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is the S-iteration map from N to N. Hence o'ml(e;) < o'n(e;), since
o'm’ : N — 5+« N. Hence 7l(e;) < 7¥(e;). Contradiction!

QED(Claim)

Let i, + 1 <gpn p with o = T"(i, + 1) for h = 0,1. Then x;, = ;, = crit(n),
where ™ = 7r87u = Wéyu. Set:
FY = Egg,Fl = Ei”lo
Then:
FMX) =n{;, 1(X) for X € P(k;,) N N.

Thus:

a€ F'X)+— acn(X)fora<,,
. h h . . 0 E]Mil
since m = ;) 4q , 0 T, 41 But then v;, £ v;1, since otherwise F" € Jl,l.1

M;
by the initial segment condition, whereas v;, is a cardinal in Jfl ', Contra-
diction! Similarly v;, £ v4,. Thus ig = i1 = ¢ and FO = F1. But then y; is
not a coiteration index! Contradiction.

QED(Claim 4)

This proves the simplicity lemma.

4.3 Solidity and Condensation

In this section we employ the simplicity lemma to establish some deep struc-
tural properties of mice. In §4.3.1 we prove the Solidity Lemma which says
that every mouse is solid. In §4.3.2 we expand upon this showing that any
mouse N has a unique core N and core map o defined by the properties:

e N is sound.
e 0 :—y N.
* P = Py and o [pf = id.
° a(piﬁ) = piy for all i.
In §4.3.3 we consider the condensation properties of mice. The condensation

lemma for L says that if 7 : M —y, J, and M is transitive, then M <
Jo- Could the same hold for an arbitrary sound mouse in place of J,?7 In
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that generality it certainly does not hold, but we discover some interesting
instances of condensation which do hold.

We continue to restrict ourselves to premice M such that M ||« is not of type
3 for any a. By a mouse we mean such a premouse which is fully iterable.
(Though we can take this as being relativized to a regular cardinal k > w,
ie. card(M) < k and M is fully k + 1-iterable.)

4.3.1 Solidity

The Solidity lemma says that every mouse is solid. We prove it in the slightly
stronger form:

Theorem 4.3.1. Let N be a fully wi+1-iterable premouse. Then N is solid.

We first note that we may w.l.o.g. assume NN to be countable. Suppose not.
Then there is a fully wy + 1 iterable N which is unsolid, even though all
countable premice with this property are solid. Let N € Hy, where 0 is a
regular cardinal. Let o : H < Hy, 0(N) = N, where H is transitive and
countable. Then H is a ZFC™ model. Since o [ N : N < N, it follows by a
copying argument that N is a wy +1 fully iterable (cf. Lemma 3.5.6.). Hence
N is solid. By absoluteness, N is solid in the sense of H. Hence N is solid
in the sense of Hy. Hence N is solid. Contradiction!

Now let a = Pg for some n < w. Let A € a. Let M = N be the A—th
witness to a as defined in §4.1. For the reader’s convenience we repeat that
definition here. Let:

P < <plin N;b=:a~(A+1)
Let N = N%® be the I-th reduct of N by b. Set:
X = h(AUb) where h = hg is the ¥1-Skolem function of N.

Then X = h”(w x (X x {b})) is the smallest ¥1-closed submodel of N con-
taining A U b. Let:

G : M +— N|X where M is transitive.

By the extension of embedding lemma, there are unique M, o,b such that
o Do and:
M=M"b o.M —rsy NV and a(b) = b.

Then N} =: M and o) =: 0.
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It is easily seen that o witnesses the phalanx (N, M, \). Employing the
simplicity lemma, we coiterate (N, M, \) against N, getting (I, IM) ter-
minating at 7, where:

o IN

(N, (UMY, <7r{}f>, TN) is the iteration of N.

o IM = ((M;), (M), <7rf\f>,TN> is the iteration of (N, M).

)

(v; 11 < n) is the sequence of coiteration indices. We know that:

Mn < Ny,.

I has no truncation on its main branch.

1 <pum .

It follows that x; > X for ¢ <pm n. Moreover v; > A for ¢ < 7, since
M|\ = N|A.

We consider three cases:

Case 1. M, = N, and I has no truncation on its main branch.

We know that pl]\f < ), since every x € M is Egl) (M) in AUb. But x; > A
for i < m.

Hence:

(1) P(A)N M =P(\) N M, and pt, = p}Mn for h > i. But then x; > pht!
for j <pw~ n, since otherwise:

N I+1 41 _ 141
Ki <Supmp i Py < PN, = P, <A< K

where h = TN (j + 1). Hence for h > | we have:
(2) Py = Pl and P(p") N M =P(p") N N.

