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(c) If 0(&) = mo(&) fori <n <w, then 0(&,) > mo.,(&n)-

As before, this follows from:

Lemma 3.5.12. Let M, (&;]i < w) be as above. There is an wy+1-successful
n—full iteration strategy S to M such that whenever I is an S—conforming n
to n—full iteration from M to M’ and o : M —xm) M', then:

(a) No i < 1h(I) is a truncation point. (Hence the map 7 = 7M1 s q

total function on M.)

(b) If (&) = m(&) for i < n, then o(&,) > w(&,).

The proofs are virtually unchanged.

3.6 Verifying full iterability

3.6.1 Introduction

As we said, full iterability is a difficult property to verify. A theorem that
every normally iterable mouse is fully iterable would be useful, if true, but
seems unlikely. We can, however, prove the following pair of theorems:

Theorem 3.6.1. If M is smoothly a—iterable, then it is fully a—iterable.

Theorem 3.6.2. Let k > w be reqular and let M be uniquely normally k41
iterable. Then M is smoothly k 4+ 1—iterable.

The proofs of these theorems are quite complex. To prove theorem 3.6.1, we
redo much of chapter 2, developing a theory of embeddings which are 3*—
preserving modulo pseudo projecta, which may not be the real projecta, but
behave simiarly. The proof of theorem 3.6.2 requires us, in addition, to delve
rather deeply into the combinatorics of normal iteration, using technique
which, essentially, were developed by John Steel and Farmer Schlutzenberg.

This section (§3.6) is devoted to the proof of theorem 3.6.1. The following
section brings the proof of theorem 3.6.2. In later chapters we shall make
frequent use of both these theorems, but will seldom, if ever, refer to their
proofs. Hence it would be justifiable for a first time reader of this this book
to skip §3.6 and §3.7, taking the above theorems for granted and deferring
their proofs until later.
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3.6.2 Pseudo projecta

In order to prove theorem 3.6.1, we must redo §2.6, allowing “pseudo pro-
jecta” to play the role of the real projecta.

Definition 3.6.1. Let M = (J%, B) be acceptable. Then p = (p;]i < w) is
a good sequence of pseudo projecta for M iff the following hold:

(a) p; is p.r. closed if ¢ > 0.
(b) w < piy1 < pi < plyy for i < w.

(c) J[fi is cardinally absolute in M (i.e. if v € Jé is a cardinal in J[fz, then
it is a cardinal in M).

Note. py < p(])w = Onyy is not excluded. Moreover, p; itself need not be a
cardinal in M.

We shall generally write “p is good for M” instead of “p is a good sequence
of pseudo projecta for M®.

Definition 3.6.2. Let p be good for M = J2. H; = H;(M,p) =: ]J,;é] for
1< w.

We adopt the same language with typed variables v’(i < w) as before. The

formula classes E;Ln) (h,n < w) are defined exactly as before. The satisfaction

relation:
M = ¢[z1,...,z,] mod p

is defined as before except that the variables v’ now range over H; = H;(M, p)
instead of H® = Hi,. A relation R(z',..., zir) is Eg.n)(M, p) (or ZEn)(M)

rrn

mod p) iff it is M—definable mod p by a Z§n) formula.
Similarly for ;g-n), 3*, 3%, We then define:

Definition 3.6.3. 0 : M —_ ) M' mod (p,p') iff the following hold:
i

(a) pis good for M and p’ is good for M’.

(b) ¢"H; C H] for i <w, where H; = H;(M, p),H! = H;(M',p).

(c) Let ¢ be Zgn),go = @(v’f, .. ,v;,p) where i1,...,7, <n. Then:
M [ ¢[7] mod p < M ¢[o(Z)] mod pf

for all 1,...,2, € M such that z; € H;, (I =1,...,p).
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We also define:

Definition 3.6.4. o : M —x+« M’ mod (p, p') iff

o is E((]n)fpreserving mod (p, p) for n < w.

As before, this is equivalent to:
o is Egn)fpreserving mod (p, p) for n < w.

We also write:
o: M —=gm M’ mod p
j

to mean

o M =g m) M’ mod (p,p'),
i
where p; = pf; for i < w.
(Similarly for o : M —x+« M’ mod p'.)
Lemma 3.6.3. Let 0 : M —m) M'. Let p be good for M and define p' by:
i
_ {U(Pz‘) if pi < ply
P if not.

Then o : M —_ @ M’ mod (p,p).

(n
%

(Hence, if ¢ is fully ¥*-preserving, it is also ¥.*-preserving modulo (p, p').)

Proof: Clearly p' is good for M’. Now let R(z%,... ,a:]if) be Eg-n)(M, p),
where i1,...,%, < n. By an induction on n, R is uniformly Zg-n)(M ) in the
parameter u = {p; : L < n A p; < p4,). (We leave the detail to the reader.)

But then, if R’ is El(-n) (M',p') by the same definition, it is Zg-n)(M’) in o(u)
by the same definition. QED (Lemma 3.6.3)

Lemma 3.6.4. Let 0 : M —s« M’ and let p,p’ be as in lemma 3.6.3. Let
k = crit(o), where pi+1 < Kk < p;. Define p” by:

pf =2 plj for j # i, pi = supa”p;.

Then:
o: M —s« M mod (p,p").
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Proof: p” is still good for M’. By induction on n it then follows that o is
Egn)fpreserving modulo (p, p"). QED (Lemma 3.6.4)

One might expect that most of §2.6 will not go through with pseudo projecta
in place of projecta, since (H;, B) is not necessarily amenable when B is
Z(()Z)(M ,p). As it turns out, however, a great many proofs in §2.6 do not use
this property (in contrast to the treatment in §2.5). In particular, lemmas
2.6.3 — 2.6.16 go through without change. Similarly, the definition of a good
function can be relativized to a good p in place of (p};|n < w). We define

Gn = Gp(M,p);G* =G*(M, p)

exactly as before with p in place of (p%,|i <w). Lemma 2.6.22 — 2.6.25 then
go through exactly as before. Leaving the definition of good Zgn) definition
unchanged, we get the following version of Lemma 2.6.27: Let F' be a good
Egn) function mod p. There is a good Egn) definition which defines F

mod p.

Even some of §2.7 remains valid for pseudo projecta. In §2.7.1 we define
[%(r, M) (7 being a cardinal in M) as the set of maps f € M such that
dom(f) € H= HM. In §2.7.2 we then introduce I'" = I'*(7, M) for the case
that n > 0 and 7 < pj;, defining I'" to be the set of f such that:

(a) dom(f) € H=HM.
(b) For some i < n there is a good Egi)(M) function G and a parameter
p € M such that:

f(x) = G(z,p) for all z € dom(f).

Lemma 2.7.10 then told us that, whenever m : M () M’, there is a
0

canonical way of assigning to each f € I'™ a definable partial map 7'(f)
on M’. This continues to hold if = : M ) M’ mod p. The extended
0

version of 2.7.10 reads:

Lemma 3.6.5. Let 7 : M —m) M’ mod p. There is a unique map w
0

which assigns to each f € T™ (1, M) a function ©'(f) with the following prop-
erty:

(*) ©'(f) : m(dom(f)) — M'. Moreover, if f(x) = G(x,p) for all x €
dom(f), where G is a good Egi) (M) function for ani <n andp € M,
then

' (f)(x) = G'(z,7(p)) for x € m(dom(f)),

where G’ is a good Egi) (M, p) function by the same good definition.
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The proof is exactly as before. As before we get:

Lemma 3.6.6. Let u, 7,7, 7" be as above. Then «'(f) = =n(f) for [ €
oz, M).

Thus, again, we could unambiguously write 7(f) instead of 7/(f) for f.
However, this is only unambiguous if we have previously specified the good
sequence p. m depends not only on 7 but also on the good sequence p. For
this reason we shall write: 7,(f) for 7/(f). We can omit the subscript p if
the good sequence is clear from the context.

In §3.2 we then considered the special case that 7 = x* where & is a
cardinal inM. (This is mainly of interest when there is an extender F' on M
at k.) We then set:

I, M) =: {f € I"(s, M)| dom(f) = x}.
We also set:
I'(k, M) =:T%(k, M) where n < w is maximal such that k < pf;.
Let us call p a defining parameter for f € IT'™(k, M) iff either p = f or else:
f(§) = G(&p) forall § <k
(4)

where G is a good ¥}’ (M) function for an i < n. By lemma 2.6.25 we can
then conclude:

Fact 1 Let R(Z,y1,...,yr) be a E(()n) (M) relation. Let f; € I'?(k, M) have
a defining parameter p; for ¢ = 1,...,r. Then the relation:

—

Q(faé) — R(fv flv (51)7 s 7f7“(£)

is Eén) (M) in the parameters &, p1,...,py.
Moreover, if:
o: M — ) M’ mod p.
0

and R’ has the same E(()n)(M , p) definition, then the relation:

—

Q'(7,€) ¢ R, 00(f1)(&1), - -, 0p(fr) (&)
is Zgn) (M',p) in k,0(p1),...,0(pr) by the same definition as Q.

