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C. Wendl, F. Schmäschke Winter Semester 2018–19

PROBLEM SET 11

To be discussed: 30.01.2019

Instructions

This homework will not be collected or graded, but it is highly advisable to at least think through all of the
problems before the next Wednesday lecture after they are distributed, as they will often serve as mental
preparation for the material in that lecture. Solutions will be discussed in the Übung.

1. Use the usual cell decomposition of RP2 with one cell in each dimension 0, 1, 2 to compute H˚pRP2;Zq,
then compare this with what you get by applying the universal coefficient theorem to your earlier
computation of H˚pRP2;Zq (Problem Set 6 #2).

2. The goal of this problem is to understand the role played by 0-chains and 0-cochains in the cross and cup
product. Let tptu denote the 1-point space and, for a path-connected space X , let rpts P H0pXq “ Z

denote the canonical generator, i.e. the homology class represented by any singular 0-simplex ∆0 Ñ X .
Recall moreover that any coefficient group G has a canonical inclusion G ãÑ H0pX ;Gq, such that g P G

is identified with rϕs P H0pX ;Gq for the cochain ϕ : C0pXq Ñ G that sends every singular 0-simplex
to g.

(a) Show that if Y is path-connected, the cross product of any A P HnpXq with rpts P H0pY q is
A ˆ rpts “ i˚A for any inclusion map of the form i : X ãÑ X ˆ Y : x ÞÑ px, constq. A similar
formula holds for cross products with rpts P H0pXq if X is path-connected.
Hint: Remember that ˆ is induced by a natural chain map Φ : C˚pXq b C˚pY q Ñ C˚pX ˆ Y q,
so if you have the right formula for Φ : CnpXq b C0pY q Ñ CnpX ˆ Y q, the relation will become

obvious. In general, one can make many choices in defining Φ, but there is an obvious choice that

one “should” make when one of the chains is 0-dimensional. Review the construction of Φ via

acyclic models to show that this choice is always possible.

(b) Suppose Ψ associates to every space X a chain map Ψ : C˚pXq Ñ C˚pXq. We will say that Ψ is
a natural chain map C˚pXq Ñ C˚pXq if it acts as the identity map on 0-chains and for every
continuous map f : X Ñ Y , Ψ ˝ f˚ “ f˚ ˝ Ψ. Use the method of acyclic models to show that any
two choices of natural chain maps in this sense are chain homotopic for all X .

(c) Identify the chain complex C˚pX ˆ tptuq with C˚pXq via the obvious canonical isomorphism
between them, and consider the following two maps:

C˚pX ˆ tptuq
θ

ÝÑ C˚pXq b C˚ptptuq
1bǫ
ÝÑ C˚pXq b Z “ C˚pXq,

C˚pX ˆ tptuq
pπXq˚

ÝÑ C˚pXq,

where πX : X ˆ tptu Ñ X is the canonical projection, θ is any natural chain homotopy inverse
for the natural chain map Φ : C˚pXq b C˚ptptuq Ñ C˚pX ˆ tptuq as used in the construction of
the cross product, and ǫ : C˚ptptuq Ñ Z is the augmentation map, which vanishes on Cnptptuq
for n ‰ 0 and sends each generator σ P C0ptptuq to 1. Verify that both of these define natural
chain maps, hence by part (b), they are chain homotopic.

(d) Fix a commutative ring R with unit (denoted by 1 P R), and deduce from part (c) that for any
space X , the cross product of α P H˚pX ;Rq with 1 P R Ă H0ptptu;Rq satisfies α ˆ 1 “ π˚

Xα.

(e) Use the naturality formula pf ˆ gq˚pα ˆ βq “ f˚α ˆ g˚β to deduce from part (d) that the cross
product of any α P H˚pX ;Rq with 1 P R Ă H0pY ;Rq satisfies αˆ1 “ π˚

Xα, where πX : XˆY Ñ X

is the projection. (Similarly, 1 ˆ β “ π˚
Y β for 1 P R Ă H0pX ;Rq and β P H˚pY ;Rq.)

(f) Deduce from the above that for any space X , 1 P R Ă H0pX ;Rq acts as the unit with respect to
the cup product: α Y 1 “ α “ 1 Y α.
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3. Recall that the smash product X ^ Y of two pointed spaces pX, x0q and pY, y0q is defined by

X ^ Y :“ pX ˆ Y q
M`

ptx0u ˆ Y q Y pX ˆ ty0uq
˘

– pX ˆ Y q
L

pX _ Y q.

Any two base-point preserving maps f : pX, x0q Ñ pX 1, x1
0q and g : pY, y0q Ñ pY 1, y1

0q then define a
product map f ˆ g : X ˆ Y Ñ X 1 ˆ Y 1 which descends continuously to the quotient as a map

f ^ g : X ^ Y Ñ X 1 ^ Y 1.

As mentioned in lecture, a popular example of the smash product is furnished by spheres, as there are
homeomorphisms

Sk ^ Sℓ – Sk`ℓ for all k, ℓ ě 0.

If X and Y are CW-complexes and we choose the base points to be 0-cells in these complexes, then
the two subspaces X ˆ ty0u and tx0u ˆ Y in X ˆ Y form an excisive couple, so that the relative cross
product and Künneth formula are valid for the pairs pX, tx0uq and pY, ty0uq. Since pX, x0q ˆ pY, y0q “
pX ˆ Y,X _ Y q, the Künneth formula now takes the form

0 Ñ
à

k`ℓ“n

HkpX, tx0uq b HℓpY, ty0uq
ˆ

ÝÑ HnpX ˆ Y,X _ Y q

ÝÑ
à

k`ℓ“n´1

TorpHkpX, tx0uq, HℓpY, ty0uqq Ñ 0,

which can be identified with

0 Ñ
à

k`ℓ“n

rHkpXq b rHℓpY q
ˆ

ÝÑ rHnpX ^ Y q ÝÑ
à

k`ℓ“n´1

Torp rHkpXq, rHℓpY qq Ñ 0

since CW-pairs are also “good” pairs in the sense of Lecture 30.

(a) Show that for the cross product on reduced homology as described above and the identification

of Sk ^ Sℓ with Sk`ℓ, if rSks P rHkpSkq and rSℓs P rHℓpS
ℓq are generators, then rSks ˆ rSℓs P

rHk`ℓpS
k`ℓq is also a generator.

(b) Use the naturality of the Künneth formula to prove that for any two base-point preserving maps
f : Sk Ñ Sk and g : Sℓ Ñ Sℓ, degpf ^ gq “ degpfq ¨ degpgq.

(c) Find an alternative proof of the formula in part (b) using the following fact from differential
topology: any continuous map f : Sk Ñ Sk admits a small perturbation to a smooth map such
that for almost every point x P Sk, f´1pxq is a finite set of points at which the local degree of f
is ˘1. (The latter is an immediate consequence of Sard’s theorem.)

(d) Using the definition of cellular chain maps and the cellular cross product, prove that the cellular
cross product is natural, i.e. if f : X Ñ X 1 and g : Y Ñ Y 1 are cellular maps, then the diagram

CCW
˚ pXq b CCW

˚ pY q CCW
˚ pX ˆ Y q

CCW
˚ pX 1q b CCW

˚ pY 1q CCW
˚ pX 1 ˆ Y 1q

f˚bg˚

ˆ

pfˆgq˚

ˆ

commutes.
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