Recall, however, that a = p%;, where m > [. Since every x € M is Egi)(M)
in AU Db, there is a finite ¢ C A such that cUb € PJ,. Let A be Zgn)(M) in

cUb such that ANp"™ ¢ M. Let A be Egn) (N) in cUb by the same definition.
Then:
Anp'=ANnp" €N,

since cU b <, a = ply. Thus,

P(p") "M #P(p") NN,
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contradiction! QED(Case 1)
Case 2. M, is a proper segment of N,,.

Then M, is sound. Hence M did not get moved in the iteration and M = M,,.
But then NN is not moved and N = NV,;,) = 0, since otherwise v is a cardinal
in N,,. But then A < v1 < Onys and p5; < A < v, where M is a proper
segment of N,. Hence v is not a cardinal in /V,. Contradiction!

QED(Case 2)
Case 3. The above cases fail.

Then M, = N,, and I N has a truncation on its main branch. We shall again
prove: M € N.

We first note the following:

Fact. Let (). be acceptable. Let 7 : Q@ —}. @', where P <k < pin
Q, k = crit(F'). Then:

(@) NP(k) = B7(Q) NP(k) for n > i.

Note. It follows easily that:
=@ NP(H) = £{"(Q) NP(H)
where H = HY = HY .

We prove the fact. The direction D is straightforward, so we prove C by
induction on n > 4. The first case is n = i. Let A C k be Egz)(Q’) in the
parameter a. Then:

A¢ «— \[ z € Hy B'(2,¢,a)
where B’ is Egl)(Q’). But then 7 takes Hy, cofinally to Hy,. Hence:
Ae \/u € Hé \/z € m(u)B'(1,&,a).

Let a = 7(f)a where f € T*(k,Q) and a < A\(F) = F (k). Let B be Eéi)(Q)
by the same definition as B’. Then:

Ae — \/u € Hb{( <K: \/z € uB(z,&, f(a))} € Fu,

where F,, € ¥,(Q) by closeness.
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This proves the case n = i. The induction step uses the fact that Py = pTQ‘,,
for n > i. (Hence Hgy = Hpy.)

Let n =m+ 1> ¢ and let it hold at m. Let A C k be E(Im)(Q’). Then:
Ae «— (H3,Bi,...,Bi) F o
where ¢ is a X sentence and:
Bl ={z€H}:(&z)eB"}(h=1,....r)

and B" is ng)(Q’). We may assume w.l.o.g. that B* ¢ H. But then B" is
Z(lm)(Q) Hence A is Zgn)(Q)

QED(Fact)
Recall that p!*1 < X\ < p! in M. Using this we get:

(1) There is a ;gl)(M) set B C X\ which codes M (in particular, if @) is a
transitive ZFC™ model and B € @, then M € Q.)

Proof. Recall from the definition of M that:
M = M"" = hyp(w x (A x {€})), where € = b pl;.
Thus we can set:
M={<i,6€M:i<wé<)\ and hy(i, (€,0)) is defined}.

For < i,& =€ M set: h(<i,& =) = hyp(i, < & >=). Let M = (JE F).
We set:

o [ = {(x,y) € M?: h(z) = h(y)}
oE::{:UEM:h(:E)GE}
oF::{xEM:h(w)GF}

o &= {(x,y) € M?: h(z) € h(y)}
= {

Then: . o
(M,&,B,F)/T= (], F) =M.

Let B be a simple coding of (M, &, E, F), e.g. we could take it as the
set of < &, 5 > such that one of the following holds:

e j=0NEEM

o j=1ANE=<¢&,& = with §E&

® j=2NE§=<¢&& = with §l&
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e j=3NEcE

e j=4NECF.
It is clear that if B € @ and @ is a transitive ZFC™ model, then M
is recoverable from B in () by absoluteness. Hence M € (). But
M = M5 and M is recoverable from M in @ by absoluteness. Hence
M e Q.