Now let ay,...,am € M and set:

— —

X ={(IR(@, f(£))}
Then X € H}, and (H};, Q) is amenable.
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Fact 2 Let R,R,Q,Q’, f1,..., fr,o, M, M’ be as in Fact 1. Let d, X be as
above. Then:

—

0(X) = (< & =€ o(r)|R (0(a),0,(F)(E))}-

Proof (sketch)
We know:

—

NE<r(= €€ X & Qa¢f))

which is H(()")(M ) in the parameters HM a@,p. (We use here the fact
that x and the Goédel v—tuple function on k are HM-definable.) But

then the corresponding H(()n) (M, p) statement holds of H,(M’, p), o(@),
a (@), o(p). QED (Fact 2)

Note. o is 31 preserving mod p, if n > 0. But then ' = o(k) is a cardinal
in M’, since it is a cardinal in Hy = Ho(M’, p) and py is cardinally absolute
in M'.

We now recall the ()—quantifier:
QZp(2") =: /\uZ \/ vi(vt D Ut A p(v?)).

By a QW formula we mean any formula of the form Qz'o(z"), where Q(v*)
is Egl). We write:
o: M —o« N mod (p,p)

to mean that o is elementary mod (p, p') with suspect to Q™ formulae for
alln < w. Clearly, if o is Q* preserving mod (p, p’), then it is X*-preserving
mod (p, p). If p = (pi,]i <w), we write:

o: M —g« N mod p.

In the following assume:

(1) 0: M —x« N mod p'.

We define a minimal good sequence:
p = minp’ = min(o, N, p’)
with the following properties:

(a) 0 : M =g« N mod p.
(b) supo”ph, < p; < pl for i < w.
(c) Let ¢ be E(()i). Let x € M,z1,...,2, € Hi(N,p). Then:

N E plz,0(x)] mod p < N = ¢[Z,0(z)] mod p.
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(d) p = minp.
We define p as follows:

Definition 3.6.5. Let 0 : M —x+ N mod p'. We define:

e 0;(0) =: supo”pt,.

e pi(n+ 1) =: the supremum of all F(n) such that n < p;+1(n) and F is
a EY)(N ,p) map to p} in parameters from rng(o).

o p; =: supp;(n).

nw
e« p=(pili < w).

Lemma 3.6.7. p;(n) < pj(n+1).
Proof: We show by induction on n that it holds for all ¢ < w.

Case 1 n=0.
If £ < py, then (&) = F(0
But then F is Egl)(N, p') in

), where F' = the constant function o(§).
o(€). Hence a(&) < pi(1).

Case 2 n > 0.
Then pi+1(n) > pit1(n — 1). Hence:
Pt > Pl

for all F' which is a Egi)(N, p') map to p}.

The conclusion is immediate. QED (Lemma 3.6.7)

Lemma 3.6.8. p;(n) is p.r. closed for i > 0.
Proof: We show by induction on n that it holds for all ¢ > 0.

Case 1 n=0.
olJA g4 —¥% JA cofinally, where pﬁ'w is p.r. closed.
Pv Pm pi

Case 2 n>0. Let n=m+1.
Then p;(m) is p.r. closed. Let f be a monotone p.r. function on On.
It suffices to show:
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Claim f“p;(n) C pi(n).

Let v < p;(n). Then v < F(n) where n < pifl) and F is Zgi) (N,p') to

pi in o(x). But then fo F is Egi)(N, p') to p}, since p) is p.r. closed.
Hence f(v) < f- F(n) < pi(n). QED (Lemma 3.6.8)
Corollary 3.6.9. p; is p.r. closed for i > 0.
Definition 3.6.6.
N
H;(n) = H;(N,o,pi(n)) =: |J£(n)|
H; = H;y(N,p) =: ‘J£N|
Lemma 3.6.10. (a) H;(0) =Jo"H},.

b) Hi(n + 1) = the union of all F(x) such that x € H™ and F is
i+1

Zgi)(n, p') to pl in parameters from rng(c).

(c) H; = gﬂz(n)

Proof: (c) is immediate. (a) is immediate since:
o Hyy : Hyy —s, H;(0) cofinally.

We prove (b). Let y = F(z), where F,z are as in (b).
Claim y € Hj(n +1).

Proof: We recall the function (S;'|v < co) such that for all limit «:

J& = U,y Sit and (S < o) is

(67

uniformly o (J2).

Since p;+1(n) is p.r. closed, there is a X1 (H;y1(n)) map f of p;y+1(n) onto
Hi+1(n). Set:
g(z) =: the least v sucht that x € S,,.

Then F(§) ~ gF f(£) is a Egi) (N, p') map to p} in parameters from rng(c).
Hence, where f(n) = x, we have y € Sg(n) C Hi(n+1).
QED (Lemma 3.6.10)

By the definition 3.6.5 and Lemma 3.6.7:

Lemma 3.6.11. Let p = minp’. Then:
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o 0" phy C pi < py < P

e p; = sup X, where X is the set of all F(v) such that v < pi11 and F

is a Egi)(N, p') map to p} in some o(x).

Similarly by Lemma 3.6.10.

Lemma 3.6.12. Let p = minp’. Then:

e ¢"H}, C H; C H/ C H}.
e H; =|JX where S is the set of all F(x) such that z = H;y1 and F is
a Egl)(N, p') map to H! in some o(z).

We now can show:

Lemma 3.6.13. p is good for N.

Proof: By Lemma 3.6.11 we have:
w < piv1 < pi < pf < ply.
Moreover, p; is p.r. closed for i > 0 by Lemma 3.6.8.

It remains only to show:
Claim H; is cardinally absolute with respect to N.

Proof: We know: H; = |J X, where X = the set of F'(z) such that z € H;;
and F is a Zgl)(N, p') map to H] = H;(N,p'). Moreover H] is cardinally
absolute in V.

(1) Let @ € X. Then @' € X and there is f € X such that f:a @ 23«

Proof: Suppose not.
Define a 31 (H;) map by:

F(B) ~ the <ga -least pair (v, f) such that v < 8 and f: vy =3 3.
Then F”X C X. Set:

Q) = 0041 =~ (F(Oéz))o
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By induction on i it follows that «; exists and a; € X. But then o;41 < o
for ¢ < w. Contradiction! QED (1)
Now let a be a cardinal i 1n H; but not in N. Then a ¢ X by (1). Bta < g8
for a f € X. Hence B > «a. (Otherwise, letting v = ﬁ < a, we have

onto

v € X C H; and there is f € X C H; such that f:+v — 5. Hence there is
g € H; such that g : v 23 o, since 0 < a < 8. Hence « is not a cardinal in
=N

H;.) But then, letting v = 3 , a is a cardinal in Jf and « is a cardinal in
N. Hence « is a cardinal in N by acceptability. QED (Lemma 3.6.13)

We now verify property (c) for p = min p'.

Lemma 3.6.14. Let B(w') be E( )(M) in the parameter x € M. Let B'(1?)
be E(())( N, p') ino(x) and B(w") be E(()Z) (N, p) in o(x) by the same definition.
Then:

/\ 7 € Hi(B(2) < B'(2)).

Proof: By induction on i. The case ¢ = 0 is trivial. Now let it hold for h
where i = h + 1. Tt suffices to prove the claim for B which is E(lh) (M) in x.
We than have:

B(%) « \/ a"D(d", 2)

where D is Z(()h) (M) in x;
B'(2) + \/d"D'(a", %)
where D' is Z(()h)(N, p') in o(x) by the same definition, and:
B(2) «» \/ d"D(a", %)
where D is E(()h) (N, p) in o(z) by the same definition.
Define a map F' to pj which is Egh)(N, p') in o(x) by:

§=F(2) ¢ (Vue SD'(uz)n
N < ENu e Se, D' (u,Z)
Hence for Z € H;:
B'(Z) < Vvu € HpD'(u,?)
< Vu € SF(g)D/<u, )
< Vu € HpD'(u, 2)
< Vu € HpD(u, 2) <> B(Z2)



250 CHAPTER 3. MICE

(by the induction hypothesis). QED (Lemma 3.6.14)
Since 0 : M —5) N mod p/, we conclude that o : M —y N mod p.

Since this holds for all i < w, we conclude:

Corollary 3.6.15. 0 : M —y« N mod p.

Another immediate corollary is:

Corollary 3.6.16. p = min(N, 0, p).

It remains only to prove:

Lemma 3.6.17. 0 : M —p+« N mod p.
Proof:

Assume: M = Quip(ul,z) where ¢ is Egi).

Claim N | Quip(u’, ) mod p.
Let v € H;. Then v C w = G(w), where w € H;;1. Then v C w =
G(w), where w € H;4q and G is Egz) (N, p) map to H; in parameter
from rngo. Let:

0= \/z%(zi, u',z) where ¥ is Eéi).
Define a Egi)(N, p) map to H; in o(z) by:

F(w) ~ the N-least (z,u) € H' such that
z CuN(z,u,o(x)).

The HSHI)—statement:
/\a”l(a”l € dom(G) — ') € dom(F o @))
holds in N, since the corresponding statement holds in M by our
assumption. Let (z,u) = FG(w) = F(w). Then v C w C w and
¥(z,u,0(z)). Hence:
N k= Quep(u,o(x)) mod p.

QED (Lemma 3.6.17)
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Then p = min p’ possess all the properties that we ascribed to it.
As a corollary of Lemma 3.6.17 we get:

Corollary 3.6.18. Let B be Egi)(N, p) in parameters from rngo. Then
(H;, B) is amenable.

Proof: Let B be Egi)(M) in  and B be Egi)(N, p) in the same definition.

Since (H';, B) is amenable, we have:
Qui\/yi v =u'NBin M.

But then: 4 o '
Qu’\/yz y'=u"'NBin N mod p.

