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6 CONTENTS

These are lecture notes for the course Functional Analysis (Funktionalanalysis) in the 2025-26
winter semester at Humboldt University, Berlin.

Since the notes were designed for use at a German university, I have made an effort to include
the German translations (geschrieben in dieser Schriftart) of important terms wherever they are
introduced, but I have not tried to do this comprehensively.

Disclaimer: These lecture notes were written quickly, so there will be typos, and possibly even
some mathematical errors. If you notice any, please send me an e-mail and I will correct. Many
thanks to Yutong Dai for pointing out many small errors that have since been corrected.

For more detailed treatments of many of the topics in these notes, I mainly recommend the
books by Biihler-Salamon [BS18], Reed-Simon [RS80] (especially for general Banach/Hilbert
space and spectral theory), and Lieb-Loss [LLO1] (for L? theory, distributions and Sobolev spaces).

Most recent update: April 5, 2026



Part 1: Fundamentals

In this first portion of the course, the aim is to give a general idea of what functional analysis
is and what it’s good for, and then to develop some basic building blocks in preparation for the
deeper results to come. Most theorems in Part 1 are relatively easy; the deepest is probably the
Riesz representation theorem, which gives a natural isomorphism between every Hilbert space and
its own dual space.

1. Banach spaces

1.1. What is functional analysis? One can distinguish between linear and nonlinear func-
tional analysis; the first is necessarily a prerequisite for the second. On a first pass, I would describe
linear functional analysis as an attempt to extend the familiar principles of linear algebra as far
as possible into infinite-dimensional vector spaces. Nonlinear functional analysis, in turn, tries
to extend differential geometry into the realm of infinite-dimensional manifolds. Both descrip-
tions are overly abstract and incomplete, because both, in particular, fail to explain why the word
“functional” appears in the name of the subject. There is a simple reason: the actual examples
of infinite-dimensional spaces we consider in this subject are almost always spaces of functions,
and the main motivation for doing so is to prove theorems about (ordinary or partial) differential
equations, i.e. ODEs or PDEs.

You've likely seen at least one example of this in your previous analysis courses: in the basic
theory of ODEs, the local existence and uniqueness of solutions to initial value problems (i.e. the
Picard-Lindel6f theorem) is proved by constructing a Banach space of functions, and arguing that
one of those functions solves the problem if and only if it is a fixed point of a certain transformation
on the Banach space. In this way, the existence and uniqueness of solutions can be deduced from
a general result about abstract Banach spaces, namely the contraction mapping principle, also
known as the Banach fixed point theorem.

There are many more ways to deduce highly non-obvious results about differential equations
from general theorems about Banach spaces, and we will see a few more examples in this course,
starting already in §1.4 below. If you continue to an actual course on PDEs next semester, it will
likely make heavy use of the results introduced in this one. That said, this is explicitly a course
on linear functional analysis, and the differential equations to which we see the methods applied
will therefore be linear.

1.2. Bounded linear operators. Before anything more can be said, we need a few defini-
tions. We assume the reader is already familiar with the notions of normed vector spaces (normierte
Vektorrdume), inner products (Skalarprodukte), linear maps (lineare Abbildungen), metric spaces
(metrische Rdume), continuity (Stetigkeit), Cauchy sequences (Cauchyreihen) and completeness
(Volistindigkeit). You have probably also seen Banach spaces before, but since it is one of the
most central notions in functional analysis, we’ll repeat the definition here.

DEFINITION 1.1. A Banach space (Banachraum) is a normed vector space (X, | - |) that is
complete, i.e. in which every Cauchy sequence converges.

7



8 PART 1: FUNDAMENTALS

ExXAMPLE 1.2. R™ with the standard Euclidean norm is a Banach space, and so is C™ with
the norm derived from the standard Hermitian inner product (which is equivalent to the Euclidean
R?™). In fact, it is not hard to show that all finite-dimensional normed vector spaces are complete,
and are therefore Banach spaces.

EXAMPLE 1.3. We equip the infinite-dimensional vector space
C°([0,1]) := {continuous functionsf : [0,1] — R}
with the so-called sup-norm, also known as the C°-norm,

Iflco == sup_|f(£)]-
te[0,1]

Note that since [0,1] is compact, a standard theorem from first-year analysis guarantees that
|f(t)| actually attains a maximum, so long as f : [0,1] — R is continuous, thus the C°-norm
on C°([0,1]) can equivalently be written as maxefo,17|f(t)|. A sequence f, — f of functions in
C°([0,1]) converges in the C%-norm if and only if it converges uniformly. By another standard
result in first-year analysis, uniformly Cauchy sequences of continuous functions also converge
uniformly to continuous functions, thus C°([0, 1]) with the C°-norm is a Banach space.

An easy example of an incomplete normed vector space is obtained by restricting the C°-norm
to the subspace
C*([0,1]) = C°([0,1])

consisting of smooth (i.e. infinitely differentiable) functions. A uniformly Cauchy sequence of
smooth functions can easily converge to a function that is continuous but not smooth, thus pro-
ducing a Cauchy sequence with no limit in C*([0, 1]).

Many “obvious” facts from finite-dimensional linear algebra become false in general if one
allows infinite-dimensional vector spaces. One such fact is that linear subspaces V < X are also
closed subsets. In infinite dimensions, the subspace C*([0,1]) = C°([0,1]) provides an easy
counterexample; in fact, by the famous theorem of Weierstrass that continuous functions can be
approximated uniformly by polynomials, C* ([0, 1]) is dense in C°([0, 1]), meaning that the closure
of C*([0,1]) in C°([0,1]) with respect to the C%-norm is C°([0, 1]) itself.

Another important fact that you are unlikely to have questioned before is that linear maps
between finite-dimensional vector spaces are also continuous maps. In infinite dimensions, this is
catastrophically false, though I will need you to be patient and wait for §2.7 before I can show
you an actual counterexample. A related fact we will be able to see more explicitly is that in an
infinite-dimensional normed vector space (X, | - ||), the unit sphere

{reX||z]=1}cX
is not a compact subset. The next definition and subsequent theorem provide a useful connection

between these two observations.

DEFINITION 1.4. A linear map A : X — Y between normed vector spaces is called bounded
(beschrinkt) if there exists a constant ¢ > 0 such that |Az| < ¢|z| holds for all x € X, i.e. the
supremum

|Ax|

zeX\{0} |

(1L.1) 1AL =

is finite.

REMARK 1.5. In the general theory of (not necessarily linear) maps X — Y between metric
spaces, a map is called bounded if and only if its image is a bounded subset of Y. Nontrivial linear



1. BANACH SPACES 9

maps never have this property, thus the word “bounded” carries a slightly different meaning in
Definition 1.4.

Observe that for a linear map A : X — Y, rescaling allows us to write | A| equivalently as

IA] = sup [|Az].

=1

If the unit sphere in X were compact and both A : X — Y and the norm |- | : Y —» R were
assumed continuous, it would follow immediately that the maximum of |Az| is attained and | A|
is thus finite. In fact, the norm ||- | : Y — R is always a continuous function; this follows from the
so-called “reverse” triangle inequality,

(1.2) le =yl = |l=] = lyll;

which can be derived from the usual triangle inequality by writing

Iz =Nyl = G =y) + oyl =yl < = =yl + Iyl = [yl = |z = vl
and similarly |y|| — |z| < |y — z||. In general, however, the unit sphere is not compact, and
A : X — Y need not be continuous. We nonetheless have:

THEOREM 1.6. A linear map A : X — Y between normed vector spaces is continuous if and
only if it is bounded.

PRrROOF. If A is bounded, then for any sequence x,, — z in X, one has
|Az — Azy| = [A(z — 20)| < [A] - |2 — 2]l = 0,

implying Az, — Az, thus A is continuous. Conversely, if A is not bounded, then there exists a
sequence x, # 0 € X such that

Az |

(N
The sequence y, := , / | Az, | then satisfies y, — 0, but |Ay,| = 1 for all n, implying that Ay,
cannot, converge to 0 = A(0), and A is therefore discontinuous at 0. O

You will easily convince yourself that the set of all continuous linear maps between two given
normed vector spaces defines a vector space in an obvious way, with vector addition and scalar
multiplication defined pointwise. In this course, we’ll denote this vector space by

LX)Y)={A: X >Y | A continuous and linear} .

In functional analysis, linear maps A : X — Y are also often called operators, and elements of
Z(X,Y) are thus called continuous/bounded linear operators (stetige/beschrinkte lineare
Operatoren). We use the so-called operator norm (Operatornorm) (1.1) to make .Z(X,Y") into
a normed vector space. To see that the operator norm satisfies the triangle inequality, suppose
A,B e Z(X,Y), so the inequalities |Az| < ||A| - |z| and |Bz| < |B] - |z| hold for all z € X.
Then using the triangle inequality for the norm on Y, we have

(A + B)z| = |Az + Bz|| < [Az| + | Bz < |A]l - || + [ B] - =] = ([A] + [ B]) |«
for all z € X, proving |A+ B| < |A]| + |B|.

REMARK 1.7. There is no obvious way to introduce a norm on the space of all linear maps
X — Y, but we can do this if continuity is required, because Theorem 1.6 then makes the operator
norm finite.

THEOREM 1.8. IfY is complete, then so is L (X,Y).
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PROOF. Assume A, € Z(X,Y) is a Cauchy sequence. Then for every z € X,
|Anz — Amz| = [[(An — Am)z| < [An — Al - 2]

is small whenever m and n are large, proving that A,z is a Cauchy sequence in Y, and therefore
converges. Define a map A: X — Y by

Az := lim A,x.

n—w

One easily checks that A is linear. It remains to show that A is bounded and A, — A in the
operator norm.

We claim: |A,| is a Cauchy sequence in R. Indeed, using the reverse triangle inequality (1.2),
we have

”An - Am H > |HArLH - HATTLH|7

proving that the latter is small for m,n large. It follows that | A, is a convergent sequence of real
numbers, and we can therefore define

C:= lim |A,| = 0.

n—u0

Now for any given € > 0, there exists N € N such that
n=N = |A,]<C+e,
implying that for all x € X,
n=N = |A.z|<(C+e)|xl.

Since A,z — Az and the norm is a continuous function, it follows that |Az| < (C + €)|z| for
all z, hence A is bounded, i.e. A€ Z(X,Y).

To see that A, — A in the operator norm, suppose € > 0 is given, and fix N € N large enough
so that

mn=N = |[A,— A4, <e,
hence for all x € X,
mnz=N = |Anz— Apz| < €|z
Fixing n but letting m — oo, we have A,,x — Ax and thus deduce from this inequality
n=N = |Az— A,z| <€|z|
for all z € X. This can be interpreted as the statement that |A — A, | < e for all n = N, and thus
proves A, — A. d

COROLLARY 1.9. For any Banach space X, the space
Z(X):=2(X,X)

of bounded linear operators from X to itself, equipped with the operator norm, is also a Banach
space. ]

1.3. Convergent series and invertible operators. Recall that a series Z:::l Ty in a
normed vector space is said to converge absolutely if

ol < 0.
n

An important theorem from first-year analysis states that if X is a Banach space, then every
absolutely convergent series in X is also convergent, meaning its sequence of partial sums converges
with respect to the norm of X.
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REMARK 1.10. Depending what kind of analysis courses you’ve had before, you may or may
not have seen the theorem about absolute convergence I just mentioned in the general form we'’re
about to need. What you have definitely seen is a theorem stating that absolutely convergent
series of real numbers are also convergent. If you go back and look at the proof of that theorem,
you’ll find that the most important property of the real numbers it uses is that Cauchy sequences
converge, thus it generalizes easily to prove the same result for series in arbitrary Banach spaces.

LEMMA 1.11. Assume X is a Banach space and let 1 € £(X) denote the identily operator
from X to itself. Then for every A e £(X) with |A| <1, the map 1 + A e L (X) has a bounded
inverse (1 + A)~1 € Z(X).

PrOOF. Let B :=1 — A+ A% — A% +.... One easily checks that |A*|| < |A||* for all k € N,
thus

o] o]
DD AT < Y A" <o
n=0 n=0
since |A| < 1, and the series defining B therefore converges absolutely, making B a well-defined
element of Z(X). We leave it as an exercise to check
B1+A)=(1+A)B=1.
U

COROLLARY 1.12. If X, Y are Banach spaces and A € £(X,Y) has a bounded inverse A~1 €
Z(Y, X), then so does A+ B for all Be Z(X,Y) with ||B| sufficiently small.

ProoF. Write A+ B=A (]l + A_IB), then
(A+B)'=1+A"'B)~ta!
makes sense whenever |B| < 1/|A7!|, so that |[A~'B| < |A7Y-||B] < 1. O

1.4. Application: A boundary value problem. The small amount of general theory
developed so far already has nontrivial applications to the study of differential equations. Here is
a demonstration.

Given continuous functions P, f : [0,1] — R, consider the following second-order boundary
value problem for functions z : [0,1] — R,

() + P(t)x(t) = f(1),
(13) 2(0) = 2(1) = 0,

where z and & denote the first and second derivatives of x respectively. For a functional-analytic
approach to this problem, we can define a normed vector space

X :={2:[0,1] > R | z is of class C* and (0) = (1) = 0},
with the so-called C2-norm
Izllc2 =zl co + |&]co + |2 co-

Let Y := C°(]0,1]), with the C%-norm, and for a given continuous function P : [0,1] — R, define
the linear map

Tp: X »Y :z2— 2+ Pux.
As observed in §1.2, Y is a Banach space.

EXERCISE 1.13. Show that X with the C?-norm is also a Banach space, and Tp : X — Y is a
bounded linear operator for every P € C°([0,1]).
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Looking at the special case P = 0, we claim that the operator Ty : X — Y : x — & has a
bounded inverse. Indeed, given any function f € Y = C%([0,1]), one can integrate twice to find a
unique C2-function y : [0,1] — R such that j = f and y(0) = ¢(0) = 0. The unique C*-function
x:[0,1] - R satisfying & = f and 2(0) = (1) = 0 is then given by

z(t) = y(t) —y(1)t.
To see that the inverse f +— z obtained in this way is bounded, we can first use the fundamental
theorem of calculus to write

(1) = Ltf(s) ds. w0 = | e

deducing from the first relation the estimate

ﬂf(s) ds

and subsequently, by the same trick, the estimate

t 1 1
< max |f<s>|ds<J 1F(s)] ds < f [flco ds = | flco,
0 0

te[0,1] Jo

) = max |¢(t)| = ma
191 co e [y(t)] s

lyllco < lglco < [fllco-
These imply
[z(®)] < ly@O] + [yt < 2[yllco < 2[fleo
for all ¢t € [0, 1], hence ||z]co < 2| f]lco, and similarly
2] < 9] + [y < [gllco + [yleo < 2] fleo
for all ¢t € [0, 1], hence ||Z]co < 2| f]lco. We conclude

[zlc2 = lzlco + |2[co + |Zlco < 2] fllco +2[flco + [ fllco = 5] Flco,

proving that the linear map Y — X : f — =z is bounded.
Now, observe that for all x € X and for all P € C°([0,1]),

I(Tp —To)z|co = |Pzfco < [[Pleolzlco < [ Pleolzlce,
so the operator norm for Tp — Ty : X — Y satisfies
ITp = To|| < [[Plco-
Plugging this information into Corollary 1.12, we conclude:

THEOREM 1.14. There ezists a constant ¢ > 0 such that for every pair of continuous functions
P, f:]0,1] = R satisfying | P|co < ¢, the boundary value problem (1.3) has a unique solution. O

With a little more effort, one can also write down precise bounds on the constant ¢ > 0 in
this result and an explicit formula for the solution z(t) as an absolutely and uniformly convergent
series of functions.

1.5. Some examples of Banach spaces. We conclude this preliminary introduction to
Banach spaces with some more examples that will be mentioned again many times in the rest of
the course.

CONVENTION 1.15. Unless otherwise noted, functions throughout this course will be assumed
to take values in a fixed finite-dimensional inner product space (V,{ , )) over the field K, which
is either R or C, and the norm on V determined by this inner product will be denoted by | -|. It
will not usually be necessary to specify a concrete choice of the space V', but the most popular
choices in applications are R and C with their standard inner products, followed by R and C™
for arbitrary m € N.
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CONVENTION 1.16. We will make frequent use of multi-index notation for partial derivatives
of arbitrary order. A multi-index of order k& > 0 in n = 0 variables is by definition an n-tuple
of nonnegative integers

n
j=1

Every such multi-index determines a differential operator of order k for functions of n real variables
x = (x1,...,2,) € R", defined by

o gm gan = (0" 2 \™
e = () ()

as well as a real-valued polynomial function on R™, written

(0%

R N T e

o
ExaMPLE 1.17. Given an open subset {2 € R™ and an integer m = 0, the C™-norm can be
defined for C"-functions on 2 by
[flem =D} sup|0®f(x)],

la|<m z€d

where the sum ranges over the set of all multi-indices of order at most m. Since continuous
functions on €2 need not be bounded, this norm can be infinite, but it is finite on the subspace

Ci Q) :=={f: Q> V| fisof class C™ and | f|cm < o0},

consisting of all bounded C™-functions on 2 whose partial derivatives up to order m are also
bounded. One then has convergence f; — f of functions in C7*(Q2) if and only if the partial
derivatives of fr up to order m converge uniformly on €2 to the corresponding partial derivatives
of f. We will sometimes denote this notion of convergence by

om
e — [
THEOREM 1.18. The space C}*(Q) with the C™-norm is a Banach space.

Proor. If f; € C7*(2) is a Cauchy sequence in the C"™-norm, then 0 fi is uniformly Cauchy
for each multi-index with || < m, so by first-year analysis, there exists a continuous function g,
on Q) such that 0*fr — g, uniformly. This is true in particular for o := 0 = (0, ...,0), so we can
write f := gg and say fr — f uniformly. We claim that f is of class C™ and satisfies 0*f = g, for
each |a| < m; this will imply fi — f in the C™-norm.

Consider first the case |a| = 1: the task is then to show that for each j = 1,...,n, if 0;fx
converges uniformly on € as k — o to a continuous function g;, then the jth partial derivative of
f exists and matches g;. For any x € 2, pick € > 0 small enough so that the ball of radius ¢ about
x is contained in ©, pick h € R with |h| < ¢, and let e; € R™ denote the jth standard basis vector.
Then letting £ — oo on both sides of the relation

1
Fula +hey) = ful) + hf 0, f(x + the;) dt
0
produces the relation
1
Fl@ +hey) = f(a) + hf o5& + the; ) dt,
0

where for the right hand side, we are using the uniform convergence 0;fr — g; to conclude the
convergence of the sequence of integrals. Taking the limit as h — 0, this proves that 0; f () exists
and equals g;(x).
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Similar arguments prove the result for all |o| < m by induction on the order of the multi-
index. U

EXAMPLE 1.19. The following spaces should be at least slightly familiar to you from an intro-
ductory course on measure theory, and we will have a lot more to say about them in Part 2 of this
course. Assume (X, 11) is a measure space (Mafraum), i.e. X is a set, and p is a function assigning
numbers p(U) € [0, 0] to suitable subsets & X that can be interpreted as the “volumes” of these
subsets, so that integrals of suitable functions on X can be defined. Recall that a function on X is
then said to have a certain property almost everywhere (fast iiberall), abbreviated “a.e.”; if its
restriction to some subset X’ ¢ X with pu(X\X’) = 0 has that property. For any p > 1, we define
the LP-norm for measurable functions on X by

ip
oo s= Wl o= ([ 1P au) e 0.l

For reasons that will be discussed in Part 2, it is also natural to extend this definition to p = o©
by defining the L*-norm of f to be its essential supremum,

Iflzo = [If2(x) := esssup,ex | f(2)| :=inf {¢ = 0 | | f| < ¢ almost everywhere} € [0, o0].

In other words, if | f||L» < o0, then f satisfies the bound |f(x)| < | f||L> for almost all z € X, and
| fllz> is the smallest possible constant for which this is true. It is straightforward to verify that
the L*-norm satisfies the triangle inequality, while for 1 < p < oo,

1 +glee < flze + llglLe

is a basic result of measure theory known as Minkowski’s inequality. Another basic result of measure
theory is that LP-Cauchy sequences are LP-convergent. Proofs of these results can be found e.g. in
[Sal16, Chapter 4].

For every p € [1, 0], |f[|lz» = 0 if and only if the function f vanishes almost everywhere, so
in order to produce a space on which the norm is positive for all nontrivial elements, we need to
divide out a subspace, producing the quotient space

LP(X) = LP(X,p) i= {f : @ > V| f is measurable and | f||z» < o0} / {(f|f=0ac}.

This, equipped with the LP-norm, is a Banach space. One often abuses notation by pretending
that elements f € LP(X) are actual functions, but it’s important to keep in mind that they are
in reality only equivalence classes of functions, where two functions are equivalent if and only if
they are equal almost everywhere. In particular, since a single point in a reasonable measure space
is typically a set of measure zero, elements of LP(X) do not generally have well-defined values
at individual points; one can instead expect them to have well-defined averages over measurable
subsets.

If you haven’t seen much PDE theory before, you might expect a space like Cf(£2) to be useful
for the study of kth-order PDEs on a region 2 = R™. This is true to a limited extent—for instance,
the Banach space used in §1.4 was a variation on CZ(Q)—but in practice, CF(Q) does not have
many of the most useful properties that would make the tools of functional analysis applicable. We
will see that the LP-spaces are typically better for this purpose, in spite of the obvious drawback
that functions of class LP cannot even be expected to be continuous, much less differentiable. The
desire to discuss derivatives in the context of LP-spaces leads naturally to the Sobolev spaces, which
play an enormous role in the modern theory of PDEs, and we will touch upon this in Part 2.
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2. Topological vector spaces

As a reminder, functions in this course will typically be assumed to take values in an unspecified
finite-dimensional inner product space (V,{, ») over the field K € {R, C}; cf. Convention 1.15.

2.1. Some non-examples of Banach spaces. The following examples are meant to illus-
trate why it is sometimes useful to consider infinite-dimensional vector spaces that satisfy some
conditions strictly more general than Banach spaces.

ExaMPLE 2.1. Recall that a function on an open domain in R” is called smooth (glatt) or
of class C'* if it has well-defined derivatives of all orders. Given an open set 2  R", we define

o0
Cr(Q) := ﬂ CyH Q) = {f:Q— V| f is smooth and 9°f is bounded for all multi-indices a} .
m=0
We define the convergence of a sequence f;, — f in C;°(Q2) to mean that 0% fi, — 0% f uniformly on
Q for all multi-indices . Equivalently, this means || f— fx]cm — 0 ask — oo for every m = 0, i.e. fj
converges to f with respect to all of the Banach space norms || - |¢m. This notion of convergence
is often called C”-convergence, and we will sometimes denote it by

CCO

Jr — [
ExaMPLE 2.2. For 0 <m < o0, let
C() =C™Q) :={f: Q> V| fis of class C™},

so in contrast to Examples 1.17 and 2.1, we are no longer requiring anything to be bounded;
note however that for any given compact subset K < (2, the restriction to K of every derivative
of a function f e C™(Q) will automatically be bounded. With this in mind, we define C|7, -
convergence of a sequence

to mean that 0% fi converges uniformly to 0% f on all compact subsets for every multi-index « of
order |a| € m. Equivalently, this means that for every compact subset K < Q and every j < m,
frlx converges to f|x in the C7-norm for functions on K; the latter is defined by taking the
supremum in Example 1.17 over all z € K rather than x € €2, and we can write

fr ) for all j < m and K c () compact.

In both of these examples, the notion of convergence is natural for the class of functions under
consideration, and there is an infinite collection of norms that are obviously relevant, but the
convergence cannot be characterized via any one of those norms. There is a worse problem in
Example 2.2: for any finite collection of norms of the form | - cixy with j < m and K <
compact, one can easily find nontrivial functions in C™(§2) for which all of those norms vanish.

2.2. Topologies. In order to place the examples of §2.1 into the appropriate framework, we
need to go beyond normed vector spaces and consider more general notions of convergence. Some
later examples will even require convergence to be defined in a way that cannot be described in
terms of metric spaces. The correct language to use for this is that of topological spaces, to which
we now give a quick introduction.

As motivation for the definitions to follow, let us recall two basic facts about metric spaces.
First, in a metric space M, one has convergence x,, — x if and only if for all neighborhoods ¢ M
of x, z, € U for all n sufficiently large. Second, a map f : M — M’ between two metric spaces
is continuous if and only if for every open subset &/ — M’, the preimage f~!(i) is likewise an
open subset of M. These statements are usually not considered to be the actual definitions of
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convergence or continuity in metric spaces—those definitions typically involve €’s and/or §’s. But
they are equivalent to those definitions, and this leads to the following insight: one doesn’t actually
need a metric in order to define what convergence and continuity mean, one only really needs to
know what it means for a set to be open.

DEFINITION 2.3. A topology (Topologie) on a set X is a collection T of subsets of X (called
the “open” sets) satisfying the following conditions:
(i) eTand X eT;
(ii) Arbitrary unions of sets from 7 are also in T;
(iii) f AeT and BeT,then AnBeT.

A topological space (topologischer Raum) (X, T) is a set X equipped with a topology 7.

Continuity (Stetigkeit) of a map f : X — Y between two topological spaces is now defined
exactly as described above: it means that for every open set U c Y, f~}(id) = X is also open.
Convergence (Konvergenz) is similarly defined in terms of neighborhoods, where a set U X is
called a neighborhood (Umgebung) of a point z € X if and only if it contains an open subset
containing z. Axiomatizing the notion of “openness” in this way makes it unnecessary to mention
any e’s or §’s.

DEFINITION 2.4. A map f: X — Y between two topological spaces is called a homeomor-
phism (Homdomorphismus) if it is continuous and bijective and its inverse f~! : Y — X is also
continuous. In particular, the latter means that for every 4 © X open, the image f(U) c Y is
likewise open.

EXAMPLE 2.5. Metric spaces (and in particular normed vector spaces) are naturally also topo-
logical spaces, with the usual notion of open sets. A topology is called metrizable (metrisierbar)
whenever it can be defined in this way via a metric.

REMARK 2.6. Note that there are always multiple distinct choices of metric that will define
the same metrizable topology; see e.g. Exercise 2.12 below. In many Banach spaces of interest in
applications, the definition of the norm depends on noncanonical choices, but the induced topology
does not.

ExaMPLE 2.7. If X and Y are topological spaces, their Cartesian product X x Y inherits
a natural product topology, defined as the smallest topology containing all sets of the form
UxVc X xY withif € X and V c Y both open. (Note that since arbitrary unions and finite
intersections of such product sets must be allowed to be open in X x Y, the product topology
contains much more than just the products of open sets.)

The proof of the following is a straightforward exercise:

THEOREM 2.8. Continuous maps f : X — Y between topological spaces are also sequentially

continuous (folgenstetig), meaning that for every convergent sequence x, — x in X, the sequence
f(x,) converges inY to f(z)eY. O

You may recall from first-year analysis that in metric spaces, the converse of Theorem 2.8
also holds: sequentially continuous maps between metric spaces are also continuous. In topological
spaces, this is not true in general, though writing down an actual counterexample takes some effort.

We now come to the most important definition of this section.

DEFINITION 2.9. A topological vector space (topologischer Vektorraum) over the field
K e {R,C} is a vector space X endowed with a topology such that the maps

XxX->X:(x,y)—»x+y, and KxX—>X:(\z)—

are both continuous.
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ExaMPLE 2.10. Normed vector spaces are also topological vector spaces, with the topology
defined via the usual notion of open sets.

DEFINITION 2.11. Two norms | - |o and || - |1 on a vector space X are called equivalent if
there exists a constant ¢ > 0 such that

1
EHfHO < fl < el flo for all f e X.

EXERCISE 2.12. Prove that two norms on a vector space are equivalent if and only if they
define the same topology.

EXAMPLE 2.13. It is not so difficult to show that the C"-norm defined in Example 1.17 is
equivalent to the norm

[f]l:= max [0 f]co.

la|<m

The following theorem gives another important class of examples of topological vector spaces,
though not the most useful for functional analysis, which is why I will not feel guilty about omitting
the proof. The proof amounts to showing that on a finite-dimensional topological vector space,
the topology can always be defined in terms of a norm, and any two norms are equivalent. We will
see that neither is generally true in infinite-dimensional spaces.

THEOREM 2.14. Every finite-dimensional vector space admits a unique topology for which it is
a topological vector space. O

2.3. Locally convex spaces. In §2.1, we saw two examples of function spaces that each had
a natural notion of convergence definable via an infinite family of norms. Strictly speaking, in the
case of C™ () with CJ}.-convergence (Example 2.2), the norms | - || o (k) do not actually define
norms on C™(2), because they can vanish on functions that are nontrivial. We therefore need a
slight extension of the usual concept of a norm before we can formalize such notions of convergence

on function spaces.
DEFINITION 2.15. A seminorm on a vector space X over K € {R,C} is a function |- | : X —
[0, c0) satisfying the following two conditions:
(i) [Az| =|A|-|z| for all e K and = € X;
(i) o +yl < 2] + ly| for all 2,y € X.

What’s missing from this definition is the condition that |z|| > 0 whenever x # 0; if that
condition is added, a seminorm becomes a norm.

DEFINITION 2.16. A locally convex space (lokal konvexer Raum) is a vector space X en-
dowed with the smallest topology containing all sets of the form
Bf(x0) :={z € X | |z — xolla < R}, where x0€X, R>0, ael

for some family of seminorms {|| - ||} indexed by a set I, satisfying the condition

a€el”

|z]lo =0 for all @€ I = x =0.

REMARK 2.17. We will see below that locally convex spaces are also topological vector spaces.
It is easy to check that if {|| - |o}aer is a family of seminorms defining the topology of a locally
convex space X, then each of these seminorms is also a continuous function

|+ lla s X — [0, 00).
Indeed, given any zy € X and € > 0, one easily finds a neighborhood U — X of xg such that

zeU = ||zfa—fzollal <e
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The ball U := B%(xg) € X does the trick, since by the reverse triangle inequality, © € B ()
implies
€> [z —2ola = ||z]a = zolal-

REMARK 2.18. The term locally convex arises from the observation that in a locally convex
space X, the topology of X is generated by convex sets, namely the balls Bf(xo) < X. Indeed,
one has the convexity condition

x,y € Bg(xo) = te + (1 —t)y € BR(xo) for all t € [0,1],
since the two axioms satisfied by a seminorm imply

Itz + (1 = t)y] —xoll, = [t(x —20) + (1 = t)(y — o), <

=tz —zolla + (1 = 1)y — zofa <

It(z — z0)|a + (1 — ) (y — z0)[a
tR+(1—t)R =R.

PROPOSITION 2.19. Suppose X is a locally convex space with a topology defined via the family
of seminorms {| - ||a},e;- Then:
(1) X is a topological vector space;
(2) A sequence x, € X coverges to x € X if and only if for every a € I, |z — zp|o — 0 as
n — o0,
(8) A set U c X is open if and only if for every xo € U, there exists a finite subset Iy I
and numbers €, > 0 for a € Iy such that the set

{a: eX | |z — zo|la < € for all a € Io}
is contained in U.

ProoOF. We first prove (3). In general, the smallest topology containing any given collection
of sets consists of all unions of finite intersections of sets from that collection. Thus an open set
U < X is a union of finite intersections of balls defined in terms of the given seminorms; it follows
that if zg € U, then some finite intersection of balls contained in U/ contains xg, i.e.

woe (| B (o) cU
acely

for some finite subset Iy < I and some R, > 0 and z, € X defined for a € I. Using the
triangle inequality, one shows that if ¢, > 0 is chosen sufficiently small for each a € Iy, then
B2 (20) € B}, (ta):

Next, we prove (2). If z,, » « in X, then since B¥(z) < X is a neighborhood of = for each
€ >0 and « € I, we have x,, € B*(z) for all n sufficiently large, implying |z — 2, |o — 0 as n — oo.
Conversely, suppose || — 2|l — 0 for every o € I. Given a neighborhood U = X of x, we apply
statement (2) to find a finite collection of balls { B (2)}aer, such that

x € ﬂ BZ (z) c U.
a€ely
Since this is only a finite collection, we then have x,, € BZ () for all o € Iy whenever n is sufficiently
large, implying x,, € U, and hence x,, — =x.
The proof of (1) is contained in Exercise 2.20 below. O

EXERCISE 2.20. For a locally convex space X, prove:
(a) A set U c X is open if and only if for every zy € U, there exists a continuous seminorm
| -]:X — [0,00) such that Bi(xo) :={z € X | |z — zo|| < 1} is contained in U.
Hint: Every finite positive linear combination of continuous seminorms is a continuous
seminorm.
(b) X is also a topological vector space.
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REMARK 2.21. The condition in Definition 2.16 that every nontrivial x € X satisfies |z[, > 0
for some « € I guarantees in light of Proposition 2.19(2) that no sequence can converge simultane-
ously to two distinct points; in particular, to use the proper topological terminology, locally convex
spaces are Hausdorff spaces. Perhaps it had not occurred to you to worry about the possibility
that z,, — x and z,, — y might not imply = = y, but in fact, it is quite easy to cook up pathological
examples of topological spaces in which this can happen, e.g. take any set X with more than one
element and assign to it the trivial topology, consisting only of X and ¢F. We fortunately have no
need to worry about non-Hausdorff topological spaces in this course.

EXAMPLE 2.22. The space C;°(Q2) described in Example 2.1 is a locally convex space with

topology defined via the countably infinite family of norms {| - ||cm},,~¢-

Appying Proposition 2.19(3) to the space C}*(€2), we deduce:

COROLLARY 2.23. A setU < C°() is open if and only if for every fo € U, there exists m = 0
and € > 0 such that
If = folem <e = fel
O

EXAMPLE 2.24. The space C[".(02) described in Example 2.2 is a locally convex space with

loc
topology defined via the uncountable family of seminorms

{” ’ ‘|Cj(K)}()<j§m, KcQ compact

REMARK 2.25. If you read Definition 2.16 carefully, you will notice that we are considering
the topology to be a part of the intrinsic structure of a locally convex space, but not the family
of seminorms that determines it. Indeed, there can exist multiple distinct families of seminorms
that define the same locally convex space. For instance, in Example 2.24, it is generally possible
to present the domain €2 < R” as the union of a nested sequence of open subsets with compact
closure,

20
mcLHcBe...c)2=0 with  K;:=0Q;foralljeN,
j=1

The countable family of seminorms

{H ' HCJ'(Ki)}osjsm, i=1,2,3,...

then defines the same locally convex topology on C[7.(Q).

THEOREM 2.26. A locally convex space is metrizable if and only if its topology can be defined
via a countable family of seminorms.*

PARTIAL PROOF. We will sketch a proof that X is metrizable if it has a countable family of
seminorms; the converse is interesting, but it is not something we’ll actually need to know, so we
shall omit its proof. Suppose X has a topology generated by the family of seminorms {| - [,,}/_,.
We can then define a metric on X by

d(z,y) = i i [z —yln
o o I lz —yln

We leave it as an exercise to check that d really is a metric and defines the same notion of open
sets as the seminorms. g

1Here T am using the word countable to mean either finite or countably infinite.
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EXERCISE 2.27. Here is an example of a topological vector space whose topology cannot be
defined via a metric. Let C?(R™) denote the space of continuous functions f : R” — R that vanish
outside of compact subsets.” We endow C?(R"™) with a locally convex topology defined via the
family of seminorms {|| f||,},cr where I denotes the set of all continuous functions ¢ : R™ — [0, o)

and ||, := ¢ flco-

(a) Show that a sequence f; converges to f in C2(R") if and only if there exists a compact
set K < R" such that fj|g=\x =0 for every j € Nu {oo} and f; — f uniformly on K.

(b) To show that CO(R™) is not metrizable, one can argue by contradiction and suppose there
exists a metric d such that every neighborhood ¢ = C?(R™) of 0 contains an open set of
the form B, := {f € C2(R") | d(0, f) < 1/n} for n € N sufficiently large. Show that in
this situation, there must exist functions ¢, € I such that A, := {f € C2(R") | | f]e. <
1} € B, for every n, then derive a contradiction by constructing a neighborhood U of 0
that does not contain A,, for any n € N.

EXAMPLE 2.28. We can use the seminorms | - |, described in Exercise 2.27 to write down an
example of how not to put a topology on a vector space, i.e. the following is not a topological
vector space. We observe that for functions f € C°(Q) that do not have compact support, |f],
is not always finite, but we can nonetheless define a topology on C°(Q) as the smallest topology
containing the balls

Bf(fo) ={feC’Q) | |f - foll, < R}

for all fo € CY(£2), all R > 0, and all continuous functions ¢ : Q — [0, 00). Exercise 2.27 now shows
that we have convergence f; — f of continuous functions on € in this topology if and only if there
is a compact subset K <  such that f; = f on Q\K for all j and f; — f uniformly on K. We
claim: For this topology on C°(Q), the map

R x C%Q) - C%Q) : (N, f) = \f

is not continuous. Indeed, suppose f € C°(Q) does not have compact support. Then for any
sequence \; € R with A; # 0 for all j but A\; — 0, the sequence \;f € C°(£2) does not converge
to 0, because \; f does not vanish on the complement of any compact subset of 2.

2.4. Fréchet spaces. The interesting examples we’ve seen of locally convex spaces also have
a stronger property that makes them almost as nice as Banach spaces for some purposes, though
not as easy to work with.

DEFINITION 2.29. A metrizable locally convex space is called a Fréchet space (Fréchetraum)
if it is complete with respect to some metric that defines its topology.

T’'m not really going to have anything to say about Fréchet spaces in this course, but let’s take
note of the ones that we’ve already seen:

EXAMPLE 2.30. The spaces C;°(Q2) and C[7.(Q2) from Examples 2.1 and 2.2 are Fréchet spaces.
For C;°(f2), one can deduce this from the fact that C}"(f2) is a Banach space for each m < oo.
For C7.(€2), one can use the countable family of seminorms described in Remark 2.25 to define a
suitable metric as in Theorem 2.26, and then deduce completeness from the completeness of the
norms || - [[¢s k) for each finite j and compact set K < 2.

2We say in this case that the functions f € CO(R™) have compact support (kompakten Triiger) in R™.
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2.5. Continuous extensions. We’ve seen already in the example of C*([0,1]) = C°([0, 1])
that in infinite-dimensional normed vector spaces, a proper linear subspace can also be a dense
subset. In fact, this fact is frequently useful: we will see that most of the Banach spaces of functions
that arise in applications contain spaces of smooth functions as dense subspaces, and when we want
to prove that those spaces have certain properties, proving it for the smooth functions is often easier.
Such proofs can then be extended to the entire Banach space due to results such as the following:

LEMMA 2.31. Suppose X is a normed vector space containing a dense subspace Xo c X, and
Y is a Banach space. Then every bounded linear operator A : Xg — Y has a unique extension to
a bounded linear operator X — Y.

PROOF. Given x € X, density provides a sequence z,, € Xy with z,, — x. Since |Az, — Az, | <
|All - |xn — zm |, Azy is a Cauchy sequence in Y, and thus converges, allowing us to define
Az := lim Az,.

n—

This definition of Az is independent of the choice of sequence x,; indeed, if z!, € X, is another
sequence converging to x, then

lzn =2, = [(@n —2) + (2 = 2| < lon — 2] + |2 — 2, = 0,
implying || Az, — Azl || < |A]|- |zn — 2| — 0 and thus lim,, Az,, = lim,, Az]. Themap A: X - Y
defined in this way is clearly the only continuous map that extends A : Xg — Y'; we leave it as an
exercise to check that it is a bounded linear operator. O

2.6. Dual spaces. The notation £ (X,Y’) has been used so far to mean the space of bounded
linear operators between two normed vector spaces. In the more general context of topological
vector spaces, we do not have any notion of boundedness, but continuity makes sense, and it is
thus natural to define

Z(X,Y) := {continuous linear maps X — Y'}.

DEFINITION 2.32. The dual space (Dualraum) of a topological vector space X over the field
K € {R,C} is defined as
X* = 2(X,K),
i.e. it is the space of continuous linear functionals (Funktionale) A : X — K.

Note that in infinite dimensions, the functional-analytic notion of a dual space is not the same
as the algebraic dual space: the latter contains all linear functionals X — K, without regard for
continuity. In fact, there is no guarantee in general that X* is nontrivial. This is quite different
from the situation in finite dimensions, where there are finite algorithms for writing down linear
functionals X — K, which are automatically continuous. Having tried to convince you that the
existence of continuous linear functionals is generally non-obvious, here are a few pieces of good
news:

(1) Later in this course, we will prove the Hahn-Banach theorem, which implies that every
locally convex space X has a nontrivial dual space. In fact, given any x # 0 € X, the
Hahn-Banach theorem enables the construction of a continuous linear functional A € X *
with A(z) # 0.

(2) In many of the most popular Banach spaces, there exist explicit descriptions of their dual
spaces that imply X* # {0} without appealing to the Hahn-Banach theorem.® This is
true in particular for all Hilbert spaces, and for the LP-spaces with 1 < p < 0.

3The proof of the Hahn-Banach theorem requires the axiom of choice; some people find this unnerving and
therefore prefer to avoid it.
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(3) If X is a normed vector space, its dual X* with the operator norm is automatically a
Banach space. This follows from Theorem 1.8.

EXAMPLE 2.33. Assume the vector space V in which our functions take their values is the
ground field K € {R,C}. Then for any open set {2 € R", any finite measure y on ) determines a
bounded linear functional

A, CR(Q) —>Kf'—>f fdu.
Q
Since [A,(f)] < () - [ co, we have A, < u(€).

EXAMPLE 2.34. For 1 < p,q < o0 with % + % = 1, any function g € L9(X) on a measure space
X determines a bounded linear functional

A D) =K f o | o fydn
The boundedness of A, follows from Hélder’s inequality, which gives

A (N < lgllza - 1 f] e, hence [Agl < lglza-

DEFINITION 2.35. The transpose (Transponierte) of a continuous linear map A : X — Y is
the linear map AT : Y* — X* defined by

(ATX\)(z) = M(Az) for AeY* zeX.

One easily checks that if X and Y are normed vector spaces, then AT is also a bounded linear map
and AT < [|A].

In the following result, we let
denote the dual of the dual space of X, also known as its double dual.

PROPOSITION 2.36. For any normed vector space X, there is a canonical bounded linear map

J: X - X**

given by (Jx)(A) := Mx) forx e X and X e X*.