QED(1)

Let j+1 be the final truncation point on the main branch of I"V. Then:
B is 2\ (Njs1).
Proof. Let B be Egl)(M) in the parameter p. Let B’ be Ege)(Mn)

in m(p) by the same definition, where 7 = 71'{\’/[77. Then B = AN B is

Zgl) (N,). Let i be the least i > j+1in IV set. Bis Egl) (N;). iisnot a
limit ordinal, since otherwise lub{ky, : h <y~ i} =lub{ky : h <i} > A
and there is h <~ i such that x, > A and a € mg(n), where B is

Egl) (N;) in the parameter a. Hence B is Zgl) (Np,). Contradiction! But

theni =k+1. Lett = TN(k+1). If k > j, then t > j + 1 and

Kk = Aj > A > pé\}l = pk;; = pk,rtl. By the above Fact we conclude

that B € Egl)(Nt) where ¢t < i. Contradiction! Hence i = j + 1.
QED(2)
We consider two cases:

Case 3.1. kj > A.

By the Fact, we conclude that B is Egi)(N ;‘) is a proper segment of
Ny, where t = TN(j +1). Hence B € £{’(N7) ¢ N. But then
BNPA)NN C Jf(])\\[), since o(A) > A is regular in N. Hence Jf(];\[) is
a ZFC™ model and M € JE\ C N.

QED(Case 3.1)
Case 3.2. C(Case 3.1 fails.

Then k; < A. But 7; > A, since otherwise 7; < A is a cardinal in M,
hence in N. Hence N7 = N and no truncation would take place at
j + 1. Contradiction! Thus:

A=T1=:7j;, Nj = N* = N||v, kj = &,

where k is the cardinal predecesor of A in M and v > X is maximal
such that 7 is a cardinal in N||y. Then:

. — N — N
(1) m: N* —% Njy1 where 7 =g, F = B/
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Since:
Tjt1m : Njp1 —>x= M, and crit(mjp1,) > A,
we know that:
(2) pHt <A< plin Njq
By the definition of N* we have: p%. < A. But p%. > K, since & is a
cardinal in NV and N* € N. Hence:

(3) PR+ = k-
Now let: pt! < k < p’ in N*. Then:

P <k <A< phin Ny,

since:

A <supm’ A= A(F) < supﬂ”p’]‘\/* = p’]'\;jﬂ.
Hence ¢ = [ and:
(4) Pt =k < plin Nj4q.
We now claim:
(5) B € Def(N*), i.e. B is definable in parameters from N*.
Proof. For { < A define a map g¢ : K — & as follows:

For a < k set:

e X, = the smallest X < J){EN* such that a U {£} € X.
o Cc={a<kr:Xecok Cal.

For a € C¢, let ¢ : Q¢ +— X¢ be the transitivator of X¢. Set:
-1 .
o, (&) ifaeC;
. 3
a) =:
9¢(c) {@ if not
It is easily seen that:
7(g¢)(k) = & where m = 71'(])\’[]-+1.
Since B is Zgl)(NjJrl) we have:
B¢ +— \/u € J;”;VN*U \/z € m(u)B'(z, ¢, u).
Let f € I'*(k,N*) such that a = 7(f)(a),a < A\. We know that
£ = m(ge)(k) for £ < A. But then the statement B is equivalent to
NU
\/u € JpEf;v* {<:u75> : \/‘T € ’LLBH((I},QC(,U,)"]C((S))} € F(K,a)
where F' = Ei\;j and B” is E(()l)(N*) by the same definition. But F, o)
is X;(N*) by closeness. QED(5)
But then B €Def(N*) C JET C N. Hence M € N.
QED(Lemma 4.3.1)
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4.3.2 Soundness and Cores

Let N be any acceptable structure. Let m < w. In §2.5 we defined the set
R} of very good n-parameters. The definition is equivalent to:

a € R™iff a is a finite set of ordinals and for i < n, each z € N||p’
has the form F(£,a) where F is a Egl)(N) map and & < pitl,

We said that N is n-sound iff R}, = Py. It follows easily that N is n-sound
iff p" € R", where p" = pl; is the <,-least p € P". We called N sound iff
it is n-sound for all n. It followed that, if N is sound, then p"~p’ = p’ for
1< n<w.

We have now shown that, if N is a mouse then p"~p' = p’ for i < n < w,
regardless of soundness. We set: p* = J Then p* = p™ whenever
p" = p“ in N. We know:

n
n<wp :

Lemma 4.3.2. If N is a mouse and m : N —x« N strongly, then N is a
mouse and m(pz) = Pl

Proof. N is a mouse by a copying argument. Hence N is solid. But then
m(p%) = Py for all i <w, by Lemma 4.1.11.

QED(Lemma 4.3.2)
We know generalize the notion RY; as follows:

Definition 4.3.1. Let p%; <pu € N,a € Rg\l;) iff a is aa finite set of ordinals
and for some n,

e p"<pu<p"linN.

e Every z € N||p"~! has the form F(g, a), where &1,...,& < pand F
is 2"V ().

e If j >n—1, then a € R}.