Let v € H;. There is then v D u,v € H; such that v B € H;. Hence
uNB=unNwv € H;. QED (Corollary 3.6.18)

Definition 3.6.7. ¢ : M —y« N minp iff
[0: M —x+ N mod p] A [p=min(N,a,p)].
(Similarly for Zé-n), Qg-n), Q* etc.)
In the following we shall always assume that M is acceptable, k € M is
inaccessable in M, and that 7 = k™ € M.

Lemma 3.6.19. Let 71 : M —x« M'. Let k = crit(n), A < w(k), and
suppose an extender F at k, A on M to be defined by:

F(X)=AnNn(X) for X € P(k) N M.

Let o : M —y+ Mminp, where o(R) = k. Let F' be a weakly amenable
extender at &, A on M. Assume:

(0,9 : (M,F) — (M, F), where g: X — \.

Let n < w be mazimal such that & < pnﬁ

Define a good sequence p* for M' by:
supm’py if i =n
pi =4 m(pi) if i #n and p; < ply
péw ifi #n and p; = pl.

(Hence m: M —sy« M’ mod (p, p*) by Lemma 3.6.3 and 3.6.4.) Then:
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(a) M is n—extendible by F.
(b) Let 7 : M —>( ") 3. There is a map o’ such that
o M —

() M’ mod p* and o'T =m0, 0’ [A =g
0

Moreover, ¢’ is defined by:
o' (@(f)(a)) = (o) = (f))(9())
for f € T*(k, M), o < \.

Proof: We obviously have:
o : M —s« M’ mod p*.

It is also clear that n is maximal such that x < p, and also maximal such
that ' = 7(k) < p.

We now prove (a). We must show that the €-relation €* of D*(F, M) is well
founded. Let (f,a), (f',a’) € D*. Set:

e={=<&C-<Ef(€) € f(O}
Then:

(f,a) € {f,d) = (a,a/) e F
«—=g(a),g(a') =€ F(o(e))
+—=g(a),g(a)) =€ mo(e)
> (10),(£)(g(e) € (o) p(f") (g(ex))
(The second line rises the assumption: (o, g) : (M, F) — (M, F). The third

uses: F'(X) = ANm(X). The fourth uses Fact 2, which we established earlier
in the section. QED (a)

)

We now prove (b). Let R be a Z(()n) (M) relation and let R’ be Z(()n) (M) by
the same definition. We claim that: o’ : M s M' where ¢’ is defined
by:

o' (@(f)(a)) = (o) = (f)(9(a))
for f € T*(u, M), < \.
Let R be a 2(()”) (M) relation and let R’ be Eén)(M ', p*) by the same defini-

tion. Let aq,...,qm < XAand fi,..., fm € I'*(w, M). Writing e.g. f(d’) for
fila1), ..., (aum), it suffices to show:
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— —

Claim R (7(f)(@)) ¢ R (o (f), 9(a)).

Proof: Let R be Zén) (M) and R be Zé")(M, p) by the same definition. Set:

—

e={=< &~ [R(f(E)})

Then:

J— —

R @(f) (@) +— <&@ = € F(e)
+—— < g(@) =€ F(o(e))
> < g(a@) = € mole)

> R((70),(f)(g(a)))
QED (Lemma 3.6.19)

We would like to prove something stronger namely that M is *—extendible
by F and that:
o M —s- M mod P

For this we must strengthen the condition:
(0,9) : (M, F) — (M, F).

In §3.2 we helped ourselves in a similar situation by strengthening the relation
— to —*. However —* is too strong for our purposes and we adopt the
following weakening:

Definition 3.6.8. (0, g) : (M, F) —** (M, F) mod p iff the following hold:

(a) (0.9) : (M, F) = (M, F)
(b) 0: M =y, M mod p

(c) Let @ < Ih(F), = g(@). There are G, G, H, H such that letting

R = crit(F), k = crit(F)
we have:
(i) G,H are 3;(M) in aqg € M and G, H are $1(M, p) in ¢ = o(q)
by the same definition.
(ii) G = Fg, H =M n ("P(u))
(ili) G C F,
(iv) H C{X € "P(u)| N < k(X¢ or 6\ Xe € G)}
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Note. Actually, only the first pseudo projectum pg is relevant in this defi-
nition. (b)says merely that p is good for M and that o is a Xg-preserving
map into M with ¢’ Ong; < po. In (c) the statement “G, H are X1(M, p) in
q by the same definition” can be rephrased as: “G, H are ¥1(M|pg) in g by
the same definition”, where M|n =: <J;74, Bn J;74> for M = (JZ, B).

(Note that M|n is not necessarily amenable.) We set:
Definition 3.6.9. (0,g) : (M, F) —** (M, F) iff:

(X, g) s (I, F) = (M, F) mod ({pfyln < ).
Note. This always holds if pg = Ony,.

Note. Let o : (M,F) —* (M,F) mod p. Let X € M n (FP(x)). If

X =0(X), then X € M and hence \ & < k(X¢ or (k\ X¢) € G).
Note. Let o : (M, F) —* (M, F). It follows easily that:
o:(M,F) =" (M,F).

Note. Suppose that o : M —x+ Mminp. Set M|py = (J;}),B N J;;(‘)>,

where M = <J§4, B). Then M|pg is amenable by Corollary 3.6.18. Clearly

7 =wtM € M|py since 7 = k™ € M. Hence P(k) N M C M|po. But then
F is an extender at k on M|py and it makes sense to write:

(0.9) : (M, F) —=* (M]po, F).
But this means exactly the same thing as:

(o,9) : (M, F) —=** (M,F) mod p.

We are now ready to prove:

Lemma 3.6.20. Let 7,0, M, M,H/,M’,p, o, T, 7,7, 0, g be as in lemma
3.6.19. Assume:

(0.9): (M,F) > (M,F) mod p.
Then M is x—extendible by F and:
o' : M =y« M mod p*.

Proof: F is then close to M. Hence M is —extendible by F. By induction
on i we now show:
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Claim o' : M’ —o M’ mod p*.
1

For i < n this is given. Now let ¢ = n. We prove a somewhat stronger
claim:

Subclaim 1 Let A C % be Egn) (M')ina e M and A C & be Egn)(M’,p*)
in a = o/(@) by the same definition. There is # € M such that A is
Eg") (M) in 7 and A is ©7(M, p) in r = o(7) by the same definition.
(As we shall see, this proves the claim for the case i = n.)

We now prove the subclaim. Let:
A(i) < VyP (y,i,a),
A(i) <V yP'(y,i,a)
where P’ is $o(M') and P’ is So(M’, p*) by the same definition.

Let P be E(()n) (M) and P be E((]n)(M) by the same definition. Let
a=7(f)(@) and a = To(f)(a), where a« = g(@). Let p be a "defining
parameter" for f (i.e. either p = f or else f({) = B({,p) where B
is a good Egz) (M) function for an i < n.) Then p = o(p) is in the
same sense a defining parameter for o(f) and p’ = 7o (p) is a defining
parameter for wo(f). (The good definition of B remaining unchanged.)

Finally, let G, G, H, H be as given for @, a = g(a) by the principle:
(0,q) - (M, F) =™ (M, F) mod p*.

Since (M’,ﬁ} is the extension of (M, F), we know that: TUHT s
cofinal in HY,.
Thus:
(1) B _
A(i) < Vue HpVy em(w)P (g,i,7(f)(@))
< Vue Hra em(X(i,u))
~\Vue H”MY(LU) €aq,
where X (i,u) = {¢ <|P(y,i, f(£))}.
Thus A is Zgn)(ﬁ) in p,q,%. We now show that A is Egn)(M) in
P, q, <k by the same definition. Set:
H, = H,(M, p), H,, = H,(M', p*).

It is easily seen that the relation:

Q('LL,Z,&) A (u € H’ﬂ A \/y € ’U,P(y,l,(fp(f)(€>)
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is E(()n)(M, p) in p and the relation:
Q' (u,i,8) «—: (u e Hy,A\/y € uP'(y,i, (10),+(€))

is Zén)(M’,p*) in p’ by the same definition. Set: X (u,i) = {¢ <
u|Q(u,i,£)}. Then X(u,i) € Hyp, since (H,, Q) is amenable by
lemma 3.6.14 and hence is rud closed. Since p} = supo”p,, we
know that 7" H,, is cofinal in H],. Thus:

AG) & Vue Ha\y € n()P/(y,i, (), ()(a))
< Vue HQ(r(u),i,a)
< Vue Hyoen(X(u,i)NX
< \Vue Hyae F(X(u,i))
< Vue H,X(u,i) € F,.
If F,, = G, we would be finished, but G might be a proper subset

of F,. (Moreover, we don’t even know that F,, is M—definable in
parameters.) However, we can prove:

A(i) < Vue Hy X (u,i) € G,

which establishes subclaim 1. The direction () is trivial by (2),
since G C F,. We prove (—). Assume A(ip), where iy < k.
We must show that v € H, can be chosen large enough that
X (u,ip) € G. We know that it can be chosen large enough that
X(u,ip) € F,. Since p = min(M,o,p), we also know that the

set of S(§) such that S is a partial Z(ln)(M, p) map to H, in a
parameter s = o(5) and & < ppy1 is cofinal in H,. (This uses
Lemma 3.6.12.) Hence we can assume w.l.o.g. that u = S(&) for
a &y < pn+1. Now set:

Y (v) = {z(v,i)|i <u} for ve Hy.
Then Y (v) € Hy, by the rud closure of (Hy, Q). Moreover, the
function Y is ¥;((Hy,,Q)) and hence is a Zgn)(M, p) function.
Hence Y o S in Egn)(M, p) in s. Let S be E(ln)(M) is 5 and Y be
Eg”) (M) by the same definition. The TI"*1 (M, p) statement:
A ¢ < pnr1(¢ €dom(Y - S) =Y - S(¢) € H)
is true, since the corresponding statement:
A ¢ < (¢ € dom(Y - 8) = V- 5(¢) € H)
is true in M. Since u = S((p), it follows that: Y (u) € H and:
X (kyip) € GV (k\ X(u,ip)) € G.
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But G C Fu(k\ X(u,ig)) € G is therefore impossible, since we
would then have:

X (k,i0) N (k\ X(u,ig)) =0 € F,.
Hence, X (U, 1ig) € G. QED (Subclaim 1)
Subclaim 2 ¢ : M’ iy (M) mod p*.
Proof. Let Q be Eg")(M’, p*) and Q be Egn) (M') by the same defini-

tion. Set:
P(i,x) < (i=0AQ(x)),
P(i,x) + (i =0A Q(x)).
Set:
A(z) = {i|P(i,2)}, A(z) = {i| P(i, 2)}.