PrOOF. Clearly [[(Jz)(N)|| = [Mx)| < |A] - |z], thus | Jz|| < 2], implying that J is bounded
with ||J]| < 1. O

We will later deduce from the Hahn-Banach theorem that J is actually an injective map—in
fact it is an isometry (Isometrie), meaning it satisfies |Jz| = |z| for all x € X. It therefore
defines a natural inclusion X — X**.

DEFINITION 2.37. A Banach space X is called reflexive (reflexiv) if the natural map J : X —
X** ig an isomorphism.

We will see that the LP-spaces are reflexive for 1 < p < o0, though not for p =1 or p = co.

EXERCISE 2.38. Here is an example of a topological vector space that is not locally convex and

has a trivial dual space. Define LP([0, 1]) as usual to be the space of equivalence classes (up to equal-
1/p

ity almost everywhere) of measurable functions f : [0,1] = R with | f|rr := (Sé | f(x)|P d:c) <

00, but instead of p = 1, assume 0 < p < 1. In this case, Minkowski’s inequality does not hold, so
| - |lz» is not a norm, but we shall regard LP([0,1]) as a metric space with the metric defined by

d(f,9) = If = glL»-
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(a) Show that d is a metric on L?([0,1]).

Hint: Show first that (z + y)? < 2P +yP holds for all x,y = 0. The latter can be deduced
from the relation a? + b? < (a + b)? for a,b > 0 and q := 1/p > 1, which follows in turn
from (1 +x)? = 1+ 29 for x = 0, which you can prove by differentiating with respect
to x.

(b) Prove that LP([0, 1]) with the topology defined via d is a topological vector space.

(c) Prove that the space of bounded measurable real-valued functions is dense in LP([0, 1]).
Hint: Given f € L?([0,1]), define functions f, that match f wherever |f| < n.

(d) Prove by induction on N € N that if K is any convex subset of a vector space, then for any
finite collections x1,...,2x € K and 11,...,7n € [0,1] with Zil =1, Zfil Tz € K.
(This is known as a convex combination of x1,...,xN.)

(e) Prove that for any given € > 0, every bounded measurable function f : [0,1] — R can be
written as f = Zf\il fi for some finite collection of functions f; € LP([0,1]) satisfying
d(f;,0) <eforalli=1,...,N. Conclude that the only closed convex subset of L”([0,1])
containing a neighborhood of 0 is L?([0, 1]) itself.

Hint: Define each f; to have support in an interval of length 1/N, then make N large.

(f) Prove that all continuous linear functionals A : LP([0,1]) — R are trivial.

Hint: What kind of subset is {f € LP([0,1]) | |A(f)| < 1}7

2.7. Zorn’s lemma and bases. I owe you an answer to the following question: Do there
exist unbounded linear operators between infinite-dimensional Banach spaces?

The answer is yes, and there is an easy way to see it if you believe that every vector space
admits a basis. Let us pause here to clarify what we mean exactly by the word “basis”; an infinite-
dimensional spaces, there are multiple inequivalent things this word could mean, and the following
notion is for instance not the same as the more useful notion of a Hilbert space basis that we will
see in the next section.

DEFINITION 2.39. A Hamel basis (Hamelbasis) of a vector space X is a maximal linearly-
independent subset. More precisely, a collection of elements {e, € X },es is a Hamel basis of X if
and only if every z € X can be written as

x = Z Caa

ael

for uniquely-determined coefficients {c, € K},er, at most finitely-many of which are nonzero.

Note that Definition 2.39 is purely algebraic; it has no analytical or topological content, and
since the expression x = ), cq€ is assumed to have at most finitely-many nonzero terms, there
is no issue of convergence to worry about.

If you believe that Hamel bases always exist, then for any pair of normed vector spaces X,Y
with dim X = oo, one can define an unbounded (and therefore discontinuous) linear operator
A: X - Y as follows. Choose a Hamel basis {e, € X},er of X, an infinite sequence {«,, € I},en
and an element y # 0 € Y, and define A as the unique linear map satisfying

Aeg, :=nlleq, |y, forallneN, Aeq :=0 for all other a € I.

Ae
We then have ””:"‘”””

The good news is that, indeed, Hamel bases always exist:

= n|y| — oo as n — oo, thus A is unbounded.

THEOREM 2.40. Every vector space admits a Hamel basis.

The bad news is that in typical cases of infinite-dimensional Banach spaces, Theorem 2.40
depends in an essential way on the axiom of choice. One can cook up stupid algebraic examples,
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e.g. if we define R* to be the space of sequences (x1,x2,3,...) in which at most finitely-many
terms are nonzero, then R* has an obvious Hamel basis. But R* is not a Banach space in any
obvious way, and in general, if you were hoping to see an explicit example of a Hamel basis on
an infinite-dimensional Banach space (and therefore also an explicit example of an unbounded
operator), you will be disappointed. They must exist if you accept the axiom of choice, but they
will typically contain uncountably many elements, and there is no reasonable algorithm to construct
them.

We will not actually have any use in this course for Hamel bases or unbounded operators of
the type described above, but we may as well take this opportunity to discuss the axiom of choice,
which will be needed later for the Hahn-Banach theorem. The axiom of choice is equivalent to a
somewhat mysterious-looking result known as Zorn’s lemma:

THEOREM 2.41 (Zorn’s lemma). Suppose (S, <) is a nonempty partially-ordered set in which
every totally ordered subset T < S has an upper bound. Then the upper bound for T can always be
chosen to be a mazimal element of S. O

Let’s be clear on the terminology: the assumption that 7' = S is totally ordered means that
every pair of elements x,y € T satisfies x < y or y < x. An upper bound for T is an element
m € S such that ¢ < m for all t € T, and m is a maximal element of S if there is no z € S
satisfying x # m and m < x.

The proof that Zorn’s lemma, is equivalent to the axiom of choice is an unenlightening excursion
into set theory that I will not reproduce here, but instead refer you to [BS18, Appendix A]. I
recommend reading through it exactly once in your life. What follows is a practical demonstration
of how Zorn’s lemma can be used.

PROOF OF THEOREM 2.40. Given a vector space X, let S denote the set of all linearly-
independent subsets of X, endowed with the partial order

A<B = Ac B.
If Sy c S is a totally-ordered subset, then

B, = U BesS

BeSy

is an upper bound for Sy, thus establishing the hypothesis of Zorn’s lemma; the maximal element
provided by Zorn’s lemma is then a Hamel basis for X. O

3. Hilbert spaces

Hilbert spaces are the nicest class of vector spaces one can work with in functional analysis.

DEeFINITION 3.1. A Hilbert space (Hilbertraum) is a complete inner product space (H,{, »),
i.e. a Banach space (#, | - ||) endowed with an inner product { , ) such that |z| = 4/(z, z) for all
zeH.

CONVENTION 3.2. For a complex inner product space (H,{, »), our convention in these notes
is that the inner product is complex antilinear in the first argument and complex linear in the
second:

v, oy = X, w)y = Qw, w), for v,weH, AeC.

Some sources prefer to do it the other way around.
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EXAMPLE 3.3. For any measure space (X, i), the space L2(X, 1) of square-integrable functions
f: X — V valued in the finite-dimensional inner product space (V,{, ») is a Hilbert space with
inner product defined by integrating the inner products of the values of two functions:

fygre = JX<f, g>dp.

The integral is well defined due to Hélder’s inequality (also known as the Cauchy-Schwarz inequality
in this special case), which gives

Kl < ]2 - gl

We will see in Exercise 3.38 that up to isomorphism, every Hilbert space is equivalent to
Example 3.3 for a suitable choice of measure space.

3.1. Geometry of inner product spaces. We begin with some general properties of inner
product spaces that do not require finite-dimensionality, but also do not require completeness. For
this discussion, we fix an inner product space (H,{ , »), which we will usually abbreviate simply
as H.

Two elements v, w € H are called orthogonal if (v,w) = 0. The orthogonal complement
(orthogonales Komplement) of a subset W < # is the subset

Wh={zeH|(wz)y=0fralweW}.

It is easy to check that if T is a linear subspace, then so is W*t. A subset S c H is called an
orthonormal set if

Jv] =1 for all v e S, and (v,wy =0 for all v,w € S with v # w.

We will often write orthonormal sets as collections of elements {e,, € H}acr indexed by an auxiliary
set I, in which case the orthonormality condition becomes

1 for a =0,
<6a765> =
0 fora#p.

EXAMPLE 3.4. One easily checks that the space L2([0,1]) of complex-valued L2-functions
f:]0,1] = C with the L2-inner product
1

s pr> = . F(t)g(t)dt

has _
{ek (t) = eszkt}kEZ

as an orthonormal set.

We will see in §3.5 that a mazimal orthonormal set in a Hilbert space H can be used in
much the same way as a finite-dimensional basis or a Hamel basis: it allows us to express any
element uniquely as a linear combination of basis elements, with the important difference that
when dim H = o0, the linear combinations in question will not generally be finite sums, but instead
convergent series. That discussion requires a bit of preparation, and it depends crucially on the
assumption that Hilbert spaces are complete. For the moment, we will have to be content with
our understanding of how this works in finite-dimensional inner product spaces.

LEMMA 3.5. In any inner product space H, if x € H satisfies ¢ = v +w with {v,w) = 0, then
=] = Jv]? + w].

Proor. This follows from the bilinearity of the inner product: |z|> = (v + w,v + w) =
@, v) + w,wy = [Jvf* + w]?. =
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THEOREM 3.6 (the “Pythagorean theorem”). Suppose H is an inner product space, and W ¢ H

is a finite-dimensional subspace with an orthonormal basis e1,...,exy € W. Then for every r € H,
one has
N
T = Z(ej,:c>ej +y
j=1

for a unique element y € W+, and

N

2
[ = > Kegsadl® + g
j=1
PrROOF. Defining y := z — ij=1<€jv$>€ju we compute
ej,yp ={ej, ) —<ej,x) =0

for each j = 1,..., N, thus y € W. The second relation then follows from Lemma, 3.5. ]

THEOREM 3.7 (Cauchy-Schwarz inequality). In an inner product space H, the relation

[z, ol < ]l - [yl
holds for all x,y € H.

PRrROOF. Assume x,y € H are both nonzero, since the relation is otherwise trivial. Setting
W < H to be the 1-dimensional subspace spanned by e; := z/|z|, Theorem 3.6 implies

x x ,
Y= m,y m +y
for some ¢y’ € W+, and thus

2
T x
lyl* = ‘<—y> +y1* = ‘<—y>
(&l |z

COROLLARY 3.8. On any inner product space H, the inner product { , > : HxH — K is a
continuous function.

P el

]

O

PRrROOF. Since all topological spaces in this discussion can be regarded as metric spaces, it
suffices to prove sequential continuity. Suppose z,,y, € H are sequences with x,, — = and y,, — y:
then

|<l‘, y> - <l‘n, yn>| = |<l‘ — Tns y> + <$n, Yy—= yn>| < |<$ — Tn, y>| + |<mn7 Yy — yn>|
<z =znl - Iyl + lznl - lly = ynl —0

as n — oo. O

COROLLARY 3.9. For any x € H in an inner product space H, the formula A,(y) := {x,y)
defines a bounded linear functional A, : H — K with |A;| = |z].

PRrROOF. The inequality |Ag|| < |z| follows directly from Cauchy-Schwarz. To see that it is
actually an equality, observe that

Ae@)] _ Kedl _ Jel?
Bl = Tel [l

= [
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COROLLARY 3.10. For any inner product space H and linear subspace W c H, W+ c H is a
closed subspace.

PRrROOF. Suppose z,, € W is a sequence with x, — = € H. Then {(x,,w) = 0 for all w € W,
and by the continuity of the inner product, it follows that {(x,w) = 0 as well. O

EXERCISE 3.11. Show that in any inner product space H with linear subspace W < H, W and
its closure W have the same orthogonal complement.

3.2. Orthogonal complements. You are surely familiar with the fact that every finite-
dimensional inner product space can be decomposed into the direct sum of any subspace with the
orthogonal complement, of that subspace.

In infinite dimensions, the following observation should make you a little worried. It is possible
for a proper subspace W < H to be dense; for example, we will see later that all L2-functions on
R can be approximated arbitrarily well (in the L?-norm) by smooth L?-functions, which therefore
form a dense subspace of L?(R). But if W < H is dense, then according to Exercise 3.11,

Wt =wt =4t ={0}.
Here is a direct argument showing the same: for any x € W, density implies that there exists a
sequence x, € W with x,, — z, so that 0 = {(z,,,2) — {(z,7) = |x|?, and thus z = 0. (Here we’ve
made implicit use of the Cauchy-Schwarz inequality, namely via the fact that {( , Y: H xH - K
is a continuous function.) In other words, the orthogonal complement of a dense subspace W < H
is the trivial subspace, and H is therefore definitely not W @ W'.

Here is the good news: the problem with the example of a dense subspace W c H is that W
is not a closed subset. If we restrict our attention to closed subspaces, then everything is fine:

THEOREM 3.12. For any closed subspace W c H in a Hilbert space H,
H=WaoWw,
i.e. every x € H can be written as x = v+w for uniquely-determined elements ve W and w e W+,

Our proof of this theorem depends on a lemma that I think you will have little trouble believing,
but it’s actually rather nontrivial, and its proof will form one portion of a larger discussion in the
next subsection. It depends in an essential way on the completeness condition, and we shall take
it for now as a black box:

LEMMA 3.13 (see Theorem 3.23). Assume H is a Hilbert space, K < X is a closed convex
subset, and x € H\K. Then K contains a unique point that is closest to x.

ProOOF OF THEOREM 3.12. The uniqueness of the decomposition x = v + w with v € W
and w € W is immediate from the nondegeneracy of the inner product: if it were not unique,
then two distinct decompositions z = v + w = v’ + w’ would give rise to a nontrivial vector
v—v" =w —weW nWH=, which is impossible since every nonzero y € W satisfies (y, 4> > 0.

For existence, observe that there is nothing to prove if x € W, so assume z € H\W. The
subspace W < H is a convex set that is closed by assumption. Lemma 3.13 thus implies the
existence of an element v € W that is nearest to z, and we claim that w := 2 — v then lies in W .
Indeed, for any h € W, the fact that ||z — v|? = (x — v, 2 — v) minimizes the distance from z to W
implies

0

= i(x—(v—l—th),x—(v#—th)) = i(w—th,w—th)
=0 At =0 At t=0

& (wf? — 2t Recu, by + 2[1]?)| = ~2 Reu, b,

t=0

Lo~ + th)P
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where the symbol “Re” is redundant in the case K = R, and the result is then simply {w, h) = 0.
In the complex case, we can plug in ih € W instead of h, so that the same computation also gives

0 = —2Re{w, ihy = —2Re (i{w, hy) = 2Im{w, h),
and the conclusion is again {w, h) = 0 for all h € W, as claimed. O
The following corollary is frequently useful in applications:
COROLLARY 3.14. In a Hilbert space H, a subspace W < H is dense if and only if W' = {0}.

PROOF. In one direction, the statement follows from Exercise 3.11 since density means W =H,
and H* = {0}. Conversely, if W' = {0}, then W < H is a closed subspace with trivial orthogonal
complement. Applying Theorem 3.12, we conclude

H=WeW!'=W,
meaning that W is dense. 0

_EXERcIsE 3.15. For H a Hilbert space and W < H a linear subspace with closure denoted
by W, prove (W)L = W. Does this remain true in general if # is assumed to be an inner product
space but not complete?

3.3. Uniform convexity. We now introduce a concept that lies in the background of several
important results about Banach and Hilbert spaces, including the theorem above on orthogonal
complements.

Recall that a subset K in a vector space X is called convex (konvex) if K contains the line
segment joining any two of its points (see Figure 1), i.e.

z,ye K = txr+(1—t)ye K for every t € [0,1].

Similarly, a function f: K — R on a convex set K < X is called convex if for every pair of points
in its domain, the values of f along the line segment between those points are bounded by the
corresponding “convex combinations” of its values at the end points (Figure 2); concretely,

(3.1) Ve,y e K and t € [0, 1], flz+ (A —=ty) <tf(x)+ (1 —1)f(y).

It is straightforward to show that if f is convex, then f~!((—o0,a)) and f~!((—o0,a]) are convex
subsets for every a € R. We say additionally that f is strictly convex (strikt konvex) if the
inequality in (3.1) is strict for all ¢ € (0,1) whenever = # y.

EXAMPLE 3.16. By a standard exercise in first-year analysis, if &/ < R"™ is an open convex set,
then a C?-function f : U — R is convex (or strictly convex) if and only if its Hessian at every point
is positive semidefinite (or positive definite, respectively).

EXAMPLE 3.17. For any normed vector space (X, | - |) and ¢ € X, the triangle inequality
implies that the function X — [0,00) :  — || — x| is convex. As a consequence, (closed or
open) balls about points in a normed vector space are always convex sets. This remains true if the
norm is replaced by a seminorm, and is the reason why a topological vector space with topology
generated by a family of seminorms is called a locally convez space.

Strict and uniform convexity are geometric properties of normed vector spaces that strengthen
the observation in Example 3.17 about balls B < X being convex—the idea is to require that the
segment joining any two points in the ball stays in the interior of the ball. This is a nontrivial
condition on the “shape” of the unit ball as determined by the norm, and it is not satisfied by every
norm (see Exercise 3.21 below). In the following, we denote the closed unit ball and unit sphere
in a normed vector space (X, | - ||) by

Bi={reX||e|<1}, and 0B:={reX|[e]=1}
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respectively, and denote the distance between two subsets U,V < X by
dist(U, V) :=inf {||lz —y| | z €U, x€V}.

DEFINITION 3.18. A normed vector space (X, | - |) is called strictly convex (strikt konvex)
if
r,ye Bwithz#y = tx+(1—t)ye B\0B Vte (0,1).

The middle picture in Figure 1 gives an example of something one might imagine the unit ball
looking like in a normed vector space that is not strictly convex. The next definition amounts to
a quantitative version of strict convexity, in which the distance of the midpoint between = and y
to the boundary cannot become arbitrarily small unless = and y are close.

8P

FIGURE 1. The two sets on the left are convex, while the set on the right is not.
The set in the middle is convex but not strictly convez, i.e. it contains a segment
connecting boundary points that does not stay in the interior. In particular, if
this set occurs as the closed unit ball in some normed vector space, it implies that
that space is not strictly (and therefore not uniformly) convex.

F1GURE 2. The function f : R — R on the left is convex, and the function on
the right is not.
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DEFINITION 3.19. A normed vector space (X, | - |) is called uniformly convex (gleichméfig
konvex) if for every e > 0, there exists § > 0 such that

z,y € B with |z —y| > ¢ = dist (xTer, aB) > 6.

Observe that every uniformly convex space is clearly also strictly convex.

REMARK 3.20. The definition of uniform convexity appears in many references with a weaker
condition on x and y, namely that they lie in 0B instead of B. The resulting notion is equivalent
to our definition; for a proof of this, see [Tes, Lemma 5.20]. This detail will not concern us since,
for all uniformly convex spaces that we actually encounter, the apparently stronger condition is
not any more difficult to prove than the weaker one. On the other hand, our main application of
uniform convexity, Theorem 3.23 below, only uses the weaker condition.

EXERCISE 3.21. For vectors z = (x1,...,%,) in R™, consider the norms
n 1/p
|z], = (Z xf) for 1 < p < o0, |]o0 := max{|z1], ..., |znl}-
j=1

(a) Show (by drawing pictures of the unit ball) that (R™,|-|1) and (R™, ||, ) are not strictly
convex.

(b) Show that the spaces of real-valued functions of class L' or L* on any measure space are
not strictly convex. (Note that this implies part (a) if you take the measure space to be
{1,...,n} with the counting measure.)

We will see in §5.3 that all LP-spaces for 1 < p < oo are uniformly convex; this of course
includes the examples (R™,| - |,) defined in Exercise 3.21. Notice that uniform convexity is not a
property of the equivalence class of a norm but rather of the norm itself—indeed, all norms on R"
are equivalent, but some are uniformly convex and some are not.

PROPOSITION 3.22. Euvery inner product space (X, {:,->) is uniformly convez.

PROOF. Denoting the norm by | - || := 4/{:, -), a straightforward computation yields the par-
allelogram identity,

(3.2) v 4+w|? + v —w|? = 2|jv|* + 2||jw]|? Yo, we X,

which for ||v] €1 and |w| < 1 implies the relation

2
v—i—wH

1
2o —wpP <1 2

This gives a concrete upper bound on v — w]| in terms of the distance from *£* to the boundary
of the unit ball. O

The following theorem on uniformly convex Banach spaces is a useful source of existence results,
and plays a key role in characterizing the duals of Hilbert spaces and LP-spaces. The special case
where X is a Hilbert space appeared already (without proof) as Lemma 3.13, and was used in the
proof of the theorem about orthogonal decompositions.

THEOREM 3.23. Assume (X, | -|) s a uniformly convexr Banach space, K ¢ X is a closed
convex subset and x € X\K. Then the function K — (0,0) : k — ||k — x| attains a unique global
mANIMAUM.
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F1cURE 3. The geometric setup behind the proof of Theorem 3.23.

Note that if dim X < oo, then Theorem 3.23 follows easily from the fact that since closed and
bounded subsets of X are compact, K — (0,00) : k — |k — x| is a proper function: one only has
to take a sequence k, € K with ||k, — x| — inf{|k — 2| | k € K} and use compactness to extract
a convergent, subsequence, whose limit is the desired minimum. This argument completely falls
apart if dim X = oo, because closed bounded subsets are no longer compact. One must instead
appeal to the completeness of X, using the idea represented in Figure 3: suppose k., k, € K
both have distances to x that are close to the infimum. After rescaling the whole picture, we can
assume without loss of generality that k,, — z and k,, — x are both in the unit ball, in which case

. . . | —— K — X . . . . .
s0 is the midpoint (kn i);( m=z) _ kngkm — x, where ®22km 3150 lies in K since K is convex. By
kntkm

2

2

— 2| cannot be that much smaller than |k, — || and |kn, — ||, since both of

kntkm
2

assumption, |

the latter were already close to the infimum, hence — x cannot be too far away from the
boundary of the unit ball. But in that case, uniform convexity implies that k, — x and k,, — x
must be close, or equivalently, k,, and k,, must be close. We will use a version of this argument in
the following to show that k, is a Cauchy sequence, and thus converges to an element that attains
the minimum.

PROOF OF THEOREM 3.23. Let I := inf {|k —z| | k € K}, choose a sequence k,, € K with
I, :=||kn, — x| — I, and let
kn_m kn_m I_In

Zn = I = I + T Zn;s

which defines a sequence in the unit sphere of X. If € > 0 is given, we can choose N € N such that
I, <I+eforalln>= N. For any m,n = N, the fact that K is convex implies % € K, thus it
satisfies
_ ‘ kTVL + kTL
B 2

' (m — ) : (ko — )

o
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which implies

Zm + Zn | 'l(km—x)+(kn—x) L I_Imzm—i- I_Inzn
2 I 2 21 21
Since the latter can be made arbitrarily close to 1 by choosing € > 0 small, uniform convexity now
implies that |z, — 2z, can be assumed arbitrarily small for N large, so z, is a Cauchy sequence
and therefore converges to some z,, € X. It follows that k,, converges to ks := z + Iz, and since

K is a closed set, ky, € K. Clearly ||z — ko | = I.

The uniqueness of the minimum follows almost immediately since, if kg, k1 € K are two min-
imums, then the argument above shows that kg, k1, ko, k1,... is a Cauchy sequence, implying
ko = k1. O

EXERCISE 3.24. Let R™ denote the vector space of infinite tuples © = (z1,z2,...) of real
numbers such that at most finitely many of the coordinates z,, € R are nonzero. This becomes an
inner product space if we define on R* the obvious generalization of the Euclidean inner product,

o0
(3.3) (,yy:= ), Tnyn € R,
n=1

where the sum always converges since only finitely many of its terms are nonzero. Define a subspace
W cR* by W:={zeR” | Z:::l% = 0}.
(a) Prove that W c R* is a closed subspace of codimension 1.
(b) Prove that the orthogonal complement W+ = {z € R* | {z,v) = 0 for all v e W} is the
trivial subspace of R™.
(c) In §3.2 we proved that for any closed subspace W in a Hilbert space H, H = W @ W+.
Where does the proof of this theorem go wrong if you try to carry it out with the Hilbert

space H replaced by the incomplete inner product space R*?
Hint: R* is a dense subspace of the Hilbert space {? consisting of tuples x = (x1,xo,...) that are
allowed to have infinitely many nonzero coordinates but must also satisfy 2:21 12 < 0. Equiva-
lently, (2 is L*(N,v), the space of square-integrable functions N — R : n — x,, with the counting
measure v. Notice that W = R* n 2+ for an element z € (\R™.

3.4. The Riesz representation theorem. We now give an explicit characterization of the
dual space of any Hilbert space.

THEOREM 3.25 (Riesz representation theorem for Hilbert spaces). For any Hilbert space H,
the map
HoH rx- Ay A(y) =2y
is a real-linear isomorphism, and it is also an isometry, meaning
[Az] = || for all x € H.

REMARK 3.26. The term “real-linear” appears in this statement because if K = C, the isomor-
phism H — H* is not complex linear, but instead complex antilinear.

PrOOF OF THEOREM 3.25. Corollary 3.9 implies that the map = +— A, is a well-defined
isometry, and therefore injective. Our task is now to show that it is surjective, i.e. that for any
bounded linear functional A : H — K, there exists some x € H satisfying A(y) = {z,y) for all
y € H. This is clear if A = 0, so assume A # 0. By Exercise 3.27 below, the kernel K :=ker A ¢ H
is then a closed subspace of codimension 1, so by Theorem 3.12, H = K ® K, where K+ c H is a
1-dimensional subspace. By choosing any y # 0 € K+ and rescaling it by a suitable scalar, we can
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then find an element x € K+ such that A(x) = ||z||> = A,(x). Since A and A, both vanish on K,
and H is spanned by K and z, it follows that A = A,. O

EXERCISE 3.27. Assume X is a vector space over K € {R,C} and W < X is a subspace. One
says that W has codimension k if the quotient vector space X /W has dimension k. (Note that
k may be finite even if X and W are both infinite dimensional.)

(a) Show that the following conditions are equivalent:
(i) codimW =1,
(if) There exists a vector w € X\W such that every x € X can be written as z = v + Aw
for unique elements v € W and A € K
(iii) W = ker A for some nontrivial linear map A : X — K.*
(b) Show that if W = ker A = ker A’ for two linear functionals A, A’ : X — K, then A’ = cA
for some nonzero scalar ¢ € K.
(¢) Assuming X is a normed vector space and W = ker A for a nontrivial linear functional
A : X — K, show that the following conditions are equivalent:
(a) W c X is closed;
(b) W c X is not dense;
(¢c) A: X — K is continuous.
Hint: The closure of any subspace is also a subspace. If A : X — K is not bounded, there
exists a bounded sequence z,, = v, + \yw € X with v, € W, we X\W and A, € K such

that |A(x,)| — o0. What can you say about {=7

COROLLARY 3.28. For two Hilbert spaces X,Y , every bounded linear operator A : X — Y has
a unique adjoint (Adjungierte), meaning a bounded linear operator A* :' Y — X satisfying the
relation

{y, Ax)y = (A*y, x) for all reX, yeV.

PROOF. We recall that the transpose AT : Y* — X* of A is defined by (AT\)(z) := \(Az).
By the Riesz representation theorem, A € Y* can always be written as A, for some y € Y, thus

(y, Azy = A, (Az) = (ATA,)(x)
will be equal to (A*y, z) for all z € X if and only if
Apwy = ATA,.
This formula uniquely determines A*: writing
X 25 x* vy 2y
for the real-linear isomorphisms given by the Riesz representation theorem, we can define
A* =D AT Dy,

Note that in the case K = C, the presence of two complex-antilinear maps in this composition
makes A* complex linear. Moreover, it is bounded, with

|4 < ox"]- AT - @y ] = |AT] =] A].
O

DEFINITION 3.29. A bounded linear operator A : H — H on a Hilbert space H is called
self-adjoint (selbstadjungiert) if A* = A.

4Linear maps X — K are also called linear functionals, and subspaces W < X of codimension 1 are also called
hyperplanes.
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EXERCISE 3.30. Assume X and Y are inner product spaces, and A: X - Y and A*: Y - X
are linear maps satisfying the adjoint relation

{y, Az) = (A*y,zy forallze X, yeY.

Denote the images of these operators by imA c Y and im A* ¢ X.
(a) Prove: ker A* = (im A)* and ker A = (im A*)*.
(b) Assume Y is complete, A : X — Y is continuous and its image is closed. Show that for

a given y € Y, the equation Az = y has solutions x € X if and only if {y, 2> = 0 for all
z € ker A*.

EXERCISE 3.31. For an inner product space H and subspace W c H such that H = W @ W+,
the orthogonal projection (orthogonale Projektion) to W is the unique linear map P : H — H
such that P|yy is the identity map on W and ker P = W. Prove:

(a) P is bounded and self-adjoint, and satisfies P2 = P.

(b) The orthogonal projection to W+ is given by 1 — P : H — H.

(c) If H is complete and IT : H — H is a self-adjoint bounded linear operator with IT? = II,
then im IT = H is closed and II is the orthogonal projection onto im II.
Hint: The image of an orthogonal projection is the kernel of another one.

EXERCISE 3.32. Assume H is a Hilbert space.

(a) Show that the formula (A, Ay) := {y,z) defines an inner product on H* such that the
operator norm | - || satisfies |A[> = (A, A) for all A € H*, thus making H* into a Hilbert
space over K.

(b) Prove that every Hilbert space is reflexive.

3.5. Orthonormal bases and separability. Let us define the span of a nonempty subset
S c H in an inner product space to be the closure of the set of all finite linear combinations of
elements of S:

N
Span(S) := {Z Aje;

j=1

NGN, ejES, )\jEKfOI‘jZL...,N}.

An orthonormal basis (Orthonormalbasis) of H is an orthonormal set such that Span(S) = H.
Note that when dim H = oo, orthonormal bases are not the same thing as Hamel bases: the use
of closures in the definition of Span(S) means that arbitrary elements of H do not need to be
expressible as finite linear combinations of basis elements. They only need to be approximated by
such finite linear combinations. Theorem 3.34 below will give us a useful way to understand in
practice what this means; we will see that it is easier to understand if the basis is countable, which
turns out to be true for most of the important Hilbert spaces arising in applications.

THEOREM 3.33. An orthonormal set in a Hilbert space is an orthonormal basis if and only if
it is mazimal.

Proor. If S ¢ H is an orthonormal set with Span(S) # H, then since Span(S) is closed by
definition, it is not dense in H, so that by Corollary 3.14, it has a nontrivial orthogonal complement.
That complement contains a unit vector v that can be added to S, implying that S is not a maximal
orthonormal set.

Conversely, S © H being an orthonormal basis means Span(S) = H, thus Span(S)* = {0},
implying that there is no nontrivial element x € H orthogonal to every e € S, hence S is maximal.

O
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THEOREM 3.34. Suppose {en € H}laer is an orthonormal basis of a Hilbert space H with
dimH = . Then for every x € H, the set

I :={ael | {eq,z) # 0}
1s at most countable, and x can be written as an absolutely convergent series
x = Z (eq, T)eq,
a€l,

where the partial sums are defined via any choice of ordering for the countable set I,.

Proor. By assumption, any x € H can be written as = lim,,_,, x,, where each z,, € H is a
finite linear combination of elements from the basis. It follows that the set I is finite for each n.
If a € I, then

(e Tny —> {eq, Ty # 0
implies that a also belongs to I, for all n sufficiently large, thus

o0
Lc|JL,,
n=1

proving that I, is at most countable. If I, is finite, then the result now follows from Theorem 3.6.
If not, choose an ordering and write I, = {a1, a2, a3,...}, and rewrite e; := e,, for j € N. We
claim that the series Z;-E:1<€j, xye; converges absolutely to z. Denote its partial sums by

N
TN = Z(ej,:r>ej, NeN.
j=1
By Theorem 3.6, for each N, x — xx is orthogonal to the span of {ej,...,en}, and

N
2
l® = 7 Kejs o)l + o — an |,
i=1

implying
2 2
D7 IKes, wvesl|* = Kej, ap|* < oo,
j=1 j=1

which establishes absolute convergence, and since H is a Banach spce, it follows that the series
also converges to some element 2’ € H. One can also see this directly as follows: for N > M, we
have

N 2 N

2 2

lox —zml? = | D) Lejades| = > Kej ),
j=M+1 j=M+1

which can be made arbitrarily small by taking both M and N large, implying that z is a Cauchy
sequence, and thus converges. To see that its limit 2’ = limy_,«, zx is actually x, we observe that
for all M < N,
lem,wN) ={em,T)

which implies by taking N — oo that {epr, ") = (e, x) for all M € N. Moreover, x is by definition
orthogonal to every e, for a ¢ I, and so is z’, since this is also true for each of the partial sums
zn, due to the orthogonality of the basis elements. It follows that z — 2’ is orthogonal to all of
the basis elements, and therefore also to their span, which is H, implying = — 2’ = 0. O

It will now be helpful to recall a standard notion from the theory of metric spaces.
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DEFINITION 3.35. A metric space is separable (separabel) if it contains a countable dense
subset.

THEOREM 3.36. Every Hilbert space H admits an orthonormal basis, and the basis is at most
countable if and only if H is separable.

Proor. If H is separable, then there exists a dense sequence {z1,%2,23,...} € H, some
subsequence of which is linearly independent but has the same span. Applying the Gram-Schmidt
orthogonalization procedure then produces a countable orthonormal set that spans H. We leave
it as an exercise to show conversely that if H admits a countable orthonormal basis, then it also
admits a countable dense subset. (Hint: Use rational coefficients.)

If H is not separable, then there is no obvious way to apply the Gram-Schmidt algorithm as
described above, but one can still make the set of all orthonormal sets into a partially ordered set
and apply Zorn’s lemma as in the proof of Theorem 2.40. g

REMARK 3.37. For those who like to keep track of such things, the proof above that all Hilbert
spaces admit orthonormal bases relies on the axiom of choice, but the proof in the separable case
does not. The latter encompasses almost all of the examples that we will actually take interest in.

EXERCISE 3.38. Let v denote the counting measure on a set I, i.e. every subset £ < [ is
v-measurable and v(E) € N n {0, 00} is the number of points in E. It follows that every function
f : I — C is v-measurable, and by a straightforward exercise in measure theory, a v-integrable
function can be nonzero on at most countably many points a1, a2, as, ... € I, so that its integral
is given by an absolutely convergent series

J’Ifdu= Zf(oz) = Z flan) € C.

ael =1
All summations appearing in the following should be understood in this sense. The complex Hilbert
space L%(I,v) now consists of all functions f : I — C that are nonzero on at most countably many
points and satisfy || f|3. = >, c; [f(@)|* < o, with the inner product of two functions in this space
given by
(frgnz =), Flagla) e C.
a€el
(a) Show that if the set I is finite or countably infinite, then L?(I,v) is separable.
Hint: Show that every f € L?(I,v) can be approximated arbitrarily well by functions
that have real and imaginary parts in Q at all points and are nonzero on at most finitely
many.
(b) Show that if I is uncountable, then L?(I,v) is not separable.
(c) If H is a complex” Hilbert space with orthonormal basis {€}acr, show that the map

H— L*(I,v): 2 — f, where fi():={eq,z)

is a unitary isomorphism of Hilbert spaces, i.e. it is an isomorphism and satisfies {f, fy)r2 =
{x,yy for all x,y € H. Conclude that both this map and its inverse are continuous, and
that H is separable if and only if I is not uncountable.

Comment: Almost all infinite-dimensional Hilbert spaces that one encounters in applications
(e.g. L*(R) or L?([0,1]) and the related Sobolev spaces that we will study later) turn out to
be separable. Thus all of them are unitarily isomorphic to (% := L*(N,v).

5The analogous statement for a real Hilbert space is obtained by taking functions in L2(I,v) to be real valued
and omitting complex conjugation from all formulas.
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EXERCISE 3.39. For H a Hilbert space containing an infinite orthonormal set e1, ez, e3,... € H,
prove that the bounded sequence {e,}*_; has no convergent subsequence. In particular, the closed
unit ball in H is not compact.

Comment: A topological space X is called “locally compact” if for every point x € X, every neigh-
borhood of x contains a compact neighborhood of x, e.g. in a Hilbert space, such a neighborhood
could be a sufficiently small closed ball about x. Local compactness in a Hilbert space is in fact
equivalent to the condition that the closed unit ball is compact, so this problem in combination
with a standard result from first-year analysis proves that a Hilbert space is locally compact if and
only if it is finite dimensional. We will later prove that the same is true in Banach spaces; in fact,

it is true in arbitrary Hausdorff topological vector spaces. If you’re curious to see a proof of the
latter statement, see
https://terrytao.wordpress.com/2011/05/24/1ocally-compact-topological-vector-spaces/


https://terrytao.wordpress.com/2011/05/24/locally-compact-topological-vector-spaces/




Part 2: Real analysis and LP-spaces

The second portion of this course deals less with general theorems about Banach or Hilbert
spaces than with specific examples of them, whose properties need to be understood well, before
the full power of the theory can be put into practice. The most important objects in this story are
the LP-spaces, but we will also touch upon Fourier series and transforms, Sobolev spaces, and the
theory of “generalized” functions, also known as distributions. The main prerequisite is some basic
knowledge of measure theory, and it is common in some countries for this material to appear as
part of a graduate-level course called “real analysis,” which begins with the general theory of the
Lebesgue integral and then develops it further.

4. Preliminaries

This section is an interlude before we get to the important part: its purpose is to clarify some
notation and basic notions that should already be familiar from the measure-theoretic portion of
your introductory analysis courses. In particular, in case you have only seen Lebesgue integration
for real-valued functions before, I want to be extra sure that you understand the (easy) extension
of this theory to complex- or vector-valued functions.

4.1. Integrals of vector-valued functions. We continue with the convention established
in §1.5: K is a field that is assumed to be either R or C, and we consider functions with values in
a fixed finite-dimensional inner product space (V,{ , ») over K, with norm denoted by

HERV.o0t
The discussion of Fourier analysis starting in §10 will require choosing K = C, but in most other

places, the differences between the real and complex cases will be negligible, e.g. we will sometimes
need to use the relation

o +w,v +w) = |v]? + 2Relv, w) + |w|?,

which is true in both cases, the difference being only that in the real case, the symbol “Re” is
redundant. We recall the convention that a complex inner product is antilinear in its first argument
and linear in its second:

(v, wy = —idv, w), v, iw) = i{v, w).

We will sometimes make use of the fact that a complex vector space is also a real vector space (of
twice the dimension).

CONVENTION 4.1. By the standard definition, a measure space (Messraum) consists of three
pieces of data (X, A, u): a set X, a o-algebra A < 2% and a measure u : A — [0,]. Since we
will almost never have occasion to talk about the o-algebra itself, we shall typically omit it from
the notation and simply call (X, ) a measure space, referring when necessary to the elements of
A as the measurable (or p-measurable) sets (messbare Mengen).

39
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Given a measure space (X, u), a function f : X — V is considered measurable (messbar)
if the preimage of every open subset of V is p-measurable in X. It is easy to show that if we
choose any real basis ej,...,e, of V and write f = Z?:l fje; for functions f; : X — R, then
f is measurable if and only if all of the f; are measurable. Similarly, if f is measurable then
|f] : X — [0,0) is also measurable, and in this case the component functions f; are y-integrable
if and only if {, |f|du < co. One can then define the vector-valued integral

(4.1) L fdp = Z (J'X £ du> e;eV.

Jj=1

| r@du) = [ i

when we want to specify the name of the variable x € X.

We will sometimes also write

EXERCISE 4.2. Show that for p-integrable functions f : X — V, the integral SX fdu eV
defined above is independent of the choice of real basis e, ...,e, € V.

EXERCISE 4.3. Show that for every p-integrable function f: X — V, |§, fdu| < |f|dp.

The simplest example beyond V = R is V = C with the standard inner product (v, w) := vw.
Here we can take e; := 1 and eq := i as a real basis of C, so f : X — C is measurable/integrable
if and only if its real and imaginary parts are both measurable/integrable, and (4.1) becomes

J’fdu J’ Ref)du—i—zJ, (Im f)dp € C.

REMARK 4.4. The assumption dimV < o0 is inessential for much of what follows, though
obviously the definition of SX fdu € V requires some modification if V' has no finite basis. A
definition (using approximation by step functions) for the case where V' is an arbitrary Banach
space may be found in [Lan93]. Since many details become more complicated in this more general
setting, we will stick to the case dim V' < oo but give occasional remarks on what needs to be
modified in order to lift this assumption.

4.2. Differentiation under the integral sign. The following standard consequence of the
dominated convergence theorem will be an essential tool to have at our disposal.

THEOREM 4.5. Suppose (Y, V) is a measure space, M is a metric space, and o : M xY -V
is a function with the following properties:
(1) For every x € M, the function ¢(x,-) : Y — V is measurable and satisfies |p(z,-)| <
for some fized v-integrable function ¢ : Y — [0, 0] independent of x;
(2) For every y €Y, the function ¢(-,y) : M — V is continuous.
Then the function F : M — V given by

F(z):= JY o(z,-)dv

is continuous. If additionally M is an open subset of R™ with coordinates © = (x1,...,2Zm) and
the partial derivatives Tﬁ M xY — V exist for every j = 1,...,m and also satisfy the two
conditions above, then F is continuously differentiable and satzsﬁes
0
0iF(x) =] —(x,-)dv
J ( ) v amJ( ) )

foreveryxe M and j=1,...,m
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Proor. To prove F' : M — V is continuous at a point x € M, consider a sequence xz,, € M
with x, — z. Since ¢(-,y) : M — V is continuous for every y € Y, the sequence of functions
©(n, ) : Y — R converges pointwise to ¢(z,-) : Y — R, and by assumption it also satisfies

lo(zn, )| <t¢ foralln
for a fixed v-integrable function 1 : Y — [0, c0]. The dominated convergence theorem thus implies
Now suppose additionally that M = U < R™ is open and 8%(3:, y) exists for all (z,y) eU xY
and defines a function that is (for each fixed y € Y) continuous with respect to x € U and (for each

@
fixed o € U) @) <y
for all x € U. Let ey, ..., e, denote the standard basis of R™. The partial derivative %(:c, y) is
J
then the limit as A — 0 of the difference quotients

+ hej,y) — p(z,9)
Dh SD(Z 7 )
o(x,y) = W

where for each x € U, the function D?cp(a:, ) 1Y — V is defined for all h € R\{0} sufficiently close
to 0. For any sequence h,, € R\{0} with h, — 0, we therefore have

eV,

0
(4.2) Dip(z,) — 6—“"(30, ) pointwise on Y.