We also set:

Definition 4.3.2. N is sound above p iff for some n,p" < pu < p" !in N

and whenever p € Py then p\p € Rg\’;).

(It again follows that N is sound above p iff pii~p € Rg\’;).) We prove:
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Lemma 4.3.3. Let N be a mouse. Let p§;, < € N. There is a unique pair
o, M such that:

e 0: M —s« N

o M is a mouse which is sound above u
e olp=id and o(p};) = Py-

Before proving this, we develop some of its consequences.

Definition 4.3.3. Let N be a mouse. If M, o are as above, we call M the
p-th core of N, denoted by: core(N) = coreyg (IV), and o the p-th core
map, denoted by a{)’ .

We also set: core(N) = coreys (N) and o = aé\L , M = core(N) is the core
N

of N, and oV is the core map.

We leave it to the reader to prove:

Corollary 4.3.4. Let N be a mouse. Then:

e corey(core,(IN)) = core,(NN).

e N is sound above p iff N = core,(N).

o Let M = coreH(N),ﬁ <p,M= COTeE(M)'

Then M = corez(M) and afyog[ = aljjv.

We now turn to the proof of Lemma 4.3.3. By Léwenheim-Skolem argument
it suffices to prove it for countable N. We first prove uniqueness. Suppose
not. Let M,n and M’,7" both have the property. If x € M, then z =
F(g, Py) where F'is good and &1,...,& < p, since M is sound above pu.
Hence: o
m(x) = F(¢§ Py)

where F has the same good definition over N. But then in N the ¥* state-
ment holds:

\yy=F(EPy).

(This is 3* since it results from the substitution of F({, Py;) in the formula
v =v.) Hence in M’ we have:

\yy=FI(P5),
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1

where F’ has the same good definition over M’. Thus rng(7) C rng 7'~ and
-1

7'l is a X*-preserving map of M to M’. A repeat of this argument then
shows that rng(n’) C rng(7~!) and 7/~ !7 is an isomorphism of M onto M.
But M, M’ are transitive. Hence M = M’ and m = 7’.

QED

This prove uniqueness. We now prove existence. Let a = pj,. Let ptl <
< pt Set N =N"™"% Let b=anpy and set:

X = hy(pUb) = the closure of U b under ¥(N) functions.

Let @ : M «+— N|X be the transitivazation of N|X. By the downward
extension lemma, there are unique M, o D 7, a such that:

M:M’ﬂ@, o: M —>2§n> ]\]'7 U(a) = Q.

Clearly, o [ 4 = id. Moreover, a € R(Mu). It suffices to prove:

Claim. o is X*-preserving and @ = pj,.

If o = id and M = N, there is nothing to prove, so suppose not. Let
A = crit(o). (Hence u < A.) There is then a h < n such that p*+ < X < ph
in N. X\ is a regular cardinal in M, since o(A) > A. It follows easily that
o witnesses the phalanx (N, M, \). Note that p§; < p < A, since @ € R(MM).
We now apply the simplicity lemma, coiterating N, (N, M) with:

M = (M), (M), My, T

()

being the iteration of N, (N, M, \) respectively. We assume that the iteration
terminates at an < w; and that (v; : 1 < i < 1) is the sequence of coindices.

It is now time to mention that some of the steps in the proof of solidity go
through with a much weaker assumption on the phalanx (N, M, \) and its
witness o. In particular:

Lemma 4.3.5. Let o witness (N, M, \), where REQ) % . If cases 2 or 8
hold, then M € N.

The reader can convince himself of this by an examination of the solidity
proof. But the premises of Lemma 4.3.5 is given. Hence:
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(1)

Case 1 applies.

Proof. Suppose not. Let A be Egh)(N) in a such that AN pht! ¢ N.
Let A be Egh) (M) in @ by the same definition. Then A N phtt =
Anphtt € N, since A € B, (M) C N. Contradiction!

QED(1)
Then M,, = N,, and there is no truncation on the main branch of IN.
Then 77%7 : M —x+ M,. Hence, by a copying argument, M is a
mouse, hence is solid. Since crit(w{\’/[n) > A, we have:

P(A) N M =P(A\) N M, and p}y,; = P, for i > h.