Then A is the characteristic function of Q and A is the characteristic
function of Q. But A(o’(z)) = A(z) for # € M by Subclaim 1.
QED (Subclaim 2)

A slight reformulation of Subclaim 1 yields:

Subclaim 3 Let A be S (M, p*) i p = o/(p). Let 4 be X\ (A7) in p

by the same definition. Set: H = Hgf H = HM. Then AN H is

Eg")(M,p) inagqg=o0(g and ANH i Eg )( M) in g by the same
definition.

Proof: H = J¥ where E = EM and H = JE where E = EM. But

K, R are preclosed. Let f : k ™% H be primitive recursive in E and let
f:® 23 H be primitive recursive in E by the same definition. Apply
subclaim 1 to

B = f—l/lA —F 1//A
Then B C R is Z( )(M p)inaqg=o0(Q) a (j? Z(n)(M) in q.
But then the same holds for A = f"B, A = f'B.

QED (Subclaim 3)
For i > n, we know: piﬁ = pY, o we can write p' =: p’ﬁ. By the
definition of p*, we know: p; = p; for ¢ > n. We can also set:

H' = HL = H. H; = H;(M,p) = H;(Mp").
We now prove:

Subclaim 4 Let i > n. Let A be Zgi)(ﬁl) ina e M and let A be
Zgl)(M’, p*) in @ = o’(@) by the same definition. Then there are B, B,
q, q such that
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Proof: By induction on ¢. Let it hold below i. Then w.l.o.g. we can
assume:
(1) A(x) +— <Fi,ﬁﬂﬁi> E p[z] for z € H' where pis X1 and pis
»i(M') in @
(2) A(z) +— (H', PN H;) = ¢[x] for z € H; where ¢ is the same ¥
formula and P is 35 ' (M’, p*) in a by the same definition.
But then there are Q, Q,q, ¢ such that

(3) PNH'=QnN H', where Q is ¥ (M) in g € M.
(4) PN H; = QN H;, where Q is ¥0"1(M, p) in ¢ = o(q) by the same
definition.

This is by subclaim 3 if ¢ = n 4+ 1, and otherwise by the induction
hypothesis. QED (Sublemma 4)

The claim then follows easily, since ¢ is X*—preserving mod p*.
QED (Lemma 3.6.20)
We can then go on further and set:
o =min(M’, o’ p*).

It then follows that:
“p; C ph < pf fori < w.

To see that 7”p; C pl, we recall that p, = sup{p}(n) : n < w} where the
sequence (p}(n)|i < w) is defined from p*, M’, o’ by a canonical recursion on
n (cf. Definition 3.6.5).

But since p = min(M, o, p), we have: p; = supp;(n), where (p;(n)]i < w) is
n<w

defined from p, M, o by the same induction on n. Since 7’c = 7o, it follows
easily by induction on n that:

T“pi(n) C pi(n) for i < w.
The details are left to the reader.

Putting all of this together:
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Theorem 3.6.21. Let m : M —x« M’ with critical point k. Let A < m(k)
and let the extender F at kK, A on M be defined by:

Let 0 : M —x» M min p with o(R) = k. Assume:
(0.9) : (M,F) »* (M,F) mod p

where F is a weakly amenable extender at &, X on M. Then

(a) M is x—extendable by F, giving 7 : M —% M.
(b) There are o', p' such that
(i) '+ M =5 M’ minp/
(i1) o' is defined by:
o' (@(f)(e)) = (1), (f)(g(ex))
fora < A=, f €T*(k,M). (Hence 0’7 = o and o' [ A =g.)
(1i1) 7" p; C pi < 7w(pi) for i <w (taking w(p;) = Onpy, if p; = Onpy).
(c) The above, in fact, holds for:
¢ =:min(p*) = min(M’, o’ p*).
where p* is defined by:
sup” p; if piv1 < ki
po =14 m(pi) if ki < piy1 and p; < pl,
Pors if Ki < piv1 and p; = ply.
This is the most important result on pseudo projecta.

The argumentation used in the proof of Lemma 3.6.35, Lemma 3.6.36 and
Lemma 3.6.37 actually establishes a more abstract result which is useful in
other contexts:

Lemma 3.6.22. Assume that M;, M] are amenable for i < p, where i is a
limit ordinal. Assume further than:

(a) mj: M; — s+ M; (i < j < p), where the m; ; commute.
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(b) mi;: M —ss M (i < j < p), where the 7; ; commute.

Moreover:
(Mj i< p),(mi; i< j<p)
has a transitivized direct limit M', (m ;11 < j < ).
(c) o7 M] —sx M} min p’ (i < j < p).
(d) ojmij; = WgﬂjO'i.
NN ) 7

(e) 7 Py C P < Wé,j(ﬂ%) fori<j<pn<w.

Then:
(Mi 21 <), (mij i <j<p)

has a transitivized direct limit M, (m; j : i < ).
There is then o : M — M’ defined by: om; = wio;(i < p). Moreover:

(1) There is a unique p such that o : M —y+ M’ min p and:

TN

7' 4ot C pn < mh(pl) for i < p,m < w.

(2) There is ¢ < p such that p, = Tr;(p%) fori <j<p,n<w.

3.6.3 Mirrors

Let I = ((M;), (v4), (mi;), T) be a normal iteration of length 7. By a mirror
of I we shall mean a sequence:

I/ = <<Mll>7 <7T£j>7 <Ui>7 <p2>>
such that o; : M; —y+ M/ min ,oi for i < n and the sequence:

I" = (M), {vi), (mi), T)
"mirrors" the action of I, where v/, =: 0;(v;). However, I” will not necessarily
be an iteration. If 4 + 1 is not a drop point in I and h = T'(i + 1), we will,
indeed, have:

/ Y /
Thyit1 @ My, =5 Mg,

but M, is not necessarily an ultrapower of M;. None the less x] =: 0;(k;)
will still be the critical point and we shall have:

P(i}) N M}, = P(}) 0 JE"
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and: y
a€ B, (X) < aem,, (X) for

X e P(k;) N M} and o < N,
where A, =: 0;(\;).
We shall also require a measure of agreement among the maps ¢;. In partic-
ular, if h =T(i + 1) is as above, then:
Oit1Thitl = Thir10h; Oi | Ai = 01 [ A
Note. that this gives:

(om0 TN © (M, EMY — (M}, EDYY.)

The formal definition is:

Definition 3.6.10. Let I = ((M;), (4), (m;),T) be a normal iteration of
length 7. By a mirror of I we mean a sequence:

I' = ((M])i <), (xl;|i <p i), (o5 < |i <n), (p']i <n))

satisfying the following conditions:

(a) M is a premouse and o; : M; s« M/ min p'.
(b) =}, is a partial structure preserving map from M; to M;}. Moreover
the 771’-]- commute and 7; = id | M;. If A < 5 is a limit, then M} =

U rg(ny).
1T A
(c) oimij = ngai for ¢ <+ j.
(d) o [ A = 0j ['A\; for 4 <j<n.
In order to state the further clauses we need some notation. Set:
oi(v;) if v; € M;
/. e . P —
vy = oivi) = OnNM/ if not
ki = 0i(ki), 7] = 03(1i), A\ = 03(\i)
For h =T (i + 1) set:
A on(M}) it M} € My,
! M if not.

Noting that 7/ = o5, (7;) by (d) we can easily see that:
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M = M; ||,u, where y < Onyy is maximal such that
7, < pand 7] is a cardinal in MhH,u

(To see that this holds for M/* = M}, we note that 7/ = op,(7;) is a
cardinal in M ||pft and pf is cardinally absolute in M)

We now complete the definition of mirror:

(e) Let h=T(i+1),i+1 <7 i, and assume that there is no drop point in
(i4+1,7)p. Then:

(1) 7r;LZ s M =y Mj’

(i)

M; * M; _

(iii) If X € P(x}) N Jf , then X € M/* and B, (X) = Ap N, (X))
(iv) Set:

= crit(my,;).

h *
i p"if M = M
mll’l(M,L/*, Ph er*7 <p§\L4L/*

n < wy) if not.
Then:

WAt

Thj “Pha C Pl < 5 (P) for n < w
(where W;Lj(ﬁn) =: On Mj if p;, = Onypyre).
(Hence, if h <7 j and [h, j]r has no drop point, then ’R’;LJ “ph
pn < W%g(ﬂﬁ))
This completes the definition.