Ty
For every y € Y and h € R sufficiently close to 0, the fact that (-, y) is continuously differentiable
with respect to x; allows us to derive a formula for D;-Lga(:c, y) using the fundamental theorem of
calculus: we have

Ld Lo
o(z + hej,y) = p(x,y) + f —p(x +thej,y)dt = p(z,y) + h g (@ + the;,y)dt,
o dt 0 anJ
and thus
(4.3) Dlo(x,y) f (z + thej, y) dt,
oz

giving rise to the bound

Dbt < | vt dt = v

Since v is integrable, one can again apply the dominated convergence theorem and obtain a con-
vergence result for the corresponding difference quotients of F: for any sequence h,, € R\{0} with
h, — 0, we have

F(x + hpe;) — F(x)
B, o n€j hn,
Di"F(z):= T J D o(x,-)dv — f ag:j
Since the sequence h,, was arbitrary, this proves
oF 9

= lim DI'F )d
6:5] (@) = ) (@) = y 0%;j (, ) dv,
and the continuity of ££

g

O

REMARK 4.6. The hypotheses of Theorem 4.5 can be weakened (at the cost of more cumber-
some notation) in various ways that are sometimes useful. Most importantly, since the continuity

and differentiability of F' are purely local conditions, the bounds |p(z,-)| < 1 and ‘:7“"(33, )‘ <
do not really need to hold with a single function 1 for every x € M; it suffices if every zg € M has
a neighborhood U © M and an associated integrable function ., : Y — [0, c0] that bounds these
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functions for all x € &. One can also insert the words “almost everywhere” in various places among
the hypotheses, so that certain steps in the proof make sense only after deleting sets of measure
zero from Y, which is harmless. For more elaborate versions of the statement, see e.g. [AE01, The-
orems 3.17 and 3.18]) or [Wen19].

4.3. Some standard function spaces. Let’s review some essential facts that need to be
understood about spaces of LP-functions or C"-functions on domains in Euclidean space.

Assume (X, ) is an arbitrary measure space, and (V,{, }) is again a finite-dimensional inner
product space over K € {R,C} with norm |- | := 4/{:,-). The LP-norm of a measurable function
f: X — V is defined for each p € [1, ) by

1/p
Wl = oo o= ([ 5@ dut) e 0,201
and for the case p = o0,
I fllpee = ||fHLoc(X) ‘= esssup,ex | f(x)]| := inf {c >0 | |f| < c almost everywhere} € [0, 0].

We assume the reader is familiar with the standard Minkowski and Holder inequalities, and the fact
that the space LP(X, u) of equivalence classes of measurable functions (defined almost everywhere)
with finite LP-norms is a Banach space. We will typically abbreviate

LP(X) = LP(X, 1)
when the measure is clear from context. Here is a precise statement of the completeness theorem:

THEOREM 4.7 (see e.g. [Sall6, §4.2]). For 1 < p < o, every LP-Cauchy sequence f,, € LP(X)
is LP-convergent and also has a pointwise almost everywhere convergent subsequence. In the case
p = o0, the original sequence also converges pointwise almost everywhere. O

The usual Holder inequality for real-valued functions combines with the Cauchy-Schwarz in-
equality on (V,{, ) and Exercise 4.3 to give the relation

U (), 9(e)) dpu(z) <J K (@), a(@))] duz) < |l - lgloo
X X

for f € LP(X) and g € L9(X) with - + 1 = 1.

EXERCISE 4.8. In case you have only seen LP(X) defined for real-valued functions before,
convince yourself that the proof of Theorem 4.7 still goes through when the functions in L?(X)
take values in an arbitrary (real or complex) finite-dimensional vector space.

EXERCISE 4.9. Show that for every measurable function f: X — V,
[ fllo> < liminf || f| e,
P—D

and if additionally either u(X) < coor f € L"(X) for some r € [1, ), then || f|r» = limp_o | f|Lr-

Hint: For the case with f € L"(X) for some r < o0, show that | f||» < |f|5F - | |57 holds for
every p > r. (Note that this is not a version of Holder’s inequality—it is easier.) Use this to bound

lim SUp, o Iflze-

When X is an open subset of Euclidean space
X =QcR" with u :=m (Lebesgue measure),

it is often useful to consider functions that need not be in L?(€2) but restrict to LP-functions on all
compact subsets. Since compact subsets of R™ are bounded and therefore have finite measure, this
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includes for instance the nontrivial constant functions, which are not in LP(Q) unless m(Q) < 0.
We define the vector space

LY Q) :={f: Q> V| flg € LP(K) for all K < Q compact} / ~,

loc

where as usual the equivalence relation f ~ g means f = g almost everywhere on 2. The functions
in LP () are said to be locally of class LP, and in the case p = 1, a function f € L] (Q) is
called locally integrable on Q. The space Li,.(Q) is strictly larger than LP(Q), and it is not
a Banach space since there is no single norm to determine whether or not a given function is of

class LfOC It does however have a natural topology as a locally convex space, defined via the family
of seminorms

where K ranges over the set of all compact subsets K < 2. Note that these are seminorms rather
than norms, because a function f € L (€2) may be nontrivial but satisfy | f[.»(x) = 0 because
it vanishes almost everywhere on K. Convergence of a sequence f; — f in Li, () means that
If = fillLr(xy — O is satisfied for all of these seminorms, which is equivalent to saying that the
restrictions of [ to every compact subset K < ) are convergent in LP(K) to f|k.

It is possible to derive the topology of L{ () from a countable subfamily of the seminorms
n (4.4). Indeed, Q2 can always be covered by a nested sequence

HccHhcQchce...c UszQ

meN

of open subsets Q,, < © with compact closures K, := Q,,, so that any compact subset K < Q is
contained in Q,,, for m € N sufficiently large. For a concrete construction of €),,,, one can for instance
define Qy,, := {z € Q | |z] <m and dist(z,R"\Q) > 1/m}, where for two subsets A, B ¢ R", we
denote

dist(4, B) :=inf {|x —y| | € A, y € B}.
A sequence f; € Li, () is then L} -convergent if and only if it converges in each of the seminorms
I+ |zr(k,,) for m € N, and snmlarly, every open subset of L} () is a union of sets of the form
{fe LIOC | If = follLe(x,) < €} for fo € LY, (€2), m € N and € > 0. It follows via Theorem 2.26
that L} () is metrlzable with open subsets defined via the metric

S NN Ve
S 2m | f - QHLP
In fact, L

1oc(§2) is a Fréchet space: completeness follows from the completeness of the Banach
space L"( K,,) for every m, as a sequence f; € L{. () is Cauchy if and only if f;|x,, is Cauchy in
L?(K,,) for every m.

Continuing under the assumption that 2 € R™ is an open subset, we shall continue to denote

Km)

C™(Q) :={f: Q- V m times continuously differentiable}

for integers m = 0. This is not a Banach space, but it can be made into one by imposing an extra
boundedness condition, i.e. by defining the C™-norm

[flem = 1flom@y == D) sup|0%f(x),

|a|<m z€Q

and then defining the Banach space
G (@) = {rec™@) | I/l

com < (X)} .



44 PART 2: REAL ANALYSIS AND LP-SPACES

Convergence of a sequence f; in the C"™-norm means uniform convergence of f; and all its deriva-
tives up to order m. By standard results of first-year analysis, C}"(Q2) with this norm is a Banach
space for every integer m > 0. A useful subspace of C;"(f2) can be defined by®

C™(Q) :={f € Cy"(Q) | 0* f is uniformly continuous for all multi-indices o with |oo| < m}.
The following exercise explains the motivation for this notation.

EXERCISE 4.10. Let Q < R™ denote the closure of the open subset 2 < R™.

(a) Show that if f : Q — R is uniformly continuous, then it admits a (necessarily unique)
continuous extension over (2. (Note that the converse is also true if Q is bounded, since
continuous functions on compact sets are always uniformly continuous.)

(b) Show that C™(Q) is a closed subspace of CJ*(Q), hence it is a Banach space with the
C™-norm.

In particular, C™() can be characterized as the space of C™-functions on  whose derivatives
up to order m all admit bounded continuous extensions to Q. (The word “bounded” is redundant
here if Q itself is bounded, since € is then compact.)”

For smooth (i.e. infinitely differentiable) functions, we define

Cr@):=[]C™@).  CrO:= ] G,
m=0 mz=0

and endow the latter with the locally convex topology defined via the entire sequence of norms
| - |cm for m > 0, hence a sequence f; € C;°(2) is C*-convergent if and only if its derivatives of
all orders are uniformly convergent. One could similarly define C*(Q), but this turns out to be
the same space as C}°(f2) since the boundedness of the derivatives of order m + 1 implies uniform
continuity for derivatives of order m. Since the family of C™-norms for m > 0 is countable, one
can define a metric on C;°(Q) in the same manner that we did so for L], (£2), and the completeness
of C7*(Q) for each m = 0 implies that C;°(12) is a Fréchet space.

The C™-topologies also have local variants, which are defined on C™ () without requiring any
boundedness condition: we say that a sequence f; € C™(Q) is CJ'.~convergent to f € C"(Q) if

loc
If = filema) == D] max 0% f(«) = 0% fj(z)| = 0

lal<m

for every compact subset K < Q. As with L (Q), one can use an exhaustion of 2 by a nested

sequence of open subsets with compact closure to characterize this notion of convergence via a
countable family of seminorms, making C"(€2) into a Fréchet space with the C|”.-topology. There
is similarly a C}’.-topology on C*(€2), in which sequences converge if and only if their derivatives
of all orders converge on compact subsets, and this endows C*(Q)) with a natural Fréchet space
structure. Note that for each m € N u {0, 0}, C|7.-convergence is a much weaker notion than

C™-convergence, i.e. many sequences converge in C}7'. but not in C"", and the behavior of a C}.-

convergent sequence “near infinity” can be arbitrarily wild.
The support (Triger) supp(f) = Q of a function f : © — V is the closure of the set
{xe Q| f(z) # 0}. We will denote

CyH(Q) == {f e C™(Q) | supp(Q) = Q is compact} .

6There is potential ambiguity in the notation when Q = R™ since R™ is its own closure, but C™(R") is
nonetheless a smaller space than C™(R"™).

If Q is compact and has a sufficiently “nice” boundary, meaning for instance that the boundary is a C"-smooth
submanifold of R™, then one can show with somewhat more effort that C™(Q) is the space of C™-functions on
that admit extensions of class C™ over some open neighborhood of Q; for details, see [AF03, §5.19-§5.21].
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This is a subspace of both of the Banach spaces CJ"(2) and C™(2), though not a closed subspace in
either case, as a sequence of functions with growing compact supports can easily be C"-convergent
to one whose support is not compact.

5. Duality in LP-spaces

5.1. The pairing of LP? and L?. For this section, assume (X, u) is an arbitrary measure
space, and (V,{, ») is again a finite-dimensional inner product space over K € {R, C} with norm
|| := A/{:,-). Our aim is to prove a characterization of the space (LP(X))* of bounded linear
functionals L?(X ) — K which, like Theorem 3.25, is also sometimes called the Riesz representation
theorem. To prepare the statement, notice that whenever 1 < p, ¢ < 00 with % + % = 1, Holder’s
inequality gives rise to a real-linear map

(5.1) LX) = (IP(X))* g > Ay = fx<g, Sy

satisfying | Ay (Lryx < [|gllza, where |-|(Lry+ denotes the operator norm on bounded linear operators
’(X) - K.

LEMMA 5.1. Assumel < p,q < 0, 1—%4—% =1 and, additionally, either p < co or X is o-finite.”
Then for every f € LP(X),
(g, f)dp
wp Lo D] gy
geLa(X)\{0} lgll £

and the ratio on the left hand side attains its mazimum in the case p < 0.

ProoF. Holder’s inequality implies that the ratio in question can never be greater than | f| z».
There is nothing to prove if f = 0, so assume f € LP(X) is nontrivial. If p < o0, we define
g: X — V by g:=|f[P2f at points where f # 0 and g := 0 otherwise. Then g satisfies |g| = 1
almost everywhere if p = 1, and in the other cases, |g|? = |f|9®~Y = |f|?, thus g € L9(X) and

J g, [rdp = f P dp =115 = (157 1 lzr = Ugls) % - 1fler = lglza - 1 zr,
X X

so this choice of g € LI(X) maximizes the ratio in question.

In the case p = w and ¢ = 1, we argue by contradiction and suppose that ||f||L= is strictly
greater than the supremum of |§,{g, ) dpu|/|lgllz: over all g € L'(X)\{0}. Then there exists a
constant ¢ strictly greater than this supremum such that the set A’ := {z € X | |f(z)| = ¢} has
positive measure. Assuming X is o-finite, there also exists a subset A ¢ A" with 0 < p(A) < oo,
and the function g defined as f/|f| on A and 0 everywhere else is then in L' (X), with ||g[ 1 = u(A).
Since |f| = ¢ > [§{g, /) du|/|gllz+ on A, we now find the contradiction,

[ o] = [ 1awzna)-e=lolus e[ @ nan.

0

COROLLARY 5.2. For every 1 < p,q < o0 with % + % =1, if either p > 1 or X is o-finite, then
the bounded real-linear map (5.1) is injective and satisfies | Ag|(pryx = |glLa for all g € LY(X). O

EXERCISE 5.3. Show that for any f € L*(X) satisfying |f| < ||f|z= almost everywhere, the
inequality |{(g. > da| < gy - | £l is strict for every g € L'(X)\{0}.

8Certain measure-theoretic pathologies can arise in the case p = oo that are excluded if we assume X is o-finite.
This is not the most general assumption possible, but it suffices for all applications we will want to consider. For
more general versions of the results in this section involving duality between L'(X) and L*(X), see [Sall6, §4.5].
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Here is the hard part:

THEOREM 5.4 (Riesz representation theorem for LP). The map (5.1) is bijective for all 1 <
P, q < o0 with 1—1) + % =1, and also for p =1 and q = o if X is o-finite.

REMARK 5.5. In the case K = C, the map LY(X) — (LP(X))* in (5.1) is complex antilinear
and thus is not, strictly speaking, an isomorphism of complex Banach spaces. However, one can also
define a space (LP(X))" consisting of all bounded complex-antilinear functionals A : LP(X) — C
and consider a complex-linear map defined by

(5.2) LX) = (LP(X)) - g A, = L<-,g> dp.

It is an easy exercise to check that this map is bijective whenever (5.1) is, so under the same
hypotheses as Theorem 5.4, it is a complex Banach space isomorphism.

The proof of Theorem 5.4 given below follows the same strategy as our proof of the corre-
sponding statement about Hilbert spaces in Theorem 3.25. The crucial idea in the latter was that
given a nontrivial dual vector A € H* for a Hilbert space H, the right place to search for elements
x with A = {z,-) is in the orthogonal complement of the closed hyperplane ker A ¢ H. While
the notion of orthogonality does not make sense in LP(X) for p # 2, Holder’s inequality furnishes
us with a reasonable substitute in the form of the natural pairing of LP with L9 for % + % =1;
informally, we can thus regard the orthogonal complement of a subspace in L?(X) as a subspace
of L9(X). With this notion in mind, the main task is then to prove, as we did for Hilbert spaces in
§3.2, that a proper closed subspace K < LP(X) always has a nontrivial orthogonal complement.
Our proof of this in the Hilbert space setting required two fundamental ingredients:

(1) The uniform convexity of every Hilbert space H;

(2) The differentiability of the function t — ||z + tv|? for any x,v € H.
Both were easy to prove using the characterization of the Hilbert space norm via an inner product,
but since the latter is not available in LP(X) for p # 2, we will have to work a bit harder.

Recall that every Banach space (E, | - |) has a canonical continuous inclusion into the dual of
its dual space, defined by

o: F— E* ®(v)A ;= A(v) forve E, A e E*.

The injectivity of this map for general Banach spaces is not so obvious, though for £ = LP(X)
with p < oo, it is an easy consequence of the following corollary of Lemma 5.1. Outside of these
special cases, it follows immediately from the Hahn-Banach theorem, which we will cover in Part 3
of this course; its standard proof uses the axiom of choice.

LEMMA 5.6. For every normed vector space (E, |-|) and every x € E, there exists a dual vector
A e E* with |A] =1 and A(x) = ||z

PROOF FOR E = LP(X) WITH p < 0. Given f € LP(X), choose A := A, € (LP(X))* for

g € L1(X) as in Lemma 5.1, then normalize g. O

COROLLARY 5.7. For every Banach space (E,| - |), the canonical map ® : E — E** is an
ingective isometry, i.e. it satisfies |®(x)| = ||z| for every z € E. O

Recall that (E,| - ||) is called reflexive if the inclusion ® : E < E** is also surjective. For
E = LP(X) with 1 < p < o0 and % + % = 1, Theorem 5.4 identifies E* with L?(X) and then
identifies E** in turn with LP(X), so that under these identifications, ® : E — E** becomes a
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map LP(X) — LP(X) uniquely determined by’

| @gyau=[ tgau foran gerix)
X X

This implies that SX<<I>(f) — f, 9> dp vanishes for all g € L9(X), proving that the function ®(f)—f €
LP(X) is identified with the trivial element of (L?(X))*, which makes ® : LP(X) — LP(X) the
identity map.

COROLLARY 5.8. For 1 < p < w0, LP(X) is reflexive. O

REMARK 5.9. Reflexivity is in fact a general property of uniformly convex Banach spaces, by
the Milman-Pettis theorem; see e.g. [RS80, Problem V.15].

Theorem 5.4 is false for p = o0 and ¢ = 1; the dual of L*(X) is generally a larger space than
can be described via such a pairing. One can see this by comparing Lemma 5.6 with Exercise 5.3:
there exist nontrivial functions f € L™ (X) for which an element A € (L™ (X))* with [A[ =)« =1
satisfying |[A(f)| = | fl|lo» must exist, but the strictness of the inequality in Exercise 5.3 implies
that A cannot be represented by any function in L'(X).!° For more counterexamples, see also
[Rud87, Chapter 6, Exercise 13] or [Sal16, Example 4.36]. It follows that L!(X) is not reflexive,
and by the next exercise, neither is L™ (X).

EXERCISE 5.10. For a Banach space E, let ®p : E — E** and g« : E* — E*** denote the
canonical inclusions, and denote by ® 1 : E*** — E* the transpose of ®p.

(a) Show that ®L o ®px is the identity map on E*.

(b) Show that the image of ® g is always a closed subspace of E**.

(c) Deduce that E* is reflexive if and only if F is reflexive.
Hint: Another easy consequence of the Hahn-Banach theorem is that if A : X —» Y
is a bounded linear operator between Banach spaces such that im A c Y is closed and
A* . Y* — X* ig injective, then A is surjective.

5.2. Differentiability of the norm. Let us examine whether the function | f + tg|}, can
be differentiated with respect to t € R for f,g € LP(X). Assume in the following

1 <p<oo.
For v,w € V and t € R with v + tw # 0, the differentiability of the function x — /2 for  # 0
implies
d d
E|U + twl? = E(U + tw, v + twhP/?

(5.3) = §<U + tw, v + tw)E~

= plv + tw|P~? (Rev, w) + t{w|?) = p|v + tw[’~2 - Redv + tw, w).

d
L. pr (Jo]? + 2t Re{v, w) + t*|w|?)

90ne needs to be a bit careful with this argumentation in the case K = C, because the bijection E* ~ L9(X)
is then complex antilinear rather than linear, so substituting L?(X) for E* identifies E** with the space (L(X))’
of bounded complex-antilinear maps L%(X) — C instead of the actual dual space of LI(X). As mentioned in
Remark 5.5, however, the Riesz representation identifies the latter complex-linearly with L?(X).

10Quoting Lemma 5.6 for L™(X) means we are relying on the Hahn-Banach theorem, which
is inherently non-constructive, i.e. it guarantees the existence of an element in (L*(X))*\L'(X) as
an artefact of the axioms of set theory, but gives no hint how one could ever write one down.
In fact, all proofs that (L*(X))*\L'(X) # & are non-constructive in this sense. Readers who
wish to explore this particular set-theoretic rabbit hole may consult [Sch99, Chapter 14]; see also
https://mathoverflow.net/questions/5351/whats-an-example-of-a-space-that-needs-the-hahn-banach-theorem.
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Notice that by the Cauchy-Schwarz inequality on (V< , »), the right hand side of this expression
satisfies

plo + tuwlP =2 Rew + tw, w)| < plo + tw - fu],

whenever v + tw # 0. Since p > 1, one can therefore sensibly define the right hand side of (5.3) to
be 0 when v + tw = 0, and the relation remains correct, since in this case

= |w|? lim — |5 | =0.

d )
= ZlslPhl?
s—0

d d
P _ P
dt|U+tw| ds|(v+tw) + sw| 7

s=0 s=0

With this understood, for any given f,¢g € LP(X), differentiation under the integral sign now
suggests the formula

G+l = 5 [ @) +te@P duto) = [ 17 + @) duto
= [ Pl#@) +t9(@)P 2 Retr (@) + o), gt

where the same application of the Cauchy-Schwarz inequality interprets the integrand on the right
as 0 whenever f(x) + tg(x) = 0. Let us use Theorem 4.5 to justify this formula at ¢ = 0. Set
(Y, 1/) = (X,p)and M := (—1,1) c Rand define ¢ : (—1,1) x X — V by o(t,x) := |f(z) +tg(x)|?,
S0 ‘8 (t,z) is given by the integrand on the right hand side of (5.4). Both ¢ and ‘;—‘f are then
continuous functions of ¢t € (—1,1) for every fixed x € X. For every fixed ¢t € (—1,1), they also

satisfy

(5.4)

(5.5) lp(t, )| < (If(@)] + |g(2)])”
and
(56) | <o U@+ o@D lao)

By Minkowski’s inequality,

J’X (If @)+ 9@ du(@) = |If1 +1gl[L, < (flze + lglze)” < oo,

thus the right hand side of (5.5) defines a p-integrable function on X. It follows in turn that the
function (|f| + |g|)P~" is of class LP/(®*=1) on X, and since ijl + % = 1, Hslder’s inequality implies
that the right hand side of (5.6) is also u-integrable. The hypotheses of Theorem 4.5 are thus
satisfied, and we conclude:

LEMMA 5.11. For any f,g € LP(X) with 1 < p < o, the function R — [0,00) : t — | f +tg|},
is differentiable and satisfies

d , _
%Ilfﬁg\l’ip =pf |f[P~2 - Redf, g) dp.
=0 X

O

5.3. Uniform convexity of LP. In order to prove that LP(X) is uniformly convex for 1 <
p < 00, we begin with the observation that the function

VoR:ve |v|P

is strictly convex for all p € (1,00). One can show this by computing that its Hessian is positive
definite everywhere outside of the origin; at the origin it may fail to have second derivatives, but
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it is then easy enough to check the convexity condition along segments connecting 0 to any other
point. It follows that the function

[o|P + [w? v+wlf

2 2

is nonnegative everywhere, and strictly positive whenever v # w. For any constant ¢ > 0, its
restriction to the compact subset

K:={(v,w)eV xV ||v—wl’ > eand [v] + [w]" <1}

(5.7) Y:VxV->R: (v,w) —

therefore satisfies ¥|x > & for some constant § > 0.'! Now if v,w € V are any elements with
v # w, set 7 := (Jv|P + |w|P)YP > 0, v := v/r and W' := w/T, so [v'|P + [w'|P = 1, and the
condition |[v' —w'|P = € is equivalent to |v—w|P = er?. Under this condition, ¢ (v, w’) = & becomes
Y(v,w) = 7P, which proves:

LEMMA 5.12. Given any p € (1,00) and € > 0, there exists § > 0 such that the function ¢ in
(5.7) satisfies
[v—wP Z ()P +|wP) = Pw,w)=d(JvfP +|wlP) Yo,we V.
]
EXERCISE 5.13. Extract from Lemma 5.12 a new proof that (V,{, ) is uniformly convex.

The uniform convexity of LP(X) is an easy application of the following estimate.

THEOREM 5.14. Given any p € (1,00) and € > 0, there exists § > 0 such that for all f,g €
LP(X),
p

=6 [If =gl —elf 17 + lgl7)]-
Lr

1. +lglie | f+g
2 2

ProoOF. Given f,g € LP(X) and € > 0, decompose X into the subsets
A={zeX [|f(x) —g@)f = e(|f@) +|g)P)},  A°=X\A.

For z € A, we have ¢(f(z),g(z)) = do (|f(z)[? + |g(z)[?) for some constant d; > 0 provided by
Lemma 5.12. Now using the fact that |f — g|P < €(|f|? + |g|’) on A€, while ¥(f,g9) = 0 and
‘%‘p _ ‘f+(279) "’ < Ul

hold everywhere, we estimate

P4 lgl?, +ql? 1)
Mo tlolle 1290 5 | wtrgyanz o [ Q410 duz 525 [ 17 =aba
2 2 | Ja A 2 A

)

— o (1=t - [ 17 -alan)
)

> o (1=t [ b +loP) dn)

> 20 (1 =gl — e (715 + lglE)).

Z 1 LP Lr LP

HRecall from Remark 4.4 that we are assuming dim V' < oo, and we are using that assumption here in order
to say that K is compact. However, if V' is an infinite-dimensional Hilbert space, then one can fix an orthonormal
basis, single out two basis vectors ei,e2 € V and then argue as follows: if (vn,wn) € K is a sequence such that
Y(vn,wn) — 0, then by choosing suitable new orthonormal bases for each n, we can transform each (vy,wn) by
isometries of (V,{, ) (which leave both K and ) invariant) so that without loss of generality, each v, and wp lies
in the span of e; and e2. It follows now that the sequence (vn,wy) lives in a compact subset of V, so a subsequence
converges to some (v, w) € K with ¢ (v, w) = 0, which cannot exist. The estimate 1|k = § > 0 therefore also holds
in this case.
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Set § := §p/2rP~ L. O
COROLLARY 5.15. For 1 < p < w0, LP(X) is uniformly convez.

PRrROOF. Assuming f and g in the inequality of Theorem 5.14 lie in the unit ball in L?(X), the
left hand side is bounded above by 1 — ||(f + g)/2|7,, and the right hand side bounded below by
S (|f —gl%» — 2¢). Tt follows that for any e > 0, there exists § > 0 such that all f, ¢ in the unit

ball satisfy
P

= 0(|f =gl —2¢).
Lp

To show uniform convexity, assume € > 0 is given: we then need to find ¢’ > 0 such that bounding
f and g away from each other by €' forces (f + g)/2 away from the boundary of the ball by
distance ¢’. Set € := (¢')P/4, so that |f — g|z» > ¢ implies || f — g|}, — 2¢ = 2¢, and then choose
d > 0 sufficiently small so that the inequality is satisfied. It follows that if |f — g|r» > €, then
L—|(f +9)/211, = 20e = §(€')? /2, so setting &’ := d(¢’)P /2 does the trick. O

REMARK 5.16. The notion of uniform convexity and Corollary 5.15 are originally due to Clark-
son [Cla36], and the literature contains many other proofs based on more powerful inequalities
than in Theorem 5.14; see for instance [LLO1, §2.5], which uses Hanner’s inequality. Our proof
has been adapted from [Shil8].

5.4. Proof of the representation theorem. As in the Hilbert space case, the idea for
finding a function g € L4(X) to represent any given A € (LP(X))* is to look for nontrivial functions
whose pairing with LP(X) annihilates ker A. We do this by finding the closest point in ker A to
some h € LP(X)\ ker A.

PROOF OF THEOREM 5.4 FOR 1 < p < 0. Assume p,q € (1,00) with & + 2 = 1. Given A €
(LP(X))*, we need to find g € LI(X) such that §, (g, f)du = A(f) for all f e LP(X). Assume
A # 0 since the problem is otherwise trivial, let K := ker A ¢ L?(X) and choose h € LP(X)\K;;
after multiplication by a scalar, we may assume A(h) = 1. Then K is a closed convex subset,
and since LP(X) is uniformly convex, Theorem 3.23 provides an element ky € K minimizing the
distance to h. For any k € K, Lemma 5.11 then gives

d
0= d_”h — (ko — tk)”ip = pJ |h = k0|pf2 -Re(h — ko, k) dp,
t t=0 X

where the integral on the right hand side is well defined due to Hoélder’s inequality. The symbol
“Re” in this formula is redundant in the case K = R, while if K = C, replacing k € K with ik e K
in this relation shows that the same thing holds with the imaginary part instead of the real part,
implying that the function g := |h — ko|P~2(h — ko) satisfies

J<§,k>du=o forall kekK.
X

Observe that since h — kg € LP(X) and |g| < |h — ko|P™t, g € LY(X). Now let g := cg e LI(X) for
a constant ¢ > 0 to be determined momentarily. The relation above implies {, (g, f)>du = A(f)
holds for all f € K, and moreover,

f (g, — ko) dyi = cf Il = ko[P=>Ch — ko, o — ko dyt = clh — kol[% > 0,
X X

so the latter matches A(h — ko) = A(h) = 1 if we set ¢ := 1/|h — ko|%,. Clearly h — ko ¢ K, so
LP(X) is spanned by K and h — ko, thus we have proved that §,{g, f)du = A(f) holds for all
fe LP(X). O
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The case p =1 is easily derived from the case p > 1 if X has finite measure, and we will then
use o-finiteness to extend to the case p(X) = o0. We will need to know that L!-functions can be
approximated by LP-functions for p > 1.

LEMMA 5.17. For every p € (1,0], LP(X) n L'(X) is dense in L'(X).
PRroOF. Given f € L'(X) and n € N, denote
Ay :={zeX ||f(z) <n}
and define f, : X — V as the product of f with the characteristic function of A,,. Since f € L'(X)

and |f| > 1 on X\A;, we have u(X\A4;) < SX\Al |fldpn < §y [fldp < oo, ie. X\A; has finite
measure. Clearly |f,| < n everywhere for each n € N, and since |f|? < |f| on A1,

1l = L\A ful? dp + L 1P du < nPp(X\Ay) + L |Fldp < nPu(X\A) + | fllzs < oo,

so fn € LP(X) for all p. The complements of the sets A, form a nested sequence with empty
intersection
X\A1 > X\A; 5 X\A45 ... o [|(X\4,) = @,
neN
and they all have finite measure since pu(X\A;) < oo, thus

Hf—fnnu:f fldio0 as n— oo
X )

An

proving f, — f in L'(X). O

PROOF OF THEOREM 5.4 FOR p = 1 AND pu(X) < o0. The advantage of having finite measure
is that for every p’ > p > 1, L? (X) is contained in LP(X), and the inclusion L? (X) — LP(X) is

a continuous linear map. This follows from Hélder’s inequality, which for » > p with 1 1

1—_
. 7ty =75
gives

1z < IUr - 1f e = 1O 1 f o
Now if A € (LY(X))*, then for f € LP(X) with 1 < p < o0,
(5.8) IACH] < A leprys - 1F o < )Y A paye - | £ller,
where ¢ € (1,00) is determined by & + 2 = 1. This means A also belongs to (L?(X))*, so by the
p > 1 case of Theorem 5.4, there exists a function g, € L4(X) such that A(f) = {{gp, /) du for

all f e LP(X). Notice that if p < p’ < o0, then g, € LY (X)) with ﬁ + i = 1, where ¢’ < ¢, thus

LV (X) c LP(X) and L9(X) c L9 (X). Tt follows that g, is also in L9 (X) and satisfies
| @ =grpau=an=a(n =0 foran ferr(x),

gp — gy € LY (X)) defines the trivial element of (L? (X))*, implying g, — g,» = 0 almost everywhere.
For this reason we will now drop p from the notation and write g, for every p € (1,00) as a single
function g, which belongs to LI(X) for every ¢q € (1,0). By (5.8) and Corollary 5.2, it satisfies

lgllzs = IAlzrys < n(OY- Al Lrys  for every g e (1, 00).
We claim that this implies g € L*(X) with [g|r» < |A[z1)x. Indeed, for each ¢ > 0, let
A, = {x eX | lg(x)| = c}; then fixing p, g € (1, ) with % + % = 1, we have
cn(A) < Ngle < p(X)V9 A 1oy
Taking the limit ¢ — co then yields ¢ < ||A[|(z1)+ unless u(A.) = 0, thus proving the claim.
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We have now found a function g € L*(X) such that A(f) = §,.{g, f) dp holds for all f € L?(X)
with 1 < p < o0. For an arbitrary f € L'(X), Lemma 5.17 then provides a sequence f, € LP(X)
with f, — f1 in L', and Hoélder’s inequality implies

U<%nmwjkmnmusj|@J—ﬁmwmumm-u—nhr»m
X X X

thus
A(f) = lim A(f) = lim JX@, fnydp = J'X<g, fdp.

n—a0

O

PROOF OF THEOREM 5.4 FOR p = 1 AND u(X) = o0. We assume X is o-finite, so X =
for subsets X,, € X with u(X,) < oo, and without loss of generality

X1 C X2 C X3 .
Any A € (LY(X))* gives rise to functionals A,, € (L1(X. ))* for every n € N, defined by

f On XTL7
0 on X\X,,

nEN

An(f) = Af), mmh:{

and they satisfy

A(f, A
Al = sup |A(fn)l < s IA(f)]
rer(xonoy Il penrxongoy 1z

= [ Al

Applying the theorem for the case of finite measure, we obtain functions g, € L*(X,,) such that
A(f) = SX {gn, fydu for every f € L'(X) that vanishes outside of X,,, with norms satisfying
||gn\|Lm < HA||(L1)* for all n. Notice that for n > m > 1 and a function f € L'(X) that vanishes
outside of X,,, f also vanishes outside of X,, and thus satisfies

J’ m<gm7 Fdu=A(f) = J’X”<9n, fdu = Lm@m Py,

x,, € L*(X,,) defines

m

implying SXm<gm —gn, fydu =0for all fe LY(X,,). It follows that g,, — gn
the trivial element of (L'(X,,))* and therefore vanishes almost everywhere. This shows that each
gn can in fact be regarded as the restriction to X,, of a single function g : X — V, and since
lgnlr= < |All(z1yx for every n, the set on which |g| > [A]z1)« is the union of countably many
sets of measure zero, implying g € L™ (X) with ||g|lr= < [|Af L1y«

We claim finally that A(f) = {,{g, f)du holds for every f € L'(X). To see this, for each n € N
define h,, € L'(X) as the product of f with the characteristic function of X,,, so |f — hn|p1 =
SX\Xn |f|dp — 0 as n — oo. Using the continuity of A and Holder’s inequality, we now conclude

AU = Jim Alhw) = lim | Gty dn = [ <o Pdn

n— n—a0

6. Separability of L?

Recall that a topological space is called separable if it contains a countable dense subset. The
simplest examples that come to mind are finite-dimensional vector spaces, e.g. Q" is a countable
dense subset of R™. In this section, we would like to prove that LP(X) is also separable when
1 < p < . This requires some measure-theoretic assumptions on X, so in order to avoid over-
complicating the problem, we shall restrict ourselves to the case where X is a subset  of R™. (See
[Sall6, §4.3] for a treatment of more general situations.)
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THEOREM 6.1. For any p € [1,0) and any Lebesque-measurable set Q@ < R™ endowed with the
Lebesgue measure m, the space LP(Q)) is separable.

We have an immediate corollary involving Hilbert spaces, thanks to Theorem 3.36:

COROLLARY 6.2. For any Lebesgue-measurable set Q — R", the Hilbert space L*(2) admits a
countable orthonormal basis. O

We shall prove Theorem 6.1 by constructing an explicit countable set of functions Q(R") c
LP(R™) that is dense in LP(R™). Given any f € LP(Q)) for Q < R™, one can then extend f to
a function f € LP(R™) that vanishes outside of , find a sequence fk € Q(R") converging to f
in LP, and observe that the restrictions fj := fk|g therefore converge in LP to f, proving that the
countable set Q(Q) := {fla | f € Q(R™)} is dense in LP(12).

The set Q(R™) < LP(R™) is easy to describe. In the following, we denote the characteristic
function of a subset A € R™ by

1 ifzeA
:R™ - R, x) = ’
x4 - Xa(®) {O otherwise.
Let us first fix a countable dense subset
‘/E) C V

in the vector space V where our functions take their values; this is clearly possible since dim V' < 0.
(If we were allowing V' to be an infinite-dimensional Banach space, then we would now add the
assumption that V is separable.) We refer to a set @ c R" as a dyadic cube if @ is of the form

m1 mi+1 My My + 1 n
Q:[Z_N’ 9N ]X X[ZN’ 9N ]CR
for some my,...,my,, N € Z with N > 0. Observe that the set of all dyadic cubes is countable,

and so therefore is the set of characteristic functions x¢ : R” — R of dyadic cubes. It follows that
for every k € N, the set of k-tuples of dyadic cubes is countable, and thus so is the set of all finite
tuples of dyadic cubes. Finally, for each individual tuple (Q1,...,Qx) of dyadic cubes, there is a
countable set of functions f : R™ — V of the form

k
f:ZXQjUj7 V1,...,V € V.
j=1
We define Q(R™) to be the set of all functions of this type, i.e. all finite linear combinations
(with coefficients in the countable set Vp) of characteristic functions of dyadic cubes. All of these
functions are bounded and have compact support, so they belong to LP(R™) for every p € [1, 0].
Our goal is to prove:

PROPOSITION 6.3. For every p € [1,0), the countable set Q(R™) is dense in LP(R™).

We will use the following fundamental fact from the theory of Lebesgue integration. Recall
that a function is called simple (or sometimes a step function) if it takes only finitely many
values. A simple function on a measure space (X, p) is measurable if and only if it is a finite linear
combination of characteristic functions of measurable sets, and it is then integrable if and only
if all of those sets have finite measure, which is equivalent to saying that the function’s support
has finite measure. The integrable simple functions form a linear subspace of LP(X) for every
p € [1, 0], and we shall denote it by

S(X) c LP(X).

LEMMA 6.4. For every measure space (X, u) and 1 < p < o0, S(X) is dense in LP(X).
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PROOF. Depending on your definition of integration, the p = 1 case may be understood as
either a theorem or a tautology; e.g. [Lan93] defines L'(X) to be a quotient (modulo equality
almost everywhere) of the L!-closure of S(X). Let us take the more common definition as in
[Sal16], where {, fdu € [0,00] for a measurable function f : X — [0,00] is the supremum of
§x sdu for all measurable simple functions with 0 < s < f, and for f : X — R, {, fdu :=
Sx fTdp—§y f~dp with f* : X — [0,00) such that f = fT — f~ and |f| = f* + f~. Then
given f : X — R of class LP, there exist increasing sequences of measurable simple functions
0< ff < ff<.. < f*suchthat ff — f* pointwise as n — oo. Since (z + y)? > 2P 4 y? for
all z,y >0 and p > 1,'2

+ - _ + — | + - -
JX|f I”du+JX|f I”du—fx(lf Prls I”)du<JX|f Ly I”du—JXIfI”du<00,

0 §y | fEPdp < § | fIP dpw < co. This implies that every |fF[P (and therefore also every fF) is a
finite linear combination of characteristic functions of sets with finite measure, so f* € S(X), and
thus f, := fF — f7 € S(X). Now |f — fn|P — 0 pointwise, and using the convexity of the function
x — P,

\f = FulP =1 = ) = (F7 = P <227 F = f P+ 227~ = [P < 2P (|71 + |F717)

where the function on the right hand side is integrable, so the dominated convergence theorem
implies SX |f — fnlPdu — 0. The result for real-valued functions now easily extends to functions
valued in the finite-dimensional vector space V' by choosing a real basis as in §4.1. g

EXERCISE 6.5. Show that S(X) is dense in L*(X) if and only if u(X) < oo.
With Lemma 6.4 in hand, our goal is now to show that Q(R™) is dense in S(R").

LEMMA 6.6. Every open subset A  R™ is a union of a sequence of dyadic cubes Q1,Q2,Qs, . ..
whose interiors are all pairwise disjoint.

PrOOF. Let O denote the set of all dyadic cubes that are contained in A. Since dyadic cubes
can be arbitrarily small, A = UQE(9 @, and the set O is countable since there are only countably
many dyadic cubes in total. Write O = {@1, @2, ...}; this is not the desired sequence since it
contains pairs @j, @k whose interiors intersect, but observe that for any such pair, the part of @j
disjoint from @k can be covgred by finitely many smaller dyadic cubes whose interiors are disjoint

from each other and from Q. We can therefore construct a new sequence Q1,Qo, ... by setting
@1 := @1 and then replacing each @y for k > 2 with a finite collection of dyadic cubes with
interiors that are disjoint from each other and from U;:ll Q- O

LEMMA 6.7. For every open subset A ¢ R™ with m(A) < o and every v € V, ¢ > 0 and
p € [1,0), Q(R™) contains a function f with |xav — f|Lr <e.

ProoF. Pick vy € V with |[v — vo|P < €?/m(A) and let Q1,Q2,Qs, ... denote the sequence
of dyadic cubes provided by Lemma 6.6 to cover A. Since Y., m(Qx) = m(A) < o, we have

12Thig inequality is an easy algebraic exercise when p € N, but when p is not an integer, one can argue as follows.
Assume y > 0 since otherwise the result is obvious. Dividing by y?, it is then equivalent to prove (1 + z)? > 1 + zP
for all z > 0 and p > 1. Differentiating with respect to x, it is easy to show that (1 + z)? — 1 — zP is an increasing
function on {z > 0} if p > 1, and since it vanishes at x = 0, it is therefore nonnegatve.
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limg o Z;C:k m(Q;) = 0, so the functions fj := (Z?Zl XQj) vg satisfy

k %0
Ixav = fullh = X5 lo—wolPm(@)) + 3 [ofPm(Q))
j=1 j=h+1
20
< v —wol? - m(A) + [vf? Z m(Q;) — [v—vl? -m(4) as k— oo,
j=k+1
thus |xav — fr|re < € for k sufficiently large. O

We next appeal to the fact that the Lebesgue measure m is outer regular, meaning that for
every Lebesgue-measurable set A ¢ R",

m(A) =inf {m(4') | Ac A’ = R", A’ open}.