But:

crit(ﬂ'{\’[n) > phtl

Proof. Suppose not. then there is j + 1 <~ 7 such that x; < phtL
Let j be the least such. Let ¢ = T™V(j + 1). Then:

) » _h+l1 h+1 h+1 _  h+1 )
Kj <Sup T 1’ Py S PNja < PN, =Py > Kj-

Contradiction!
QED(3)
Hence:
ply = pY for i > h. Moreover if p' = p%;, then P(p’) N N = P(p’) " M
for i > h.
Using this we get:
o: M — N.
We first show that ¢ is X*-preserving. By induction on ¢ > h we show:

Claim. o is Egi)-preserving.

For i = h, this is given. Now let ¢ = k+1 > h and let it hold for .
Let A be Egl) (M). then:

Az +— (H',BL.,... Bl) = ¢
where ¢ is a Xj-sentence and:
Bi{ze H': (z,x) € B'},

where B! is ng)(M) fori=1,...,r. Let A’ be ng)(M) by the same
definition. Then:

l/
zo(x)

B, +— B for z € Hy, = HY,.
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Hence Az +— A'o(x).
QED(5)
But

(6) o is strongly ¥*-preserving.

Proof. Let p™ = p“ in M and N. Let A be Egm) (M) in x such that
Anp™ ¢ M. Let A’ be Egm) (M) in o(x) by the same definition. Then
Anpr=A"Np™ ¢ N, since P(p™)NM =P(p™)N N.

QED(6)
But then o(P;;) = Py. Hence Py, = a = o' (Py). We know that

ac Rg\’/;). Hence M is solid above pu.

QED(Lemma 4.3.5)

4.3.3 Condensation

The condensation lemma for L says that if M is transitive and 7 : M — J,
is a reasonable embedding, then M <« J,. It is natural to ask whether the
dame holds when we replace J, by an arbitrary sound mouse. In order to
have any hope of doing this, we must employ a more restrictive notion of
reasonable. Let us call ¢ : M — N reasonable iff either ¢ = id or o
witnesses the phalanx (N, M, \) and p5, < A. We then get:

Lemma 4.3.6. If N, M are sound mice and o : M — N 1is reasonable in
the above sense, then M < N.

It ifs not too hard to prove this directly from the solidity lemma and the
simplicity lemma. We shall, however, derive it from a deeper structural
lemma:

Lemma 4.3.7. Let N be a mouse. Let o witness the phalanxz (N, M, \).
Then M is a mouse. Moreover, if M is sound above A, then one of the
following hold:

(a) M = corey(N) and o = o¥.

(b) M is a proper segment of N.

(c) m: N||y —% M, where F = Fév such that:

(i) A<~y € N such that PNy < A



4.3. SOLIDITY AND CONDENSATION 443

(i) A= &N where k = crit(F).

(iii) F is generated by {K}.

Remark. In case (c) we say that M is one measure away from N. Then
v is maximal such that X is a cardinal in N||y. Hence PN|y < k. But K
is a cardinal in N and N|[y € N. Hence py|, = 5. But 7 [ £ = id and
m(P,) = Phy- Hence N||y = core(M) and 7 is the core map. Clearly, p is

least such that Efy #+ EZLV

Remark. Lemma 4.3.6 follows easily, since the possibilities (a) and (c) can

be excluded. (a) cannot hold, since otherwise M = corey(IN) = N by the

soundness of N. Hence af{l = id. Contradiction, since crit(a]){]) =\ If (¢

held, then N* = core(M) where N* = N||v, and 7 is the core map. But M
is sound. Hence M = N* = core(M) and 7 = id. Contradiction!

Remark. Lemma 4.3.7 has many applications, through mainly in setting
where the awkward possibility (c) can be excluded (e.g. when A is a limit
cardinal in M). We have given a detailed description of (c¢) in order to
facilitate such exclusions.

We now prove Lemma 4.3.7. We can again assume N to be countable by
Lowenheim-Skolem argument. We again coiterate against (N, M, \) getting
the iterations:

IV = (N, ..., TNY, IM = (M), ..., TM)

with coiteration indices (v; : ¢ < n), where the coiteration terminates at
n < wi. Then 7y, : M —x+ M, and M is a mouse by a copying argument.
Now let M be sound above A. We again consider three cases:

Case 1. M, = N,, and IV has no truncation on the main branch.
We can literally repeat the proof in cases of Lemma 4.3.5, getting:
o is strongly X*-preserving.
Hence o(p3;) = ply where M is sound above A and o = o).
QED(Case 1)
Case 2. M, is a proper segment of N,,.

We can literally repeat the proof in Case 2 of the solidity Lemma, getting:
M is a proper segment of V.

