calculation of Eigenvalues and Resonances in Domains with
Regular Ends,” arXiv:math.SP/0611237 v1 8 Nov 2006.

G. Martin and B. Pavlov, “Can One See Round the Corner,” Manuscript. UOA (2007).

R. Mennicken and A. Shkalikov, “Spectral Decomposition of Symmetric Operator Matrices,” Math.
Nachr. 179, 259-273 (1996).

A. Mikhailova, B. Pavlov, and L. Prokhorov, “Intermediate Hamiltonian of a Quantum Network
via Glazman Splitting and Analytic Perturbation Procedure for Meromorphic,” Math. Nachr. 280,
1376-1416 (2007).

S.N. Naboko, “Nontangential Boundary Values of Operator R-Functions in a Half-Plane,” Algebra i
Analiz 1 (5), 197222 (1989) [Leningrad Math. J. 1 (5), 1255-1277 (1990)].

P. Lax and R. Phillips, Scattering Theory (Academic Press, New York, 1967; Mir, Moscow, 1971).

B. Pavlov, “The Theory of Extensions, and Explicitly Solvable Models,” Uspekhi Mat. Nauk 42 (6),
99-131 (1987) [Russian Math. Surv. 42 (6), 127-168 (1987)].

B. Pavlov and I. Antoniou, “Jump-Start in Analytic Perturbation Procedure for Friedrichs Model,”
J. Phys. A 38, 4811-4823 (2005).

B. Pavlov, “A Star-Graph Model via Operator Extension,” Math. Proc. Cambridge Philos. Soc. 142,
365-384 (2007).

B. Pavlov, “S-Matrix and Dirichlet-to-Neumann Operators,” in Scattering (Encyclopedia of Scatter-
ing), Ed. by R. Pike and P. Sabatier (Academic Press, Harcourt Science and Tech. Company, 2001),
pp- 1678-1688.

S.V. Petras, “The Splitting of a Series of Resonances by a ‘Nonphysical Sheet’,” in Mathematical
Questions in the Theory of Wave Propagations 7, Zap. Nauchn. Sem. LOMI Steklov. 51, 155-169
(1975).

S. V. Petras, “Continuous Dependence of Poles of the Scattering Matrix on Coefficients of an Elliptic
Operator,” in Boundary Values of Mathematical Physics 12, Tr. Mat. Inst. Steklova 159, 132-136
(1983).

H. Poincaré, Les méthodes nouvelles de la mécanique céleste, Vol. 1 (1892; 2nd ed.: Dover, New York,
1957).

I. Yu. Popov, “Theory of Extensions and the Localization of Resonances for Domains of Trap Type,”
Mat. Sb. 181 (10), 1366-1390 (1990) [Sb. Math. 71 (1), 209-234 (1992)].

I. Prigogine, “Irreversibility as a Symmetry-Breaking Process,” Nature 246 (9), (1973).

I. Prigogine, “The Microscopic Meaning of Irreversibility,” Z. Phys. Chemie, Leipzig 270 (3), 477
(1989).

Lord Rayleigh, “The Theory of the Helmholtz Resonator,” Proc. R. Soc. Lond. Ser. A Math. Phys.
Eng. Sci. 92, 265-275 (1916).

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 16 No. 2 2009




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
    /RUS ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