It follows that whenever m(A) < oo, there exists a nested sequence of open sets A; D Ay D Az D

. D A" i= ey Ak D A such that m(A) = m(A’). The set A" is not generally open, but it is a
Borel set, a so-called Gs. In this situation, [xa —xa, |P converges almost everywhere to 0, and since
it is clearly also bounded by a fixed integrable function for every n, the dominated convergence
theorem implies x4, — x4 in LP. Since Lemma 6.7 provides arbitrarily good approximations
fn € Q(R™) for each x4,v € LP(R™), we’ve proved:

LEMMA 6.8. Lemma 6.7 remains true with A replaced by an arbitrary Lebesgue-measurable set
in R™ with finite measure. O

PROOF OF PROPOSITION 6.3 (AND THUS THEOREM 6.1). By Lemma 6.4, it suffices to prove
that Q(R™) is dense in S(R™) in the LP-norm. Elements of S(R™) are of the form Z?Zl XA, V5,
where each A; < R" is Lebesgue measurable with finite measure and v; € V. By Lemma 6.8,

each x4,v; can be approximated arbitrarily well in the LP-norm by functions in Q(R"), so we are
done. g

EXERCISE 6.9. The following shows that for almost any interesting measure space (X, pu),
L*(X) is not separable:

(a) Show that if E is a Banach space containing an uncountable discrete subset, then E is
not separable.

(b) Suppose (X, 1) is a measure space containing infinitely many disjoint subsets with positive
measure. Show that L™ (X) contains an uncountable subset S — L*™(X), consisting of
functions that take only the values 0 and 1, such that ||f —g[L> = 1 for any two distinct
frgesS.

Hint: If you’ve forgotten or never seen the proof via Cantor’s diagonal argument that R
is uncountable, looking it up may help.

EXERCISE 6.10. Here is another nonseparable Banach space that sometimes arises naturally.
Assume H is an infinite-dimensional separable Hilbert space, and let .Z(H) denote the Banach
space of bounded linear operators H — H. Use an orthonormal basis of H to find a continuous
embedding of L*(X) into .Z(H) for a suitable measure space X, and deduce from this that .2 ()
cannot be separable.

7. Weak convergence

In finite dimensions, a sequence z; € K™ converges to z,, € K" if and only if the n sequences
formed by the coordinates of these vectors all converge to the corresponding coordinates of x.
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Writing ey, ..., e, € K" for the standard orthonormal basis, the latter condition can be expressed
equivalently as
klim (ej,xpy ={ej,xpny forall j=1,... n
— 0

There is an obvious way to generalize this condition for a sequence zj in an infinite-dimensional
Hilbert space H, though the resulting notion of convergence turns out to depend on a choice of
orthonormal basis (see Exercise 7.2 below). A stronger condition that is clearly independent of
any choice of basis is

kli_}rg(v,x@ ={(v,xyy forall wveH.

In light of the Riesz representation theorem, this can be expressed equivalently as:
klim A(zg) = A(zy) forall AeH™
—0

In this form, the condition also makes sense in arbitrary normed vector spaces, leading to the
following important definition.

DEFINITION 7.1. A sequence x, in a normed vector space E is said to converge weakly to
z € F, written
x”b - ‘/L‘)

if A(zy,) — A(z) for all A € E*.

With this definition in mind, the usual notion of convergence in a normed vector space (written
x, — x”) is sometimes also called strong convergence. If dim F < oo, then it is easy to check
that there is no difference between weak and strong convergence. In infinite-dimensional spaces,
strong convergence clearly implies weak convergence due to the continuity of the functionals A € E*,
but the following exercise shows that the converse is false.

143

EXERCISE 7.2. Suppose H is a Hilbert space containing an infinite orthonormal set {e, €
H}x .. Prove:
(a) The sequence e, converges weakly to 0 but has no strongly convergent subsequence.
(b) For any bounded sequence )\, € K, the sequence z,, := A\,e, € H converges weakly to 0.
(c) For any unbounded sequence A\, € K, z,, := A\,e, € H satisfies lim,,_,{e;,z,y = 0 for
every j € N, but is nonetheless not weakly convergent.

Hint: Given a subsequence \,; with [\n;| > j for j =1,2,3,..., find a convergent series
of the form v := Z]’:l aje,; € H for suitable scalars a;j € K such that (v,z,,) + 0 as
j — 0.

Whenever we discuss a notion of convergence, there should be a topology in the background.
Every normed vector space E comes with a natural topology, usually called the norm topology
(sometimes also the strong topology), for which a set is open if and only if it is a union of open
balls. The weak topology on F is generally different: it is the locally convex topology defined
via the uncountably infinite family of seminorms

{I-la:E—10,0)}yepx, where [z|a:=|A(z)].

Notice that these are not norms since A(x) = 0 does not imply z = 0, but they are seminorms
due to the linearity of A. The weak topology on E is thus the topology generated by all subsets
of the form {z € E | [A(x) — A(zo)| < €} for 29 € E, ¢ > 0 and A € E*, and a sequence z,, € E
converges to x € F in the weak topology if and only if it converges in all the seminorms, which
means precisely that A(z,) — A(z) for all A € E*, i.e. ,, — x. A subset U c E that belongs to
the weak topology is sometimes called weakly open. We will see below (see Remark 7.5) that all
weakly open sets are also open in the usual sense, but the converse is generally false.
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REMARK 7.3. On a locally convex space E with topology generated by a family of seminorms
{I*lo : E = [0,00)}aer, it is conventional to require that no nonzero x € E can satisfy [|z], = 0
for every a € I. This guarantees that a convergent sequence in E can only have one limit, and is
equivalent to the condition that the topology defined by the seminorms on F is Hausdorff. The
weak topology does satisfy this condition on every normed vector space, but this fact is not always
obvious: it depends on the knowledge that for every nonzero z € E there exists a dual vector
A e E* with A(x) # 0. In all of the explicit examples that we deal with, it will be clear that this is
true, e.g. Lemma 5.1 guarantees it for the LP-spaces. For arbitrary Banach spaces, it follows from
the Hahn-Banach theorem (see Lemma 5.6).

EXERCISE 7.4. This exercise gives an alternative characterization of the weak topology on a
normed vector space F as the smallest topology for which the map E — K defined by every dual
vector A € E* is continuous. In other words, the weak topology contains exactly the sets that
must be considered open in order for these maps to be called continuous, but no more.

(a) Show that for every A € E*, the map A : E — K is continuous in the weak topology.

Continuity of the maps A : E — K means that for every A € E* and every open set U < K, the
set A~1(U) < E needs to be open. Let 7 denote the smallest topology on E that contains all sets
of this form, which means that a set is in T if and only if it is a union of finite intersections of sets
of the form A=!(l{) for arbitrary dual vectors A € E* and open sets U K. Part (a) shows that
the weak topology contains 7. We now aim to show that these two topologies are the same.

(b) Show that for every y € E, the translation map 7, : E — E : x — z + y is continuous
with respect to the topology 7.

(c) Show that for every A € E*, 29 € E and € > 0, the set {z € E | [A(x —x)| < e} isin T,
and conclude that T contains the weak topology.

REMARK 7.5. Since every bounded linear functional A : E — K is continuous in the norm
topology on F, it follows from Exercise 7.4 that the norm topology contains the weak topology,
i.e. every weakly open set is also open with respect to the norm. In general, however, the norm
topology is strictly larger, e.g. if E is an infinite-dimensional Hilbert space, then Exercise 7.2
exhibits a sequence x,, € E that converges to 0 in the weak topology but not in the norm topology—
the reason being that the norm topology has too many open neighborhoods of 0 for z,, to lie in
all of them for n large. Relatedly, the fact that |z, = 1 for all n but x,, — 0 in that exercise
demonstrates that the norm || - || : E — [0,00) is not a continuous function in the weak topology,
though it is of course continuous in the norm topology.

EXERCISE 7.6. In the setting of Exercise 7.2, show that every neighborhood of 0 € H in the

weak topology contains infinitely many of the vectors x,, := y/ne, for n € N. In particular, the
closure of the set {e1,\/2e2,v/3es,...} € H contains 0.
Remark: In a topological space, a set is closed if and only if its complement is open, and the
closure of a set is by definition the intersection of all closed sets containing that set. Exercise 7.2
shows that the sequence \/ne, has no subsequence weakly convergent to 0, so the present exercise
demonstrates that the notion of the “closure” of a discrete set in the weak topology does not match
your intuition from the theory of metric spaces—this shows in fact that the weak topology on H
is not metrizable.

Combining Definition 7.1 with the Riesz representation theorem leads naturally to the following
notion:

DEFINITION 7.7. For a measure space (X, p) and 1 < p < o0 such that either X is o-finite or
p > 1, we say that a sequence f, € LP(X) is weakly LP-convergent to a function f € LP?(X) and
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. L? . . 1 1
write f, — f if for every g € LY(X) with s+s=1

J;<gafn>dﬂ'—*J;<g,f>du.

For p = o0, the notion of convergence in Definition 7.7 still makes sense but cannot be called
“weak convergence” since the dual space of L*(X) is generally larger than L!(X). But we could
instead view L (X) as the dual space of L!(X) and fit this notion into the following context. For
a normed vector space F, there is a natural topology on its dual space E* that is generally even
weaker'® than the weak topology. The weak® topology on E* is, namely, the locally convex
topology defined via the family of seminorms

{I ]l : £ — [0,00)} where  [All; := |A(z)].
In light of the natural inclusion F < E** this family of seminorms is a subset of the family that

defines the weak topology, though the two families are exactly the same whenever FE is a reflexive
Banach space, that is:

zeE

ProposITION 7.8. If E is a reflexive Banach space, then the weak and weak® topologies on E*
are identical. g

We observe that since the space LP(X) for 1 < p < oo is reflexive and can be identified with the
dual space of L4(X) for % + % =1, LP(X) has a natural weak™® topology which is the same as its
weak topology. On the other hand, the analogue of Definition 7.7 for p = o describes convergence
in the weak™® topology on L*(X), which is strictly weaker than the weak topology, due to the fact
that the dual of L*(X) is strictly larger than L(X).

In analogy with Exercise 7.4, one can show that the weak* topology is the smallest topology
such that for every x € E, the function E* — K : A — A(x) is continuous. A sequence A, € E* is
weak® convergent if and only if for every z € E, A,,(x) — A(x), i.e. the functionals A,, : E -» K
converge pointwise to A : E — K. Notice that for every nonzero A € E*, there necessarily exists
a vector x € E for which ||Al|, # 0, thus limits of weak* convergent sequences are unique and the
weak™ topology is Hausdorff (cf. Remark 7.3). This provides an easy proof (without requiring the
Hahn-Banach theorem) that the weak topology on E* is also Hausdorfl, since every weak® open
subset of E* is also weakly open; or in terms of convergence, every weakly convergent sequence
also converges in the weak™ topology.

REMARK 7.9. The definitions above do not require E to be complete, but there is a subtlety to
be aware of when considering normed vector spaces that are not Banach spaces. If E' is a Banach
space and F' c E is a proper dense subspace, then F'* = E* since every bounded linear functional
on F' extends uniquely to one on E. The norms on F'* and E* are also the same, so as Banach
spaces they are identical, but their weak* topologies may nonetheless be different. In practice, we
will only consider examples in which F is complete, in which case the reader may feel free to ignore
this remark.

The next result demonstrates that the weak® topology is often, indeed, much weaker than the
norm topology on E*. Having fewer open sets means that sequences can more easily converge, so
they are more likely to have convergent subsequences.

13When comparing two topologies 71 and 72 on the same set, one says that 77 is weaker than 73 if 71 < 7a.
In this context, “weaker” is a synonym for “smaller,” and the word coarser is also sometimes used with the same
meaning, while in the other direction, one says that 72 is stronger / finer / larger than 7;. Weakening a topology
makes it easier for sequences to converge, i.e. every Ta-convergent sequence is also 7i-convergent, but there may
also be Ti-convergent sequences that are not 72-convergent. Similarly, weakening the topology makes it easier for
maps from other spaces into X to be continuous, but harder for functions defined on X to be continuous.
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THEOREM 7.10 (Banach-Alaoglu theorem, separable case). Assume E is a separable normed
vector space. Then every bounded sequence in E* has a weak® convergent subsequence.

Proor. Fix a sequence A, € E* satisfying ||A, | < C for some constant C > 0.

Claim 1: If F c FE is a countable subset, then after replacing A,, with a suitable subsequence,
we can assume A, (z) converges for every x € F. We prove this via the Cantor diagonal argument.
Let F = {x1, 22,3, ...}, and observe that for each k,n € N, |A,,(x)| < C|zk|, thus for every fixed

k € N the sequence {A,(xy)} _; is bounded in K. Let AE} ) denote a subsequence of A,, such that

the sequence Ag)(xl) converges in K. Then choose AELQ) to be a subsequence of AELI) such that the

sequence AELQ) (z2) also converges in K. Continuing in this way, we obtain a sequence of sequences
such that the diagonal subsequence Aﬁ{” has the desired property.

Claim 2: If F c F is a dense subset such that A, (z) converges for every x € F, then A, (z)
also converges for every x € E. Indeed, for any given z € E, one can choose x’ € F arbitrarily close
to x and then estimate

[Am () = An(2)] < [Am(z) = A (27)] + [Am(2") — An(2)] + [An(2) = An(@)]

<
<20z — 2| + |Am(2") — An(2)].

Since A, (z') is a Cauchy sequence in K, this shows that A, (z) is also a Cauchy sequence.

Finally, since E is separable, we are free to assume the two subsets denoted by F' — F in
claims 1 and 2 are the same set, so both claims together allow us to replace A,, with a subsequence
such that A, (z) is convergent for every x € E. Define A : E — K by

Az) := lim A, (z).

It is easy to check that A is linear and satisfies |A(z)| < C|z||, thus A € E* and A,, is weak®
convergent to A. O

Since LP(R) is separable and reflexive for 1 < p < o0 and Q ¢ R", this implies:

COROLLARY 7.11. Assume Q c R™ is a Lebesgue-measurable subset and 1 < p < oo. Then
every LP-bounded sequence fi, € LP(Q2) has a weakly LP-convergent subsequence. O

EXERCISE 7.12. Find a sequence f,, € LP(R) for 1 < p < oo that converges weakly to 0 but
satisfies || fn|z» = 1 for all n, and deduce that f, has no LP-convergent subsequence.

REMARK 7.13. L*(9) is also the dual space of a separable Banach space, namely L'(2), so
Theorem 7.10 implies that L*-bounded sequences have weak® convergent subsequences. This case
was not included in Corollary 7.11 since the weak and weak* topologies on L™ () are not the
same.

EXAMPLE 7.14. There are two troubles with the case p = 1 in Corollary 7.11, one more
serious than the other. The less serious problem is that L(Q) is not the dual space of L*(£2),
though since it is contained in the dual of L*(Q2), one could still deduce from Theorem 7.10 a
result about weakly L!-convergent subsequences if L*(£2) were separable. The lack of separability
is the more serious problem, and the following example shows that it cannot be overcome. For
n € N, define f, € L*(R) to be the characteristic function of the interval [n — 1,n], so clearly
[ fnllzr = 1 for every n. Consider an arbitrary subsequence fy,, for some 1 <ny <ng <ns < ...,
and define a function g € L*(R) such that g = (—=1)* on [ng — 1,n4] for each k € Nand g = 0
everywhere else. Then the sequence STI 9(2) fu, (x) dz = (—1)* does not converge, thus f,,, cannot
be weakly convergent. The problem here is in essence that L™ (R) is just too large a space, and as
a consequence, weak L!-convergence is harder to achieve than in the case p > 1.
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The Banach-Alaoglu theorem implies that even though the unit sphere in LP(X) for 1 <
p < o0 is not compact, it is weakly compact: arbitrary sequences with unit norm need not have
accumulation points with respect to the LP-norm, but in the weak topology they do. You may be
wondering which points can arise as accumulation points in this scenario, e.g. must they also lie in
the unit sphere? Let us show that they are at least bounded:

PROPOSITION 7.15. In any normed vector space (E, ||-||), if xn — x, then |z| < liminf, . |z,].

PrOOF. Using Lemma 5.6, choose A € E* with |A| =1 and A(z) = ||z|. Then since A(z,) —
A(z) and [A(zn)] < [zn],

|| = Az) = liminf A(a,) < liminf |z,
n—0 n—J
O

Recall from §5.3 that LP(X) is uniformly convex for 1 < p < o0. The next result therefore
gives a useful criterion for strong LP-convergence in terms of weak convergence. But in light
of the Banach-Alaoglu theorem, it also says something that your geometric intuition may find
shocking: the unit sphere is not closed in the weak topology. In particular, every sequence in the
unit sphere that fails to have a strongly convergent subsequence has one that converges weakly to
something in the interior of the unit sphere. It is known in fact that for any infinite-dimensional
normed vector space E, the weak® closure of the unit sphere in E* is the entire closed unit ball
(cf. [BS18, Corollary 3.28]).

THEOREM 7.16. If (E,| -|) is a uniformly convex Banach space and x,, € E is a sequence with
Tn — z and ||z, | — |z|, then z, — x.

PROOF. We can assume z # 0 since the statement is otherwise trivial. Since the norms
converge, we can also replace x,, and x with x,/|z,| and z/||z| respectively in order to assume
lznl = |z|| = 1 for all n without loss of generality. The weak convergence x, — x implies
Ty + x — 2z, so combining Proposition 7.15 with the triangle inequality now gives

2 = |2z| < liminf ||z, + 2| < limsup |z, + z| < limsup (|z.| + |z]) = 2,
n—o0 n—oo n—w

and hence |z, + x| — 2, or equivalently, |222| — 1. The conclusion ||z, — | — 0 then follows

from uniform convexity. O

Just out of interest, let us state the more general version of the Banach-Alaoglu theorem,
which does not require E to be separable. Its meaning is a bit harder to interpret, since the weak*
topology is not generally first countable, so compactness need not imply sequential compactness.'*
We will neither prove nor make use of this version of the theorem, but proofs may be found e.g. in
[RS80, §IV.5] or [BS18, §3.2]; it is a consequence of Tychonoff’s theorem on the compactness of
arbitrary products of compact topological spaces, which is equivalent to the axiom of choice (see
[Wen23, §6]).

THEOREM 7.17 (Banach-Alaoglu theorem, general case). For any normed vector space E, the
closed unit ball in E* is compact in the weak® topology. O

N topological space X is called first countable if for every x € X, there is a countable sequence U,, = X of
neighborhoods of x such that every neighborhood of x contains U,, for some n € N. First countability is a sufficient
condition for the compactness of a subset to imply that all of its sequences have convergent subsequences (see
e.g. [Wen23, §5]). It is easy to show that all metrizable topologies have this property, but scenarios like that of
Exercise 7.6 reveal that the weak and weak* topologies generally do not.
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8. Mollification

For this section, we consider functions defined on Lebesgue-measurable sets 2 < R™ and
define all integrals with respect to the Lebesgue measure m. For a Lebesgue-integrable function
f:Q — V, we write the integral as

Jﬂfdm = Lf(:c) dx =: Lf(:cl,...,xn)dxl .. dx,.

We saw in §6 that the space Q(R™) of functions that take constant values on finitely many dyadic
cubes is dense in LP(R™) for every p € [1,00). It is not hard to convince oneself that every function
in Q(R™) can in turn be approximated arbitrarily well in the LP-norm (again for p < o0) by a
compactly supported continuous function, thus proving that the space of continuous functions
with compact support is dense in L?(£2).'> We would now like to prove something more ambitious,
and far more useful in applications:

THEOREM 8.1. For every p € [1,00), C*(R™) n LP(R™) is a dense subspace of LP(R™).
Two important generalizations of Theorem 8.1 follow almost immediately. First: one can

replace R™ by an arbitrary open subset 2 € R™ and show that C*(Q) n LP(Q2) is dense in LP(2).
For the proof, one extends any given function f € LP(Q2) to f € LP(R™) via

f'— f  on Q,
10 on RM\Q,

and then approximates f with f|q for smooth functions f. € C*(R™) n LP(R™) that approximate
fin LP(R™). Further: C*(2) n LP(Q) in this statement can be replaced with

Cy(Q) :={feC”(Q) | f has compact support in Q}.

To see this, one first chooses for any given f € LP(Q2) and € > 0 an approximation f. € C*(Q) n
LP(Q) with |[f — fc|z» < §, and then replaces f. with 3fc for a smooth compactly supported
function 8 : Q — [0, 1] that satisfies 8|y = 1 for a sufficiently large open subset U < . Taking
a sequence of such cutoff functions Sx and subsets Uy such that | JyyUn = €2, one can arrange
that

€
| fe = Bnfeller < 3 and therefore ||f — Bnfelrr <€
for N » 0 sufficiently large. For more details on this generalization, see e.g. [LLO1, §2.19]; we
summarize the result as follows:
COROLLARY 8.2. For every p € [1,00) and every open subset @ < R", C(Q) is dense in
LP(Q). O
EXERCISE 8.3. Show that the space of bounded continuous functions is not dense in L™ (R).
We prove Theorem 8.1 in the next several subsections using the convolution, a construction
that is worth getting to know well, as it has a multitude of applications beyond this one theorem.

8.1. Continuity under translation. For v € R™ and a function f : R®™ — V, the transla-
tion operator 7, produces a new function 7, f : R™ — V defined by

(rof)(x) := f(z +v).
Clearly 7, defines a bounded and norm-preserving linear map LP(R") — L?(R™). Continuity of f
is equivalent to the condition that for every convergent sequence vy, — v, in R", the functions 7, f
converge pointwise to 7, f. This is not true in general for functions f € LP(R™) since they are not

I5For a discussion of the density of CO(X) in LP(X) on more general measure spaces X, see [Sall6, §4.3].
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generally continuous, but it will be useful to know that it becomes true if pointwise convergence is
replaced by LP-convergence:

THEOREM 8.4. If 1 < p < o0 and f € LP(R™), then the map R™® — LP(R™) : v — 7,f is
continuous.

PROOF. Since every 7, defines a bounded linear operator LP(R") — LP(R") with |7, | ¢ (rr) =
1, we have |Twtof — Twflor = |Tw(Tof — f)|zr < ||7of — flzr. It will thus suffice to prove that
|7of — fllr — 0 as v — 0 for all f belonging to some dense subset of LP(R™). Let @(R”) denote
the space of all finite linear combinations > ; xq, f; : R — V, where f; € V and each Q; c R"is a
cube, i.e. any set of the form [a1,a1 +d] x ... X [an,an +d] for (a1,...,a,) € R” and d > 0. Then
@(R") contains the set Q(R™) spanned by characteristic functions of dyadic cubes, and having
proved in Proposition 6.3 that the latter is dense in LP(R™), it follows that Q(R™) is also dense.
For an individual cube Q = [a1 +d, ..., a, + d], we have

Irxa = xally, = | Irxe = xel’ dm = m{(v+@\Q) +m(@Qw+Q) =0 a5 w0,
thus for any f =] iXQ, i € @(R”), Minkowski’s inequality gives
I f — fllg» SZ”TUXQ]‘ _XQJ||Lp'|fj|—>0 as v —0.
J

O

8.2. Convolution and regularity. The convolution of two scalar-valued functions f, g :
R™ — K is a scalar-valued function f = g defined by

(8.1) (f = g9)(x) := . flz=y)g(y) dy.

More generally, one can also allow one of f or g to take values in the vector space V', so that f =g
also takes values in V; we will generally assume this in the following without further commentary.
The domain of f =g is the set of all points € R™ for which the integrand on the right hand side of
(8.1) is a Lebesgue-integrable function of y. It may happen that (f # g)(z) is defined for some but
not all z € R™. In practice, we will only consider situations in which (f * g)(x) is defined for almost
every x; the function f = g is then defined almost everywhere on R™. Since f = g is defined via an
integral, it does not change if either f or g is changed on a set of measure zero; it can therefore
make sense to speak of the convolution f # g of two elements f € LP(R™) and g € L4(R"), and in
such discussions we will typically not distinguish between actual functions and equivalence classes
of functions defined almost everywhere.

REMARK 8.5. In many situations, it can also make sense to define f * g on a suitable subset
of R™ for two functions f and g that are not defined everywhere on R™. One case that often arises
is when f is defined on some open subset {2 € R™ and g is defined on R™ but has compact support
in the r-ball B, € R™ about the origin for some small » > 0. If = belongs to the set

Q, = {:c e | dist(z, RM\Q) = T‘}a

then either © —y € Q or g(y) = 0 holds for every y € R™, thus one can make sense of the right
hand side of (8.1) by interpreting the integrand to be 0 whenever g(y) = 0. The convolution f =g
is thus defined on all points of €2, for which this integrand (suitably interpreted) is integrable.

EXERCISE 8.6. Use a change of variables to prove f+xg =g = f.
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An important property of the convolution is that f # g is in general at least as “nice” as the
nicest function among f and ¢.'° In particular, if either f or g is of class C', then Exercise 8.6
allows us to relabel the functions so that f is in C' without loss of generality, and we can then try
to prove the formula

0
Or(f = g)(x) = pr fle=y)gy)dy = | Oufl@—y)gly)dy = (Ocf = g)(@).
R"L R?L
This will be valid whenever f and g satisfy suitable conditions to apply Theorem 4.5 and justify
differentiating under the integral sign. In practice, it is often easy to verify these conditions, and
importantly, they do not require g to be differentiable, nor even continuous. For example:

THEOREM 8.7. For any f € CJ*(R"™) and g € L}, (R™), the function f =g is smooth on R",
and for every multi-indez «,

0*(frg)=(0"f) =g

PROOF. By assumption f is smooth and vanishes outside of a compact subset K c R"™, which
implies that f is bounded. For every x € R", the integrand y — f(z — y)g(y) can then only be
nontrivial on the compact subset K, := {x —k € R"™ | k € K}, and g is integrable on this domain,
implying that the whole integrand is integrable on R™ and (f * g)(z) is therefore defined for every
z e R™

The function  — (f # g)(z) is now defined as a parameter-dependent integral, where in the
integrand only f(z — y) depends on the parameter x. The result thus follows from Theorem 4.5,
since:

e The integrand is Lebesgue integrable for every = € R™;

e The integrability is also “locally uniform” in the sense that to every xg € R™, one can
associate a neighborhood U4 < R"™ of zy and an integrable function that bounds the
integrand from above for every x € U.

e The function z — f(x—y)g(y) is smooth for every y € R™ and has partial derivative with
respect to z; given by = — 0, f(z — y)g(y), which is again a continuous function of x.

Theorem 4.5 now implies 0;(f * g) = (0;f) * g, and the generalization to arbitrary multi-indices
follows by induction. d

8.3. Young’s inequality. The following result is an elegant application of Fubini’s theorem
and Hoélder’s inequality.'”

THEOREM 8.8. For arbitrary functions f € L'(R") and g € LP(R™) with 1 < p < o0, f * g is
defined almost everywhere on R™, belongs to LP(R™) and satisfies

I+ glee < [fler - lglze-

PrOOF. The case p = o0 is an easy exercise, so consider the case 1 < p < o0. Let g € [1, 0]
with % +% = 1; then

(@ =y)gW)| = 1f (@ = )| Plgw)] - |f (x — )7,

16The technical term for this notion of “niceness” is reqularity, e.g. proving regularity of a function typically
means proving that it is differentiable or smooth etc.
1TFor various more general forms of Young’s inequality, see [Sal16, Theorem 7.33] or [LLO1, §4.2].
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and Holder’s inequality implies for every = € R"™,

o) i= | 1f(e = y)a)ldy

<151 ([ 1wl wra)

R

Now apply Fubini’s theorem for nonnegative measurable functions to

R" x R" = [0,00] : (z,y) — |fz —y)| - l9(v)]";

it follows that P is a measurable function and
ol = [ ot ao< [ 1l ([ 1=l ot ay ) as

_ p/q B . »
52) U 1=l bl dedy

= 1712 f l9(w)I” (j i@ =)l dx) dy = |fI7" - gl

= [£17: - lglze < 0.

The function P must therefore satisfy P < oo almost everywhere, implying that ¢ < oo also holds
almost everywhere, from which it follows that the convolution f = g is defined almost everywhere.

As a further application of Fubini’s theorem, one can show that f x g is also a measurable
function; in fact, the convolution of two Lebesgue-measurable functions is always Borel measurable.
We’ll skip the proof of this, though see [Sal16, Theorem 7.32(iii)]. Since |f * g| < @, the estimate
IF # gliw < 1z - lglr now follows. O

EXERCISE 8.9. Prove as a corollary of Theorem 8.8 that the convolution defines a continuous
bilinear operator

LY(R") x LP(R") — LP(R") : (f.9) = [ * g-

8.4. Approximate identities. We can now prove Theorem 8.1, and in the process explain a
useful general trick called mollification, by which non-smooth functions can be approximated by
smooth ones. One of the motivating ideas in the background is that of the “Dirac d-function,”; a
fictional function ¢ : R™ — R that one imagines being defined by é(z) = 0 for x # 0 and §(0) =
so that

| vz = p(0)

for all ¢ in some reasonable class of functions on R™. While ¢ cannot be defined as an actual
function, it can easily be approzimated by smooth functions—such an approximation is sometimes
called a mollifier.

DEFINITION 8.10. An approximate identity on R" is a sequence of smooth functions p; :
R™ — [0, 0) such that for every smooth compactly supported function ¢ on R",

[ e@m@ir—p0) as oo
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The functions p; in Definition 8.10 are not required to have compact support, and it will
be important when we prove the Fourier inversion formula in §11.5 to be able to choose specific
examples that are not compactly supported but have other nice properties. For applications
involving the convolution, however, it is useful to impose the following stricter condition.

DEFINITION 8.11. A sequence of functions p; on R™ will be said to have shrinking support
if for every € > 0, there exists N € N such that the support of p; is contained in the e-ball about
0 € R” for every j = N.

LEMMA 8.12. A sequence of smooth functions p; : R™ — [0, 00) with shrinking support is an
approzimate identity if and only if SRN pjdm — 1 as j — oo, and in this case, the condition in
Definition 8.10 is also satisfied for all (not necessarily smooth or compactly supported) measurable
functions ¢ on R™ that are continuous at the origin.

PROOF. Assume supp(p;) is contained in the ball B,, = R"™ of radius r; > 0 for some sequence
r; — 0. If p; is an approximate identity, then we can choose N € N and a smooth compactly
supported function ¢ : R™ — [0, 1] that equals 1 on B, for all j > N, and write

J pjdm=J, pjdm=f wp; dm = ppjdm — p(0)=1 as j— oo.
Rn Brj B7‘j Rn
Conversely, if SR,L pj dm — 1, then for any function ¢ on R™ that is continuous at 0,

o0 = [ wosam|=|e) (1= piam) + [ 100 = @ pyte)do

<l |1~ [ pyan|+ swp 160) = 0@ [ pyam o
R™ IEBTJ R™

0

EXAMPLE 8.13. Choose a smooth function p : R® — [0,00) with compact support in the
unit ball By such that {3, pdm = 1. For j € N, the functions p; : R — [0,00) defined by
pj(x) := j"p(jz) then satisfy §;, pjdm = 1 and have compact support in Byy; for all j, so this
sequence forms an approximate identity with shrinking support.

THEOREM 8.14. Fiz an approzimate identity p; with shrinking support, and given f € LP(R")
with 1 <p < oo, let fj:=pj=f=fxp; for jeN, that is,

(8.3) fi(x) = o f(@x—y)p;(y) dy.

Then:

(1) f; is a smooth function on R™ for every j € N.

(2) |filer < C|fllLe for every j € N and a constant C > 0, which may be assumed arbitrarily
close to 1 for sufficiently large j.

(3) f; converges in LP(R™) to f as j — .

REMARK 8.15. The formula (8.3) can be interpreted as defining f;(z) to be a weighted average
of the values of f in a neighborhood of z, where the size of the neighborhood becomes arbitrarily
small as j becomes large. The latter follows from the assumption that p; has shrinking support.

REMARK 8.16. The motivation for the term “approximate identity” is that if the J-function
existed as an actual function, it would satisfy § * f = f = § = f for all reasonable functions f,
making it an identity element in the algebra defined via the convolution product. We will see in
§13 that this notion can be made rigorous by interpreting § as a so-called generalized function, or
distribution.
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PRrROOF OF THEOREM 8.14. The first two statements in the theorem follow from Theorems 8.7
and 8.8 since, by Lemma 8.12, ||p;||1 = {g. pj dm — 1. Let us write

supp(p;) < By, and

J, pjdm—1‘<ej

for a pair of sequences r;,¢; > 0 that converge to zero. For the third statement in the theorem, we
first give a proof under the additional assumption that f is almost everywhere bounded and has
compact support, i.e. assume there exists a constant R > 0 such that

(8.4) Iflz» <R and  flgms, = 0.

Since |p;] 1 is bounded, Young’s inequality (Theorem 8.8) now implies that f; satisfies a uniform
L*-bound for all j, and since supp(p;) < B, with r; — 0, we can also assume for large j that
f; has compact support in Bry1. It follows that f and f; are in L'(R™), and we claim: f; — f
in L'(R™). To prove this, we use (8.3) and estimate

560 = 1@ = |[ U =0 = sl psas + s (|

mdm—l)‘

n

(8.5)
< [ 1G9 - 1@y + 417,

so by Fubini’s theorem,

=l < [ ([ 1@ =0 = 1@ ps ) do + el

R

~ [ ot ([ 1@ =0 = sl o) a1l

|l = Al dy 1l < s Leuf = Flas - ol + 6l
T YELr;
This goes to 0 as j — oo since €;,7; — 0 and (by Theorem 8.4), y — 7, f is a continuous map
R" — Ll(R").
Having established f; — f in L', we also know that f; has a subsequence for which |f; — f|?
converges pointwise almost everywhere to 0, and |f; — f|? is also uniformly bounded by a constant
multiple of the characteristic function of Br,1, which is integrable. The dominated convergence

theorem then implies

If =71 = | A= spdm— [ om0,
R"L R?L
This conclusion applies at first to a subsequence, but if f; were not convergent to f in LP(R"),
then we could now find a subsequence that stays a positive distance away from f in the LP-norm,
and the L'-convergence would then give a contradiction via the argument above, thus we have

actually proved the convergence f; L f-
Without the additional conditions (8.4), one can instead argue as follows: for a given function
f e LP(R™) and a constant R > 0, define

(e im {f(:c) if 7 € By and |f(z)| < R,
0

otherwise.

It is not hard to show that |f — f#|.» can be made arbitrarily small by choosing R > 0 sufficiently
large. Then f7 satisfies the conditions (8.4) and can therefore be approximated arbitrarily well in
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the LP-norm by fJR := p; = fE. By Young’s inequality,
1f5 = £ee = lpi = (f = F)lee < lpsler - 1 = FF 2o

can then also be made arbitrarily small, thus || f — f;||z» becomes arbitrarily small for j sufficiently
large. g

While we are on this subject, we can prove a similar result on approximation of C"-functions
that will be useful when we talk about distributions in §13. The statement requires a slight

expansion of the notion of CJ'.-convergence defined in §4.3. Observe that if

QJcQc...C UszQCR"
jeN
is a nested sequence of open subsets in R", then every compact set K < 2 belongs to 2, for j e N
sufficiently large. A sequence of C™-functions f; : Q; — V is said to be convergent in CJ7.(2)
to a function f : Q — V if for every compact subset K < 2 and N € N such that K < Qy,
the sequence of functions fn, fy+1, fN+2,... restricted to K is C™-convergent to f|x. The only
difference between this and the definition in §4.3 is that the limit function f may be defined on a
strictly larger domain than any function in the sequence.

THEOREM 8.17. Suppose Q < R™ is an open subset, f € C™(QQ) for some integer m = 0,
and p; : R* — [0,00) for j € N is an approzimate identity with shrinking support. Then there
exists a nested sequence of open subsets 11 <y C ... C UjeN Q; = Q such that for each j € N,

fj = pj=[ is defined (in the sense of Remark 8.5) and smooth on §;, and the sequence f; converges
to f in CJI.(Q).

PROOF. Assume supp(p;) © By, with ; — 0, and define
Q; = {z e Q| dist(z, R"\Q) > 2r,}.

Then f;(z) = {z. pj(x — y)f(y)dy can be defined for all z € Q; since y € Q whenever z — y €
supp(p;). Smoothness follows by differentiating under the integral sign as in Theorem 8.7 to prove
0% fi(x) = (0%p; * f)(x) for all multi-indices o and z € Q;; here Theorem 4.5 is applicable because
p; is bounded and f is integrable on the region B, (x) where p;(x — -) can be nonzero. To prove
f; — fin C[7., suppose K < {1 is compact, and ple N e N large enough so that K < Qy and the
slightly larger compact set

= {m e R" | dist(z, K) < TN}
is also contained in . Then for z € K and j = N, (8.5) gives
[fi(@) = f(@)] < sup [f(z —y) = (@) lpjller + €l fllcocx)

YyEBr;

Since x and x — y in this expression both belong to K’ and f is uniformly continuous on K’, this
implies uniform convergence f; — f on K. To prove the same for derivatives up to order m, we
observe that for any multi-index « with |o| < m, z € K’ and j sufficiently large,

oled
0 fr) = f F(e —y)pily) dy = j 0 (e~ y)pi(w) dy = (°F * (@),
where Theorem 4.5 Justlﬁes differentiation under the integral sign since 0%f is well defined and

bounded on B, (x) while p; is integrable. The same argument that was used for f; then implies
uniform convergence 0% f; — 0“f on K. O
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9. Absolute continuity
9.1. The fundamental theorem of calculus. Let us consider the following question.

QUESTION 9.1. What is the largest class of functions f on a compact interval [a,b] € R such
that the formula f(z) = f(a) 4§, f'(t) dt holds?

Here we regard SZ f(t)dt as alternative notation for the Lebesgue integral S[%b] fdmif a <0,
or — S[b,a] fdm if b < a. The formula is easy to prove under the assumption that f is continuously
differentiable, but we already know it is valid somewhat more generally than this, e.g. it clearly
also holds if f is continuous and only piecewise C', and it is not hard to think up examples in
which f is non-differentiable on a countably infinite subset but the formula still holds. In order for
the right hand side to make sense at all, f only needs to be differentiable almost everywhere on
[a,b], and its (almost everywhere well-defined) derivative needs to be in L!([a,b]). Is that enough?
No:

EXAMPLE 9.2. The Cantor function is a continuous, surjective and monotone increasing
function f : [0,1] — [0, 1] whose derivative is well defined and vanishes on a subset of full measure,
namely the complement of the Cantor ternary set C' < [0,1]. In particular, f is defined to be
constant on each of the intervals that are removed in order to define C":

1
f|(1/3,2/3) = 9

3

1
f|(1/9,2/9) = f|(7/9,8/9) = 1

4
1 3 5 7
f|(1/27,2/27) = ]’ f|(7/27,8/27) = ]’ f|(19/27,20/27) = g’ f|(25/27,26/27) = 3
and so forth (see Figure 4). The easiest way to define f at all other points is as the uniform limit
of a sequence of piecewise affine, continuous, increasing and surjective functions f,, : [0,1] — [0,1].

Such a sequence is uniquely determined by the following conditions (Figure 5):
o fo(z) :=ux;
e For each n € N, f, takes the same constant values as f on each of the 27! intervals of
length 1/3™ that are removed in the definition of C, and has constant slope on all other
subintervals of [0, 1].

It is easy to check from this definition that | f, — fr,—1| < ¢/2™ for some constant ¢ > 0 and alln € N,
thus the sequence f,, is uniformly Cauchy and therefore converges to a continuous function f, which
is automatically monotone and surjective.'®

Since the Cantor function has values on the entire interval [0,1] in spite of its derivative
vanishing almost everywhere, it clearly lacks whatever property is needed for the fundamental
theorem of calculus to hold. Let us reformulate the question slightly: suppose f € L!([a,b]), and
consider the function F' defined on [a, b] by

F(zx):= fﬁ f(t)dt.

18A more precise formula for f can be deduced from the fact that it is continuous and constant on a sequence
of intervals whose union is dense. It is easiest to express in terms of base-3 and base-2 expansions: since all points

2 € C have unique base-3 expansions 0.aiazas ... with an € {0,2} for all n = 1,2,3,..., one can write f(z) € [0,1]
so that its base-2 expansion is 0.b1bobs ... with by, := a,/2 for all n. In other words, f (ZZ=1 % =¥, Se,

assuming ay, € {0,1} for all n € N.
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FI1GURE 4. An imperfect picture of the Cantor function. Despite the appearance
of jump discontinuities in the approximate graph drawn here, it is continuous.
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FI1GURE 5. A sequence of piecewise affine functions converging uniformly to the
Cantor function.

One of the main results of this section (Corollary 9.12 below) will show that F' must be differentiable
almost everywhere and its derivative is f. The Cantor function also has the first property, but
since it is evidently not the integral of its derivative, we deduce that the Cantor function cannot
be written as an integral of any Lebesgue-integrable function on [0,1]. So, how do we tell the
difference, i.e. what properties does the function F have that the Cantor function does not? Both
are continuous, but it turns out that F' satisfies a stronger condition than continuity.
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LEMMA 9.3. For any measure space (X, ) and any f € L*(X), given € > 0, there exists § > 0
such that for all measurable subsets A c X,

wA)y <o = JA|f|du<e.

PRrROOF. If the result is not true, then there exists a number € > 0 and a sequence of measurable
sets A,, < X such that
1
W) <5p bue [ flduze

Define B,, := U,f:n Ap, so we have
Bi>By>B3>...B:= () By,
neN

and p(By) < YL, m(Ar) < Y., 5% = 3=, thus pu(B) = lim,— p(By) = 0. This implies
lim, o § |fldp = §5|fldp = 0, which is a contradiction since B,, D A, for every n and thus

SBW |f|dM>SAn |f| du =€ > 0. O

Returning to the function F(x S f(t)dt with f € L'([a,b]), consider the consequences
of Lemma 9.3 for subsets A ¢ [a,b] defined as finite unions of intervals A = Ujvzl[aj,bj] with
a<a <b <...<ay <by <£b. The lemma provides for every € > 0 a § > 0 such that whenever
m(A) =3 (bj —aj) < 6, it follows that

).,

j=1
f f(tyd| <
DEFINITION 9.4. A function F on an interval I c R is called absolutely continuous if for

Z |F'(bj) — F(a;)| =
In other words, F satisfies the followmg condition:

every € > 0 there exists § > 0 such that for all finite sequences a; < b; < ... < ay < by of points
in I,

|f|dm=J’A|f|dm<e.

[a;,b;]

N N
Z(bj—aj)<5 = Z F(aj)| <e.
j=1 j=1

This definition would be the same as uniform continuity for functions on I < R if one only
allowed N = 1, but the extension to all finite unions of intervals makes it a strictly stronger
condition than uniform continuity. The Cantor function, for example, is uniformly continuous
(as are all continuous functions on compact intervals), but the next exercise shows that it is not
absolutely continuous:

EXERCISE 9.5. Show that if F' : [a,b] — R is absolutely continuous, then it maps every set of
measure zero in [a, b] to a set of measure zero in R.