Case 3. The above cases fail.
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Then M, = N,, and IV has a truncation on the main branch. Let j + 1 be
the last truncation point on the main branch. Then M is a mouse and W% is
strongly >*-preserving. Hence 77%7 (py) = p"jug. But k; > A for all i <pum 7.
Hence crit(my,,) > A. Hence:

M = corey(M,;,) and 7, = ai\\&,
since M is sound above A\. We also know:
ki > Aj > Mor j+1<pnvi+1<pnn.
Hence crit(wﬁlm) > X and ﬂﬁlm(Pj{,jH) =P, = Phy,- Hence:

N; _
M = corex(Nj41) and 0y = (w4 ,) " om.

We consider two cases:
Case 3.1. k; > \.

Then N7 is a proper initial segment of N, hence is sound. Since k; > A,
it follows as before that M = corey(N*). Hence M = N7 by the soundness
of N j‘k- But this means that M was not moved in the iteration I™ up to
t = TN(j + 1), since if h < t in the least point active in I*, then E% + O

N*
and hence EVNhf = E,;] =@. Hence N; # M. Contradiction!

Thus M; = M = N is a proper segment of N;. Hence the coiteration
terminates at t < 7. Contradiction!

QED(Case 3.1)
Case 3.2. Case 3.1 fails.

Then xk; < A. But 7; > A, since otherwise 7; is a cardinal in NV and N Ji" = N.
Hence j + 1 is not a truncation point in IV. Contradiction!

Thus 7; = A.t = TN(j + 1) is the least i which is active in IV (since
kj <A< \;). But then N = N, and Ny = N* = N||v, where 7 is maximal
such that 7 = Ais a cardinal in N||y. Hence k; = k = the cardinal predecesor
of Tin N*. kK = p%«, since & is a cardinal in N and N* € N. We have:

ki > Afor 1 <qpmi+1<pmn

Hence crit(ﬂ'%?) > \. But:

ki >Aforj+1<pnvi+1<pnnm
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N

j+1ﬂ7) > ). Hence:

Hence crit(

_ N,
M = corex(Njt1), (Wﬁ_lm) Lo 77%7 =0,

P+~ < k. But then pX. = k since k is a cardinal in N and N* € N. Set
(N, F) = Nj||vj. Then:

* *
i1t Nj —% Njp

By closeness we have: Fj, € ¥;(N*). Hence F, € X,(N*) C N||o(7), where
o(7) is regular in N and v < o(7). By a standard construction there is a
unique premouse (Q, F) such that F,, = F,, Q||7 = N||r and F is generated
by {k}. To see this we have:

XU{r} if X € F,

Aerion = {3 0

Then F|k + 1 € N||o(7). Then (Q, F) is the extension of (N|r, F|x 4 1) in
the sense of §3.2. By a standard construction there exist:

m: N* —>*F ]\4'/7 o M — Nj+1
such that o' (7(f)(k)) = 7 j+1(f) (k) for f € T*(k, N*).

To see this, let T : N||7 — @ be the extension map. Then each o < X\,
has the form 7(f)(x) for an f € N||r. Set: g(a) = m j+1(f)(k). Then
g:Arp — Aj and:

(id, g) : (N7, F) —" (N, F)
as defined in §3.2. Hence, the are 7, M’, o’ as above with:
o' (n(f)(@)) = mj+1(f)(9(a)) for o < Apr.
Then o’ [T = id and:
o' (piyr) = o'm(PN+) = e g1(Dh+) = PN, -
Hence M = core,(M’) and oM = (¢/)"' o ON,,, However:
Claim 1. M’ is sound above 7. Hence M = M’ = core,(Nj;1).

Proof. Let p" < x < p"~!in N*. Hence K = p" = p¥ in N*. Let x € M.
Then z = w(f)(k), where f € I'*(k, N*).

By the soundness of N* we may assume:

—

f(§) = F(&,a,Q)
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where F' is a good Egn_l)(N*) function, a = p}. and (1, ..., ¢ < k. Hence:

7(f)(%) = F'(x,7(a), )
where I is Egnfl)(M’) by the same good definition, 7(a) = pf;, and C<r.
But x < 7, where p" <7 < p"!in M’
QED(Claim 1)
All that remains is to show:
Claim 2. (Q,F) = N||u for a pn <.

Proof. We note that if (@, F') = N||u, then we automatically have pu < 7,
since 7 is then a cardinal in N||u and ~ is maximal s.t. 7 is a cardinal in
Nlly.