! M!
Lemma 3.6.23. J/{E,_M’ = Jf,_ Hofori4+1 <.

Proof: )\, is an inaccessible cardinal in JVE; *. Hence there are arbitrarily
large primitive recursive closed ordinals & < X; and it suffices to show:

. M; M C .
Claim JZ " = J, "' for primitive recursive closed a < M.

Proof: Let h = T(i + 1). Since x € JF is JE-definable from parame-
ters 51, ..., Bn < «, it suffices to show:

Subclaim Let §1,...,8, < a. Let ¢ be a first order formula. Then:

TE ol TE e glA)
Proof: Set: X = {< & ¢ =< n’]JC M nod o[€]}. Then X € P(x}) N

JEM M by (e) (i), But JE P = JEM JEMh by (e) (i), (ii).
Then B . -
NG C<ri(=E-e X & JE Eold)),
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which is a first order statement in (J5, X), where E = EM" . But

then the same first order statement holds in (n'(J%),7'(X)), where

Miy
7' =,y Clearly ﬂ’(J’%) = JE,(HS . Thus:

7 (X) = {= & ¢ < ()T = pldl),
and we have:
JEYH L B < fra e w(X)
= 0 -€ By (X) by (e) (i)
e JE" = olB).

QED (Lemma 3.6.23)

We know that \, = Ei\,ﬂ(/{;) < 7'(k}), where h = T(i + 1), 7’ = w41 (by
(e) (iii)). Set:
A =m0 (w]) where h =T(i+ 1), for i+ 1 <n.

Lemma 3.6.24. Let i +1 <n. Then X; < \f = 0;(\;) fori <j<n.

Proof: A, < X} is trivial. But then:
0it1(Ni) = Oit1Thir1(Ki) = 7, ;0w (ki)
= ﬂ-;L,i+1(K/;:) = A

Hence 0j(X\;) = 0i11(N;) for j > i, since \j < A\jp1.  QED (Lemma 3.6.24)

Note. The main difference between a mirror of I and a simple copy of I in
our earlier sense is that we can have: \, < Af.

Corollary 3.6.25. A} <\ fori<j, j+1<n.

Proof: \; < \] = 0;(\) < a;();) = A} QED (Corollary 3.6.25)

Corollary 3.6.26. If h = T(i +1),h + 1 <7 j, then r; < X} < \; < &)
(since K; > Ap).

' M
Lemma 3.6.27. Jf,_Ml =JE 7 fori<j<n.

Proof: By induction on j
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Case 1 j =1 trivial.

Case 2 j = I+ 1. Then it holds at I. But JE" = JE"7 where N, < X/,
! l

The conclusion is immediate.

Case 3 j = yu is a limit ordinal.

By 3.6.26 we have: i < r for i +1 <7 j+ 1 <r p. Moreover
sup k; = sup A by 3.6.26, 3.6.25. Pick an [+ 1 <z p such that x; > \,.

Then Jng = JEM“ by axiom e (i), (ii) and JE" = JE" where
1 1 i i
X, < K.
The conclusion is immediate. QED (Lemma 3.6.27)

/ M
Lemma 3.6.28. J/{%Ml“ =JE 7 fori<j<n.

Proof: For j =i+1it is trivial. For j > i+ 1, we have A} || = 0i41(Aiy1) >
/ M’
oir1(N) = Afand J EMZH = JAE, ?. The conclusion is immediate. QED
i+1 it+1
(Lemma 3.6.28)

Lemma 3.6.29. X! is a limit cardinal in M for all j > i.

Proof: \] = 0;();) is a cardinal in M}, since \; is a cardinal in M;. (This
uses that ,06 is cardinally absolute if p{, < On M{‘) But then A} is cardinally
absolute in M} and:

M!
Jy+ " = there are arbitrarily large cardinals,

since the same is true in J/\iMi. QED (Lemma 3.6.29)

Lemma 3.6.30. \; is cardinally absolute in M} for j > i.

Proof: Let a be a cardinal in JE = JE;Mi = JE_Mj. Let h =T(i+1) and
let:

X = {¢ < k})JE | ¢ is a cardinal}.
Then: « € Ei\j[”l(X) C 7, i1 (X). Hence:

M!
+1 . .
JE ™ = ais a cardinal.
K2

! M,
But J EMZH = JE 7 and A} is cardinally absolute in M I
QED (Lemma 3.6.30)

But there are arbitrarily large cardinals in the sense of J E_Mi. Hence:
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Corollary 3.6.31. X is a limit cardinal in Mj fori < j.

Lemma 3.6.32. Let h=T(i+1). Then Jf?Mh = JEM".

Proof: For h = i it is trivial. Let h < 7. Then J/th = JfMi, so we need
h h

only show that 77 < X\j. But A} is a limit cardinal in M/ and « < 7/. Hence
in M/ we have: 7/ < k' < X, QED (Lemma 3.6.32)

Corollary 3.6.33. P(x,) N M'; = P(x}) N Jl]/?Mi,

Proof: Since 7/ > k] is a cardinal in M/*, we have by acceptability:
P(x}) N M!* = P(}) N JEZZM’Q = P(x)) N JfZZM’{
=P(x;) N JVEZM;L
QED(Corollary 3.6.33)
Lemma 3.6.34. Let h = T(i+1),F = EM: F/ = EiM Then

<Uh rMi*70—i f)\z> : <Mz*aF> — <M7,/*7F/>

Proof. Clearly (op, [ M) : M} —x, M/*. Moreover, rng(o; [ A;) C X..

(2

Now let X C k;, X € M, o, ..., , < A;. Then:
<d =€ F(X) = 7rh,i+1(X)
—= O’H_l(O_Z) - ai+17rh,i+1(X) = 7T;L7j+10h(X)
+—=0;(d) =€ F'(on(X)),
since o; [ A\j = 041 [ A and F/(O'h(X)) = )\; N ﬂ-;z,i—&—l(oh(X))'
QED(Lemma 3.6.34)

We also note:

Lemma 3.6.35. Let A < n be a limit ordinal. Then for sufficiently large
i <7 A we have:

pr =7l \(p)) forn <w

Proof. Pick £ < A such that [¢,\)7 has no drop points. For each n < w
and each ¢, j such that £ <71 <7 j <7 X\ we have:

5 P C ol < i (0)-
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(1) For each n < w there is iy, € [€, \)7 such that:
W§7j(p;) = pfl for i, <pi<pj<p A
Proof. Suppose not. Then there exist i, (r < w) such that £ <7 i, <r
(n*') <

. Irg1 / i1 / i -
ir41 and pr < mp o (on ) < oy (pry). Hence: m
/

7w 5(ph) for r < w. Contradiction!
QED(1)
(2) 7} \(p7,) = pp for in <p<p A,

Proof. Since M, (771’)\ Dl <7 i <p A)is a direct limit, we have:

miaph) = | maSeh C oh < (k).
in<pi<TA

QED(2)
(3) If p) = P, then i, = &.

Proof. If not, there is i € [¢,\)7 such that p, < plf, . Hence o <
Tix(pn) < Pl - Contradiction!
QED(3)

But then the set {n : i,, > &} is finite. Set: i = max{iy : i, > £}. This has
the desired property.
QED(Lemma 3.6.35)
Corollary 3.6.36. Let )\ be a limit ordinal. Then
7T£7>\ : M —s« M} mod (pi,p)‘)

for sufficiently large i <p .
Proof. Let ig <7 ¢ <7 A such that TrZ’-/\(piL) = p) for ig <7 i < A\,n < w.
By Lemma 3.6.3 we need only show:

(1) ply < Py, — o =\ (Ph)

(2) ph = Phy, — P = Pis,
(1) is immediate. To prove (2) we note:

P = minlon) = mia(Pis) = Phr, = oo

QED Corollary 3.6.36
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Definition 3.6.11. By a mirror pair of length 1 we mean a pair (I, I') such
that I is a normal iteration of length n and I’ is a mirror of I.

It is natural to ask whether, and in what circumstances, a mirror pair of
length n can be extended to one of length 1 + 1. For limit 5 the answer is
fairly straightforward:

Lemma 3.6.37. Let (I,1I') be a mirror pair of limit length. Let b be a cofinal
branch in T = Ty. Let the sequence:

(M} :i€b), (nj;:i < jinb)

have a well founded direct limit. Then (I,I') extends uniquely to a mirror
pair (I,1") of length n + 1 with b =T"{n} (where T =T} ).

Proof. Let M, (m, :i € b) be the transitivized direct limit.

Note. By our convention this means that for some jy € b, b~ jo is drop free
and:
(M =i € bxjo), (m; : jo < i < jinb)

in the usual sense, and we define:

ro_ / . ..
Ty = Mo © T jo fOr ¢ < jo In b

In the same sense the sequence:
(M :ieb),(my;:1<jinb)

has a transitivized limit:
M, (M;, :i€b)

The maps 7, ,, 7., are easily seen to be X*—preserving for jo < i € b. We

in
extend T to T' by setting 7”{n} = b. We define the map on : My — Mj
by: o,y = ﬂgnai for ¢ < n. We must then define a good sequence p = p"
for M[? We first imitate the proof of Lemma 3.6.35 by showing that there is
ig € b such that b~ig has no drop points and for all j € b~ig:

7rl{7j(p;) = pl for n < w

/

Z0777(p;"$), we have:

Thus, setting: p, =: 7

~

Pn = W}’n(pfb) forn <w,ig <r je€b

It is easily shown that p = (p,, : n < w) is a good sequence for M7’7 Repeating
the proof of Lemma 3.6.36 we then have:
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(1) #, s M} —>se M) mod (4, ) for i < j <7 1.