EXERCISE 9.6. Show that every Lipschitz continuous function on a compact interval [a,b] is
also absolutely continuous.

Here is the answer to Question 9.1:
THEOREM 9.7 (Fundamental theorem of calculus for the Lebesgue integral). For a nontrivial

compact interval [a,b] € R and a function f on [a,b], the following conditions are equivalent:

(1) f is absolutely continuous;
(2) fis diﬁerentiable almost everywhere, its derivative f' is in L*([a,b]), and f(z) = f(a) +
S0 f'(t)dt for all x € [a,b].
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We have already proved the easy direction of this theorem, as a consequence of Lemma 9.3. We
will show in Corollary 9.12 that for any g € L!([a, b]), the absolutely continuous function given by
F(z) = c+§; g(t)dt for a constant ¢ = F(a) is almost everywhere differentiable and its derivative
is g. This statement is a consequence of the Lebesgue differentiation theorem, introduced in the
next subsection. What then remains to be proved is that every absolutely continuous function f
on [a,b] can be written in the form f(z) = f(a) + § g(t)dt for some g € L*([a,b]). We will prove
this in §9.5 as a consequence of a simple version of the Radon-Nikodym theorem, proved in §9.4.

Combining Exercise 9.6 with Theorem 9.7 produces a slightly surprising consequence:

COROLLARY 9.8. Every Lipschitz continuous function on a compact interval [a,b] € R with
b > a is differentiable almost everywhere. O

Corollary 9.8 also holds for functions on open domains in R™, and is known in that level of
generality as Rademacher’s theorem. For a concise proof built on top of the one-dimensional case,
see [Hei05].

9.2. The Lebesgue differentiation theorem. Here is another natural question, which we
will need to answer before we learn how to differentiate integrals of L!-functions.

QUESTION 9.9. For locally integrable functions f on R™, what relation is there between f(x)
and the “average” value of f on arbitrarily small balls about x?
Let us denote by
B.(z) cR"

the open ball of radius r > 0 about a point = € R™.

DEFINITION 9.10. For a function f € LL (R™), x € R™ is called a Lebesgue point of f if the

loc
average value of |f — f(z)| on B,(z) converges to zero as r — 0, i.e.

1

Whenever x is a Lebesgue point of f, one has

: 1 e
-1 A B ) JBT@) fy)dy = f(x)
since
1 1
‘W Jovi T =10 = O 70 "m‘

1

Clearly z is a Lebesgue point whenever f is continuous at z, but Lebesgue-integrable functions
can easily be discontinuous everywhere. Moreover, changing f on a set of measure zero changes
the right hand side of (9.1) at some points but not the left hand side, so the most one could hope
for in general is for (9.1) to be true for almost every x. That turns out to be true, and thus gives
the best possible answer to Question 9.9:

THEOREM 9.11 (Lebesgue differentiation theorem). For any f € Ll _(R™), almost every point
of R™ is a Lebesgue point of f.
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To see why this is called a differentiation theorem, consider the case n = 1. If f € L'([a,b]),
extend f to a function in L'(R) that vanishes outside [a,b], and consider the function F(z) :=
S: f@)dt. If x € (a,b) is a Lebesgue point of f, then for all h > 0 sufficiently small, we have

T — F(x z+h oih
AT | = |3 [ rwde—s@)| <5 [ 0 - @l
1 z+h
< L, O el

and the latter becomes arbitrarily small when h > 0 is small. A similar statement is proved in the
same manner for h < 0 and shows that at every Lebesgue point z, F'(z) = f(x).

COROLLARY 9.12. For every f € L'([a,b]), the function F(z) := §' f(t)dt is differentiable
almost everywhere on (a,b) and satisfies F' = f. O

The proof of Theorem 9.11 requires a result called the Hardy-Littlewood maximal inequality,
which we will discuss in the next subsection. In order to see what is needed, let us set up the
general framework of the proof first.

We begin with two easy observations:

(1) If f is a continuous function on R™, then every point in R™ is a Lebesgue point.
(2) If almost every point is a Lebesgue point for all f € L'(R™), then the same holds for all
feLl (R").

loc

The second statement follows from the purely local nature of the Lebesgue point condition, i.e. it
depends on f only in arbitrarily small neighborhoods of x. Then if we cut off the values of
f € L (R") outside the ball B(0) < R" to produce a function in L'(R™) whose set of non-
Lebesgue points in By (0) we can prove has measure zero, it follows that the set of non-Lebesgue
points of f will be the union of these sets for all k£ € N, and thus also has measure zero.

With this understood, let us associate to any f € L*(R") and 7 > 0 the functions f” : R" —

[0, 0] defined by

fi(x) = mBo@) JB,,(x) |f — f(z)]dm for r >0, fOx) := 1ir;1§$1pfr(x).

The goal is to prove that fO = 0 almost everywhere. For each N € N, let
Ay :={zeR" | f%x) > 1/N}.
We will deduce the desired result from:

LeEMMA 9.13. For every N € N, Ay is contained in a Lebesgue-measurable set of measure less
than .
N

Indeed, if this lemma holds, then since A1 < Ay < Az < ..., it follows that every Ay is a
set of measure zero. Their union therefore also has measure zero, and that is precisely the set on
which f0 > 0.

In order to estimate the measure of Ay, we appeal to the density of continuous functions in
L'(R™) and choose a sequence f1, fa, f3, ... of continuous functions on R™ such that f; — fin L.
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We can then pick k large and use fi to estimate f"(x) for r > 0 small:

"(x :é — f(x)|dm
50 = B by, 1
1
0 < BT Iy, 1~ F 1S S 1) = @)

1 - N
o 1= Bl dn )+ ) - 1)

We cannot assume f; — f uniformly, so in this last expression, the third term might not become
arbitrarily small for all x as k — 0, but it is easy to show that it does so outside of a set of small
measure. Indeed, we can associate to any given measurable function g on a measure space (X, u)
the sets A; := {x € X | |g(z)| > t} for t > 0, and then estimate ||z > §,, |gldu = p(As)t. The
result is known as Chebyshev’s inequality:

(0.3) p({re X [lgl)] > 1)) < et

Applying this to f — fr € L'(R™), we can arrange by choosing k sufficiently large to make | fx(z) —
f(x)| arbitrarily small for all x outside of a set that has arbitrarily small measure. Having chosen
k in this way, the second term in the last line of (9.2) also becomes arbitrarily small as r — 0.
However, estimating the first term requires some non-obvious input: we would like to claim that
since | f — fx| has a small L'-norm, its average value over B, () also satisfies some small bound as
r — 0. If we were first fixing r > 0 and then letting & — 00, it would be obvious that this term
vanishes in the limit, but unfortunately, the order of quantifiers is the other way around: we have
already fixed k and need to estimate the average for all small » > 0 in terms of ||f — fx|p:. This
is what the Hardy-Littlewood maximal inequality is for.

9.3. Maximal functions and weak L'. We now introduce a missing ingredient in the proof
of Lemma 9.13.

DEFINITION 9.14. For f € LL (R"), the maximal function M f : R" — [0, 0] is defined by

loc

1
Mf(z):= flilo) m J’BT(w)

LEMMA 9.15. For every f € LL _(R"), the mazimal function Mf : R® — [0,00] is Borel
measurable.

|f| dm.

ProoF. Tt suffices to show that (M f)~1((¢,00)) is a Borel set for every t € R; we will show in
fact that it is open, i.e. M f is lower semicontinuous. The condition M f(x) > ¢ implies that for
some 7 > 0, m SB,,.(z) | f|dm > t. This remains true after replacing m(B,(x)) with m(B,(z))
for some slightly larger ' > r, and since B, (x) c B,/(a') for all ' € R™ sufficiently close to x, we
then have

1 1 )

r

O

It is clearly not possible to achieve a general pointwise bound on M f for f € L(R"), e.g. if f
is defined as 1/+/]z] on [—1,1] and 0 on the rest of R, then f € L'(R) but its average values on
[—r,r] diverge to oo as r — 0, giving M f(0) = co. A realistic hope, however, would be to bound
the measure of sets on which M f exceeds any given value. If M f € L'(R"), then such a bound
follows from the Chebyshev inequality (9.3). In general, it would be too much to hope for M f to
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be globally integrable, but there also exist functions that are not in L!(R") and nonetheless satisfy
a bound of the form (9.3), with the L!'-norm replaced by some other constant. A simple example
is f(z) := 1/z, which is not in L*(R) but satisfies m({z € X | |f(z)| > t} ) = 2/t, thus it belongs
to the following class of functions.

DEFINITION 9.16. A measurable function f on (X, u) is called weakly integrable if there
exists a constant C' > 0 such that

p({reX | |f(z)] >t}) <
We will denote the space of such functions by L}, (X).
One can define a “norm” on L}, (X) by
Il = iulgtu({x €X | |f(x)]>1t}).
>

% forall ¢>0.

Just one caveat: |- [|L1 satisfies |cf(z1 =|c|-[|f|.:  force Kand |f|z: = 0ifand only
if f vanishes almost everywhere, but it does not satisfy the triangle inequality. Instead it satisfies
(see [Sal16, Lemma 6.2])

fllz: 9l
If ol < D Wl gy

VIF+ 9l <\l + /9l

(X) is not a normed vector space, but one can regard it as a topological

and

1

As a consequence, L.,

vector space with respect to the metric dist(f, g) := 1/|f — gll12 .- The inequality (9.3) can now
(X)-

be interpreted as saying that there is a natural continuous inclusion L'(X) — Ll

THEOREM 9.17 (Hardy-Littlewood). There ezists a constant C > 0 depending only on the
dimension n such that the estimate |Mf||.2 < C|fllL: holds for all f € L*(R™).

weak

The proof requires a simple version of a result known as the Vitali covering lemma.

LeEMMA 9.18 (Vitali). For every finite collection of open balls B, (x1),...,Bry(zn) € R”,
there exists a subset I < {1,..., N} such that B, (x;) n By, (x;) = & for every i,j € I with i # j,
and

N
| B (@) = | Bar, ().

i=1 jer
N
In particular, m (U B,, (xz)) < 3" Z m(B,,(x;)).
i=1 jel

PROOF. Abbreviate B; := B,,(x;), and reorder the balls so that, without loss of generality,
r1 2 ...2ry. Define I = {iy,...,9;} < {1,..., N} such that 4; := 1 and, for each j > 1, ;41 is
the smallest number greater than i; such that B;,,, is disjoint from B;, v ... U B;;. This process
terminates after finitely many steps, and if k ¢ I, it means that By intersects B; for some i € [

with ¢ < k. Since r, < 7y, it follows that By < Bs,., (x;). O

PrOOF OF THEOREM 9.17. We shall prove that the stated inequality holds with C' = 3": in
other words, for every f € L*(R") and t > 0,

(9.4) m(A;) < %, where Ay :={zeR" | Mf(z) >t}.
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By the inner regularity of the Lebesgue measure (see [Sall6, Theorem 2.13]), it will suffice to

prove that every compact set K < R™ with M f|x > t satisfies m(K) < % For each z € K,
the condition M f(z) > ¢ means there exists a ball B(x) € R™ about x such that

1
9.5) 7J \fdm > t.
m(B(z)) Jp ()
Using the compactness of K, choose a finite subcollection By, ..., By of such balls so that K <

U;.v:l Bj;. After reordering the balls, we can then apply Lemma 9.18 to assume that Bi,..., By
(for some ¢ < N) are all disjoint and, using (9.5),

N ¢ ¢
n T 1 37L
m(K)<m (U Bj> <3 Zm(Bj) <3LZ EJ |f|dm < T||f\|L1.
j=1 j=1 Jj=1 Bj
g
We now have enough tools to complete the proof of the Lebesgue differentiation theorem.
PrROOF OF LEMMA 9.13 (AND THUS THEOREM 9.11). The estimate (9.2) implies
(9.6) fr(@) < M(f = fi)(@) + fi(2) + [fe(z) — f2)].
Given N € N, choose k large enough so that
1
If = fellr < 30 AN2
Then Chebyshev’s inequality (9.3) implies
1 1
n _ < — —
m ({z € R" | [fr(z) = f(2)] > 1/2N}) <2N|f = filp: < T oN <IN
and by Theorem 9.17 (in particular (9.4)),
n n 1
m ({z e B | M(f = o)) > 1/2N}) <2N-3"f = filor < 51,
thus for all 2 € R™ outside a set of measure at most 1/N, (9.6) becomes
Fr@) < 5+ @) + 5 = Fl@) + 1
SoN TR oN 'k N’
Letting r go to 0, we conclude f°(z) < & since f2(x) = 0 by the continuity of f. O

9.4. The Radon-Nikodym theorem. Recall that if (X, u) is a measure space and f : X —
[0, c0] a measurable function, then one can define another measure A on the same o-algebra by

(9.7) AMA) = JA fdu.

In order to show that absolutely continuous functions can always be written as integrals, we will
first answer the following question, which turns out to be easier:

QUESTION 9.19. Given two measures i1 and X\ defined on the same measurable space X, does
there exist a measurable function f : X — [0,00] such that (9.7) holds for all measurable sets A?

The function f : X — [0,00] in this relation, if it exists, is sometimes called the Radon-
Nikodym derivative of A with respect to u, and written as
d\



76 PART 2: REAL ANALYSIS AND LP-SPACES

It is not hard to think up necessary conditions for the existence of such a function. For example,
there clearly is no such function if y is the counting measure on R and A is the Lebesgue measure,
as SA fdp =3, .4 f(x) then can only be finite when A c R is a countable set, whose Lebesgue
measure is therefore zero. It is also impossible if one takes the Lebesgue measure on R™ as p and

the Dirac measure
1 if A
5(A) = it0e Y
0 otherwise

as A; this is just the statement that the “Dirac §-function” so popular among physicists does not
actually exist. One thing both of these counterexamples have in common is that one can find
measurable sets A < X for which p(A) = 0 but A(A) # 0. This possibility clearly needs to be
excluded since §, f du = 0 for every function when p(A) = 0.

DEFINITION 9.20. Given a measure space (X, 1), a measure A defined on the same o-algebra
is called absolutely continuous with respect to u (written “A < p”) if the implication

wA)y=0 = XA =0
holds for all measurable sets A < X.

The following exercise is not logically necessary for our exposition, but it demonstrates that
there are nontrivial connections between Definition 9.20 and the notion of absolutely continuous
functions.

EXERCISE 9.21 (cf. Lemma 9.3). Show that if A € p and A(X) < oo, then for every € > 0 there
exists a 6 > 0 such that for measurable sets A € X,

wlA) <dé = MNA) <e.

THEOREM 9.22 (Radon-Nikodym). If u and A are two o-finite measures on the same measur-
able space X, then the following conditions are equivalent:
(1) A< p;
(2) There exists a measurable function f : X — [0,00] satisfying AN(A) = §, fdu for all
measurable sets A c X.

The implication (2) = (1) is immediate. We will prove (1) = (2) using the natural isomorphism
between L”* and the dual space of L. To see how this arises, note that if X is given by (9.7), then
for every real-valued A-integrable function g € L'(X, \),

(9.8) JX gd\ = L gf dp.

The non-obvious trick is to view A(g) := {y gd\ € R as defining a bounded linear functional
A LY (X, A + p) — R, which makes sense since (A + p)(A) := AN(A) + u(A) defines yet another
measure on the same o-algebra as A and p, and we have

9.9) |A<g>|=\ [ gdx\sj glix< [ 1aldO+) = lollrri
X X X

Since A + p is o-finite, it follows then from the Riesz representation theorem that there exists a
real-valued function h € L™ (X, X 4+ p) with ||h| e x4,y < 1 such that

(9.10) Jgd)\zf hgd(\ +p) forall ge LY(X,\+ p).
b's X
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This is enough information to derive a formula for f in terms of h: indeed, combining (9.8) and
(9.10) gives

L of du = L hgd(\ + ) = JX hgdh + JX hgdp = L(hgf + hg)du = JX gh(f +1) dp

for all g € L*(X, A + p) € L'(X, ). This suggests the relation f = h(f + 1), or equivalently

h
f=
1—h
There are a few subtle issues to check before we can call this a proof—you may notice for instance
that we have not yet used the condition A\ < p.

PrOOF OF THEOREM 9.22. Following the trick described above, we note that since A and
1 are both o-finite, A + p is also a o-finite measure, so that the Riesz representation theorem
(Theorem 5.4) gives a natural isomorphism between L™ (X, A+ u) and the dual space of L'(X, A+
1). The bounded linear functional A : L'(X, X 4+ p) — R defined by A(g) := §, fdX therefore
gives rise to a unique (up to equality almost everywhere) real-valued function h € L™ (X, A + )
satisfying (9.10).

We claim that h satisfies 0 < h < 1 almost everywhere with respect to the measure p. Indeed,
for n € N, let A, := {z € X | h € —1/n}, and suppose A/, c A, is any subset for which
A(AL) +pu(Al) < oo. The function g := x4 is then in L' (X, A+ ), so plugging it into (9.10) gives

0 <A = [ gdh= [ hgdnt ) = [ hdO+ ) <~ AL + ()] <0
X X Al n

implying p(A}) = A(A]) = 0. Since X and u are both o-finite, A4, is a union of countably many
subsets on which A\ and p are both finite, so having shown that g and A vanish on all of these
subsets, it follows that u(A,) = A(A,) = 0. The set on which h < 0 is now the countable union
of the sets A,, for n € N, and therefore also has measure zero with respect to both g and A. The
other bound follows similarly by setting A := {z € X | h(z) > 1}: for any subset A’ ¢ A with
A(A’) and p(A”) both finite, we can plug g := x4+ into (9.10) and find

AAY) = J’ng)\ - JX hgd() + 1) = f /hdA+J = NA) + p(4),

implying u(A’) = 0. (Notice that this time, we do not immediately also obtain A\(A’) = 0; the
latter follows since A <€ u, but it need not be true without the absolute continuity assumption.)
Appealing once more to the o-finiteness of A and p, this implies u(A) = 0.

The function f := %h therefore satisfies 0 < f < oo almost everywhere with respect to p, so

we can define a measure iy by
pf(A) = f fdp.
A
We claim py = A. To see this, let us rewrite the relation (9.10) in the form

J’(l—h)gdAzJ, hgdu for all ge LY(X,\+ p).
X X

Now if A ¢ X is any measurable subset for which the function g := ﬁXA isin LY(X, A\ + p), we
obtain

A(A) = JXXA X = L(l —h)gdx = JX hg dp = JX . f PXAdp = Lfdu = pr(A).
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To extend this to an arbitrary measurable subset A € X, we can again appeal to o-finiteness and

write
X:U&:Un

neN neN

for two sequences of subsets X; c Xoc...c X and Y] c Yy c ... € X with u(X,) < o0 and
A(Y,) < oo. For n e N, let

Api={xeA|1-h(z)21/n}nX,nY, cX.

Then A, has finite (1 + A)-measure and - < n on A,, thus x4, € L'(X,\ + p), so the
calculation above proves A(A,) = uyr(A,). To finish, observe that since h < 1 almost everywhere

with respect to u, absolute continuity A < p implies that this is also true with respect to A, and

e AQALL%):WQﬂLy%):u

neN neN
This justifies the following limit computation:
AMA) = lim MA,) = lm pr(An) = pr(A).
n—ax0

n—ow

O

REMARK 9.23. Without the condition A <€ u, the function h constructed in the proof above
may satisfy h = 1 on a set with positive Ad-measure, in which case lim, o A(A,) < A(A) in the
last step, producing an inequality

f fdp < MA)
A

which may in general be strict. The argument still proves that equality holds for every measurable
set A c X such that the function ﬁXA € L1(X, ) + p), but in pathological examples, there may
be no interesting sets with this property.

EXERCISE 9.24. Find the function f : R™ — [0, c0] that is constructed in the proof of Theo-
rem 9.22 for the case where pu := m is the Lebesgue measure and A := ¢ the Dirac measure. On
which sets A © R™ is equality achieved in §, f dm < 6(A)?

REMARK 9.25. There are more general versions of the Radon-Nikdym theorem for so-called
signed measures and complex measures, in which f in the formula A\(A) = SA f dup may be a real
or complex-valued p-integrable function. See for example [Rud87, Chapter 6] or [Sall6, §5.4].

9.5. Absolutely continuous functions are integrals. In light of Corollary 9.12, the hard
direction of the fundamental theorem of calculus for the Lebesgue integral now follows from:

LEMMA 9.26. Every absolutely continuous function F' on [a,b] € R is given by
(9.11) F(z) = F(a) + J, f@)dt

for some f € L*([a,b]).

The lemma is valid for functions F' : [a,b] — V with values in an arbitrary finite-dimensional
vector space, but we will focus on the case V' = R, which immediately implies the general case after
choosing a real basis of V. For real-valued functions, we will deduce it from the Radon-Nikodym
theorem. Some alternative approaches and interesting related facts are outlined in §9.5.3.
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9.5.1. The case of strictly increasing functions. Let us assume F : [a,b] — R is absolutely
continuous and strictly increasing, i.e. it satisfies

F(y) > F(z) whenever vy > z.

The following lemma produces another connection between the notions of absolute continuity for
functions and measures.

LEMMA 9.27. F maps every set of measure zero in [a,b] to a set of measure zero in R.

Proor. If A c [a,b] has measure zero, then for any given § > 0, A is contained in the union of
a sequence of disjoint intervals (a;, b;) such that ..~ (b; —a;) < 6. Absolute continuity guarantees
that if € > 0 is given, § > 0 in the previous sentence can be chosen so that for every k € N,
Zle |f(b;) — f(ai)| < €, and consequently,

Z |£(bi) — flai)| < e

The image F'(A) is therefore contained in a countable union of open intervals (F(a;), F(b;)) whose
total measure is at most e. g

EXERCISE 9.28. Find a set of measure zero whose image under the Cantor function of Exam-
ple 9.2 has positive measure. (Note that in Lemma 9.27, we did not actually need to assume that
F is strictly increasing.)

PROOF OF LEMMA 9.26 FOR F' STRICTLY INCREASING. We claim that the formula
A(A) == m(F(A))

defines a measure on [a, b] with A\ < m.

We need to check first that the image under F' of every Lebesgue measurable set A c [a, ] is
Lebesgue measurable. By the inner regularity of the Lebesgue measure (see [Sal16, Theorem 2.13]),
we can choose a sequence of compact subsets K1 € Ky € K3 c ... c A such that A is the disjoint
union of a set Ay of measure zero with K, := |J,,.y K. Since F is continuous, F/(K,) c R is also
compact for each n, which makes F'(K,,) a countable union of compact sets and thus a Borel set.
By Lemma 9.27, F'(Ap) is another set of measure zero, thus F(A) = F(Ay) v F(K,,) is Lebesgue
measurable.

Since F : [a,b] — R is strictly increasing, it is also injective, so disjoint measurable subsets
Ay, As, As, ... C [a,b] have disjoint images, and it follows that A as defined above is o-additive. It
is clearly also finite since F' has bounded image, so this proves that A is a measure, and Lemma 9.27
implies that it is absolutely continuous with respect to the Lebesgue measure.

The Radon-Nikodym theorem now provides a measurable function f : [a,b] — [0, o] such that
for all measurable subsets A c [a, b],

m(F(A)) = JA fdm.

In particular for A := [a, ], this gives F(z) — F(a) = { f(t)dt, and the global integrability of f
follows from this by setting x = b. O

9.5.2. The general case. If F : [a,b] — R is increasing but not strictly, then there is a cheap
trick to reduce Lemma 9.26 to the strictly increasing case: we consider the function

G(z) ==z + F(z),
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which is strictly increasing (and also absolutely continuous), even if F' is constant on some
subinterval. The strictly increasing case therefore provides a function g € L'([a,b]) such that
G(z) = G(a) +§; g(t) dt, and it follows that

The proof for increasing functions is thus complete.

The conclusion of the proof now follows from an important general observation about all
functions of bounded variation, which includes the absolutely continuous functions. Given any
function f on [a,b], we define the total variation of f by

N
TV(f) := sup{Z |[f(z:) = flzic1)| | N2landa=a2o <21 <...<zNy = b} e [0, o0],
i=1
and say that f is of bounded variation if TV (f) < co. Notice that if f is of bounded variation,

then its restriction to every compact subinterval of [a, b] is also of bounded variation.

LEMMA 9.29. If f is absolutely continuous on [a,b], then it is of bounded variation, and the
function Vf : [a,b] — [0,00) defined by V f(z) := TV (fl[a,z]) is also absolutely continuous.

ProOOF. We note first that if a < x < ¢ <y < b, then |f(y)—f ()| < |f(y)—f()|+]f(c)—f(z)],
thus if @ < g < 21 < ... < zy = b is any partition of the interval [a,b] that does not include
c € (a,b), adding c to the partition can only increase the value of the sum in the definition of TV (f).
It follows that we lose no generality if we modify the definition of TV (f) so that the supremum
ranges only over partitions that include ¢, which gives rise to the relation

TV(f) =TV (flla.e) + TV (fl[en)-
In particular, this implies
(9.12) Vi) =Vf(@)+TV(flz,) foreveryy > in [a,b],
so the function Vf : [a,b] — [0, 0] is increasing. Now choose € > 0 and ¢ > 0 as in the definition
of absolute continuity, and choose a partition a =ty < t; < ... <ty = bsuch that t; —t;_1 < §

for every i. Any partition of [¢;_1,;] is then a finite collection of closures of disjoint open intervals
with total length less than §, implying TV (f|,_, +,]) < € and thus

N
TV(f) = Y. TV (flit. s.0.7) < Ne < 0.

i=1
Keeping the same € and §, if a < a1 < b; < ... < a, < b, < b satisfy Zle(bi —a;) < 6, then
(9.12) implies

n

2 VIl =V i@l = 2TV (£ltac b))

i=1
The latter is the supremum of sums >}, | f(¢;) — f(¢;-1)| over finite collections of intervals [¢;_1,;]
with disjoint interiors whose lengths add up to Y,/ (b; —a;) < 6, hence the sum is less than e. [

LEMMA 9.30. For any function f : [a,b] > R of bounded variation, the functions Vf, Vf+ f
and Vf — f on [a,b] are increasing.

ProOF. That V f is increasing follows already from (9.12), and in fact for y > x,

Vi) = Vi@ =TV (fluyw) = fy) = f@)|
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since © < y is a particular example of a partition of [z,y]. Tt follows that V f(y) — Vf(x) =
fy) = f(x) and Vf(y) =V f(z) = f(z) — f(y), thus

Vi) = fly) 2V i) = flx) and  VF(y)+fly) = V) + fz)
O

CONCLUSION OF THE PROOF OF LEMMA 9.26. An arbitrary absolutely continuous function
F : [a,b] — R can be decomposed as

F=%(VF+F) (VF—F),

1
2
where by Lemmas 9.29 and 9.30, VF+F and V F — F are each absolutely continuous and increasing.
We have already proved therefore that both can be represented as integrals of L!-functions on [a, b],
and the same thus follows for F'. O

9.5.3. Alternative approaches. There are other ways of proving Lemma 9.26 without using the
Radon-Nikodym theorem. Since we expect an absolutely continuous function F' to be the integral
of its derivative, one method for finding the function f in (9.11) is to prove directly that F is
differentiable almost everywhere. This can be deduced from the following somewhat surprising
classical result of Lebesgue:

THEOREM 9.31 (Lebesgue). Every monotone function f : [a,b] — R is differentiable almost
everywhere.

A proof of this theorem using a more elaborate version of the Vitali covering lemma (cf.
Lemma 9.18) may be found in [Roy88, Chapter 5]; see also [RSN90] for a slightly different
exposition. It takes only slightly more effort to see that for a monotone function f : [a,b] — R,
f’ belongs to L'([a,b]). The argument goes as follows: consider the case where f : [a,b] — R is
increasing, and for convenience, extend f over R with constant values f(x) = f(a) for z < a and
f(x) = f(b) for z = b. The difference quotients

flx+h) - fx)
h

are then well-defined functions Dy, f : [a,b] — R for every h € R\{0}, and they are clearly mea-
surable functions since f is measurable. By Theorem 9.31, there exists a function f’: [a,b] — R
which can be defined as f/(z) = limy_,o D, f(x) wherever this limit exists and zero everywhere else;
this means Dy, f — f’ almost everywhere as h — 0, thus f’ is measurable. The difference quotients
are easily seen to satisfy a “discrete” variant of the fundamental theorem of calculus: instead of

SZ f'(t)dt = f(b) — f(b), one has

Dy f(z) :=

1 b 1 b+h b
Dufdm = [ asm—s@do=g [ s@de-g [ sads
(913) [a,b] ) a a+h

1
= - fdm— — f fdm.
h J[b,bJrh] h Ja,a+n)

Taking h > 0, in the situation at hand we have defined f to be constant on [b,b + h], and —f is
bounded above by —f(a) on [a,a + h], so this computation implies

Dpfdm < f(b) — f(a) for h > 0.
[a.0]
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Now if we consider the sequence of functions Dy, f for n € N, they have nonnegative values
since f is increasing, and they converge almost everywhere to f’, thus Fatou’s lemma (see [Sall6,
Theorem 1.41]) gives
J’ fldm = liminf Dy, hdm < limian Dyjphdm < f(b) — f(a).
[a,0] [a,0]

[(Lb] n—a0 n—
COROLLARY 9.32. For every monotone function f : [a,b] = R, f’ is measurable and satisfies

I 1 < 1£(0) = fla)l.
O

REMARK 9.33. Corollary 9.32 is analogous to the inequality in Remark 9.23 for a measure A
on [a,b] that need not satisfy A < m. It comes with the caveat that without an assumption of
absolute continuity, the inequality may fail to carry any interesting information, e.g. the Cantor
function (Example 9.2) shows that the left hand side can simply vanish, even when the function f
is far from being constant.

Theorem 9.31 and Corollary 9.32 have an immediate consequence for the class of functions
f : [a,b] — R that can be written as the difference fi — f_ between two increasing functions
f+ : [a,b] = R. This is precisely the class of functions with bounded variation that we saw in
§9.5.2, which includes all absolutely continuous functions, thus:

COROLLARY 9.34. Every absolutely continuous function f : [a,b] — R is differentiable almost
everywhere and its derivative belongs to L*([a,b]). O

With this result in place, we can compare any given absolutely continuous function F on [a, b]
with the function Fy(x) := §, F'(t)dt. The latter is also absolutely continuous and differentiable
almost, everywhere, with F] = F’ by Corollary 9.12, so looking at F — F; reduces the problem to
proving:

LEMMA 9.35. Every absolutely continuwous function on [a,b] whose derivative vanishes almost
everywhere is constant.

For a fairly short proof of this, based again on the Vitali covering lemma, see [Roy88, §5.4,
Lemma 13].

From a functional-analytic perspective, there is a more interesting alternative argument to be
found in the most recent edition [RF10] of Royden’s classic textbook, based originally on the article
[FH15]. It makes use of the following notion, which should seem natural in light of Lemma 9.3:

DEFINITION 9.36. A collection F of integrable functions on a measure space (X, u) is called
uniformly integrable (or equi-integrable) if for every ¢ > 0, there exists § > 0 such that for
all f € F and measurable subsets A c X,

wA)y <o = JA|f|du<e.

You should think of this definition as a close analogue of equicontinuity: the point is that the
correspondence between € and § is not allowed to depend on the choice of the function f € F.

ExaMpPLE 9.37. If F is any collection of measurable functions f satisfying |f| < g for some
fixed g € L'(X), then Lemma 9.3 implies that F is uniformly integrable.

The relevance of uniform integrability to this discussion arises from the following observation:

LEMMA 9.38 ([FH15] or [RF10, §6.4]). A continuous function f on [a,b] is absolutely contin-
wous if and only if its family of difference quotients {Dp, f}o<n<1 is uniformly integrable on [a,b].
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With this understood, one can now appeal to a useful generalization of the dominated conver-
gence theorem:

THEOREM 9.39 (Vitali’s convergence theorem; see [RF10, §4.6]). For a Lebesgue-measurable
subset X ¢ R with finite measure, if {fn}nen 15 a uniformly integrable collection of functions on
X such that f, — f pointwise almost everywhere, then f € L*(X) and SX fndm — SX fdm.

REMARK 9.40. The convergence theorem is also true on general finite measure spaces if one
adds the condition f € L'(X) to the hypotheses; in our situation, that version would also suffice in
light of Corollary 9.34. There is also a version for spaces with infinite measure; see [RF10, §18.3].

Knowing that an absolutely continuous function f is differentiable almost everywhere, one can
now deduce S[a_b] fldt = f(b) — f(a) as follows: setting h = 1/n in (9.13) gives a sequence of
relations whose left hand sides converge as n — o to S[a_b] f'dt due to Lemma 9.38 and Vitali’s

convergence theorem. At the same time, the right hand sides converge to f(b) — f(a) since f is
continuous, so we are done.

10. Fourier series

10.1. Fully periodic functions. In this section we consider functions f on R™ that are
1-periodic in every variable, meaning that the relation

f(l‘l, .. .,ijl,zj + ].,I]'Jrl, e ,L]Z‘n) = f(lCl, e ,Zn)
holds for every j = 1,...,n. We shall refer to functions with this property as fully periodic
functions. Some obvious examples include the trigonometric functions

sin(2rkx;), for k=1,2,3,...andj=1,...,n,
cos(2mkx;), for k=0,1,2,... andj=1,...,n,

plus all products and linear combinations of these functions. The idea of a Fourier series is to
express arbitrary fully periodic functions as (possibly infinite) sums of products of precisely these
functions. Algebraically, it is much easier to work with complex exponentials than trigonometric
functions, thus we shall allow all our fully periodic functions to take values in a complex vector
space and, instead of writing them in terms of the functions in (10.1), try to express them as linear
combinations of products of the functions

(10.1)

(10.2) e? k% for keZandj=1,...,n.
Notice that an arbitrary finite product of such functions takes the form
(10.3) or(x) :=e2™*T  for keZ",

where k - x denotes the standard Euclidean inner product of two vectors k,z € R™. We use this
notation to distinguish the inner product on R™ from the compler inner product ( , > on the
finite-dimensional vector space V' in which our functions will take their values. For this discussion,
we explicitly set

K:=C,
and since it will often be relevant, we remind the reader that the standing convention for the
complex inner product on V is

<iU, ’LU> = _i<U7 w>a <Ua ZU)> = i<U7 U)>
The main theorem on Fourier series states that every function in a sufficiently reasonable class
of fully periodic functions f : R® — V can be expressed as a convergent sum of the form

(10.4) flay =3, ey

keZm
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for a unique set of coefficients fk € V, called the Fourier coefficients of f. The right hand side
of (10.4) is called the Fourier series of f. Since complex exponentials are linear combinations
of trigonometric functions, it is always possible (though often tiresome) to rewrite a Fourier series
as a sum of products of the trigonometric functions appearing in (10.1); in particular, the Fourier
series of a real-valued fully periodic function f : R™ — R can always be re-expressed as a real-linear
combination of products of real-valued trigonometric functions, so that complex numbers need not
be mentioned. In applications, the complex numbers typically have no intrinsic meaning but make
calculations much easier.

10.2. Function spaces on the torus and the lattice. A fully periodic function on R™
can equivalently be regarded as a funtion on an n-dimensional torus T, which is by definition an
n-fold Cartesian product of circles. The most convenient definition of T™ for our purposes is as
follows. The lattice Z™ c R™ is a subgroup of R™ with respect to the operation of vector addition,
and since R™ is an abelian group, the subgroup is normal. We define T"™ to be the quotient group

T = Rn/zn,

so in other words, elements of T™ are equivalence classes of vectors in R™, such that two vectors
x,y € R™ are in the same equivalence class if and only if z — y € Z™. In the case n = 1, the map

R/Z > [t] +— (cos(27t),sin(2nt)) € R?

gives a natural bijection between T' and the unit circle in R?, which is also often denoted by
S! < R? since it is a “1-dimensional sphere”. Through this bijection, one can identify T™ with the
n-fold product of copies of S!.
We can make T" into a metric space by defining
d([x], ly]) := inf r—y
(2 lul) = inf =l
where | - | denotes the standard Euclidean norm on R™. You should take a moment to convince
yourself that this expression really defines a metric on T". Moreover, the natural projection map

7R > T":x— [z]
is continuous with respect to this metric, and since T" is the image under 7 of the compact subset
[0,1]™ c R™, it follows that T is compact.
The Lebesgue measure m on R™ also determines a natural measure on T™. Let £(R™) denote
the o-algebra of Lebesgue-measurable subsets of R”, and define £(T") c 27" to consist of all sets

A c T™ with the property that 7—1(A) € L(R"). In other words, £(T") is the largest o-algebra on
T™ for which the projection map 7 : R™ — T" is measurable. For A € £L(T"), we then define

m(A) := m(r~*(A) n [0,1)") = 0.
It is straightforward to check that (T™, £(T™), m) by this definition is a measure space, and more-
over, since [0,1)™ < R™ has finite Lebesgue measure, m(T") is finite; indeed, m(T™) = 1.
EXERCISE 10.1. Show that every fully periodic function f : R™ — V corresponds to a unique
function F': T™ — V such that
flx)=F([z]) foral zeR"™

and conversely, every function F' : T" — V determines a fully periodic function f : R™ — V via
this same relation. Show moreover that f is continuous/measurable if and only if F' is continu-
ous/measurable, respectively, and for an integrable function F': T" — V,

F(a:)dajzzf Fdm = Fondm.

Tn [071)71
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Since T"™ is now both a compact metric space and a finite measure space, Exercise 10.1 has
the following useful consequences. First, every continuous fully periodic function is equivalent to
a continuous function on a compact metric space, and is therefore bounded. Second, a function
f:T" — V can be integrable even if f or : R™ — V is not, as it is only the integral of |f o 7| over
the cube [0,1)"™ that needs to be finite. In fact, periodicity guarantees that fully periodic functions
f:R™ — V can never be Lebesgue integrable on R™ unless they vanish almost everywhere, but
this only happens because the function f : R™ — V contains too much redundant information.
Integrating f instead over the finite measure space T™ circumvents this problem.

In the following, we will keep Exercise 10.1 in mind and typically blur the distinction between
arbitrary functions T — V and fully periodic functions R™ — V. We will also drop the equivalence
classes from the notation and denote elements of T™ simply as vectors x € R™ when there is no
ambiguity; when this notational shortcut is used, it means that any representative x € R™ of the
given element in T™ may be chosen, and no important results will depend on this choice.

Notice that if a fully periodic function is differentiable, then its partial derivatives are also
periodic functions, thus we can sensibly speak of differentiable functions on T™ and define the
hierarchy of function spaces

co(T™) o CH(T™) > C*(T") o ... 2 C*(T™),

where for each k = 0,1,2,..., 00 we define C*(T") to be the vector space of fully periodic functions
R™ — V that are k-times continuously differentiable. For k& < oo, these spaces all admit natural
Banach space structures, of which only the case k& = 0 will be especially important for our purposes:
the norm on C°(T") is defined by
Ifllco := max |f(z)],
xeR"™

where the existence of the maximum is guaranteed by the fact that T™ is compact. Similarly, for
each p € [1,00] the measure on T™ gives rise to a Banach space of V-valued functions (defined
almost everywhere),

(S’[rn |f|P dm)l/p for p < o0,

LP(T") == LP(T",m), | flzr :=
esssup | f] for p = 0.

Note that since T™ is the image of the compact and finite-measure subset [0, 1]™ under the projec-
tion 7 : R® — T", a function f : T™ — V will belong to LP(T") if and only if fonw : R* —» V is
locally of class LP on R", i.e. its restriction to every compact subset must be of class L?, but for
itself will not usually belong to LP(R™). The space L?(T™) has a natural complex inner product
defined by

Gooe = | @ gl

which makes L?(T") into a Hilbert space.
Since the continuous functions on T" are bounded and T” has finite measure, C°(T") is a
subspace of LP(T™) for every p € [1, o0]; so, therefore, is C*(T"). In fact:

PROPOSITION 10.2. For every p € [1,00), C*(T™) is a dense linear subspace of LP(T").

ProoOF. We shall deduce this from the result in §8 that C*(R™) is dense in LP(R™). Given
f e LP(T™), define F : R® - V by
F = fomon [0,1)", F = 0 elsewhere,
where 7 : R™ — T" is the quotient projection. Then F' € LP(R™), so for every € > 0, there exists a

smooth function F, € C*(R") with
HF — F€||Lp < €.
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Given any ¢ > 0, we can also choose a smooth function S5 : R™ — [0, 1] that has compact support
in (0,1)™ and satisfies

Bs=1 on [6,1—4]".
The function SsF. : R™ — V is then smooth and has compact support in (0,1)", so it gives rise
to a uniquely determined fully periodic smooth function Gf : R®™ — V such that Gf = fBsF. on
[0,1)". Let g° : T* — V denote the corresponding function on the n-torus such that G¢ = g° o .

We claim that |f — g?|z» can be made arbitrarily small if € and § are each chosen sufficiently
small. Indeed, abbreviate @ :=[0,1)" and Qs := [§,1 — 6]™. Then

||f—gf\|ip=J |f—gf|pdm=JQ|F—Gf|pdm
’]In
=J |F—G‘2|pdm+f |F — Go|P dm.
Qs Q\Qs

Since G‘g = fBsF. = F. on s, the first term in the second line is
f P — GO dm = f F = EPdm < J \F—F.[Pdm = |F—F|2, < e,
Qs Qs Rm

which is made arbitrarily small by choosing € > 0 small. To estimate the other term in the second
line, we can use the fact that S5 takes values in [0, 1] and write

|F_Gg|:|F_66F€|:|F_F€+F€(1_66)|<|F_F€|+|F€|a

hence by Minkowski’s inequality,

1/p 1/p
(f |F—Gf|”dm> < (j (F = | +|E|Y dm)
Q\Qs Q\Qs
1/p 1/p
<([ p-rpan) +([ impdn)
QA\Qs Q\Qs

Here, the first term in the second line is bounded above by ||F' — F,||.» < €, while if € > 0 is fixed,
the second term can be made arbitrarily small for sufficiently small § > 0 since |F¢|? is Lebesgue
integrable and (. ,(Q\Qs) is a set of measure zero, so that lims_,o SQ\QS |FelPdm = 0. This
proves the claim. O

Since the Fourier coefficients of a function f : T™ — V are meant to be a collection of vectors
fr associated to elements k € Z™, it will be useful to regard the collection of all these coefficients
as a function

f 22t - V.
There is no meaningful notion of continuity or differentiability for such functions, but we can speak
of LP-spaces on Z" with respect to the counting measure, ie. let v : 22" — [0, 0] denote the

measure such that v(A) for each A ¢ Z" is the number of elements in A. The LP-spaces with
respect to this measure are conventionally denoted by

PEY =2 Y),  1<p<w,

and since nonempty subsets in Z™ always have positive measure, the elements in these spaces are
actual functions, not just equivalence classes of functions. The counting measure identifies integrals
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with infinite series and integrability with absolute summability, so for each p € [1, ), the ¢P-norm
of a function f : Z" —» V is

1/p
I flle == (Z |f(k)|p) :

kezZn
while

| flle= := sup | f(k)
keZn

There is one more space of functions f : Z™ — V that we will need to consider, called the space
of rapidly decreasing coefficients and denoted by . (Z™). A function f : Z™ — V is defined to
be in #(Z"™) if and only if for every n-variable polynomial function P : R™ — R, the function

7" >V :kw— P(k)f(k)

is bounded. Equivalently, this means that for every m € N, the function k& — |k|™ f(k) is bounded
on Z™. Since m in this expression can be chosen arbitrarily large, it is clear that functions f(k) in
S (Z™) always decay to 0 as |k| — oo. In fact:

EXERCISE 10.3. Show that .(Z™) is a dense linear subspace of ¢P(Z™) for every p € [1, 0).
Hint: All functions Z™ — V with bounded support are in .7 (Z").