(1) (Q,F) e N.

P]roof.(Ei\J].V),.i = F, € Nllo(r), where Nllo(7) is a ZFC™ model.
Hence (Q, F') € N||o(7) since the construction of (@, F') can be carried
out in N||o(7) by absoluteness.

(2) p%QF) <.

Proof. As above, let 7 : N||o(7) — @ be the extension map given by
F'. By §3.2 we know that 7 is ¥, ((Q, F')) and that (Q, F') is amenable.
But then there is a X, (({a, 7)) partial map G of N||7 onto @) defined
by: G(f) =7(f)(x) for f € N||1,: f: kK — N||7.

QED(2)
Define a map ¢ : (Q, F') — Nj||v; by:
o(7(f)(r)) := 7 (f) (k) for f € N|r, f: x — Nl|r,
where T = ﬂ'% [(N]|7) is the extension of Nj||v;.
Then:
(3) 6 :(Q,F) —x, Nj||lvj. In fact, it is also cofinal.
) 6lr+1=id
Proof. Set:

it =: the least > i such that n =7 > w in Q
pl = (it i < k).
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Then 7(pl) (k) = k1@ = kTNillVi = 7(pl) (k).
Set:

F={feN|r:f:xn—rAf(i)<it fori<r}
<={{fig) eT:{i: f(i) € g(i)} € Fys}

Then every £ < 7 has the form 7(f)(k) fo an f € T'. Clearly, f<g «—

7(f)(a) < w(g)(a) for f,g € I'. Hence by <-induction on g € I':

m(9)(r) = {7(x) : f<g}.

But Fj, = (E,i\;] )x. Hence the same holds for 7 in place of 7. Thus, by
<-induction on g € I':

T(g)(k) = {7 (k) : f<g} =A{n(r) : f<g} =T(f)(K).

Hence ¢ |7 = id. But:

() = 6(@(pl)(r)) = T(pl)(K) = 7
QED(4)

Redoing the proof of (2) with more care, we get:

(7)
o€ R<Q’F>.

Proof. X C x and X = k are both ¥;((Q, F')), since:
X Ckhk+— X edom(F), X =k +— X € OnNndom(F).

Thus this suffices to show that 7 is X1 ((Q, F')). We note that if f :

X 2% 4 and u is transitive, then w(f) : T(X) ont 7(u) and 7(u) is

transitive. But w(X) = F(X) for X C k. Hence y = 7(x) can be
expressed by saying that there are:
X?Kf7u7Xlﬂyl7f,7u,

such that:

onto

VunX,Y edom(F)Af: X PR unz= f(0)
ANNECEX(f(E) € F) =& ¢ €Y)
AX'=F(X)ANY' =FY)AF X 280 Ay = £(0)
ANNECEX(f1(E) € F(¢) ==& (=€ Y)
QED(5)
We then prove:
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(6)
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One of the following holds:

(a) (@, F) = core,(Nj||vj) and & is the core map.
(b) (@, F) is a proper segment of Nj||v;
(©) 0> 7 (@ F).

Proof. If ¢ = id,(Q, F) = Njl|v;, then (a) holds. Now let & # id.
Let A = crit(5). Then A > 7 by (4). We know p! < 7 < X in
(Q, F). Moreover ¢ is Yg-preserving. It follows easily that & verifies

the phalanx (N;||v;, (Q, F), A). (Q, F) is then a mouse. Moreover, it is
sound above 7 since @ ¢ RgUQ{ Py Hence it is sound above X since 7 < \.
We then coiterate Nj||v; against (N||vj, (Q, F), \), using all what we
have learned up until now. We consider the same three cases. In case
1, (a) holds. In case 2, (b) holds. We now consider case 3, using what
we have learned up to now. We know that )\ is a successor cardinal in
(Q, F) and that its predecessor & is a limit cardinal in (Q, F'). Since
T < A is a successor cardinal in (Q, F), we conclude: 7 < & = p.

(@, F) is a proper segment of N.

Proof. Suppose not. We derive a contradiction. (c) cannot hold, since
p* < 7in (Q, F). Now let (b) holds. Then (@, F') is a proper segment
of Nj. Hence N; # N. Hence there is a least ¢ < j which is active in

IN. Thus JIEN = J£N7 where v; > 7 is regular in N;. But p‘Z’Q F) <.

Hence card((Q, F')) < 7in N; and (Q, F') is a proper segment of JZEN.
Contradiction!