Using this we show:
Claim 1. o : My, —x+ M} mod p.

Proof. Let z1,...,2, € M,. Then & = m;,(%) for an i € [ig,n). Hence for
)

any Eén formula:

My |= ¢la] «— M; |= ¢[7]
> M = ¢[oi(7)] mod p’
«— M; | ¢[ri ,0i(2)] mod p

—

where 7; ,0i(2) = oym;,(2) = 0y ().

QED(Claim 1)
We must also show:
Claim 2. 0, : M;; —x+ M, min p.

Proof. We must show:
p = min(My, oy, p)

Let (p;(n) : | < w) be defined by induction on n < w as in Definition 3.6.5.
We must show: p; = |, A1(n). Let & < p;. Then { = 772’77(5) where
io <r<r n and 7 < pj. But p! =, ., pi(n). Thus £ < pi(n) for some n.
Using (1) and Definition 3.6.5, we easily get:

AT}

. pi(n) C pi(n) by induction on n

But then § = 77, (§) € pi(n).
QED(Claim 2)

Using these facts it is easy to see that the extension (f I ) we have defined
satisfies the axiom (a)-(e) and is, therefore a mirror pair of length 7 + 1.
(We leave the detail to the reader). The uniqueness of the maps ; ,, Wg’n, oy
is immediate from our construction. Finally, we must show that p = p" is
unique. This is because p, = 7r£07 A (p) where 771’-07 ) 1s unique.

QED(Lemma 3.6.37)

We now ask how we can extend a mirror pair of length + 1 to one of length
7 -+ 2. This will turn out to be more complex.
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If I = ((M;), (vi), (mi;), T) is a normal iteration of length  + 1, we can turn
it into a potential iteration of length n + 2 simply by appointing a v, such
that Elj,\;[" # @ and v, > v; for i < n. This then determines h = T'(n+1) and
M. (The notion of potential iteration was introduced in §3.4, where we gave
a more formal definition). If (I,I’) is a mirror pair of length n + 1, we can
then form a potential mirror pair of length n+ 2 by appointing V,’7 =: 0y (vy).
This determines M7/7* Our main lemma on “l-step extension” of mirror pair
reads:
Lemma 3.6.38. Let (I,1I') be a mirror pair of length n+1. Form a potential
pair of length )+ 2 by appointing v, and 1/7’7 = oy(vy). Let:
7w’ My —s M such that w, = crit(n’)
and
EMUX) = N A 7(X) for X € P(s) 0 JE

n n " v

Our potential pair then extends to a full mirror pair with:

M'= M, y, 7" =, where h =T(n+1)

In order to prove this, we must first form a x-ultrapower:
m: My —p M where I = Ei\n/["

We must then define o, p such that:

lan

7' “pp C pp < 7 (pn) for n < w

where p is defined as in axiom (e)(iv). If we then set:

n+1

! !/ / /
Mypr = M, My =2 M, Thpy1 =T, T =0T, 0n41 = 0, p =p

we will have defined the desired extension. (We leave it to the reader to
verify the axioms (a)-(e)). By the proof of Lemma 3.6.34 we have:

<Uh TM;aUn r)‘ﬂ> : <Mz*?F> — <M7,*7F/>
where F = E)" F' = B0
n
Lemma 3.6.19 then points us in the right direction. In order to get the full
result, however, we must use Theorem 3.6.21 together with:
Lemma 3.6.39. Let (I,I'),vy,v), 7" be as in Lemma 3.6.38. Set: § =
T(n+1),F=E" F'=E)" Set:
n

T if My = M

P min(Mp*, op [ My, (pe :n < w))  if not
n

Then:
on [ My, oAy : <M:;,F> — ¥ (M,;*,F') mod p
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We leave it to the reader to see that Theorem 3.6.21 and Lemma 3.6.39 give
the desired result.

Note. It is clear that 7, 41,7, p+1) On+1 are uniquely determined by the

choice of v, 1/7’7, 7. If we wished, we could use clause (c¢) of Theorem 3.6.21

to make p*! unique.

We are actually in familiar territory here. The notion of mirror is clearly
analogous to that of copy developed in §3.4.2. The analogue of mirror pair
was there called a duplication. The role of Lemma 3.4.16 is now played by
Lemma 3.6.38 and that of Theorem 3.4.16 by Lemma 3.6.39, which verifies
the weaker principle —** in place of —* (which was, in turn, patterned
on the proof of Theorem 3.4.3), which said that, if I is a potential normal

iteration of length 1 + 2, then Eéw" is close to My).

We now turn to the proof of lemma 3.6.39. Just as in §3.4.2 we derive it
from a stronger lemma. In order to formulate this properly we define:

Definition 3.6.12. Let M be acceptable. Let k € M be inaccessible in M
such that P(k)NM € M. A C P(k)NM is strongly X1 (M) in the parameter
p iff there is B C M such that B is Xo(M) and:

e x € A«— \/zB(z,z,p)

e If u € M such that u C P(x) and 7" < k, then:

\/UE M/\X Eu\/zEU(B(Z,X,p)VB(Z,H\X,p))

We shall derive:
Lemma 3.6.40. Let (I,1"),n,&, vy, vy, 7' be as in Lemma 3.6.39. Let A C
P(ky) be strongly X1 (My|lvy) in p. Let A" C P(ky) be $1(M,|[vy) in p' =
oy(p) by the same definition. Then there is ¢ € M,y such that

o A is strongly 31 (M) in q.

o Let A" be ¥1(M,") in ¢ = 0¢(q) by the same definition. Then A" C A'.

Before proving this, we show that it implies Lemma 3.6.39:
Lemma 3.6.41. Assume Lemma 5.6./0. Let p* be good for M'™ and let:
og [ My : My —se M,;* mod p*.

Then:
<0£ fo;van r>‘77> : <M;7F> _>** <Mr/]*7F/> mod p*
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Proof. Let o < A\, &’ = opy(a). Then F, is 21(J£]M") in o, since:
XeF+— \/YY=FX)AaeY)
We know, however, that if u € JEIM”,U C P(k), and @ < K in vaMn, then:
\oe B AX eu\/Y ev(Y =F(X)A(a €Y Vae (kY)))

Hence Fy, is strongly El(Jlf]M") in . Obviously FY is El(JfM") in o =
— n

oy(a) by the same definition. Hence G' = Fy, is strongly ¥1(My)) in a pa-

rameter ¢. Moreover, if G' in ¥1(M"}) in 0¢(q) by the same definition, then

G' C Fl,. Now let G be X1 (M, p*) in 0¢(q) by the same definition. Then

G C G' C F!,. Now let:

XeG+— \/zE(z,X,q)
be the strongly ¥ (M, )-definition of G in ¢. Then:
XelG<+— \/zB(z,X, q)

where ¢’ = o0,(¢) and B is Yo(M;, p*) by the same definition. (In other
words, B is Xo(M'}|pj) by the same definition). Now let H be the set of
f € My n"P(k) such that

\/ 2z \i < k(B(z f(i),q) V B(z, i~ (i), q))

Then H = M, N"P(k) by the strongness of our definition. But if H has the
same X1 (M, p*) definition in q’, then we obviously have:

feH— Ni<r(f(i)eGVrnf(i)€G)
QED(Lemma 3.6.41)

(In the application we, of course, take p* = p, where p is defined as in Lemma
3.6.39).

We now turn to the proof of Lemma 3.6.40. Suppose not. Let 1 be the least
counterexample. We again have fixed v, and 1/7’7 = oy(vy), which gives us

Ky Ky Ty Ty Ay Ay § = T'(n + 1), My, M7* and p*.

(1) &<,
Proof. Suppose not. Let A C P(x) be strongly ¥1(M,||v,) in p and
let A" C P(ky) be X1(Mylly,) in p’ = oy(p) by the same definition.
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Clearly 7, is a cardinal in Myllv1, so My = My||lp for a p > .
Similarly M;* = M; ||y’ where:

r_ on(p) if p € My,
ONN M, if not

Now suppose v, € My (i.e. p > vy). Then A € My and A" € M}*
where 0, (A) = A’. Then A is trivially strongly ¥ (M) in the param-
eter A and A’ is El(M;,) in A’ = 0,,(A) by the same definition, where
A" c A'. Contradiction!

Now let My = M;|[vy. Then M}* = Mj ||y, and A’ is ¥1(M;") definable
in p’ = oy (p) by the same definition. But A is strongly ¥ (M) in p,
since M, = Mp|v,. Contradiction!

QED(1)

vy, = ON N M,,.
Proof. Suppose not. Then A\ > 7, is inaccessible in M,. Hence
M, M v e My My *| %
Ae T =I5 " C My Similarly A" € JG = J7 0 < M|pp.
Then A is strongly ¥1(M;) in A" = 0¢(A) by the same definition.
Contradiction!
QED(2)

1
T ZpMn.

Proof. Suppose not. Then 7, < p}w . Hence A € JEIMn since A C
n Py,

JTEnMn. Hence A € JiMﬂ = J){‘ZMé C M,. Hence A is strongly X (M)

in the parameter A,. Now let A” be X1(M;|pg) in p’ = oy(p) by the

same definition. Then A” C A’. But since

oy My — s+ My min(p"),

we haver A" = o,(A). But X; is inaccessible in Mj; hence A” €
J)]:;Mn = J)]\zMg C M,I]* Hence A” = 0¢(A) is El(Mé*) in A” = o¢(A)
by the same definition. Contradiction!