10.3. The transformations .# and .#*. Suppose for the moment that (V,{, ») is C with
its standard Hermitian inner product. The functions ¢ (z) := €>™*% defined in (10.3) for k € Z"
can then be regarded as elements of C*(T") since they are fully periodic and smooth. Since they
are bounded and T™ has finite measure, they can also be regarded as elements of L?(T™), and as
it turns out, they form an orthonormal set:

EXERCISE 10.4. Show that || 2 = 1 for every k € Z™ and {pi, pr yr2 = 0 for every k # k' €
7",
If we now assume fk € C are coefficients such that the sum »;, .. fkgok converges in the L2-

norm to f € L?(T"), then Exercise 10.4 makes it easy to compute the Fourier coefficients in terms
of f: we have
Fe =Y. o Foppyre = Cpr, FHre = J e f () da.

pEZ™ "
This computation generalizes in a straightforward way to functions valued in a general finite-
dimensional complex inner product space (V,{ , >) if we engage in a slight abuse of notation: let
us define

{p, V)2 =, yr2v eV for p, ¢ : T — C,
which by linearity gives rise to a natural pairing {p, f) € V for any pair of L2-functions ¢ : T" — C
and f: T" — V. The computation of f; above then becomes valid for vector-valued functions. We
shall take this formula as a definition of a transformation .%, which sends functions f : T" —» V
to functions

Ff=f:7" >V ke f
whenever the integral on the right hand side of the following expression is well defined for all k:
(10.5) (F k= fr = f e 2Tk £ (1) da.
’]In,

It is clear, for instance, that if f € L*(T"), then all of the coefficients fk are well defined and they
satisfy a uniform bound

el < £z,
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hence .# defines a bounded linear operator
(10.6) F o LYT™) — £7(Z").

There is a similar transformation .#* that associates to a function g : Z" - V : k — gi a
function

defined by

(10.7) (F*)(x) = G(x) = Y, g

As with the definition of .# in (10.5), this definition comes with the caveat that at first glance,
it only makes sense if the sum converges for every x. So for instance, it makes sense whenever
g € Y(Z"), as the sum then converges absolutely and uniformly; since the partial sums are all
finite sums of continuous functions, it follows in this case that ¢ : T — V is a continuous function
and satisfies [§(z)| < X czn [9k] = [lgller for all x € T, thus .#* defines a bounded linear operator

(10.8) F* . (1(Z") - CO(T™).

We have already seen that under certain circumstances, the operators .# and F* are inverse
to each other, e.g. the computation following Exercise 10.4 above shows that if g : Z" — C is a
function such that F*g € L?(T") and the series in the definition of F*g converges in the L?-norm,
then FF*g = g. The next two theorems are the main results we need to prove about Fourier
series.

THEOREM 10.5. The transformations F and F* defined in (10.5) and (10.7) respectively have
the following properties:

(1) F maps C*(T™) bijectively onto 7 (Z").

(2) F* maps 7 (Z"™) bijectively onto C™(T™).

(8) The bijections F : C*(T") —» S (Z™) and F* : S (Z") — C*(T") are inverse to each
other.

(4) For every f € C*(T™), the series >, ;. €2™"* fi, converges absolutely and uniformly with
all derivatives to f.

THEOREM 10.6 (Parseval’s identity). For every f,ge C*(T"),

e =, e,

Since C*(T™) is dense in L?(T™), Parseval’s identity gives rise to a unique bounded linear
extension of the operator .# : C*(T") — #(Z") to an operator

(10.9) F : L*(T") — 0*(Z").

In other words, for each f € L?*(T™), we can choose an approximating sequence f; € C*(T")

with f; L fas j — oo, and define f = Ff € (2(Z") as the (*limit of the ¢>-Cauchy sequence
fj € (Z™). This description makes .# : L?(T") — ¢%(Z") sound more abstract than it really is:
in fact, since T™ has finite measure, L*(T") is a subspace of L!(T™), so the operator in (10.9) is
just the restriction of # : L'(T™) — ¢*(Z™) to this subspace. In the other direction, the density
of Z(Z") in (?(Z™) implies that F* : ./ (Z") — C*(T") extends uniquely to an operator

F* (Z") - L*(T),
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defined similarly by choosing for any g € ¢?(Z") an approximating sequence g; € .%(Z") with

2
gj %, g and writing F*g = § € L2(T") for the L2 limit of the L2-Cauchy sequence g; € C™(T™).
Here there is an obvious choice of approximating sequence g; available, namely

g(k) if [k| <4,
(k) =
95 (k) {0 otherwise.

This makes g; € C*(T™) a sequence of partial sums for the Fourier series Y, ;. e2™*7g(k), so
the conclusion is that this series converges to § in the L?-norm. It clearly cannot be expected to
converge uniformly since § € L?(T") is not generally continuous, and there is also no guarantee of
pointwise convergence, not even almost everywhere. The compositions .#*.% : C*(T") — C*(T")
and F.7* . S (L") — S (Z"), of course, each extend to L2(T") — L?(T") and ¢*(Z") — (*(Z")
respectively as the identity map. We summarize this discussion as follows.

COROLLARY 10.7. The transformations # and F* defined in (10.5) and (10.7) give well-
defined unitary maps'® L?(T") — (2(Z") and (*(Z™) — L*(T™) respectively, where in the latter
case, the series should be interpreted as an L?-convergent (but not necessarily pointwise convergent)
series of functions in L>(T™). Moreover, these two transformations are inverse to each other. [

In light of Exercise 10.4, another way to say this is as follows:

COROLLARY 10.8. For any orthonormal basis v1,...,vm of (V,{, )), the functions
2mik-x
{e vj}keZn, j=1,....m

form an orthonormal basis of the Hilbert space L?(T™). O

The remainder of §10 is concerned with the proofs of Theorems 10.5 and 10.6, and along the
way, we will prove some relations between the Fourier operations and differentiation which are
frequently useful in applications.

10.4. Fourier series and derivatives. If one ignores the words “bijectively” and “onto,”
then the first statement in Theorem 10.5 becomes an easy consequence of the following exercise.

EXERCISE 10.9. Use integration by parts to show that for every f € CY(T"), k = (k1,...,k,) €
Z" and j=1,...,n,
6jfk = 27Tikjfk.

Recall from §4.3 that a multi-index in n variables is an n-tuple « = (s, .. ., «;,) of nonneg-
ative integers, and we denote its order by |a| := a3 + ... + ay,. This gives rise to the differential
operator

0% =07 ... o0
of order |a] for functions on R™, as well as a complex-valued polynomial function of z = (z1,...,2,) €
C"™ defined by

a._ o Qn
U=z 2"

For f € C*(T™), repeating the formula in Exercise 10.9 finitely many times now yields
(10.10) 0 f, = (2mik)™

for any multi-index a.

19A linear map T : H — H’ between two Hilbert spaces is called unitary if it is an isometry, i.e. (Tz, Ty) =
{z,y)y for all z,y € H. Such maps also satisfy |Tz| = |z| for all z € H, hence they are continuous.
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PROOF OF THEOREM 10.5, PART 1. Assume f € C®(T"), and choose any multi-index a.
Since 0 f is bounded and T" has finite measure, 0“ f also belongs to L'(T"), implying in light of

(10.6) that oo f € 1> (Z™). The relation (10.10) then implies that
ke — 1
[ — T [ —— ]
(2mi)lel o I (27i)le] Tk
is bounded independently of k € Z™. Since this is true for every multi-index «, it follows that

k— P(k)fk is a bounded function Z™ — V for every polynomial P, hence fe L(Z).
We’ve proved:

E*fr, =

F(C*F(TV) ¢ L(Z").
0

The next exercise is an easy application of the standard theorem on term-by-term differen-
tiation of infinite series—the point is that whenever g € ¢}(Z"), the partial sums of the series
Y pezn €277 g(k) converge uniformly with respect to z € T™.

EXERCISE 10.10. Given a function g : Z" — V and j € {1,...,n}, let g; : Z" — V denote the
function defined by g;(k) := k;g(k) for k = (k1,...,kn) € Z™. Show that if g and g; both belong
to £Y(Z™), then § : T" — V is continuous and has a continuous partial derivative 0;§ : T" — V
given by

0;g(x) = 2mig;(x).

PROOF OF THEOREM 10.5, PART 2. We consider the second statement in the theorem: sup-
pose g € .Z(Z"™). Then the function k — k*g(k) also belongs to . (Z™) for every multi-index «,
and is therefore in ¢1(Z™). Tterating the result of Exercise 10.10 finitely many times then proves
that for every multi-index «, 0“¢ exists and is continuous and is given by

(10.11) 0%y = (2mi) gz,
where g, : Z™ — V is given by g¢,(k) := k®g(k). In particular, § : T® — V is smooth.

We’ve proved:
F*(L(Z™)) c C*(T").

The main remaining step in the proof of Theorem 10.5 is to show that
FT* |y(Zn) = Idy(Zn) and y*ﬁbm(w) = Idcac(’ﬂ‘n) .

We have already proved the first relation, as a consequence of the L?-orthonormality of the func-
tions ¢k. We shall prove in §10.6 that the relation #* f = f holds for f € C*(T™). As preparation
for the latter, we first need a quick digression on the topic of approximate identities.

10.5. Approximate identities. In §8.4, we considered sequences of smooth functions p; :
R™ — [0,00) that approximate the so-called “Dirac j-function”. In the context of fully periodic
functions, the analogous object to ¢ : R — [0, ) would be a nonnegative function ¢ on T™ that
satisfies

J’ o(x)d(z)dr = o(0) forall e C*(T™).

If such a function existed, it would need to be identically zero on T™\{0} and have an infinite value
at 0, so § cannot be understood as a function in the classical sense, though one can make sense
of it as either a measure or a distribution (i.e. a “generalized function”, see §13). What is perhaps
more important in many applications is that one can approzimate it with actual smooth functions.
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DEFINITION 10.11. An approximate identity on T" is a sequence p; : T" — [0,0) of
nonnegative smooth functions such that for every ¢ € C*(T"),

lim | py(@)e(e) dr = o(0).

J0 Jrn

REMARK 10.12. The convolution of two functions on T" is defined analogously to functions
on R", by

(f =g)(z) = - flz —y)g(y) dy,

where © —y € T" = R"/Z"™ makes sense for z,y € T" since the lattice Z" is a subgroup of R”
with respect to vector addition. One can again use a change of variables to show f*g = g = f
(cf. Exercise 8.6). The defining property of an approximate identity thus implies that for any

feCH(Tm), (pj = (@) = (f = pj)(@) = §pu f(x —y)pi(y) dy — f(2), so
(10.12) p; * f — [ pointwise for f e C*(T").

The term “approximate identity” refers to the ring structure on L!(T") defined via the convolution
operator. If a 6-function “§ := lim;_,, p;” existed, then it would satisfy § + f = f +d = f for every
smooth function f, thus it would define an identity element in the convolution ring.

The next result describes one of several simple tricks for finding examples of approximate
identities.

PROPOSITION 10.13. Suppose p : T" — [0,0) is a smooth function satisfying p(0) = 1 and
p(z) <1 for all x # 0 € T", and for each j € N, let ¢; := {..[p(x)]? dx > 0. Then the sequence
p; : T" — [0,00) defined by

s an approximate identity.

PrOOF. Let Bs(0) < T™ denote the open ball of radius § > 0 about 0 € T™. We claim that for
every 6 > 0,

L p@de—o
To\B;(0)

as j — . Indeed, p < 1 on the compact set T™\B;(0), thus p < b on this set for some constant
be (0,1). Choose a € (b,1): then since p(0) = 1, there also exists a ¢’ € (0,d) such that p = a on
B(;I(O) This 1mphes

G = J [p(x)) dz > J’B (0) [p(2)) dz > a’m(By (0)),

thus

() de = L A de < 2UTMB5(0))
ﬁrn\B&(o) pi(w)d cj T"\Bs(o)[p( )} de < aim(Bs (0))
) (9)]‘ m(T"\B5(0))

a m(Bg/(O))

— 0.
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Now given f e C*(T™) and any e > 0, choose ¢ > 0 such that |f(x) — f(0)| < e for all z € Bs(0).
Since (., pj(x)dz =1 for all j by construction, we then have

Jn pi(x)f(z) dx — f(o)‘ _

| pi@ 1@ - 1)) da

<[ pi@1f@ - 10)]do
[ p@l@ Ol [ @) If@) - (O] de
B5(0)

T™\ By (0)

< E_[ pj(x)de +2max |f(z) pjlx)dx
Bs(0) zeT™ T™\B5(0)

< e+ 2max |f(z)] pi(x)dx — e asj— oo.
zeT™ T7\Bs(0)

Since € > 0 can be chosen arbitrarily small, this proves (., p;(z)f(x)dz — f(0). O

If the §-function existed, its Fourier coefficients would have to be 05 = §, e72"**§(z) dz = 1
for all k € Z™, giving rise to the formal expression

(10.13) S(z) =), ermike,
kezZn

Both sides of this formula are nonsense mathematically, but it is worth remembering anyway, as
it encapsulates two rigorously provable statements about Fourier series of approximate identities:

LEMMA 10.14. For any approxzimate identity p; : T™ — [0, ), the Fourier coefficients (p;)i €
C satisfy a uniform bound |(p;)k] < C for some constant C' > 0 independent of j € N and k € Z™,
and im;_,o.(p;)x = 1 for all k.

PRrROOF. The convergence (p;)r — 1 as j — oo follows immediately from the formula (p;), =
STn e’QWik'xpj (z) dx and the defining property of an approximate identity. In particular for k =
0 € Z", we have lim;j_,.(p;)o = 1, so there exists a bound (p;)o = §;. pj(x) dr < C independent
of j. Then

[(P)k| < J |e72m % p; ()] d < J pj(x)de < C
holds for every j € N and k € Z"™. O

LEMMA 10.15. There exists an approzimate identity p; : T — [0, 00) that is equal to its own
Fourier series for every j, i.e. it satisfies F*Fp; = p;.

PROOF. Define §: T! — [0,0) by A(t) := <=CTH anq p: T — [0,00) by

p(xla' "73:71) = ﬂ(xl) ﬂ(xn)a

and let p; denote the approximate identity described by Proposition 10.13 in terms of this particular
choice of p. Since § is a complex linear combination of e?™ and e 2™, p is a finite linear
combination of functions from the orthonormal set {(}rezn, and the same is therefore true of all
its powers [p(x)]? for j € N. This proves that p; is equal to a finite Fourier series for every j. [

10.6. Completeness. We are now ready to prove that ﬁ*f = f for every f € C*(T").
Let us first describe an informal “physicist’s version” of the proof, in which we refuse to worry
about annoying analytical issues like integrability, convergence, and whether the §-function actually
exists. The main tool needed for this is Fubini’s theorem, which we apply for functions on T™ x Z"
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with the product of our Lebesgue-type measure m on T™ with the counting measure v on Z™. For
f e C*(T™), we compute:

~

(ﬁ*f)(:c) _ Z e27rik-xfk de = J e2mik-x (J 672m’k-yf(y) dy) dl/(k)
kezZn " "
= J’ eQm‘kA(w—y)f(y) dim(y) @v(k)) = J < Z e2mk.(;c—y)f(y)> dy
VAL n \ pezn

_ 6271'1']0(:67@/) _ T — _ T —
[ n<2 )f(y)dy | se=nrwar= [ sa=wiway

keZn
= f().

Several steps in this derivation are formal manipulations that cannot be taken literally. The
interchange of the integral and the summation is meant to be a result of applying Fubini’s theorem
to the function (y, k) — €27 (==¥) f(y) on T™ x Z", though unfortunately, the latter is not (m®uv)-
integrable. The d-function then appears due to (10.13), and from there we apply a straightforward
change of variables followed by the defining property of the §-function.

The way to make all this mathematically precise is by introducing the Fourier coefficients of an
approximate identity p; in the second line. This will make the function on T™ x Z" integrable and
thus produce a mathematically correct formula, which converges to the desired formula as j — 0.

PrOOF OF THEOREM 10.5, PART 3. Assume f e C*(T") is given. By Lemma 10.15, we can
choose an approximate identity p; : T" — [0, 00) that equals its own Fourier series for every j,
and by Lemma 10.14, its Fourier coefficients are uniformly bounded and converge to 1. Since
pj is smooth, the function k — (p;)x on Z™ belongs to .7 (Z") < (*(Z™), so that the function
F:T" xZ™ — V given by

F(y,k) := 2™ 7e =270 (5i), f(y)
satisfies
[E'(y, )| < 12| - 1f (W),

and is therefore (m®uv)-integrable as a consequence of Fubini’s theorem for nonnegative measurable
functions. We can then apply Fubini’s theorem for integrable functions, giving

Z eQm’k‘w(ﬁj)k (J e—QTrik‘yf(y) dy) :J <Z e2mk.(;c—y)(/3j)k> fy)dy.
kezZm " " \kezr

The left hand side of this expression is >, ;. eka‘w(ﬁj)kfk, and since [ € Lz < 1(zZ),
Lemma 10.14 implies via the dominated convergence theorem (applied on Z™ with the counting

measure) that this converges to (F* f)(z) as j — oo. Since each p; is equal to its Fourier series,
the right hand side is

| it =twdy = (5 @),

which converges in turn to f(x) by (10.12).
We’ve proved:
Fr*Ff=f forall feC™(T").
U

PROOF OF THEOREM 10.5, CONCLUSION. The first three statements in the theorem have al-
ready been established, so it only remains to verify that for ¢ € (Z"), the Fourier series
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Srezn €™ %% g(k) converges uniformly and so do its derivatives of all orders. The uniform conver-
gence is clear since ./(Z")  ((Z™). Applying an arbitrary differential operator 0% to the terms
of the series changes the coefficients to (—2mik)®g(k), and this function of k is still in .(Z"), so
the resulting series also converges uniformly. g

10.7. Parseval’s identity. The proof of Theorem 10.6 is based mainly on the observation
that . and &#* are adjoint operations.

LEMMA 10.16. For every f e C™(T™) and g € /(Z"™),
(9: F [ree ={F¥g, [)r2

PrOOF. We again use Fubini’s theorem for a function on T" x Z" with the product measure

mQu:
@70 = ¥ (o [ ees@an) = 3 ([ e @)
kezZn " kezn \JT"
[ e, f@) dm(z) @v(b)
T xZm™
- [ (S gm. @) o= [ {5 o, o) yds
" N kezn "\ pezn
= | @), f(x)de ={(F*g, [
’]I’IL
Here the use of Fubini’s theorem is justified since f is smooth and ¢ is rapidly decreasing, so
(z, k) > |e 2™ *2{g(k), f(z))| < |g(k)|- | f(z)| defines an integrable function on T" x Z™. O

ProoF oF THEOREM 10.6. For f,g € C*(T™), we have j?,ﬁ € S (Z"™), so Lemma 10.16 and
the fact that % and .#* are inverses gives

Fope =T £, T gy = f, FF* 12 = {f, 1.

11. The Fourier transform

11.1. The Fourier transform on the Schwartz space. In this section we again assume
(V,{, ») is a finite-dimensional complex inner product space, but we now consider functions
f:R™ — V that are not periodic. One cannot expect these to be expressible in terms of the fully
periodic functions o (z) := €2 for k € Z". On the other hand, if the periodicity condition is
dropped, then the oscillatory function ¢y is well defined on R™ for every k € R™, and it is natural
to wonder whether arbitrary functions on R™ can be regarded in some sense as linear combinations
of oscillatory functions of this type. Since k can now take uncountably many distinct values, our
notion of a “linear combination” needs to be expanded for this discussion: instead of trying to write
f(x) as a series, we would now like to write it as an integral

(1L f@) = [ ey dp

for some function f :R™ - V| called the Fourier transform of f. Our discussion of the Fourier
transform in this section will closely parallel that of the Fourier series, but it is in some respects
more elegant, as the theory of the Fourier transform exhibits a certain symmetry that is lacking in
the periodic case. This is evident when one sees the formulas for the transformations .% and .7 *,
each of which converts a function R® — V into another function R® — V: for any class of functions
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f,9 : R® > V such that the following integrals converge, we define the Fourier transform of f
and Fourier inverse transform of g respectively by’

(112 (FN0) = Fw) = | e
and
(113) (F*9)(@)i=(a) = [ P g(p)dp,

Both are clearly well defined if f,g € L'(R"), in which case 7 and § are both bounded functions;
in fact, one can easily show via Theorem 4.5 that in this case they are continuous, so that .% and
Z* each define bounded linear operators

F,F*: L'R") — CP(R™).

Recall from §4.3 that Cp(R") is the Banach space of bounded continuous functions on R™, with
the usual sup-norm?!

| fllco == sup |f(z)].
xeR"™

Before we can discuss in what sense these two operators are inverse to each other, we must introduce
suitable function spaces on which they will both be bijective. In the setting of Fourier series, this
role was played by the spaces C*(T") and #(Z™). In the present setting, we need a single space
of functions on R™ that combines features of both of these.

DEeFINITION 11.1. The Schwartz space .(R"), also known as the space of smooth and
rapidly decreasing functions, consists of all smooth functions f : R™ — V with the property
that for every pair of multi-indices o and 3, the function R” — V given by %9 f(x) is bounded.

EXERCISE 11.2. Show that a smooth function f on R™ belongs to .#(R") if and only if for
every multi-index a and every k € N, there exists a constant C' > 0 dependent on « and k such
that

[0%f(z)| < _¢ forall xzeR"
T+ | '

EXERCISE 11.3. Show that .(R™) < LP(R") for every p € [1,00], and for every f € .7(R")

and every multi-index «, the functions 0% f and x — x®f(x) also belong to .7 (R"™).

The next two theorems are the main results we aim to prove in this section about the Fourier
transform.

THEOREM 11.4. The transformations F and F* each map S/ (R"™) bijectively to itself, and
they are inverse to each other.

THEOREM 11.5 (Plancherel’s theorem). For every f,g € .7 (R™), {f, g>r2 = <f, re2.

20The literature contains several differing opinions on where the factor of 2r should appear in (11.2) and (11.3).
Our convention is the same as in [LL0O1,DM72], but many books omit it from the exponent, at the cost of having
to insert some power 1/27 (depending on the dimension) in front of one or both integrals. A professor of mine once
told of a lecture on Fourier analysis in which the speaker had solved this problem right at the beginning by saying,
“Let 2mr = 1.7

21Unlike the norm for continuous functions on the compact space T", the supremum in the definition of | ] o
need not be achieved for continuous functions on R™, and CP(R™) does not contain all continuous functions on R",
since not all of them are bounded.
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In particular, the linear operators .%#,.#* : Z(R") —» (R") are isometries (and are there-
fore continuous) with respect to the L?-norm. The Schwartz space contains the space of smooth
compactly supported functions, which is dense in L#(R™), thus .#(R") is also dense in L?(R™), so
this result implies:

COROLLARY 11.6. The operators &, F* : S (R™) — L (R"™) admit unique extensions to uni-
tary isomorphisms L?>(R™) — L*(R") such that F* = F 1. O

PROPOSITION 11.7. For f € L*(R"™) n L2(R"), the definitions of Z f and .F*f in (11.2) and
(11.3) respectively agree (up to equality almost everywhere) with their definitions as described in
Corollary 11.6 via Plancherel’s theorem and the density of .7 (R™) c L*(R™).

PRrROOF. To avoid confusion, let us denote by le and sz the two possible definitions of f

as defined via (11.2) or via the density of .(R") ¢ L?(R"). We claim first that there exists a
sequence of smooth compactly supported functions f; € Ci (R™) that converge to f in both the L!-
and L?-norms. Indeed, choosing an approximate identity p; : R™ — [0, o0) with shrinking support
as in §8, the smooth functions p; # f converge to f in both L' and L? according to Theorem 8.14,
and one can then define f; by multiplying these by suitable compactly supported cutoff functions
as in the discussion preceding Corollary 8.2. With this sequence chosen, the functions f; € C3"(R™)

also belong to Y(R”) so the L?-convergence f; — f implies that fJ converges in L? to sz and it

follows that f ; also has a subsequence converging pointwise almost everywhere to fL2 But since
Z : LY(R™) — CP(R™) as defined by (11.2) is a bounded linear map, the L!-convergence f; — f

implies addltlonally that f ; converges uniformly to the continuous function f 1. This can only be
true if le = f 12 almost everywhere. A completely analogous argument works for .7 *. O

For a function f € L2(R™) that is not in L!(R™), the formula for f in (11.2) does not strictly
make sense, because the integral does not converge, but the continuity of % : L?(R") — L*(R"™)

means that one can define f as the L2-limit of the L?-Cauchy sequence f] e CP(R™) for any
sequence f; € L'(R"™) n L?(R™) converging in L? to f. Exercise 11.9 below describes a reasonable
trick for carrying this out in practice.

REMARK 11.8. If f € L2(R") but f ¢ L*(R"), then f and f are not functions, strictly speaking,
but rather equivalence classes of functions up to equality almost everywhere, so their values f(p)

and f(p) at individual points p € R™ are not well defined. In contrast, f(p) and f(p) are well
defined for every p € R” via the integrals (11.2) or (11.3) if f € L'(R").

EXERCISE 11.9. Show that for f, g € L?(R™), the following conditions are equivalent:

(1) f = g almost everywhere;
(2) There exists a sequence R; — oo such that lim;_,, SBR e 2™ f (1) dx = g(p) for almost
i
every p € R". (Here Br c R™ denotes the ball of radius R about the origin.)
Hint: Multiply f by characteristic functions to define L?-close approximations that are also
in L*(R™).

11.2. Fourier transforms and derivatives. For f € L!(R"), the function e 2™ f(z) is
continuous with respect to p and also, as a function of xz, bounded for every p € R™ by the fixed
Lebesgue-integrable function |f| : R™ — [0,0). Viewing f(p) as a parameter-dependent integral
and applying Theorem 4.5 (and similarly for f(x)) thus proves:

PROPOSITION 11.10. If f € L'(R™), then Z f and F*f belong to C?(R™), and the resulting
maps F, F* : LY(R") — C(R™) are bounded linear operators. O
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EXERCISE 11.11. Use integration by parts and/or Theorem 4.5 to establish the following
analogues of Exercises 10.9 and 10.10:

(a) Suppose f € LY*(R™), f has a continuous partial derivative d;f : R — V that also
belongs to L'(R™) for some j = 1,...,n, and f “decays at infinity” in the sense that
limp— o SUp epm g, [f(2)] = 0, where Bg < R" denotes the ball of radius R about
0 € R™. Then

@Tf(p) = 27ripjf(p) and 5]?(30) = —Qwixjf(m)
for each p = (p1,...,pn) € R® and = = (21, ...,z,) € R™.

(b) Given f:R™ —» Vand j € {1,...,n},let f; : R™ — V denote the function f;(z) := z; f(x)
for x = (21,...,7,) € R". If f and f; both belong to L'(R"), then f,j?: R™ — V are
continuous and have continuous partial derivatives 0; ]”/ , 05 f :R™ — V given by

0;f(x) = 2mif;(x) and  8;f(p) = —2mif;(p).

If f € S(R"), then the conditions in both parts of Exercise 11.11 are satisfied and the formulas
may be iterated arbitrarily many times, proving that for every multi-index «,

0 f(p) = (2mip)*f(p),  0°f(x) = (—2mix)* f(x),
0 f(x) = @r)ll fu(z),  0°f(p) = (—2m0)1Fa(p),

where fo(z) := 2% f(z). Implicit in the last two formulas is that 0°f and 0°f exist for every o,
i.e. in this case, f and f are also smooth.

(11.4)

PRrROOF OF THEOREM 11.4, PART 1. For f € #(R"), we have already shown above that fis
smooth, and for each pair of multi-indices a, 5 0% f satisfies

~ . _oxi)lel _ _oriylal
B9 Fip) = pB(—omi)lel T (p) = 2T o Ve Ty _ (2210 o3
PROfp) = P (=2m) " falp) = g 2ip) fa(p) = =G niEr 07 falp):
By the definition of the Schwartz space, f, and 0° f, also belong to .#(R™), so in particular, the
latter is in L'(R™) and its Fourier transform is therefore bounded. This proves f € .%(R"™). One
shows in the same manner that f € #(R™), so we have proved:

FZ(SRY) c SR") and F*(FS[R") c S (R").
]

11.3. The Gaussian. One class of functions in .(R™) whose Fourier transforms can be
computed explicitly are the Gaussians, i.e. functions of the form Ae—<l=l” for constants A,c> 0.
The computation carried out in this subsection is more than just an amusing exercise: the proof
of the inversion formula in §11.5 will require an approximate identity with particular properties,

and Gaussians furnish the most convenient construction of such an object.

PROPOSITION 11.12. For any constant a > 0, the function f(x) := e @lel” op R™ satisfies

~ - 7.‘.n/2

f(x) = flx) =

ProoOF. By Fubini’s theorem,

o—(w/a) |2l

an

~ —a2(r2 "2 _ (s oo _a2.,2 —a2r2 _oos J, PN,
f(p) — J e~ (;cl-‘r...-‘mtn)e 27i(p1x1+...+PnTn) dr = J, e~T T T, 27ip1 T e 2TiPn T dz
n

n

—a2r2 _orini oy —a2.2 _ )
(J e a J,le 2mip1T1 d11> L (J e a J,”e 27Pn Ty, dl‘n> ,
—0 —0
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~

thus it will suffice to prove that the stated formula for f is correct in the case n = 1. Consider
2,2
f(x) :=e7%* on R. Instead of computing the integral

ve}
i) = j emats® o=2rips gy

—0

explicitly for every p € R, we shall identify the function f as the unique solution to a certain initial
value problem. For p = 0, we have

f(0) = J e dy = EJ, e du = ﬁ,

— aJ_., a

which follows via the substitution « = ax and the well-known formula, Si” . e du = /7. Applying
(11.4) and then integrating by parts, we also have

o*0 . o
T o —a222 —9ri 1T " d _ 2 2 o
—2mixf(p) = —277er e T T AT (g — (e ar ) e TP g

—0

N ir (7 d
f'(p) 2 @
2

~

. 0
(6—271'sz,) dr = % A 27mpf e a2J,2e 2mipx dr = — 07; pf(p),

LT *© —a22 d
- e d_
a 0 X a 0

in other words, f : R — C satisfies the initial value problem

df N
L amaref,
ap

j0) = yr/a.

The unique solution to this problem is f (p) = VT o= (m/a)*p?

a

O

Since f is a real-valued function, f is the complex conjugate of f, which is f itself.
COROLLARY 11.13. The Gaussian f(x) = e~ @12 with a > 0 satisfies F*Ff = FF*f =
f. O

11.4. Approximate identities revisited. If the Dirac d-function § : R™ — [0, c0] were an
actual function in #(R™), its Fourier transform would be

g(p) = f e 2P (x) de = 1,
leading to the slightly nonsensical formula
(11.5) o(z) = f 2T dp,

As with most things involving the J-function, one can make mathematical sense of this formula
in terms of approximate identities, and the proof of the Fourier inversion formula in the next
subsection will require the existence of an approximate identity for which the inversion formula is
known to hold. For our purposes in this context, “approximate identity” means the following:

DEFINITION 11.14. A tempered approximate identity on R” is a sequence p; : R™ — [0, 00)
of nonnegative functions in . (R") such that for every p € S/ (R"),

(11.6) lim pi(x)p(x) dr = ¢(0).

J—>0 R™
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Note that the assumption p; € #(R") implies that the convolution p; * f is a well-defined
function R" — V for every f € #(R"™), and (11.6) then implies (p; = f)(x) = (f = pj)(x) =
$gn f(@ = 9)p;j(y) dy — f(x), hence
(11.7) p; * [ — f pointwise for f e S (R").

LEMMA 11.15. Suppose p : R" — [0,0) is a smooth function satisfying {3, p(x)dx = 1. Then
the sequence p; : R™ — [0, 00) defined by

pi(z) = j"p(jz)
satisfies (11.6) for every bounded continuous function ¢ : R" — V.

PrOOF. We use the change of variables y := jx to write

| p@e@ e = | stwetu/idv

Since ¢ is bounded and continuous, the integrands on the right converge pointwise as j — oo
to ¢(0)p and are uniformly bounded by a constant multiple of the integrable function p. The
dominated convergence theorem thus implies that the integrals converge to {;, ©(0)pdm = ¢(0).

g

LEMMA 11.16. There ezists a tempered approzimate identity p; € . (R™) with the following
properties:

(1) F*p; = p; for every j;
2) The functions p; satisfy a uniform bound |p;| < C for all j and converge pointwise to 1.
Pj Pj

PROOF. Set p(z) := ﬁe*m? and use this to define p; as in Lemma 11.15. Then p; is a
Gaussian for every j, so both p; and p; are in .#(R"), and Corollary 11.13 implies .F*p; = p;.
Applying Lemma 11.15 with the bounded continuous function f(z) = e 2™ for each p € R™, we
also have

lim p;(p) = lim eIy (x) dr = 1

Jjow Jo% Jrn
and
05 < lpjllr = ol = 1,
where a quick computation via change of variables gives SRn pjdm = SRn pdm. Alternatively, these
last two statements also follow from the explicit computation of p; in Proposition 11.12. O

11.5. The Fourier inversion formula. We can now prove that the operators .% and .#*
on . (R™) are inverse to each other.

The “physicist’s proof” that F* f = f works via the following adventurous application of
Fubini’s theorem:

~

F N = [ i = [ e ([ e a) a

_ J eQm’p‘(w—y)f(y) dy dp = f (J eQwip(:c—’!/)f(y) dp) dy
Rn xR® " "

= J (J’ 27 (v—y) dp) fly)dy = N Sz —y)fly)dy = N flz—y)s(y)dy
= f(z).

Here the é-function appears due to the formal relation (11.5), and something clearly must be
modified to justify the use of Fubini’s theorem since (y,p) — 2™ (*=%) f(y) is not an integrable
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function on R™ x R™ for any « € R™. In analogy with §10.6, the remedy is to multiply this function
by the Fourier transform of a tempered approximate identity p; € .#(R™), and then take the limit
of the resulting relation as j — oo.

PrOOF OF THEOREM 11.4, CONCLUSION. Given f € Z(R"), we need to show ﬁ*j? = f.
Choose a tempered approximate identity p; with the properties listed in Lemma 11.16. We then
have p; € L'(R™), and for every x € R", the function F : R™ x R" — C given by

F(y,p) :=e"Pe™™PV5;(p) f(y)

is therefore integrable. Applying Fubini’s theorem to the integral of F' over R™ x R™ now gives

J” e27rip-xi)\j(p) (J ) eQﬂip'yf(y)dy> dp — J,” (J, ) 627rip~(zfy)ﬁj(p) dp) f(y) dy

The left hand side is §;,, e*™7“p;(p) F (p) dp, which converges via the dominated convergence theo-
rem as j — o0 to g, 222 f(p) dp since f € .#(R") c L*(R™) while (by Lemma 11.16) p; is uni-
formly bounded and converges pointwise to 1. The right hand side is likewise {,, p;(z—y)f(y) dy =
(p; * f)(x), which converges to f(z) by (11.7). We’ve proved:

FEFf=f forall f[feSR").
An almost identical argument proves .#.#* f = f for all f € . (R"). O

11.6. Plancherel’s theorem. With the Fourier inversion formula in hand, Plancherel’s the-
orem will follow easily from the observation that % and .#* are adjoints:

LEMMA 11.17. For every f,g € ./ (R"™),
(9, F frrz ={F*g, [rr=.

PROOF. Since f and g are both in . (R") < L'(R™), the function (z,p) — |e 2" %{g(p), f(x))] <
lg(p)| - | f(2)| is integrable on R™ x R™, so Fubini’s theorem gives

9, F Pr> = Jn <9(p), (JRn €72 f (1) d:c) >dp = J ( Rn(Q(p),e”””“f(:c»da:) dp
- [ seim@ene) = [ ([ o seip)

= [ ([ eawa @) yao = [ @), rohyde = (50, 0o
O

Proor oF THEOREM 11.5. For f, g € /(R"™), the Fourier transforms f, g are also in .7 (R™),
so Lemma 11.17 together with the relation .#.7* = Id gives

oddre =(F*f, T e = f, FF*g12 = {f, 92
O

11.7. Convolutions. If f and g are functions of class L' and L? respectively on R” and
at least one of them is assumed to be scalar valued (so that pointwise products f(z)g(x) are
well defined), then Young’s inequality (Theorem 8.8) implies that the convolution f # g is a well-
defined function in L2(R"). Since f, f € CY(R") and g, g € L?*(R™) in this situation, the pointwise
products f@ and f§ are also well-defined functions in L2 (R™), and the formulas in the following
result therefore make sense:
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THEOREM 11.18. If f € LY(R™) and g € L?>(R™), then F(f % g) = 74 and F*(fxg) = fg
almost everywhere.

ProOF. We focus on the formula for % (f = g), as the same argument works for Z*(f = g). If
f,g € L*(R"), then the formula is a straightforward application of Fubini’s theorem, which we leave
as a (highly recommended!) exercise. To extend this result to general g € L?(R™), one can choose
a sequence g, € .7 (R") with g, — gin L?: then f/*—ac = fg since Z(R") ¢ L'(R"), and Young’s

AL2

inequality implies f # g, — f * g in L?, hence by Plancherel’s theorem, f@k =frg, > m At
the same time, f € CP(R") and Plancherel’s theorem also implies g, — ¢ in L?, thus fgx also
converges in L2 to fg. O

There are two analogues of Theorem 11.18 for fully periodic functions and Fourier series. We
defined in Remark 10.12 the convolution of two periodic functions f and g as an integral over the
torus T™. There is a similar definition for functions on Z", with Lebesgue integration replaced by
summation (i.e. integration with respect to the counting measure): for two functions f,g on Z"
such that at least one is scalar valued, we write

(fxg)(k) = D) flk—7)g(i).
jezn
This is considered well-defined for a given k € Z™ if and only if the sum on the right hand side
converges absolutely.

EXERCISE 11.19. Adapt the proof of Theorem 8.8 to show that Young’s inequality also holds
for functions on T™ and Z", that is:
(a) For any f € L'(T") and g € LP(T") with 1 < p < o, (f *g)(z) is defined for almost every
x € T" and determines a function f = g € LP(T") such that | f = g|lze < ||fllz: - |glLe-
(b) For any f € ¢*(Z") and g € (P(Z") with 1 < p < o0, (f # g)(k) is defined for all k € Z"
and satisfies [f = gl < [ fler - g]er-

EXERCISE 11.20. Prove the following analogues of Theorem 11.18 for Fourier series:
(a) For any f,g € L'(T"), the Fourier coefficients of f + g € L'(T") are given by mk =
Frdn-? )
(b) If f € C°(T™) and g € L*(T") have Fourier coefficients f € ¢1(Z™) and § € ¢?(Z™), then
the Fourier coeflicients of fg are given by ]/”Qk = (f* 9k-

The following amusing variation on Theorem 11.18 will be useful in our discussion of nowhere
differentiable functions in the next subsection. Suppose f is a fully periodic function on R”,
expressed as a Fourier series f(z) = .5 €2™#7 fi.. This function does not belong to LP(R™) for
any p < oo unless it is zero almost everywhere, thus we cannot define a Fourier transform for f in
the usual sense.?? In the following paragraph, we shall ignore this difficulty as we did in the initial
“physicist’s proofs” of Theorems 10.5 and 11.4, thus the reader is asked to temporarily suspend
all skepticism about issues like convergence, interchange of summation and integration, and the
existence of the Dirac §-function. The logical gaps will be filled in subsequently.

With this understood, let us pretend that f is a well-defined function on R™ given by the usual

~

formula f(p) = §g, e *™P? f(x)dz. To write it down more precisely, observe that the inverse

22We are not mentioning the case g € L2(T™) here because it is redundant: since T? has finite measure,
L2(T™) < LY(T™).

23A function f ¢ L2(R™) may nonetheless have a well-defined Fourier transform that is not a function but a
tempered distribution; see §13.6. This notion can be used to give rigorous meaning to formulas like 1= 4, though
it is not required for the present discussion.
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Fourier transform of the (fictional) Dirac d-function is given by 4(z) = §pn €T T5(p)dp = 1,

so applying the Fourier inversion formula gives the formal relation 1= 6, or in verbose form
(cf. (11.5)),

(11.8) d(p) = f i eI g,

This suggests the formula

(11.9) J?(p) :J e~ 2mipx Z e27rz'k.xf’\k dr = Z (J e~ 2mi(p—k)w dx) J?k _ Z §(p— k)ﬁf
kezn kezZn " kezZn

The support of this “function” is Z" since d(p) = 0 for all p # 0. Now for a given k € Z™, choose
a smooth compactly supported function QZ : R™ — [0, 1] that satisfies @(k) = 1 and has no other
points of Z™ in its support. We have labeled it $ because, as an element of . (R"), zg is the Fourier
transform of another function ¢ € .#(R™). The product of ¥ with the right hand side of (11.9) is
o(p — k)fk, which is formally the Fourier transform of eg’rik'”ﬁc, i.e. a single term in the Fourier
series for f. Since products of Fourier transforms are Fourier transforms of convolutions according
to Theorem 11.18, we can take this formal discussion as motivation for the formula

(11.10) (¥ * f)(z) = ™ fy.