Now let (a) hold. If v; € Nj, then Nj||v; is sound. Hence & =
id, (Q,F) = Nj||v;. Hence (Q,F) is a proper segment of N; and
we can argue as above. Contradiction!

Now let v; ¢ N;j. Then N; = Njl||lv; = <J,/Eij,ENJ'Vj>. We now show:

Claim. Let h = TN(i + 1) where i + 1 <pn j and (i + 1, ]y~ is
truncation free. Then x; > 7.

Proof. Suppose not. Recall that 7 = A\g < A; for ¢ > 0.
We have 7 = 7;. But ﬂ,]l\; : NJ —x+ N;. Hence N = <J5N,F) where

F # @. Similarly, N; = (JE™ F), (Fy = ENMy,) fori+1 <pw | <pw j.
Ifi+1<pnv k41 < 5 and k is active in IV we have Kk > \; > 7.
Hence crit(ﬂﬁl,j) > 7. Thus 7 = 7341 and Wﬁu 7 =1id. Clearly
[Kiy Ai) N rng(w,]xiH) =@ . Butk; <7< Aand 7 ="mq; = w,]l\fiﬂ(?),
where 7 = 7. Contradiction!

QED(Claim)
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But then there is a truncation on the main branch of IV|j + 1, since
otherwise: N
N =N, =(J F)withr = .

But 7 is not a cardinal in N. Contradiction! Let ¢ + 1 be the final
truncation point on the main branch of IV[j 4+ 1. Let h = TN (i + 1).
Then, letting 7 = 77 j» we have:

7 N —s« Nj, m[17 =1id, 7(py+) = D,
Hence (Q, F') = core;(N;) = N. But N/ si a proper segment of Nj.
By our above arguments it again follows that N; is a proper segment
of N.

QED(7)
QED(Lemma 4.3.7)

Using the condensation lemma, we prove a sharper version of the initial
segment condition for mice:

Lemma 4.3.8. Let N = (JE F) be an active mouse. Let X € N. Let
F = F|X\ be a full extender. Set:

M = (JE F) where @ : J¥ — JP is the extension of F

. Then M is a a proper segment of N.

Proof. Let k = crit(F'). Define 7 = 7p, A\ = Ap,v = v as usual. Hence:
7=k, A= F(\). Then 7 = 75, A = A\, 7 = vp. Let m: JZ : JF be the
extension of F. Define: o : JE — J¥ by:

o(@(f) (@) = 7(f)(a) for a < X, f € JE¥ dom(f) = u.

Then X = crit()\), oc(A\) and o is Yg-preserving, where:
Py <Xand @ ¢ Rgé).

This is because 7 is 31(M) and each element of M has the form 7(f)(«)
where f € JF and a < X. It follows easily that o witnesses the phalanx
(N, M, ). Applying the condensation lemma, we see that one of the possi-
bilities (a), (b), (c) holds. (c) cannot hold since A is a limit cardinal in M.
(a) cannot hold, since M € N by the initial segment condition. If (a) holds,
we would have: o(p%;) = pi, 0| X = id, where o is S*-preserving. But then
p% = p%. Let p= p%. Let A be X*(N) in p¥ such that ANp & N. Let A
be ¥*(M) in p},; by the same defition. Then:

Anp=Anpe X" (M)CN.
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Contradiction! Thus, only the possibility (b) remains.
QED(Lemma 4.3.8)

As a corollary of the proof of Lemma 4.3.7, we get:

Lemma 4.3.9. Let A = pi < OnNM (n < w), where N is critic at . Let
M = corey(N). Let p =: \*N (with u =: Ony if N has a largest cardinal).
Then =AM and N||p = M||pu.

Proof. Let 0 = 03. Then o witnesses the phalanx (N, M, ). Then (b)
and (c) in Lemma 4.3.7 cannot hold, since otherwise a € N where a C A
is Egm)(M) such that a ¢ N. Contradiction! Coiterate (N, M, \), N to get
IM N as in the proof of Lemma 4.3.7. Then Cases 2 and 3 cannot hold,
since otehrwise (b) or (c¢) would hold. Hence Case 1 holds -i.e. M¢ = N¢ and
IV has not truncation on the main branch. We know that x; > X on the
main branch of I™. Hence \ = p?vn. But p}“@n = p’]{,n. Hence A\ = p’](,n. But
then s; > A on the main branch of IV, since otherwise A\ < Wé\jn()\) = Py, -

Since there is no truncation on the main branch, we have A; > u. Hence
M|l = My||p = Nellp = N||p, where pp = X*4,

QED(Lemma 4.3.9)