QED(3)

7 is not a limit ordinal.

Proof. Suppose not. Pick 7 <7 71 such that § = p+ 1. 3, is
total on Mz, k = crit(mg,) > Ay and p € rng(mg,). Then 77, is
total in M7, £’ = crit(ng,) > A, and p' € mg(ny,), where p’ =

on(p). Set p = ﬂ%%(p),f)’ = 7['%717(])/). Then o7(p) = p. Then My =
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(JE'T T, M = <J§M’9’,F>. Extend the mirror (I|7+ 1, I’ + 1) to
a potential mirror (I, 7/> of length 77 + 2, by setting: v = 7,7, =77
Then My = M, M, = M* = M/*,¢ = T(7+1) = T(n+ 1) and
o¢ | My - M% — 5 M; min p*. It is easily seen that A is 3 (My)
in P’ by the same dﬂgition. By the minimality of 7 we conclude that
there is ¢ € M,y = My such that A is strongly 31 (M) in ¢ and A is
El(MT;*) in ¢' = 0¢(q) by the same definition. Contradiction!
QED(4)
Now let n = p+ 1. Let ¢ = T'(u +1). Then ¢, : M} — x5+ M, and
fop = crit(me ). Hence M has the form M = (JEF) where F # @.
Set: 7 = crit(F),7 = 7(F) = & X = A(F) =: F(%). Similarly M;*
has the form M = <J§,,, F,> and we define &, 7, X\ accordingly.
Set: m=me ' = W/Cm'
Ky > K,
since otherwise &, = 7(R) > 7(ku) = Ay > A¢ > k. Contradiction!
QED(5)
But then x, > 7 and hence 7 = 7,k = ;. Similarly ), > 7’ and
7' =1, K = K;. But then:
Ky > P
since otherwise p}\/[n > (k) = Ay > 7. Contradiction! by (3).
QED(6)

Hence, since 7w : M —g, My, we have:
"

T: M —g,,: My is a Yo ultraproduct and plﬂ = p}wn.

Recall that A is strongly %1(M,) in p and A is %1(M;) in p’ = oy(p)
by the same definition. By (7) we know:

p=7(f)(a) where a < A, f € M and f : K, — M. Hence

§ = (f)(o/) where f' = o4(f), 0’ = ou(a).

Proof. 1/ = a,(r(£)(@)) = (oy7(£))(()) = (Toc(F)) (@u(c).
QED(9)

Note. 0, [\, = 0y, [ A, since p < 1.

Let A be strongly ¥1(M,) in p as witnessed by \/ 2B(z, X, p), where

B is ¥o(M,). Set:

By(u, X,p) «— \/z € uB(z, X, p).
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Then A is strongly ¥1(M,) in p as witnessed by \/ uBg(u, X,p). Note

that for all u,u’:

(Bo(u, X,p) ANu C u') — Bo(v/, X, p).

Let B; be Xo(M) by the same definition as By over M,. Set F =:

B B = El]y“. By the cofinality of the map p: M — M,, and (10)
"

Vy

we have:

AX «— \/u € MBy(r(u), X, p)
— \/u € M{y < Kk, : By(u, X, (7))} € Fa.

But F,, is strongly % (M,||v,) in « and F/, is ¥1(M[lv,) in o by the
same definition.

Hence by the minimality of n we conclude:
There is ¢ € M such that the following hold:

(a) G = F, is strongly ¥1(M) in q.

(b) Let G’ be Sy (M) in ¢ = o,(q) by the same definition. Then
G' C F!,, where o/ = o,(a).

Let: V 2Go(z, X, q) witness the fact that G is strongly ¥;(M) in q.
Then:
AX +— \/ v € MBy(n(u), X, 7(f)(c))
—> \/u e M{y<k,:Bi(uv,X,f(7))} €G
«—\veM\/ucv\/ecv\/zev

Y ={y <#mu: Bi(u, X, f(7))} AGo(z,Y,q))

This has the form:

AX +— \JvBs(v, X, 1), where r = (q, ) and Bg is Xo(M).

For this By we claim:

A is strongly X1 (M) in r are witnessed by \/ Ba(v, X, r).
Proof. Let w C P(R) N M,w <% in M.
Claim. There is v € M such that

AX € w(Bofv, X,7) A Bafv, 5 X,7)
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For the sake of simplicity we can assume without lose of generality that
X e w+— (F\M) € w. Fix u € M such that

/\ X € w(Bo(m(u), X,p) A Bo(m(u), (FxX), p))

For X € w set:

0(X) =A{y <kp: Bi(u, X, f(7))}
Then:
Nz ewB(X)eGVoFEX)cG)
By rudimentary closure, (#(X) : X € w) € M. Hence 0“w € M and
card(§“w) <K < K, in M. Thus there is z € M such that:
A\ X € w(Go(2,0(X),q) vV Go(z, ku~0(X), q))
Claim. A X € w(Go(z,0(X),q) V Go(z,0(F~X),q)).
Proof. Suppose not. Then there is X € w such that:
kuN0(X), K NO(RNX) € G = F,.
Hence = By(m(u), X, p) and = By(m(u), E~X,p). Contradiction!
QED(Claim)
Pick V € M such that u € v,z € v and §”w C v. Then:

/\ X € w(Ba(v, X,7) V By(v,FxX),7)
QED(14)

Let A” be X(M) in r’ = o¢(r) by the same definition. Then 4” C A’
Proof. Let B be ¥o(M’) by the same definition as By over M. Let
B! be ¥o(M) by the same definition. A”X says that there is u € M
with:
{v <wy:Bi(u, X, f' (7))} € G

where f' = o¢(f). But G’ C F,s. Hence Bj(r(u), X, ' (f')()), where
p =7'(f")(a’). Hence A’X.

QED(15)
Now extend (I|¢+1, I'(C+1)) to a potential mirror pair (I, I} of length
¢ + 2 by setting: v =7, yé = 7. Since § = Ky, T = 75, we have:

E=T(C+1), M = M;, M* = M,*

But ¢ < p < 7. By the minimality of n and by (14), (15), we conclude
that there is a parameter s € M, such that:
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o Ais strongly ¥1(My) in s.

o If A” has the same Zl(M;]*) definition in §'(o¢(s)), then
A" c A" (hence A" C A').

This contradicts the fact that n was a counterexample.

QED(Lemma 3.6.40)

The argumentation used in the proof of Lemma 3.6.35, Lemma 3.6.36 and
Lemma 3.6.37 actually establishes a more abstract result which is useful in
other contexts:

Lemma 3.6.42. Assume that M;, M] are amenable for i < p, where y is a
limit ordinal. Assume further that:
(a) mij: My —s« M (1 < j < p), where the m; j commute.
(b) i+ M —rsx M} (i <j < p), where the m; ; commute. Moreover:
(Mj i< p),(mi; i< j<p)
has a transitivized direct limit M', (7} 1 i < p).
(c) o7+ Mj —rsx M min p? (i < j < p).
(d) =7, “of C ph < 7T7/;’j<p£l) fori<j<p,n<w. Then
(M i < p),(mij i < j<p)

has a transitivized direct limit M, (m; : i < p). There is then o : M —
M’ defined by: om; = wio; (i < p). Moreover:

1) There is a unique p such that o : M —x« M'min p and:
( p p

/e« 8

TP C pn <Py for i < pyn < w.

(2) There is i < p such that p, = W;(p%) fori<j<p,n<w.

3.6.4 The conclusion

In this section we show that every smoothly iterable premouse is fully iter-
able. We first define some auxiliary concepts:
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Definition 3.6.13. Let (I, I') be a mirror pair of length 7 with:

I = ((M;), (i), (mis), T) and I' = (M), (m};), (03), (p'))

Let N be a premouse such that M) = N||u for some 1 < ONy. As usual
set: V] = 0;(v;). Let:
I" = ((Na), (vi'), (i), T)

) 1]

be an iteration on N of length 7. (7" being the same as in I). Set:

o mo; (1) if p € dom(mg;)
’ ONy, if not.

We say that the mirror pair (I,I’) is backed by I" (or M-backed by I") iff:

M; = Nil|pi,v; = v, mi; = mj; | Mj for i <p j <.

1 10 My T

Now suppose that (I,I’) is a mirror pair of length n + 1 backed by I”.
Extend I to a potential iteration I of length 7 + 2 by appointing v, such
that Ei\;[” # @ and v, > v; for i < n. This determines ( = T'(n + 1) and
My. If we then set: v, = oy(v)), we have determined MT/]* and turned
(I,I') into a potential mirror pair (I7,I'"). But vy, also extends I” to a
potential iteration I"* of length n + 2, determining Ny. We then say that

I'* potentially backs (IT,I'F).

Note that if My € Mg, then:

M, = o¢(My) = N,.
If, however, My = Mg, then we have MT;* = Mé, but if is still possible that

M;I* € N, and even that Ny € N¢. This can happen if M{ = Ne||pe and
pie € Ng. There might then be v > p¢ such that 7, is a cardinal in Ngl|y.

Hence M,;* = M; € N{||y C N;. But if the largest such v is an element of
Ng, we then have Ny € Ne.