In contrast with several other questionable things that have been said in this paragraph, (11.10)
does not look at all implausible, e.g. both sides are smooth bounded functions on R™ (for the left
hand side this follows from Theorem 8.7 and Young’s inequality since 1 € .(R") < L'(R") and
f € L*(R"™)). Let us now give a rigorous proof.

LEMMA 11.21. SuppAose f is a continuous fully periodic function on R™ with absolutely summa-
ble Fourier coefficients f € (1(Z"™), and 1) : R™ — C is the inverse Fourier transform of a function
¥ e S (R) with (k) = 1 for some k € Z" and (k') = 0 for all k' € Z"\{k}. Then (11.10) holds.

PRrOOF. The reversal of summation and integration in the following computation is justified
by the dominated convergence theorem since ‘w(y) ZjeZn 62m'j-(zfy)fj‘ < [0(y)] - ||f||el and ¢ €
L (R") ¢ LY(R"):

(¢ f)(x)

s ) (z) = v _ Q2mig-(zy) 7,
(Fe0@ = [ fe=—niwa= [ v Y i) dy

jezn
_ Z e2mijew ( w(y)672ﬂ'ij~y dy) J’EJ _ Z eQmj'xzz(j)]?j _ e27rik-xf’\k.
jezn R™ jezn

O

11.8. Nowhere-differentiable functions. Fix constants a,b > 1 and consider the function
f: R — C defined by

o0
-5 1 Sk
11.11 = ) it
(11.11) fa)i= Y, e
k=0
Since Z;f:o a% < 00, the partial sums of this series converge uniformly to a continuous function. If

b e N, then f is periodic, and (11.11) is an expression of its Fourier series. Differentiating it term
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by term gives

Lok Lk
(11.12) f(x) =2mi Y] Jemb e

k=0
a formula that should be taken with a grain of salt until we have investigated whether the right
hand side converges. In fact, the series converges absolutely and uniformly if b < a, and it follows
in this case that f is indeed continuously differentiable. The interesting question is what happens
when b > a.

THEOREM 11.22. Ifb > a > 1, then the function f in (11.11) is not differentiable at any point.

Up to unimportant details such as the factor of 27 in the exponent, the real part of f is the
function that was introduced by Weierstrass in 1872 as the first published example of a continuous
but nowhere differentiable function. It was later [Ban31,Maz31] shown that, while such functions
are typically not so easy to write down, they are not at all unusual, e.g. the subset of C°([0,1])
consisting of nowhere differentiable functions is dense, and even better, it is comeager, meaning it
is a countable intersection of open and dense subsets.?* In other words, “almost all” continuous
functions are nowhere differentiable in some quantifiable sense.

The version of Theorem 11.22 proved by Weierstrass included the extra conditions that b is an
odd integer and b/a > 1+ %77', which are not necessary. In the form stated here, Theorem 11.22 is
due to Hardy [Har16], and our proof below is adapted from [Joh10].

Some initial intuition for Theorem 11.22 comes from (11.12), as we have already learned to
expect some correspondence between the differentiability of a function and the rate at which its
Fourier coefficients decay. This correspondence typically goes in only one direction, e.g. absolute
summability of the series }, fk or >, |k|fk implies continuity of f or f’ respectively, but not every
continuous function has summable Fourier coefficients. The challenge in Theorem 11.22 is similar,
as we need to show that if f is differentiable at some point, then the coefficients on the right
hand side of (11.12) must indeed be absolutely summable. The Weierstrass function has a special
property that makes proving results like this more feasible: its Fourier series is lacunary, meaning
that most of its Fourier coefficients are zero, and the gaps between its nonzero terms become wider
(at an exponential rate) as the series continues. We will not give a more precise definition of this
property here, nor mention it explicitly in the proof below, but you may recognize where it is used
implicitly if you pay careful attention. A similar result worth mentioning is that for any function
g on S! := T! with a lacunary Fourier series, g is bounded if and only if its Fourier coefficients
are absolutely summable; see [Kat04, §V.1.4].

PROOF OF THEOREM 11.22. As already mentioned, the absolute summability of Z,:zo a% for
a > 1 implies that f is continuous and bounded. Let us assume that for some xg € R, the difference
quotients

xo+h)— f(z
F(h) = th(xo) = f( 0 }1 f( 0)
have a well-defined limit f'(x¢) = limp_o F(h). Since f is bounded, it follows that F extends to a
bounded continuous function on R. We will show that this assumption implies limy_,. (b/a)* = 0,
and thus b < a.

In order to estimate (b/a)* for large k € N, we will use the convolution formula (11.10). Choose

a smooth function ¢ : R — [0,1] with 12(1) =1 and compact support in the interval (1/b,b), and

for heR\{0}

24C0mea.ger sets are the complements of meager sets, which are countable unions of nowhere dense sets. Since
there is no meaningful notion of “Lebesgue measure” on an infinite-dimensional vector space, meager sets often play
the role of “sets of measure zero” in the infinite-dimensional context.
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for each k € Z, let
bi(p) = V(p/b*),
which satisfies

. B ~ 1 ifn=k,
supp(v) < (BF71, 057, thus 4 (b7) = {0 if n e Z\{k}

Since ¢y, € CF(R) ¢ Z(R), these functions are Fourier transforms of Schwartz-class functions
Ui € L (R), and an easy change of variables in the Fourier inversion formula gives

wnle) = [ Ty dp =1 [ ) dp = ().
—o0 — 0
Notice also that since 0 € R lies outside the support of @k for each k € Z, we have
o©
(11.13) 0 =(0) = J’ Vi(z) do
— 0
and
~ e
(11.14) 0 =1(0) = —27rif 2 (z) da.
—w

The first of these two relations implies Sfﬁ f(xo)p(z)dx = 0, so we now plug in (11.10) and
compute:

ikeQﬂ'ibkwo = (f =p)(x) = -

a

90)

F (w0 — o)) dar = f [ (0 — ) — f(z0)] () da

o0 —o0

=— JT o F(—x)p(z) do = —b" JT P (—z)yp(bFz)de = — Jy S (=36 ) (w) d,

—0 —0 — 0 bk

implying

(é>ke2mb%o _ _r F(—2/b*)a(z) de.

a o
Since ¢ € (R) and F is bounded, the integrand on the right hand side is bounded for every
k > 0 by a constant times |z|t) € L*(R), and it converges pointwise as k — o0 to F(0)z(x) =
f'(xo)xy(z). Applying the dominated convergence theorem and the £ = 0 case of (11.14), we
conclude

k o0
lim (g) e2rib" o — —f/(azo)f z(z)dr =0,

k—x —0

thus b < a. O

EXERCISE 11.23. Show that the Weierstrass function (11.11) with arbitrary constants a,b > 1
is of class C"™ but has no derivative of order m + 1 at any point, where m > 0 is the unique integer
such that m <log,a < m + 1.

12. Sobolev spaces via Fourier analysis

12.1. The general idea of Sobolev spaces. In order to study PDEs via functional-analytic
methods, one needs function spaces on which derivatives can be defined as bounded linear operators.
For instance, the spaces C™(R™) and C™(T") of bounded functions on R™ (or in the latter case



12. SOBOLEV SPACES VIA FOURIER ANALYSIS 105

fully periodic functions on R™) that have bounded partial derivatives up to order m is a Banach
space with respect to the norm

(12.1) Iflem = S suploof ()],
0<|a|<m x
where the sum ranges over all multi-indices of order at most m. For each j = 1,...,n, the operation

of taking the partial derivative with respect to coordinate x; then defines a bounded linear operator
d;: C*(R") - C°(R") or 0;:CYT") — C°(T"),

and similarly, any multi-index « of order |a| = m defines 0% : C™(R") — C°(R") or 0% : C™(T") —
C°(T™). That is all fine, but unfortunately the Banach spaces C™(R"™) and C™(T") do not have
enough nice properties to be very useful in technical arguments. They are, for example, not
reflexive, and their dual spaces are not easy to describe, e.g. by the Riesz-Markov theorem (see
[Sall6, §3.3]), the dual of the space of continuous functions on a compact domain can be identified
with a space of measures, which is inconveniently much larger than a space of functions. In this
sense, the LP-spaces are much nicer, but they have the obvious drawback that functions of class LP
are typically not even continuous, much less differentiable, so operators like d; cannot be defined
on LP(R™) or LP(T").

The theory of Sobolev spaces, which is indispensable for the modern theory of PDEs, provides
a means of keeping the good properties of the LP-spaces while also permitting differentiation to
be a bounded linear operator. Let us suppose first that we want to be able to handle first-order
differential operators for functions on an open domain €2 < R™. There are a few ways that one can
imagine defining a suitable generalization of LP(2) for this purpose:

Idea 1. Define X;(Q2) to be the space of functions f € LP(2) that are differentiable almost
everywhere and satisfy 0; f € LP(Q) for every j = 1,...,n. A natural choice of norm on this space
is

(12.2) 1fls = Wf e + D5 105 ee.
j=1

Unfortunately, it will turn out that this space is not complete, i.e. it is a reasonable normed vector
space, but not a Banach space.

Idea 2. Since X;(Q) as defined above is not complete, one could define X2(Q2) to be the closure
of X1(Q) c LP(Q) with respect to the X;-norm. This is a reasonable definition, but not convenient
to work with—we would prefer to be able to say precisely what the elements of X5(Q)) are, rather
than just calling it the closure of a dense subspace whose elements we can explicitly describe.

Idea 3. In the case n = 1 with Q = (a,b) € R, one can consider the space X3(2) of functions
that have absolutely continuous extensions to [a,b] such that their (almost everywhere defined)
derivatives are of class LP on (a,b). This is also a reasonable definition, but it only makes sense
for functions of one real variable—on domains in R", the notion of absolute continuity can be
defined for measures, but not functions. It also doesn’t give much of a hint how we should handle
higher-order derivatives.

The general solution to these problems will be to generalize the notion of the derivative and
thus talk about “weakly differentiable” functions; we will do this in §13 by introducing the theory
of distributions. But before that, we observe that in the setting of Q = R™ with p = 2, a simpler
solution is available using the properties of the Fourier transform.

12.2. The spaces H™(R") and H™(T"). Let us start by writing down a norm that measures
derivatives up to order m > 0 by integrating them instead of taking suprema (as the C™-norm
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does). The case m = 1 appeared already in (12.2), and it generalizes naturally to

(12.3) [flwmn = 37 10%f e,

la|<m
where the summation ranges over all multi-indices a of order at most m; note that this includes

the trivial multi-index with |a| = 0, so the LP-norm of f is one of the terms in the sum. If p = 2,
we can use Plancherel’s theorem and (11.4) to rewrite this norm as

S @rip)* fle.
lal<m
Up to equivalence of norms, the factors of 27i in this expression clearly make no difference, and
every monomial p® with order |a| < m satisfies [p®| < ¢(1 + |p|?)™/? for some constant ¢ > 0, thus
an equivalent norm is given by the simpler expression

o= ([Lavipriiors) o

(12.4) £l = 1+ [pf2)"/2]]
]Rn

Notice that this formula does not require f to be differentiable, nor even continuous; it is defined

for all L?-functions on R™, though we have no guarantee in general that it will be finite. Finiteness

of this norm determines a subspace
H™R"):={f € L*R") | | f|zam < 0} .

We now observe two interesting things about this definition: first, it does not actually mention any
derivatives of f, so | f||g= might potentially be finite even if f is not differentiable or continuous.
We plan to interpret H™(R™) nonetheless as the space of L?-functions whose derivatives up to
order m are also of class L?, and this interpretation will turn out to be correct as soon as we
enlarge our notion of what the word “derivative” can mean in §13. Second, the stated definition of
the H™-norm does not actually require m to be a nonnegative integer. It makes sense in fact for any
m € R as long as f belongs to a class of functions whose Fourier transforms can be defined, e.g. one
can even allow m < 0 and drop the condition f € L? by allowing f to be a so-called tempered
distribution (see §13.6). We will not discuss the case m < 0 here, but the case of nonnegative real
numbers other than integers gives rise to a notion of fractional differentiability that is sometimes
useful in applications.

THEOREM 12.1. For every m = 0, H™(R™) is a Hilbert space with respect to the inner product

gy = j (1 + ™). 50)) dp.

Rn

PROOF. The map H™(R") — L2(R") : f > (1 + |p|2)™2f is a bijective isometry, so com-
pleteness of H™(R") follows from completeness of L?(R™).?° O

For fully periodic functions, there is a natural analogue of the space H™(R™) whose definition
uses Fourier series instead of the Fourier transform. We define for each f € L?(T™) the norm

1/2
P (Z (1+ |k|2)"”|fk|2> e [0, oo],

Hf”Hm = H(l + |k|2)m/2f
kezn

and set
H™(T") := {f € LQ(T") | I fllgm < oo}.

25Theorems 12.1 and 12.2 are also true and can be proved in the same way for m < 0, but we are not stating
them for that case because our definition of H™ as a subspace of L? is only correct for m > 0. For a more general
discussion, see e.g. [Tay96].
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The proof of the next statement is an easy adaptation of Theorem 12.1.

THEOREM 12.2. For every m = 0, H™(T™) is a Hilbert space with respect to the inner product

frgymm =Y (1 + R ™Fr, Gr-

keZm

EXERCISE 12.3. Show that (R") ¢ H™(R") and C*(T") c H™(T") for every m > 0.

By construction, any L2-function f on R™ or T™ that has continuous derivatives up to order
m > 0 which are also of class L? belongs to H*(R™) or H*(T") respectively for every s < m.
In particular, every smooth function with compact support is of class H™ for every m. If a is a
multi-index with |a| < m, then for f of class C§°, (10.10) and (11.4) determine formulas for 0*f in
terms of the Fourier series or transform of f. These formulas also make sense if f is not smooth but
is of class H™, and in this way one also obtains a bound on 0% f| 2 in terms of | f|gm, proving:

PROPOSITION 12.4. For any multi-index o of order |a] = m € N, the operator é* on smooth

functions with compact support has a natural extension to a bounded linear map 0% : H™(R") —
L?(R™) or 0% : H™(T™) — L2(T™). O

EXERCISE 12.5. Extend Proposition 12.4 to define 0“ as a bounded linear map H*+t™(R") —
H3(R™) or H5T™(T™) — H*(T") for every s = 0 whenever |a| = m.

EXERCISE 12.6. Show that for a,b > 1 with b € N, the Weierstrass function f(z) = 37, L 2w
belongs to H™(S') := H™(T!) if and only if m < log, a.

For the Weierstrass functions, comparing Exercises 11.23 and 12.6 reveals a fairly straightfor-
ward correspondence: for each integer m > 0, f € C™(S') := C™(T!) if and only if f € H™(S?!),
and C™-functions must also belong to H*(S!) for some s € (m,m + 1). In particular, f can be
nowhere differentiable but will still belong to H*(S') for s € (0, 1) sufficiently small. But the sim-
plicity of this correspondence is slightly misleading. Beyond the Weierstrass functions, it cannot
be true in general that every function of class H™ for an integer m > 0 is also of class C™; this is
clearly false for m = 0, since not all L2-functions are continuous. The following exercises exhibit
some less obvious examples.

EXERCISE 12.7. Two simple examples of discontinuous real-valued periodic functions on R are
the square and sawtooth waves, defined respectiely as the obvious periodic extensions of

1 if0o<z<1/2
flx) {_1 f12<r <1, an g(x) :=z for T

Show that both belong to H™(S') for all m < 1/2 but not for m > 1/2.

EXERCISE 12.8. The goal of this exercise is to show that the improper integral

s} eQﬂ'ipa; N eQTrip;c
12.5 = dp:= 1li d R\{0
(12,5 f@) = [ S g [ S aeR0)

defines a discontinuous function in H'/?(R). Note that the integrand e;:lpw is not a Lebesgue-

integrable function of p € R, so the limit is necessary in order to define the integral, and its
convergence is not obvious.
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(a) Show that there exists a function g € L?(R) whose Fourier transform is given almost

everywhere by
1 .
9(p) = {plnp ifp>2,

0 if p<2,

and that this function belongs to H™(R) if and only if m < 1/2.

(b) Show that the function g in part (a) is the L2-limit of the functions fy(z) := |
as N — oo.

(c) Use integration by parts to prove that for every M > 2 and z € R\{0}, the limit

0 G2mipe s N
SM plnp dp :=limpy o SM

N _2wipx
Sy
2 plnp

eZ‘fmpm

plnp

dp exists, depends continuously on z, and satisfies

0 eQﬂ'ipa; 1
dp| < .

UM plop ‘ mlz| - MIn M
Deduce from this that the function g in part (a) matches (almost everywhere) the function
f defined in (12.5), which is continuous on R\{0}.
Hint: Recall that L?-convergence implies pointwise almost everywhere convergence of a
subsequence.

(d) Prove that lim, ¢ |f(z)| = oo.

Hint: Break up the integral over the intervals [2, ¢/|x|] and [e/|z]|, ) for some small € > 0
with |x| < ¢/2. The estimate in part (c) will bound it on the second interval, while on

the first, its absolute value should be larger than some positive multiple of Sg/lr\ p'flT’]’p
whenever e is sufficiently small. Now let |x| — 0 and use the fact that S; p‘ﬂ’]’p =

EXERCISE 12.9. Adapt the argument of Exercise 12.8 to show that the L2-convergent Fourier
o 2rikx . . . .
series f(z) 1= Y, &1 defines a discontinuous function in HY2(S1) := HY/2(T").
Hint: Proving a bound on ,Z”: M % for x # 0 requires an analogue of integration by parts for

summations, which is easy to prove if you regard the “derivative” of a sequence ay, as the sequence
aj, = ag41 — a. If you need more inspiration, see [Rud76, pp. 70-71].

12.3. The Sobolev embedding theorem. Exercises 12.7, 12.8 and 12.9 demonstrate that
functions of class H™ for m < 1/2 on S! or R need not be continuous, though it seems that
discontinuous examples for the case m = 1/2 are not so easy to construct. We will now show
that it becomes impossible for m > 1/2, and in fact, such a threshold also exists for functions
on T™ or R™ and depends on the dimension n. Recall that H™(R™) and H™(T") were defined
as subspaces of L?(R") and L?(T") respectively, so their elements are not actually functions, but
rather equivalence classes of functions defined almost everywhere. This is different from the Banach
spaces C™(R"™) and C™(T"), whose elements are actual functions. We will say that there exists a
continuous inclusion

H*(R") — C™(R"™)
whenever the following is true: every f € H*(R™) is equal almost everywhere to a unique function

f e C™(R™), and the resulting map H*(R") — C™(R") : f — f is a bounded linear operator.
The existence of a continuous inclusion thus comes with an estimate of the form

Iflem <e|f|us for some constant ¢ > 0 independent of f,

where we abuse notation by forgetting the distinction between the C™-function f and the equiv-
alence class in H*(R™) that it represents. There is an obvious similar definition for the spaces of
fully periodic functions H?(T") and C™(T™).
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THEOREM 12.10 (Sobolev embedding theorem, case p = 2). Assume n € N and s > 0 satisfy
2s > n. Then there exist continuous inclusions
Hs+m (R") s Cm (R") and Hs+m (Tn) s C'rn (Tn)
for every integer m = 0.

ProOF. We first consider functions f € H*(R™) with 2s > n. The main step is to establish

a bound on ||f||L1, as f is then equal almost everywhere to ﬁ*j?, which is continuous since .7 *
defines a bounded linear operator L!(R") — C°(R"™). We use the Cauchy-Schwarz inequality:

Il =

1 ~|
L a Py d <H
J. T [

1 1/2
<(| ———dp) Iflu
(L apmrer) 1

Using n-dimensional polar coordinates, we see that the integral in the second line converges if and
only if Sly” % dr < oo. For large r > 0, the latter integrand behaves like r™~!/r2s = pn—2s—1
so the integral converges if and only if n — 2s < 0, which is exactly the condition 2s > n. This
proves the continuous inclusion of H*(R") into C°(R").

If f € H*T™(R") with m € N, then the same argument bounds the L!-norm of the function p —
p*f(p) for each multi-index o with || < m in terms of || f| =+, so the argument of Exercise 11.11
shows that the partial derivatives 0%f up to order m exist and are continuous. Moreover, their
C%-norms are bounded in terms of the L'-norm of p®f, which gives a bound for ||f|cm in terms
of | f]l-+-

The result for fully periodic functions follows by essentially the same argument, except that
the version of the Cauchy-Schwarz inequality one needs is ||fgllea < | flez - |9llez for functions
fyg:Z"™ — [0,00). The crucial detail is then the convergence of the series

g, ool

1
Z ———— <o for2s>n
2\s ’
2 T+ RP)
which can be established by comparing it with the integral SR,L W dp. O

COROLLARY 12.11. Any function belonging to H*(R™) for all s = 0 is (after changing its
values on a set of measure zero) smooth, and its derivatives of all orders are bounded. Similarly,
ms}() HS (T") — C“ﬁ (T"). O

Theorem 12.10 leads to the intuition that functions of class H* have “s — 3 continuous deriva-
tives,” where in general the number s —n/2 need not be an integer, but should be assumed positive
in order for the statement to carry any meaning. We will make this more precise for the case
0<s—n/2<1in §12.8.

12.4. Approximation by smooth functions. The following result says that H*(T") and
H*(R™) could just as well have been defined as the closures of the subspaces C*(T") ¢ L?(T")
and .7 (R") c L?(R") with respect to the H*-norm. As a first application, it implies that for
each s = 0 and each multi-index « with order |a| = m, the extension of the classical differential
operator 0“ to a bounded linear operator H*t"(T") — H*(T") or H*T™(R") — H*(R") is unique
(cf. Proposition 12.4 and Exercise 12.5).

THEOREM 12.12. The subspaces C*(T") ¢ H*(T") and ' (R") ¢ H*(R") are dense for every
s=0.
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PrOOF. We begin with the easiest case: suppose f € H*(T"), and for j € N, let
f](x) = Z e27rz'k-xfj.
|k|<j
Since f is a finite sum of smooth functions, it is smooth, and we have

Lf = Fille = 25 A+ KPP Ifl? >0 as j— oo

[K[>3
since ¥z (1+ K12 ful? = | £ < o0
For f € H*(R"), we have (1 +|p|?)*/?f € L?(R™), and the density of C*(R") in L?>(R™) implies
that there exists a sequence h; € C5°(R™) with

~

hy 25 (1+ [p?)*2 f

The functions g;(p) := % are then also in Ci°(R™), and they satisfy

(12.6) (1+ 1), = (14 1p*)*2F.

Since CJ°(R™) < #(R™), each g; is then the Fourier transform of a unique function f; € #(R"),
and (12.6) implies f; — f in H®. O

REMARK 12.13. A stronger result is true for functions on R™: the space of smooth compactly
supported functions C§°(R™), which is a subspace of .#(R"), is also dense in H*(R™). For a proof
of this in the more general setting of W P-spaces (assuming m € Z), see [AF03, Theorem 3.22].

Recall from §8 that the density of smooth functions in LP is proved by taking convolutions of
f e LP(R™) with an approximate identity p;, a trick often referred to as mollification. For most
purposes, Theorem 12.12 can also be placed into this context: for instance, the approximating
sequence f; — f € H*(T™) in the proof above was constructed by defining its Fourier coefficients
to be fJ =X ij: Z" — V, where xg, : Z" — [0,1] denotes the characteristic function of the
intersection of Z™ with the closed ball of radius j in R™. Clearly X3, € L(Z™), so XB, defines the
Fourier coefficients of a smooth function, namely

P (l‘) = Z eQﬂ'ik}'.’E.
|k|<y
Since this function belongs to L!(T"), Exercise 11.20 implies
fi=pi*f.

For f € H*(R"), if we wanted to approximate f with smooth functions in H*(R™) but did not
care whether they are rapidly decreasing, we could use a similar trick:

EXERCISE 12.14. Suppose p € 7 (R") satisfies {;, p(z) dz = 1, and define p;(z) := j"p(jz).

(a) Show that for any s > 0 and f € H*(R"), the sequence p; = f € C*(R") satisfies

H* .
lpj # flas <|flas and  pj=f—> fasj— 0.
Hint: Compute p; in terms of p, then use change of variables and dominated convergence
to prove ||f — p; * f||g= — 0. _
(b) Show that the same result holds if p; € #(IR") is instead defined as 1); for a sequence of
smooth functions ¢; : R" — [0, 1] with compact support in Bj,1 and v¢;|p, = 1.

EXERCISE 12.15. Suppose « is a multi-index of order |a| = m € N.
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(a) Use the definition of 0% : H™(R") — L?(R"™) in Proposition 12.4 to prove that for every
e LNR™) and fe H™R"), 3¢ + f) = o # 0°f € L2(R™).

(b) Use the result of part (a) to give an alternative proof that for any f € H™(R™) with
m € N and any approximate identity p; as in §8.4, p; * f — fin H™.

12.5. The Arzela-Ascoli theorem. We will see in §12.8 below that the inclusion of H*+™(T™)
into C™(T") for 2s > n is more than just continuous: it also has the useful property that any
bounded sequence in H*+t™(T™) has a subsequence that converges in C™(T™). Compactness results
of this type are ubiquitous in analysis—the Banach-Alaoglu theorem (Theorem 7.10) is another
nice example. They are often applied toward proving existence results, e.g. if one has a sequence
of functions that approximately satisfy a PDE, with an error term converging to zero, then one
can expect the limit of any convergent subsequence to be an exact solution. As a prelude to this
discussion, we shall review a more basic phenomenon that also leads to many useful compactness
results.

You may have seen the Arzela-Ascoli theorem before in various contexts: it is typically used
for instance in proving the Riemann mapping theorem in complex analysis, as well as the Cauchy-
Peano theorem (on existence of solutions to ODEs in the absence of a Lipschitz condition). If you
haven’t seen it before, you’ll see it now, and we will subsequently use it to prove the compactness
of various natural inclusions of function spaces.

DEFINITION 12.16. Suppose X is a set, and Y is a metric space. A collection F of maps
X — Y is called uniformly bounded if for every z € X, the set {f(z) | f € F} € Y is bounded.

DEFINITION 12.17. Suppose (X,dx) and (Y, dy) are metric spaces. A collection F of maps
X — Y is called equicontinuous if for every € > 0, there exists a § > 0 such that the implication

dx(z,y) <o = dy(f(2),f(y) <e
holds for all f e F.

REMARK 12.18. It is important to pay attention to the order of quantifiers in Definition 12.17;
if you get it wrong, then the definition seems to say merely that the functions f € F are all
uniformly continuous, but in fact it says more than that. The point is that for any given ¢ > 0,
one can choose § > 0 independently of f € F; the same § is required to work for all maps in the
collection. We will not need it for our discussion, but one can also formulate weaker variants of the
definition in which the maps are not required to be uniformly continuous, but also in that case, it
is important to allow § > 0 to be chosen independently of f € F.

THEOREM 12.19 (Arzela-Ascoli). Assume (X, d) is a separable metric space, V is a finite-
dimensional inner product space, and F is a uniformly bounded and equicontinuous collection of
functions X — V. Then any sequence f, € F has a subsequence converging uniformly on compact
subsets to a continuous function f: X — V.

ProOOF. Fix a countable subset £ < X. By the same argument as in Claim 1 in the proof of
Theorem 7.10 (i.e. using the Cantor diagonal trick), we can first replace the sequence f, with a
subsequence such that f,(x) € V converges for every x € E. This depends only on the fact that E
is countable and bounded sequences in V have convergent subsequences (because dim V' < o0).

Since X is separable, we are free to assume additionally that F is dense, and the result then
follows from the following claim: For any dense subset £ — X and any sequence f, € F that
converges pointwise on F, the restriction of f,, to any compact subset K < X is uniformly Cauchy.
Indeed, in light of equicontinuity, we can associate to each ¢ > 0 a ¢ > 0 such that d(z,y) < ¢
implies |fn(z) — fn(y)| < €/3 for all n. By the compactness of K, we can then cover K with a
finite collection of open balls

KcBiu...uBycX
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of radius §/2, and since E is dense, we can also pick a point 2; € E n B; for each ¢ = 1,..., N.
Now for any x € K, pick ¢ such that z € B;, and observe

|fm(m) - fn(x)| < |fm(x) - f'rn(xi)| + |fm(mi) - fTL(xL)| + |fn(mi) - fn(x)|
Since the z; are only finitely many points and the sequence f, converges at these points, we can
assume the second term on the right is less than €/3 as soon as m and n are sufficiently large. The
first and third terms are also less than €/3 due to equicontinuity, since d(x,x;) < §. This proves
| fm(x) — fn(x)] < € for all m,n sufficiently large, and the threshold required for this depends on e,
but not on . O

REMARK 12.20. We have stated Theorem 12.19 in the form that will be most useful for our
purposes, but one can generalize it in various ways. The crucial property of the finite-dimensional
vector space V used in the proof was that bounded sequences in this space have convergent sub-
sequences. One sometimes sees the Arzela-Ascoli theorem stated as a result about equicontinuous
collections of maps X — Y between two metric spaces, the first being separable. In that set-
ting, uniform boundedness is not generally a strong enough hypothesis—one needs an additional
condition to ensure that sequences f,(z) € Y have convergent subsequences (see e.g. [Roy88]).

The following easy application is the first of several such results to be discussed below.

COROLLARY 12.21. Any C'-bounded sequence of functions f, : [0,1] = V has a C°-convergent
subsequence, and thus a continuous limit.

PROOF. A C'-bound | f,]c1 < C gives rise to both uniform boundedness |f,,(t)| < || frnlco <
fnllcr < C for all ¢ € [0,1] and equicontinuity

|fn(s) = fu(®)] < max |f; ()] - |s =t} < [ fullor - |s —t] < Cls —1].
U

REMARK 12.22. It must be understood that since C*([0,1]) is infinite dimensional, bounded
sequences in C1([0,1]) cannot be expected to have C'-convergent subsequences, and the limit
obtained in Corollary 12.21 will not necessarily be differentiable, though it certainly is continuous.

12.6. Compact operators. One way of interpreting Corollary 12.21 above is that the obvi-
ous inclusion C1([0,1]) — C°([0,1]) is not only a bounded linear operator but also satisfies the
following stronger condition:

DEFINITION 12.23. A bounded linear operator A : X — Y between Banach spaces is called a
compact operator if it maps every bounded subset of X to a precompact subset of Y, or equiv-
alently, for every bounded sequence z,, € X, the sequence Az, € Y has a convergent subsequence.

EXERCISE 12.24. Use the Arzela-Ascoli theorem to show that for any integers m > k > 0, the
inclusion C™(T") < C*(T") is a compact operator.
Hint: Compositions of compact operators are also compact, thus it suffices to prove that Ck¥+1(T") —
Ck(T™) is compact for every k > 0. Start with k = 0, and notice that any C'-bounded sequence
in C*(T") is equicontinuous.

EXERCISE 12.25. Find a bounded sequence in C}(R™) that converges pointwise to 0 but does
not have any C°-convergent subsequence.
Hint: Translations!

REMARK 12.26. Exercise 12.25 demonstrates the importance of the words “uniformly on com-
pact subsets” in the statement of the Arzela-Ascoli theorem. The theorem works well for proving
compactness of inclusions of function spaces on compact domains, but more is typically needed if
domains are allowed to be noncompact.
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For an easy example beyond Exercise 12.25 of an operator that is not compact, take the identity
map H — H on an infinite-dimensional Hilbert space H. In this setting, any countably-infinite
orthonormal set produces a bounded sequence that cannot have a convergent subsequence. On the
other hand, this example works specifically because dim H = oo; since closed and bounded subsets
in finite-dimensional vector spaces are always compact, all linear operators in finite dimensions are
compact. Here is a useful generalization of that statement to infinite dimensions:

ProposIiTiON 12.27. If X and Y are Banach spaces and A : X — Y is a bounded linear
operator with finite-dimensional image, then A is compact.

PROOF. The image of a bounded sequence x,, € X is a bounded sequence Az, € Y, but
by assumption it also belongs to a finite-dimensional subspace im A < Y. The result thus fol-
lows from the fact that all bounded sequences in finite-dimensional vector spaces have convergent
subsequences. O

It will also be useful to know that within the space £ (X,Y") of all bounded linear operators
between two Banach spaces, the set of compact operators forms a closed subspace:

ProprosITION 12.28. If X and Y are Banach spaces and A,, : X — Y is a sequence of compact
operators that converge in the operator norm to an operator A: X — Y, then A is also compact.

PROOF. Suppose x,, € X is a bounded sequence. Since A; : X — Y is compact, z,, has a

subsequence xsbl ) such that Alxg ) converges. We can then use the compactness of Ay to extract
from xg) a further subsequence xg) such that Agxg) converges. Continuing in this manner, one
obtains a sequence of subsequences a:ﬁf) such that Aja:;]) converges as n — oo for every j € N. The

diagonal subsequence

o) i

2

then has the property that A,z

We claim now that AQ:S{%) also converges, which will imply that A : X — Y is compact. Since
Y is complete, it suffices to show that A:cgf) is a Cauchy sequence. Given € > 0, choose M € N

such that

converges as n — oo for every j.

€

A= Aul < g7
3supyen |2

)

and then choose N € N such that \|AM3:$L — AMmgf) | < €e/3 for all m,n > N; the latter is possible
since A M:c,Ef” ) is a Cauchy sequence. It follows that for all m,n > N,

[42() = AxD ] < I(A = Aa)el) | + [ Ans (@) =2l + 1(Au = el < S+ 5+ 5 =€
thus proving the claim. g

COROLLARY 12.29. Any bounded linear operator in the closure (with respect to the operator
norm) of the space of finite-rank operators is compact. O

REMARK 12.30. We will not need this at present, but if H is a separable Hilbert space, then the
converse of Corollary 12.29 is also true for bounded linear operators H — H, i.e. they are compact
if and only if they can be approximated arbitrarily well in the operator norm by operators with
finite rank. The proof is not hard; see [RS80, Theorem VI.13].
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12.7. Compactness of Sobolev inclusions. A much more obvious fact than the Sobolev
embedding theorem is that for every ¢ > s > 0, there are continuous inclusions H*(R™) — H*(R")
and H'(T") — H*(T"). If we think of functions of class H® as being (s —n/2)-times differentiable,
then these inclusions are analogous to the obvious continuous inclusions C™ < C* for m > k.
Let us focus for this subsection on fully periodic functions, which can be regarded as functions on
the compact metric space T". We saw in Exercise 12.24 that the inclusion C™(T") < C*(T") for
m > k is a compact operator, due to the Arzeld-Ascoli theorem. The analogue of Exercise 12.24
for Sobolev spaces is known as the Rellich-Kondrachov compactness theorem:

THEOREM 12.31 (Rellich-Kondrachov for p = 2). For every t > s = 0, the natural inclusion
HY(T") — H*(T") is compact.

EXERCISE 12.32. Adapt Exercise 12.25 to show that the inclusion H*(R™) — L?(R") for s > 0
is not compact; in particular, there exists an H®-bounded sequence that converges pointwise to
0 but stays a fixed positive distance away from 0 in the L?-norm, thus it has no L?-convergent
subsequence. This illustrates that the compactness of the domain T" in Theorem 12.31 is relevant.

We will derive Theorem 12.31 from Corollary 12.29: the task is to show that the inclusion
H(T™) — H*(T™) is in the closure of the space of finite-rank bounded linear operators H*(T") —
Hs(T™).

PrOOF OF THEOREM 12.31. Fix t > s > 0, and consider for each NV € N the operator

Ay Ht(Tn) — H(T") : f — Z eQwik-xfk.
lk|<N

The image of Ay is finite dimensional since there are only finitely many lattice points k € Z"
satisfying |k| < N. The goal is now to show that Ay converges in the operator norm as N — oo
to the inclusion A : H(T") — H*(T™), hence the latter is a limit of finite-rank operators and is
therefore compact.

To prove |A — Ay|| — 0, we observe that for each f € H*(T"), the functions (A — Ax)f have
the same Fourier coefficients as f except that every coefficient for k € Z" with |k| < N is set to
zero, hence

- 1 ~
(A=A flEe = 35 O+ REVIRE = ) Gpmyrs L+ 1A
|k|>N |k|>N
1 ~ 1
< TR A2 —— L fl2,.
(1 + N2)t—s k;ﬂ( + | | ) |fk| (1 + N2)t—s Hf”Ht
This proves |A — An|?> < W, and the latter converges to 0 as N — o0 since ¢ > s. O

The compactness of the inclusions H?(T™) — H*(T") has an interesting consequence related to
the Sobolev embedding theorem: if 2s > n, then there also exists some ¢ < s such that 2¢ > n, and
the continuous inclusion H*+™(T") — C™(T™) thus factors into a composition of two inclusions,

Hs+m(Tn) s Ht+m(Tn) s Cm(Tn)

The first of these is compact, and therefore so is the composition:>°

COROLLARY 12.33. For 2s > n, the continuous inclusions H*T™"(T") — C™(T"™) in Theo-
rem 12.10 are also compact. ]

261 emmaz: Any composition of a compact operator with a bounded linear operator is compact. Proof: Easy
exercise.
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12.8. Holder estimates. There is a second way to see the compactness of H*T™(T") —
C™(T™) that provides more information, while also yielding a practical interpretation of the motto
that functions in H*(T™) are “(s — n/2)-times differentiable”.

Assume € is a measurable subset of either R or T", regarded in each case as a metric space
with metric denoted by dist(z,y) = |v — y|. Recall that a function f: Q — V is called Lipschitz
continuous if there exists a constant C' > 0 such that

F@) = f@)| <Cla—y| forall z,y e Q.

For example, a continuously differentiable function on an open domain &/ < R"™ is Lipschitz con-
tinuous on every subset 2 < U on which the partial derivatives are bounded. Classic examples
of non-Lipschitz continuous functions include f(x) := |z|* for 0 < @ < 1 on any neighborhood of
0 € R. These instead satisfy the following condition, which is the same as Lipschitz contintuity for
a = 1, but weaker for 0 < o < 1:

DEFINITION 12.34. A function f on 2 c R" is called H6lder continuous if there exists a
number « € (0,1] and a constant C' > 0 such that

|f(z)— f(y)] < Clx —y|* forall z,ye Q.

The space of Holder continuous functions on §2 with fixed Hélder exponent « € (0, 1] is denoted
by C%*(Q).

Hoélder continuity can be quantified by the Holder seminorms, defined for each « € (0, 1] by

|f|CUa = sup M
7 TAYEN |:C—y|a

)

thus a continuous function is a-Holder continuous if and only if |f|co.e < co. This is a seminorm
rather than a norm since it vanishes for constant functions, even if they are nonzero. A norm on
the space C%(2) can then be defined by

[flcoe = 1flco +flco.

EXERCISE 12.35. Prove:
(a) |- ]|co.« is a seminorm.
(b) If f,, € C®*(Q) converges uniformly to f € CY(£2) and satisfies a uniform bound |f,,|co.« <
C for all n, then f e C%%(Q).
(c) The norm | - [co.« on C%*(2) is complete, i.e. C%(Q) is a Banach space.
Hint: Show that if f,, is C°-convergent to f and |f, — fm|co.« < € holds for all m,n > N,
then |f — fn|co.« < € holds for all n = N. Here is a start:

[(f = f)(@) = (f = f) W] < I = Fo) (@) + [(fn = ) (@) = (fn = Fa) @) + [(F = £ W)

Keep in mind that after fixing n = N and x # y, m can be chosen arbitrarily large.

For functions that can be written down in simple formulas, it is typically easy to prove a
C%l-bound by differentiating and bounding the derivative. As the example of the Weierstrass
function in §11.8 shows, this trick cannot be relied upon for functions that arise as uniform limits
of sequences. This is precisely the situation in which one often encounters functions that are
Holder but not necessarily Lipschitz continuous, and the following lemma provides a useful tool to
recognize this.

LEMMA 12.36. Suppose fi is a sequence of continuous functions on Q@  R™ converging uni-
formly to f, and there exist constants a > 1,b>= 1, C > 0 and 8 € (0, 1] such that

C
If = frllco < o and | felcos < OV,
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Then f € C%*(Q) for a :=

EXERCISE 12.37. Fill in the gaps in the following proof of Lemma 12.36. The estimate |f(z) —
f(y)] € Clx — y|* only needs to be proved for all z,y € Q with 0 < |z — y| < ¢ for some constant
¢ > 0. For any k € N, we have

[f (@) = W < | (@) = fe(@)] + [fulz) = fe@)] + [frly) = F)] < — 20 +Cb |z — g

for all a; ,y € Q. Assuming O < |z —y| < ¢ for some ¢ > 0 sufficiently small, choose k € N such
that )k+1 <z —ylf < Use this to show |f(x) — f(y)| < ;,‘}ﬁ, and then use the identity
1+10g,a = ab.

b)A

EXERCISE 12.38. The Cantor function f : [0, 1] — R from Example 9.2 satisfies f(1/3™) = 1/2"
for every n € N. Use this to prove f ¢ C%%([0,1]) for a > log; 2. Then show that the C°-convergent
sequence f,, in Example 9.2 satisfies | f,,|co1 = (3/2)", and use it to prove f € C%([0,1]) for all
o <logs 2

EXERCISE 12.39. For any 6 € (0, 1), there is a distinguished set Cy < [0, 1] of full measure such
that Cy/3 is the usual Cantor ternary set: it is constructed by an inductive procedure in which
at step n € N, one removes from the middle of each of 2"~ ! intervals of identical lengths I,, an
open interval of length 60l,,. Follow this idea to its logical conclusion in order to prove the following
statement: for every ag € (0, 1), there exists a surjective increasing function f : [0,1] — [0, 1] such
that f € C%%([0,1]) if and only if o < v, and f has vanishing derivative almost everywhere (and
is therefore not absolutely continuous).

EXERCISE 12.40. Show that for b > a > 1, the Weierstrass function f(z) = Y7, ™"
belongs to C%*(R) for every a € (0,1) with a < logy, a.
Remark: f is nowhere differentiable by Theorem 11.22, so it cannot be absolutely continuous and
therefore (by Exercise 9.6) cannot be Lipschitz, even if log, a = 1.

EXERCISE 12.41. Suppose g : [0,00) — R is a strictly increasing smooth function with ¢(*)(0) =
0 for all k > 0, e.g. one can take g(z) = e=V/** for z > 0 and g(0) = 0. There is a unique extension
of g to an odd function R — R, which is also strictly increasing and continuous, so it admits a
continuous inverse f := g~ ! : I — R on a sufficiently small interval I = [—a,a], a > 0. Prove that
f is absolutely continuous on I, but does not belong to C%%(I) for any a € (0,1].