Vl

’ " . M’
Note. If IT, 1T, 1T are as above, we certainly have: E ," = EN.
n n

Using Lemma 3.6.38 we can then prove:

Lemma 3.6.43. Let I, I+ I"'T be as above. Suppose that N, is x-extendible
by F' = El],\,f”. Then (I, I'") extends to an actual mirror pair (I,1') with
n

Dy = vy and I extends to an iteration I" which backs (I,1').
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Proof. Set 7" : Ny —7, N’. Then It extends uniquely to I” with:
Npy1=N,n¢ ="

Set: 7/ =: 7" [M;fr. Then:
7 M;I* —5 M’
where:

A= AT M) i M e N
M’ if not

Then crit(n’) = k), and F' = Ei\;[é. Hence by Lemma 3.6.38, (I,I") extends
to a mirror (I, ') of length 1 + 2 with: M’ = M ,. Obviously, I" backs
(I, 1').

QED(Lemma 3.6.43)
Note. If M,,)* € Ny, then (7', M’) is not necessarily an ultraproduct of
(M, F').

Using Lemma 3.6.37 we also get:

Lemma 3.6.44. Let (I,I') be a mirror pair of limit length n which is backed
by I". Let b be a well founded cofinal branch in I". Then (I,I') extend
uniquely to (I,1') of length n+1 such that b=T“{n}. Moreover I" extends
uniquely to I" which backs (I,T').

The proof is straightforward and is left to the reader.
But by the same lemmata we get:
Lemma 3.6.45. Suppose that N is normally iterable. Let M = N||u. Then

M is normally a-iterable.

Proof. Fix a successful iteration strategy S for N. We must define a strategy
S* for M. Let:

I = ((M;), <Vi>ﬂ <7Tij>7T>

be an iteration of M of length n. We first note:

Claim. There is at most one pair (I’, I”) such that (I, I’} is a mirror pair
backed by I"” and I" is S-conforming.

Proof. By induction on 1h(7). We leave this to the reader.
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We now define an iteration strategy S* for M. Let I be a normal iteration
of M of limit length 7. If there is no pair (I’, I} satisfying the above claim,
then S*(I) is undefined. If not, we set:

S*(I) =: S(I")
b = S*(I) is then a cofinal well founded branch is I. (Clearly, if we extend
each of I, I, I" by the branch b, we obtain (I, I’,I") satisfying the Claim).
It is then obvious that if I is of length n + 1 and we pick v > v;(i < n) such

that Eiw" # &, then I extends to an S*-conforming iteration of length 1+ 1.
Hence S* is successful.

QED(Lemma 3.6.45)

This is fairly weak result which could have been obtained more cheaply. We
now show, however, that our methods establish Theorem 3.6.1. We begin by
defining the notion of a full mirror I' of a full iteration I.

Definition 3.6.14. Let [ = (I' : i < u) be a full iteration of M, inducing
Mi,ﬂl‘j (Z <7< ,U,). Let:

I'= <<M}ZL>7 <V}iL>7 <7Thj>7Ti>

By a full mirror of I we mean I’ = (I'* : i < p) such that
I't = (M), (my), (oh), (1)

is a mirror of I’ for i < p, and I’ induces (M : i < p), (mij i <j <), (o
i< ), (p":i< p)such that:

(a) o;: M; —x+ M/ min p’

(b) ﬂéj is a partial structure preserving map from M/ to M j’ Moreover,
they commute and 7;; = id [ M. If o < p is a limit ordinal, then
Mg, = Ujcq mg(m ).

(c) ojmij =m0 for i < j < p.

(d) If i <j < p and [4, ) has no drop point in I, then:

T 2 M —s M and mj;“p" C Pt < ng(pi)

(e) M} = My=M;oo=id| M, and
P’ = (P n <w)

() M, = Ml,f where I’ has length I; + 1. Moreover, 0,41 = afi and
pi—l-l — pi,li and 741 = ”f,z )

i
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We leave it to a reader to see that (M; :i < p),(m; 1 < j < p),{oi:i<p)
are uniquely characterized by (a)-(f), given the triple (M, I, I'). In particular
if o < p is a limit ordinal, then:

M. (i< a)
is the transitivized direct limit of
(M :i<a),(m;:i<j<a).

(This makes sense by (d), since I has only finitely drop points i < «). o4
is then defined by: o,miq = 7,,0;. By the method of §3.6.2 it follows that
there is only one p® satisfying our conditions and that, in fact, for sufficiently

large i < o we have:
/

02 = wla(pl) for i < w.
(I,1') is then called a full mirror pair.

We leave to the reader to verify:

Lemma 3.6.46. Let (I,I') be a full mirror pair of limit length p. Suppose
further, that, if [i,, 1) has no drop point, then:

(M do < i < pu), (mj; 1dg <1< j < p)
has a well founded limit. Then (I,I') extends uniquely to a mirror pair of

length p+ 1.

We recall that a full iteration I = (I* : i < y) is called smooth iff M; = M
for all © < . We define:

Definition 3.6.15. Let I = (I' : i < ) be a full iteration of M. Let (I, 1)
be a full mirror pair. Let:

I"=(I"":i < p)
be a smooth iteration of M inducing
(M 2i < ), (7045 01 < j < )
such that My* <« M} < M}" and I"? backs (I*, I'"%) for i < p.

We then say that I” backs (M,I,1').

It is obvious that, if I” backs (M, I,I') then I” is uniquely determined by
(M, I,1'). Building on the last lemma we get:
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Lemma 3.6.47. Let (I,1I') be a full mirror pair of limit length . Let I"
be a smooth iteration of M of length u+ 1, such that I"|u backs (M, I,1').
Then (I,1") extends uniquely to a pair of length p+ 1 which is backed by I".

Proof. (Sketch). The extension is easily defined using Lemma 3.6.46 if we
can show:

Claim. [ has finitely many drop points.

We first note that if I’ has a truncation on the main branch, then so do
I'" and I"". Hence there are only finitely many such I*. Now suppose that
Mg # M; for infinitely many 4. Let (ip : n < w) be a monotone sequence
of such i such that [iy,i,+1) has no drop. Then, letting M] = M{;HMn for

. 1/
n <w, we have: finy1 < o (fn)-

Hence 7}/ | (ttn+1) <, (tn). Contradiction!
QED(Lemma 3.6.47)

Now let S be a successful smooth iteration strategy for M. (Thus S is defined
only on smooth iterations I = (I' : i < n) such that I is a normal iteration
of limit length. S([I), if defined, is then a well founded cofinal branch b in
I". We call S successful for M iff every S-conforming smooth iteration I of
M can be extended in an M-conforming manner. (This is defined precisely
in §3.5.2).).

Claim. Let I be a full iteration of M. There is at most one pair (I’,1”)
such that (Z,I’) is a full mirror pair, I” backs (I, I’) and is S-conforming.

Proof. By induction on 1h(I) and for Ih(I) = i + 1 by induction on Ih(I?).
The details are left to the reader.

We now define a full iteration of length ¢ + 1 where I’ is of limit length. If
there exist (I’,I"”) as in the above claim, we set S*(I) = S(I"). If not, then
S*(I) is undefined. It follows as before that an S*-conforming full iteration
of M can be properly extended in any permissible way to an S*-conforming
iteration. More precisely:

e If I is of length i + 1 and I’ is of limit length, then S*(I) exists.

e If I is of length i + 1 and I’ is of successor length j +1 and v > y}iL
for h < j, where B # @, then I extends to and S*-conforming I, I;
extends I' and vj =vin It

e If I, 4,7 are as before and M < M;, then I extends to an S*-conforming
I of length i + 1 such that M = MS“.
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e If I is of limit length u, then it extends uniquely to an S*-conforming
iteration of length p + 1.

QED(Theorem 3.6.1)

3.7 Smooth Iterability

In this section we prove Theorem 3.7.29. This will require a deep excur-
sion into the combinatorics of normal iteration, using methods which were
manly developed by John Steel and Farmer Schluzenberg. We first answer
a somewhat easier question: Let M be uniquely normally iterable and let
M’ be a normal iterate of M. Is M’ normally iterable? Our basis tool in
dealing with this is the reiteration: Given a normal iteration I’ from M’
to M", we “reiterate” I, gradually turning it into a normal iteration I* to
an M*. The process of reiteration mimics the iteration I’. This results in
an embedding o from M” to M*, thus showing that M" is well-founded.
However, o is not necessarily %*-preserving but rather X*-preserving modulo
pseudoprojecta. This means that, in order to finish the argument, we must
draw on the theory of pesudoprojecta developed in §3.6. The above result is
proven in §3.7.3. The path from this result to Lemma 3.7.29 is still arduous,
however. It is mainly due to Schluzenberg and employs his original and sur-
prising notion of “inflation”. In order to complete the argument (in §3.7.6) we
again need recourse to pseudo projecta. The remaining subsections (§3.7.1,
§3.7.2, §3.7.4, §3.7.5) can be read with no knowledge of pseudoprojecta, and
are of some interest in their own right.

We begin by describing a class of operations on normal iteration called in-
sertions. An insertion embeds or “Inserts” a normal iteration into another
one.

3.7.1 Insertions

Let I be a normal iteration of M of length 7. Let I’ be a normal iteration

of the same M having length n’. An insertion of I into I’ is a monotone
M.

function e : n — 1’ such that £ plays the same role in M; as E, @ in
' 20

Mé(i). (This is far from exact, of course, but we will shortly give a proper

definition).

In one form or other, insertions have long played a role in set theory. They are
implicit in the observation that iterating a single normal measure produces