Hint: The vanishing of g'*)(0) implies an estimate of the form |z|'/* < ¢;|f(z)| for some constant
¢, > 0. For absolute continuity, prove directly that f satisfies the fundamental theorem of calculus,
starting from the fact that this is clearly true on any interval not containing 0.

If the domain 2 c R™ is open, then we can also discuss differentiability of functions on 2 and
define for C™-functions the norm

[flme = 1flem + 310 fleoe,
|B]|=m
where the sum ranges over all multi-indices 8 of order m. This norm is finite if and only if f
is of class C™ with bounded and o-Hoélder continuous partial derivatives up to order m. (Note
that the Holder continuity of derivatives of order less than m follows already from the fact that
derivatives of higher order are bounded, so the norm does not need to include any terms |0” f|co.«
with |8] < m.) The space of functions satisfying this condition is denoted by

Cm,a(ﬂ) c Cm(Q).

EXERCISE 12.42. Prove that C™(Q) is a Banach space for every integer m > 0 and « € (0, 1].
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EXERCISE 12.43. Use the Arzela-Ascoli theorem to prove that if € is an open subset of R™ or
T™ with compact closure, then for every « € (0, 1], the obvious continuous inclusion

C(),Q(Q) s CO (Q)

is compact. Then generalize by induction to the statement that for each integer m > 0 and
a € (0,1], the inclusion

") > C™(Q)
is compact.

EXERCISE 12.44. Extend Exercise 12.43 to show that under the same assumption on 2, for
every integer m > 0 and 0 < o < 8 < 1, the obvious inclusion

CmP Q) — 0™ ()

is compact.

Hint: For m = 0, Exercise 12.43 guarantees for any C%P-bounded sequence a C°-convergent
subsequence, and Exercise 12.35 then implies that the limit is also of class C*#, though the
convergence need not be in the C*P-topology. To show that the subsequence is C%®-convergent
for a < (3, the following relation can help:

|f(z) = f(y)] (If(x) — /W)

|z —yl® |z —y|?

o/B e
- )@ - s
Exercise 12.43 holds in particular for fully periodic functions on R™ since T™ is compact. Thus
Corollary 12.33 can now be seen as a consequence of the following enhancement of the Sobolev
embedding theorem (Theorem 12.10):

THEOREM 12.45. Assume n € N, s > 0 and o € (0,1) satisfy « < s — 5. Then there exist
continuous inclusions

Hs+m(Rn) s Cm,a(Rn) and Herm(Tn) s Cm,a(Tn)
for every integer m = 0.

REMARK 12.46. Note that Theorem 12.45 only gives us something new when 0 < s—n/2 < 1, as
the case s—n/2 > 1 is already handled by Theorem 12.10, which gives an inclusion H*+™ — C™*+1
and therefore also into C™® for every a € (0,1]. In the case s —n/2 = 1, one should be careful
to note that « is not allowed to equal 1, so we are not claiming anything about an inclusion
Hs+tm s 0™, We will point out the specific step in the proof below that would fail if o = 1,
and an actual counterexample to the statement for this case may be found in Example 12.47.

PRrROOF OF THEOREM 12.45. We will establish the inclusion H*(R") — C%%(R") for a €
(0,1) with @ < s — n/2 and leave the remaining cases as exercises. In light of the inclusions
H' — H* for t > s, we can assume

O<s—n/2=a<1

without loss of generality. Then Theorem 12.10 already implies that f € H*(R™) is continuous and
satisfies an estimate of the form | f|co < C|f| =, so our remaining task is to find a similar bound
for its Holder seminorm |f|co.«. In other words, we need to find a constant C' > 0 independent of
f e H*(R™) such that

[f(@+y) = F@)] < Clflas - [yl* forall  z,yeR™ with y # 0.
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The proof of Theorem 12.10 shows that f € L'(R"), thus we can write down the usual integral
formula for f in terms of f and use the assumption |f|g- = [(1 + |p|>)*?f|L> < o to apply the
Cauchy-Schwarz inequality:

(12.7)
|flz+y) - fl2)| =

f 627rip-(:6+y)f(p) dp — f

. , 1/2
e2miry _ q - e
- ket T (J A ) e

n (L4 [pl?)2 w (L4 p?)

|627rip-y _ 1|2 1/2
< J TE dp |l

To estimate the integral in the last line, we first observe that the function R — C : t — 2™ has
globally bounded derivative 2mie?™® and thus satisifes |e?™" — 1] < 2r|t| for all ¢ € R, implying

(12.8) |27 — 1] < 2m|p - y| < 27[p| - [yl.

e%ripmf(p) dp‘ < J |e2m‘p-y _ 1| . |f(p)| dp
Rn

Now partition R” into the domains

Ey := {peR” | |p|$1/|y|} and E, = {peR” | |p|>1/|y|}7

and let Vol(S™™!) denote the (n — 1)-dimensional volume of the unit sphere in R™. Integrating in
n-dimensional polar coordinates then gives

|62m'p‘y _ 1|2 1 Y0yl pn—1
J —————dp < 47r2|y|2J —o5 dp = 472 Vol (8™ 1) - |y|QJ .5 dr
Eo |p|?* Eo |p|?* 0 e
Yl 472 Vol(S™ 1) 1
=4 2V 1 Snfl B QJ ,n72s+1d — A 2
7 Vol(S" ) - [y o =513 W P =ss

_ 2n?Vol(S™ 1)

2a
11—« Iwl™,

where the convergence of Sé/‘yl r"~251 dr relies on the assumption n —2s+2 = 2(1 —a) > 0. (This
step in the proof would fail if we allowed oo = 1.) On E,, the estimate (12.8) is not useful since
|p| may be large, so instead we use the simpler estimate ™'Y — 1| < 2 arising from the triangle

inequality, and the convergence of the integral will depend on the assumption n — 2s = —2a < 0:
|627rip-y _ 1|2 1 o0 n—1 90
f ———dp<4 J —57 dp = 4Vol(5" ) J S—dr = 4\/01(5"—1)J Pt TITR dr
E, Ip| B, [P Y0yl T Yyl
4Vol(S™Y) L. " 4Vol(S™ 1) 1 2v01(5n—1)| 2
_ S — — = Y=,
n—2s =1/l 20 ly| =2 «

. 2
Q2T Y |

Putting both pieces of the integral together gives an estimate (g, dp < cl|y|*® for a

|p‘25
suitable constant ¢ > 0, so plugging this into (12.7) gives the result we were hoping for. O

2mikx

EXAMPLE 12.47. Let f(z):= Y,;_, %17 Up to multiplication by a constant, differentiating
this series term by term gives the Fourier series of Exercise 12.9, so f € H3/2(Sl), and Theo-
rem 12.45 thus implies f € C%*(S) for every a € (0,1). One can also show as in Exercise 12.8
that the differentiated series converges uniformly on compact subsets of {z # 0}, thus f is contin-
uously differentiable on S'\{0}. But its derivative blows up at = = 0, showing that f ¢ C%1(S1).
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REMARK 12.48. One should not assume that the constants in Theorem 12.45 are always
optimal. Consider for instance the Weierstrass function f(z) = Y., aike%“’k‘” for b € N with
1 < /b < a <b. According to Exercise 12.6, f € H*(S') if and only if s < log, a. Since a > /b,
this range includes values s > 1/2, so Theorem 12.45 implies f € C*(S?) for all o < log, a — 3.
But in fact, Exercise 12.40 shows that f € C%%(S1) for all a < log; a.

12.9. Elliptic regularity. To demonstrate the power of the Fourier transform and Sobolev
spaces, in this section we shall give a brief taste of the theory of elliptic PDEs.
To understand the goal, consider first a second-order ordinary differential equation of the form

(12.9) B(t) = F(a(t), &(t))

for paths © : (—e,¢) > R™, where F' : R” x R” — R" is a function of class C™, 1 < m < 0. A
solution to this equation must by definition be twice differentiable at every point, but it is easy to
see that it must in fact be better, i.e. more “regular,” which for this discussion you can take to be a
synonym for “smoother”. Indeed, if # always exists, then x and & are both continuous, and (12.9)
thus implies that 2 is continuous, hence z is of class C? and  is of class C'. Since we also assumed
F € C1, thus implies F o (z,2) € C! and therefore & € C', so x is of class C3. One can repeat
this argument until F' runs out of derivatives. The conclusion is that if the data in the equation is
of class C™, then any solution must be at least two steps more regular, namely of class C™*2; in
particular, if F' is smooth, then so is x. This is true even though the equation itself makes sense
for any function x that is everywhere twice differentiable.

The following example shows that partial differential equations, by contrast, do not always
have this “regularizing” property.

EXAMPLE 12.49. The simplest version of the wave equation is the second-order PDE
Ofu— 02u =0
for a function u : R? — R of two variables (t,z) € R2. For any C?-function f : R — R, the wave
equation has solutions given by
u(t,x) := f(t + ).

Notice that although the wave equation is linear with constant (and thus smooth) coefficients, its
solutions need not be smooth; the function f € C?(R) can be chosen arbitrarily, and the solution
u will then have only as many derivatives as f does.

There is a special class of PDEs, called elliptic, that do exhibit the same regularizing behavior
as ODEs. For this discussion, we shall only consider the simplest and most popular example: the
Poisson equation

Af=>0f=g,
j=1

where g : R™ — R is a given function, and the solution is meant to be a function f : R” — R.
The second-order differential operator —A := — Z;.Lzl 6? is called the Laplacian, and arises often
in physics (e.g. in the study of electrostatic or gravitational potentials), as well as in differential
geometry.?” We shall consider the Poisson equation on the torus T™, that is, we assume g : R® — R
is a fully periodic function and consider solutions f : R™ — R that are also fully periodic.

THEOREM 12.50. For any integer m = 0 and smooth function g : T" — R, all C?-solutions
f:T™ = R to the equation Af = g are also smooth.

2"The minus sign in the definition of the Laplace operator appears in some sources and not in others. It is
appropriate if one wants to consider the spectrum of the operator: the minus sign ensures that all of its eigenvalues
are positive. For our present discussion this makes no difference.
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I would encourage the reader at this point to take out a piece of paper and consider whether
Theorem 12.50 might be proved by some trick as simple as the ODE discussion at the top of
this subsection. You will quickly run into difficulties, because the Laplace operator A gives us
information about a particular linear combination of second partial derivatives of a solution f, but
we cannot deduce from this anything about any individual partial derivative. From this perspective,
Theorem 12.50 is a very surprising result. It follows from the next theorem, which is of a slightly
more technical nature since it involves Sobolev spaces. To prepare the statement, observe that by
Proposition 12.4, A defines a bounded linear operator

A - HQ(T") N LQ(T"),

which is defined in the obvious way on the dense subspace C”*(T") but requires Fourier transforms
in order to define Af for f € H*(T")\C?(T"). Recall that functions in H?(T") need not be twice
differentiable in general; when n > 3, they need not even be continuous (cf. Theorem 12.10).

THEOREM 12.51. If m € N and f € H*(T") satisfies Af € H™(T"), then f € H™ 2(T").

To prove Theorem 12.50 from this statement, observe that if g € C™(T"), then g € H™(T")
since g has derivatives up to order m that are continuous, and therefore also in L*(T"). If f €
C?(T™) satisfies Af = g € C*(T"), it follows that f € H*(T™) and Af € H™(T") for every m € N.
Theorem 12.51 then implies f € H™*2(T"), thus f belongs to all of the Sobolev spaces H*(T™)
for s 2 0, and is therefore smooth according to the Sobolev embedding theorem (Theorem 12.10).

PROOF OF THEOREM 12.51. Suppose f € H?(T") and Af = g € H™(T") for m € N. The
Fourier coeflicients of f and g are then related by
n n
Afp =2, 03f, = Y, @rik;)* fx = —4x|k[* fx = G
j=1 j=1
for all k € Z™. For s < m + 2, this implies

N kQSA YN i~
S OkEIRP=C Y %w:c TORPeERE e Y PP

keZr\{0} keZr\{0} keZr\{0} keZr\{0}
< Cllglm
for a suitable constant C' > 0, thus f € H™*2(T"). O

13. Distributions

Throughout this section, we assume unless stated otherwise that
QcR"?

is an open subset, and we again consider functions on Q with values in an arbitrary finite-
dimensional inner product space (V,{ , ») over the field K € {R,C}. At the beginning of §12,
we heuristically sketched the definition of a Banach space W™P(Q) consisting of functions in L?
that have derivatives up to order m also in LP. Here we assume m = 0 is an integer and 1 < p < 0.
The quickest rigorous definition of this space is as the closure with respect to the W™ P-norm

(13.1) [flwme = >3 0% f e,

la|<m

of the space of all smooth functions f : & — V with ||f|lwm»r < 0. There is nothing wrong
with defining W™P(Q) in this way, but it leaves open the question of precisely which functions
actually belong to W™?(Q). For p = 2 and Q = R", we found an elegant solution to the this
problem in §12 by using the Fourier transform to identify differentiation with the operation of
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multiplication by a polynomial, so that the space H™(R") := W™2(R") could be defined without
having to explicitly differentiate its elements. We also saw that functions of class H™ really
need not be m times differentiable, e.g. Example 12.47 describes a function in H!(S!) that is of
class C! on the complement of one point but has its derivative blowing up at that point. To
understand this phenomenon properly in the cases p # 2 or 2 ¢ R™ where the Fourier transform
is not available, we need a new trick for talking about derivatives of functions that might not be
classically differentiable.

13.1. Weak derivatives. The trick we have in mind arises from the following straightforward
exercise combining Fubini’s theorem with integration by parts:

EXERCISE 13.1. Show that if f : Q2 — V and ¢ : Q — K are functions of class C' and ¢ has
compact support in Q, then for each j =1,...,n,

J cp-éjfdmz—J dj - fdm.
Q Q

Hint: The function ¢f has an obvious extension to a C'-function on R" that vanishes outside of ).
Compute §,,, 0;(pf) dm.

In this exercise, requiring ¢ to have compact support ensures on the one hand that ¢ - 0; f
and d;¢ - f are both Lebesgue-integrable functions, and it also eliminates the boundary terms that
would otherwise appear when carrying out integration by parts. The resulting formula can be used
to uniquely characterize the partial derivatives of f: namely, if f : Q@ - V and g : Q@ — V are
functions of class C' and C° respectively such that

(13.2) J’ pgdm = —J Ojp - fdm for all peCT(Q),
Q Q
then g = 0, f. Indeed, h := g — 0; f is then a continuous function on § satisfying
J wh =0 for all v e CF(Q),
Q

and if h(xz) # 0 for some = € , then the latter relation is contradicted by any smooth bump
function ¢ that satisfies ¢(x) = 1 and vanishes outside a sufficiently small neighborhood of x.

Notice: the condition (13.2) does not explicitly mention any derivative of f. In fact, both sides
of the relation are well defined as soon as f and g are locally integrable functions on Q.

DEFINITION 13.2. A function f € LL (Q) is said to be weakly differentiable if there exist

loc

functions g1, ..., g, € L () such that for each j = 1,...,n,

loc
J pg; dm = —f Ojp - fdm for all peCr(Q).*®
Q Q

We then call g; a weak partial derivative of f with respect to the variable z;, and write
0;f == gj.
Three important remarks should be understood immediately:

(1) If f is of class C!, then its classical partial derivatives are also weak partial derivatives,
thus for this class of functions there is no ambiguity in denoting weak derivatives by 0, f.
(There will occasionally be ambiguity if we talk about functions that are differentiable
almost everywhere—these sometimes also have weak derivatives, but sometimes they do
not.)

28The function ¢ € CP(£2) in this definition can be taken to have either real or complex values; it does not
matter.
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(2) In contrast with classical derivatives, weak derivatives are well defined only up to equality
almost everywhere, i.e. if ¢ = 0;f weakly and h = g almost everywhere, then & is also
a weak derivative of f. Similarly, f can be changed on a set of measure zero without
changing its weak derivatives.

(3) Related to the second point: weak differentiability is a property of the whole function
f e LL (), and it is not purely local, i.e. it generally makes no sense to ask whether
[ is weakly differentiable at an individual point x € Q, nor what the value of 9; f(z) is,

though one can ask what SE 0j f dm is for any given measurable subset £ < €.

Since weak derivatives of locally integrable functions are also locally integrable functions, one
can iterate the definition in obvious ways to define higher-order weak differentiability and weak
derivatives 0¢f, which will be uniquely characterized by the relation

Jso-aafdmz(—n‘“‘f 0% fdm  forall  geCE(Q).
Q Q

There is again no problem in making sense of this condition since ¢ is always assumed to be
infinitely differentiable with compact support; we only need f and 0% f to be of class L. .
Let us clarify that a function may indeed have a weak derivative without being classically

differentiable:

EXERCISE 13.3. Show that the function f : R — R :  — |z| has weak derivative f'(z) := x/|x|.
(Tt is not necessary to specify a value for f/(0) since {0} € R is a set of measure zero.) Then show
that f' € Li (R) is not weakly differentiable.

loc

For functions that are not of class C', we have not yet shown that weak derivatives are uniquely
defined almost everywhere, but this is true, and follows from:

LEMMA 13.4. If f € L (Q) satisfies §ofdm = 0 for every smooth compactly supported

loc
function ¢ : Q@ — R, then f =0 almost everywhere.

PrOOF. Given xg € §2, choose € > 0 small enough so that the closed e-ball BE(IC()) about zg
lies in €2, and consider the function g € L'(R™) defined by

. {f on Bc(xo),
g:=

0 everywhere else.

Choose an approximate identity p; : R" — [0, 00) with shrinking support. For z € B,/y(20) and j
sufficiently large so that supp(p;) < B./2(0), the function p;(z—-) : R™ — [0, 00) then has compact
support in Be/y(x) © Be(xo) and can therefore be regarded as an element of Cg”(£2), implying that
the convolution

(s +9)a) = |

n

pi(z —y)g(y) dy = J

Be/2 (=)
vanishes for © € Bejs(x). By Theorem 8.14, p; * g — g in L*(R™) as j — o0, so we conclude that
g (and therefore f) vanishes almost everywhere on B, /3(2¢). Since €2 can be covered by countably
many subsets of the form B, (7o) with 2o € 2 and € > 0, it follows that f vanishes almost
everywhere in ). O

pi(x —y)g(y)dy = L pj(x —)fdm

COROLLARY 13.5. If f € Li () is weakly differentiable, then its weak partial derivatives are

loc
unique up to equality almost everywhere. O

EXERCISE 13.6. Consider the Cantor function f from Example 9.2 on the domain Q := (0,1) <
R, which has classical derivative f’ = 0 at almost every point. Show however that f is not weakly
differentiable.
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Hint: Show first that if a weak derivative existed, it would necessarily vanish almost everywhere
on each of the intervals that are removed to form the Cantor set.

13.2. Test functions and the space of distributions. Let us fit the notion of weak deriva-
tives into a larger context. We saw in Exercise 13.3 that locally integrable functions can be weakly
differentiable without being classically differentiable, but also that not all functions in L] _ have
weak derivatives. We will now see that if our notion of what a “function” can be is suitably enlarged,
then every L{ _ function can be understood to have a derivative in some sense.

The key observation is that for weak differentiation, what matters is not the values of a function

f:Q >V at points in Q, but rather the values of the linear map
A CE@ =V ipm | of.

This suggests that instead of talking about functions on €2, we should talk about linear maps

F(Q) = V, e.g. in the case V = K, we are talking about the dual space of C§°(2). To do this
properly, we should consider only linear functionals that are continuous, which requires endowing
C{(Q) with a topology.

DEFINITION 13.7. A test function on (2 is defined to be a smooth function ¢ : Q@ — K with
compact support, and the vector space of all such functions is denoted by 2(€). A sequence
w; € 2(Q) is said to converge to ¢, € Z(Q) if there exists a compact subset K < € such that
¢, has support contained in K for every j € N u {0} and 0%, converges uniformly to 0%¢., for
every multi-index a. A K-linear map A : 2(2) — V is then said to be continuous if and only if
A(p;) = Apy) for every convergent sequence ¢; — @o € Z(2).

Putting Definition 13.7 on firm mathematical footing requires the following result, whose proof
is outsourced to §13.8 in order to avoid too much of a digression into abstract topology:

PROPOSITION 13.8 (see §13.8). The space of test functions Z(Q) admils a natural topology
that induces the notions of convergence and continuity described in Definition 13.7.

DEFINITION 13.9. A scalar-valued distribution on (2 is a continuous K-linear functional A :
2(Q) — K. Similarly, a vector-valued distribution with values in the finite-dimensional vector
space V over K is a continuous K-linear map A : 2(Q2) — V. We shall generally assume that all
our distributions take values in a fixed vector space V, and denote the the space of vector-valued
distributions by

2'Q) = {A: 2(2) > V | Ais K-linear and continuous} .

The space 2'(Q2) is endowed with the weak*-topology, i.e. the locally convex topology generated
by the seminorms |A[, := [A(p)| for all ¢ € 2(2). In particular, a sequence A; € 2'(§2) converges
to Ay, € 2'(Q) if and only if A;(¢) = Ay (p) for every p € 2(2).

REMARK 13.10. If V is a complex vector space, then one can regard it as a real vector space
(of twice the dimension) and set K = R without changing any result in the theory of distributions.
The reason is that every real-linear map from the space of real-valued test functions to a complex
vector space has a unique complex-linear extension to the space of complex-valued test functions.
Thus for most purposes, it makes no difference whether we set K to be R or C, and many books
on distributions treat only the case K = R. We will need to set K = C however when we discuss
Fourier transforms in §13.6.

Note that choosing a basis of V' identifies each vector-valued distribution with a finite tuple
of scalar-valued distributions, just as for vector-valued functions. Since the choice of the space
V' almost never plays an important role in our discussion, we shall suppress it from the notation
whenever possible.
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ExAMPLE 13.11. There is a natural linear map
Lhl®) = 2@ f = Ap Agle)i= | ofdm,

and by Lemma 13.4, this map is injective. (Exercise: check that A; : 2(Q2) — V is continuous.)
In this way, every locally integrable function determines a distribution, and we shall often abuse
terminology by identifying one with the other, e.g. when we say “A € 2'(Q) is a function,” we mean
that there exists a (necessarily unique up to equality almost everywhere) function f € L] () such
that A = Af.

CONVENTION 13.12. We will sometimes also denote the action of a distribution A € 2'(Q) on
test functions ¢ € 2(Q) by
(A, @) := Ayp),
and abbreviate the case of a locally integrable function f € Li () by

loc
(F.9) = As(p) = j of dm.

EXERCISE 13.13. Show that the map Li (Q) — 2'(2) in Example 13.11 is continuous, where

loc

Ll (Q) is endowed with the Fréchet space topology defined in §4.3.

loc

ExaMPLE 13.14. The most popular scalar-valued distribution that is not a function is what
physicists call the Dirac delta function: for each x € €2, we define §, € 2'(2) by

5;(99) = (,0(3;‘)
On Q = R™, one typically abbreviates § := §p for the é-function centered at the origin, so that
pretending § is an actual function on R™ gives rise to the usual formula (., p(2)d(z) dz = ¢(0). A
formal change of variables transforms this into 0, () = p(z) = {5, (y+2)0(y) dy = §z. e (u)d(u—
x) du, motivating the notation

3(-—x):=06,€ 2'(Q).

ExaMPLE 13.15. Suppose u is a measure defined on the Borel subsets of 2 < R™ such that
p(K) < oo whenever K c Q is compact. Then A(p) := {, ¢ dp defines a real-valued distribution.
The distributions Ay in Examples 13.11 (with f : Q — [0,00)) and J, in Example 13.14 are both

special cases of this, with measures defined by
1 ifzekF,
0 otherwise

.U(E) = JEfdm and ‘u(E) L= {

respectively. The latter is of course also known as the Dirac measure centered at x.
EXAMPLE 13.16. Here is a distribution that is not a special case of Example 13.15: for k € N
and x € Q c R, define
Alp) = ¢ (a).
EXERCISE 13.17. Verify that the linear maps Z(2) — V described in Examples 13.11, 13.14,
13.15 and 13.16 are all continuous.

The trick via integration by parts in the definition of weak differentiation now generalizes as
follows.

DEFINITION 13.18. Given A € 2'(Q2) and j = 1,...,n, the distributional derivative (or
derivative “in the sense of distributions”) of A with respect to the variable z; is a distribution
0;A € 2'(Q) defined by

(08)(¢) := =A(0;9).
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More generally, if « is any multi-index with order || > 0, one defines 0*A € 2/(Q2) by
(@*A)(p) := (=1)*A(0%).

It is easy to check that the distributions in Definition 13.18 are always well defined continuous
linear maps, so every distribution is infinitely differentiable, and the operators 0% : 2'(Q) — 2’(Q)
are continuous linear maps. In this language, a function is weakly differentiable if and only if its
derivative in the sense of distributions is also represented by a function. For functions of class C*,
the distributional derivatives can always be represented by the classical derivatives.

EXERCISE 13.19. The function f(z) := z/|z| appeared in Exercise 13.3 as the weak derivative
of the function |z|. Show that the derivative of f in the sense of distributions (meaning the
derivative of the distribution Ay) is 26.

ExaMPLE 13.20. Up to a sign, the distribution in Example 13.16 is the kth derivative of the
d-function: concretely, A = (—1)’“5;“.

When we talk about distributions represented by functions, we typically assume these functions
to be locally integrable so that expressions like SQ of dm make sense for all ¢ € (). This is not
always strictly necessary, however: the next exercise exhibits a locally integrable function that is
not weakly differentiable in the sense of Definition 13.2, but its distributional derivative can (with

a little care) be represented by a function that is not of class L{. ..

EXERCISE 13.21. Show that the function f(x) := In|z| is locally integrable on R, and its
derivative in 2’(R) is given by
Ny(p) = p.V.J Md:): = lim fl N #(r) dz.

R T e—0+ x

Here the notation p.v. stands for “Cauchy principal value” and is defined as the limit on the
right. Check that this expression gives a well-defined distribution even though 1/x is not a locally
integrable function on R.

The product of a distribution A € 2'(2) with a smooth scalar-valued function f € C* ()
defines a distribution fA € 2'(Q) via the obvious formula

(fA)(p) == Alfe).
This is well defined because ¢ — f¢ defines a continuous map Z(Q) — 2(0); note that this
depends on f having derivatives of all orders (though it does not need to have compact support),
so the product of an arbitrary distribution A with a non-smooth function is not well defined in
general. Tt is easy to check that for every f € C* (), the linear map 2/(Q) —» 2'(Q) : A— fA is
also continuous.

EXERCISE 13.22. Show that for f € C*(Q) and A € 2'(Q), distributional derivatives satisfy
the Leibniz rule
0i(fA) = (0 )N+ fO;A,
where on the right hand side, 0; denotes a classical derivative in the first term and a distributional
derivative in the second.

13.3. Smoothness of distributions. For applications of distributions in the theory of PDEs,
we need a more concrete understanding of the relationship between classical and distributional
derivatives. This includes the answers to two questions:

e How well can an arbitrary distribution be approximated by a C™-function? (see Corol-
lary 13.33)
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e How can one recognize whether a given distribution is representable by a C"-function?
(see Theorem 13.34)

The most useful tool toward these ends is a generalization of the convolution operator.

13.3.1. The convolution. Recall from §8.2 that for any locally integrable function f: R" — V
and any test function ¢ € Z(R™), the convolution ¢ * f : R — V is a well-defined function at
every point z € R™. It can be expressed in terms of the distribution Ay € 2'(R™) if we introduce
two natural operations on the space of test functions: one is the translation operator

To : 2R™) - P(R"), Tp(x) :=p(x +v) for wveRY,
which we considered on LP-spaces in §8.1. The other is the antipodal reflection operator
o: 2R") > IR"),  op(x) = p(-z).

Both 7, and ¢ extend naturally to operations on the space of distributions on R". For f € L{ (R")
and ¢ € Z(R™), we have

Aef(o) = | pl@lf(e +o)de = | ola = 0)f(@)do = As(r-),

n

which motivates defining
To : 2'(R") — 9'(R™), ToN = AoT_,.

Similarly,

n

Aas(@) = | p@)f(-a)do = | p-o)f(@)do = As(o0).
and we therefore define
o: 7' R") - 2'(R"), oA :=Aoo.
One verifies easily that 7, and o are each continuous linear maps on both Z(R") and 2'(R"™).
The convolution of ¢ € Z(R") with f € LL _(R™) can now be expressed as

loc
(o D) = | pla-n)iwdy = |
It is therefore sensible to define the convolution of any distribution A € 2'(R™) with a test
function ¢ € Z(R"™) as the function ¢ = A : R®™ — V given by
(13.3) (65 A)(&) = A7_s00) = 7o A(09).

With a little care, this definition can be extended to include distributions that are defined only
on an open subset 2 — R™. Given subsets A, B c R™ and v € R™, let us denote

Aiv:z{xiveR"|x€A},
AiB:z{xiyER"|x€AandyeB},
—A:={—:EER"|:UEA}.

Then for any function ¢ : R™ — K with support in a subset K c R”, and for any v € R",

ooy —2)f(y) dy = J T a0p(8) f (4) dy = Ap(7—s000).

n n

supp(p) c K = supp(rpp) c K —v and supp(op) c —K.

It follows that for open sets €, < R™ and v € R", there is a well-defined continuous linear
operator
To: D(2) > 2(Q) whenever Q—vc @,
and similarly
o:92(Q) > 2(Q) whenever -Qc .
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Now if A € 2'(Q) and K c R™ is any compact set containing the support of ¢ € Z(R"), then
(13.3) defines ¢ * A as a function on the open set

Q’:={x€R"| —K—i—mCQ}.

One must keep in mind that this set may be empty, but we will mostly be interested in situations
where K is an arbitrarily small compact neighborhood of the origin, in which case ' is a nonempty
subset of €2. Since convolutions of functions are symmetric, we define

Arp:=p=A.

EXERCISE 13.23. Prove that for v € R™ and k = 1,...,n, the operators 7,, 0 and 0, acting
on either the space of test functions or the space of distributions, are related to each other by

Ty © O = O O Ty, o000y =—0 00, TyOO =0 0T_y.

We will see below that even in cases where A is not a function, the function ¢ # A inherits
the smoothness of ¢. The proof of this rests on the smoothness of the translation operator 7, as
a function of z € R", i.e. the fact that for any fixed ¢ € Z(R") and A € 2'(Y'), the function
x — (12A)(p) = A(7—zp) is smooth on a suitable open domain in R™. This follows in turn from a
more general result related to differentiation under the integral sign.

The setting for the result we need is as follows. Assume U/ < R™ and 2 < R™ are open
subsets, ¢ : U x Q — K is a smooth function such that ¢, := ¢(z,-) € 2(Q) for every x € U,
and f € L (Q). One can then consider the function F on U defined via the parameter-dependent
integral

F(z) = f (@) F () dy = Ag(pa).

If o satisfies sufficient hypotheses for the application of Theorem 4.5, then one should expect this
function to be smooth and satisfy

olel dlely dlely
= dy = Ap | Z—Z (. -
e @) = [ SE@nswa =, (L)
for every multi-index « in the variables © = (x1,...,2,) € U € R™. Tt turns out that under

a mild assumption about the support of ¢, this also works when A is replaced by an arbitrary
distribution:

ProOPOSITION 13.24. Assume U < R™ and Q < R™ are open subsets and ¢ : U x Q — K is

a smooth function such that for every compact set K C U, ¢|kxa has compact support. Then for
any A € 2'(Q), the function
F:U—->V:xw- Ap(r,-))

s ()

for all multi-indices « in the variables v = (x1,...,x,) €U c R™.

is smooth and satisfies

The proof requires two preparatory lemmas about the space of test functions.

LEMMA 13.25. Under the assumptions of Proposition 13.24, the map U — D(Q) : x — @, =
o(x, ") is continuous.

Proor. Given a convergent sequence z; — x,, in U, choose a compact set C' < U containing
an open neighborhood of x.,. By assumption, there then exists a compact set K < 2 such that ¢,
vanishes outside K for all z € C, thus supp(y.,) © K for all j sufficiently large. It thus remains
only to prove C*-convergence of ¢, to ¢, . Uniform convergence follows from the fact that
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since C' x K is compact, ¢ is uniformly continuous on C' x K. The same argument proves uniform

convergence 0%p,; — 0“p,, for all multi-indices a in the variables y = (y1,...,y.) € @ € R",
. aled . .
since ’/ayf is also continuous. O

LEMMA 13.26. Under the assumptions of Proposition 13.2/, the functions ¢, := p(z,): Q —
K satisfy
. Cprrhek — Pz _ 6_50(1. )
h—0 h oxy
for every x e U and k = 1,...,m, where e1,..., e, € R™ denotes the standard Fuclidean basis,
and the convergence of the limit is in the topology of 2().

PrOOF. Fix z e Y and k € {1,...,m}. For all h € R\{0} close enough to 0, we can assume
x + hey, belongs to a compact subset in ¢/ such that all the functions ¢z e, : 2 — R have support
contained in some fixed compact subset K < €). Now use the fundamental theorem of calculus to
write

1
0
Pothe,(y) = @a(y) =h | == (x +they,y)dt,
0 0Tk
and note that for any multi-index « in the variables y = (y1,...,yn) € @ € R", the operator ;:J
can be passed under the integral sign on the right hand side since ¢ is smooth. We thus have
O urne, (y) = 0ay) ) _ 9% 0 el oy 9y
— —— )| < | |s—===(x +ther,y) — —=(z,y)| dt.
5 (Bt el) - S| < [ [t thew - S5 )
Since ?;al {IX (x +they,y) can be assumed to vanish for all y ¢ K and |h| sufficiently small, uniform
continuity implies that the integrand on the right hand side becomes arbitrarily small uniformly
inyeQash—0. g

PROOF OF PROPOSITION 13.24. The continuity of F' follows immediately from Lemma 13.25
and the continuity of A. The main task is thus to prove that F' has first partial derivatives given

by

oF o

) = A 2 (e

@ =2 (F2).
since a similar application of Lemma 13.25 will then imply that these derivatives are also con-
tinuous, and the argument can be repeated inductively for all higher-order derivatives. For the
computation of Cif; (x), one can again appeal to the continuity of A, together with Lemma 13.26,
which gives

F(l‘ + h@k) - F(x) _ A((}Qw+}zek) - A((}QJ,) —A Pr+he, — P S A %(l‘, )
h h h o0xk,

as h — 0. O

COROLLARY 13.27. For an open set Q — R™ and a compact set K < R™, consider the open set
U= {xER” | K—i—mCQ}.
For any ¢ € 2(R™) with supp(p) c K, associate to each A € Z'(Q) the function Fa defined on U
by
Fa(z) = (2 A)(9)-
Then Fy is smooth and satisfies 0“Fp = Faap for every multi-indez o.

ProoOF. Apply Proposition 13.24 with the smooth function Y x Q2 - R : (z,y) — p(y—=z). O

This is enough preparation to prove the first main result about the convolution.
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THEOREM 13.28. Suppose A € 2(Q) for an open set Q c R™, and ¢ € D(R™) has support
contained in the compact set K ¢ R™. Then (13.3) defines a smooth function ¢ = A on the open
domain Q' := {:c e R" | —-K+zc Q}, and it satisfies

(o A) = (0%) * A = p = (0“A)

for every multi-index «, where the operator 0% denotes a classical derivative in the first formula
and a distributional derivative in the second.

ProOOF. The second formula is immediate from Corollary 13.27 and the definition of the con-
volution. Since ¢, commutes with translation operators and anticommutes with o, we also have

(¢ # OkA)(2) = 7Ok A(op) = Ok A(T—p0p) = —A(OkT—20¢p) = AM(T—200kp) = T: A(00kp)
= (Orp # A) ()

forall z € Q" and k =1,...,n. The relation ¢ = 0“A = 0%p = A follows from this by induction on
the order of differentiation. O

Since ¢ = A is always a smooth function on €, it also defines an element of 2/(Q)). We would
next like to give an alternative characterization of this distribution. For the case A = Ay with
f e LY(Q), f can be extended to a function on R™ vanishing outside of 2 without changing the
values of o * Ay = o= f on Q. For any ¢ € 2(Q'), we can similarly extend ¢ as 0 on R™\', and
then use Fubini’s theorem to show

(e f0) = | v@lerN@de= [ dlakplo =i dedy

n xRn

=f (00)(y — 2)(@) ) da dy =f (00 D)) () dy = (o0 * ).
Rn xR™

n

It turns out that this formula remains valid when f is replaced by an arbitrary distribution. The
proof requires a preparatory exercise.

EXERCISE 13.29. Show that for any ¢, € 2(R™) with supp(p) ¢ K < R™ and supp(¢)) <
K' ¢ R™, p =1 is also in Z(R™) and has supp(p * ) € K + K’. Moreover, if ¢; is a sequence
converging to ¢ in Z(R"), then ¢ *1; — ¢ = in Z(R").
Hint: Focus on proving uniform convergence of ¢ #1); to ¢ #1. Everything involving derivatives
then follows easily from the formula 0%*(p * ) = 0%p * ) = @ = 0%.

PRrROPOSITION 13.30. For any A and ¢ satisfying the assumptions of Theorem 13.28 and any
Vv e D(Q), the smooth function o 1) has compact support in Q, and

(p* A, Y) = (A, o0 = 1).

ProOOF. Since supp(oy) € —K and v has compact support in Q', Exercise 13.29 together with
the definition of Q' in Theorem 13.28 imply oy * ¥ € 2(Q).

To prove the stated formula, we shall exploit the linearity of A by approximating the integral
defining F(z) := (0@ *¢)(x) = {3, op(x —y)(y) dy with Riemann sums. For € > 0 and any given
2 € R™, the compact support of ¢ implies that the function y — op(x — y)¥(y) is nonzero on at
most finitely many points in the lattice eZ™ < R", thus we can define a function F; : R” — K by

Fo(z) =" > ool —yly) =" > 7 y00(@)(y).
yEeLn yEEL™
In fact, this is a finite linear combination of smooth functions with compact supports contained in
—K +supp(v) € —K + Q' < Q, thus it belongs to 2(€2) and its support is contained in a compact
subset of Q independent of e. The function F,(z) can also be written as {3, fc.(y) dy for a step
function f., : R® — K whose value at each y is the value of fy,(y) := op(x — y)¥(y) at the
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nearest lattice point y € €Z". Since ¢ and i are both uniformly continuous, for every § > 0 there
exists €9 > 0 such that |fe» — foz]co < 6 for all x € R™ and € < €, thus F. converges uniformly
to I as € —> 0. The same is then true for all derivatives: since 0*F(z) = (0%(op) * ¢)(z) and
0“Fe(x) = €" ) cczn 0°(00)(x — y)b(y) for all multi-indices «, the same arguments imply that all
derivatives of F, converge uniformly to F, hence F. — F in 2()). The continuity and linearity of
A then imply

(Aop =) = A(F) = lim A(F,) = lim €" Z Y(y)A(T—yop(x)) = lim €” Z »(y) (e = A)(y).

+ + +
e—0 e—0 yeezn e—0 yEezn

This last expression is a Riemann sum approximating the integral {., ¥(y)(¢ * A)(y) dy, whose
integrand is also a smooth function with compact support, so the sum converges to the integral as
e — 0. O

13.3.2. Approxzimation of distributions by smooth functions.

EXAMPLE 13.31. The Dirac d-function § € 2'(R") satisfies (p#0)(z) = §(T_zop) = T_z00(0) =
op(—x) = p(x), i.e. pxd =0 %@ = for every ¢ € Z2(R").

The definition of the term approximate identity in §8.4 can now be restated as follows: a
sequence of smooth functions p; : R™ — [0, ) is an approximate identity if and only if

pj —> 46 in  P'(R"),

where we are of course identifying the functions p; with the distributions A, € 2'(R") that they
determine. If p; also has shrinking support, then we can assume for any given open neighborhood
1 < R” of the origin that p; belongs to Z(Q) for large j.

Now suppose A € 2'(Q) is an arbitrary distribution on some open set 2 < R™, and p; is an
approximate identity with supp(p;) < B, for some sequence r; — 0. The convolutions A; := p;*A
are then defined on the subsets

(13.4) Q; = {z e Q| dist(z, R"\Q) > r;},

whose union for all j is Q. It follows that any ¢ € Z(Q) has support contained in Q; for all
j sufficiently large, so that the integrals {, ¢A; dm := SQj @A dm can be defined for large j by
regarding the integrand as 0 wherever ¢ vanishes. The statement of the following result should be
understood in these terms.

THEOREM 13.32. Suppose p; : R™ — [0, 00) is an approzimate identity with shrinking support,
Ae 2'(Q ) is a distribution defined on some open set Q < R™, and Aj := p; = A. Then for every
pe D), §,eAjdm — A(p).

PROOF. Assume j is large enough for supp(y) to be contained in the domain of Aj. Then
according to Proposition 13.30,

JQ eAjdm = (pj = A, p) = Aop; * p).

The functions op; are also an approximate identity with shrinking support, so the result follows
via the continuity of A and the following claim: for any approximate identity p; with shrinking
support and any ¢ € Z(Q), the functions p; * ¢ have compact support in Q for all j sufficiently
large and converge in Z(f2) to ¢ as j — 0. Indeed, Exercise 13.29 implies that supp(p; * ¢)
lives in an arbitrarily small compact neighborhood of supp(¢) for large 7, and Theorem 8.17 gives
convergence p; * ¢ — ¢ in C5.(2). In light of the supports, C5 -convergence in this situation
implies uniform convergence of all derivatives and thus convergence in 2((Q). O

COROLLARY 13.33. For every open set Q c R", C§(Q) is dense in 2'(Q).
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ProOOF. Given an approximate identity p; with shrinking support, define A; := p; # A, a
sequence of smooth functions defined on the nested sequence of open subsets Q; < Qs C ... C
Ujjen €5 described in (13.4). Choose a corresponding sequence of smooth functions 8; : @ — [0,1]
with supp(3;) < Q; and Bj|o,_, = 1. Then 8;A; can be extended to smooth functions on €2 that
vanish outside of €;, and since every ¢ € Z(Q2) has support in Q; for j large, Theorem 13.32
implies 8;A; — A in 2'(Q). O

13.3.3. Distributions of class C™.

THEOREM 13.34. For a distribution A € 2'(Q) on an open set Q  R™ and integers m, k > 0,
the following conditions are equivalent:

(1) A is represented by a function of class C*+™;
(2) 0“A is represented by a function of class C* for each multi-index o of order m.

ProOOF. The main step is to prove the special case with £ = 0 and m = 1, as the rest then
follows by a straightforward inductive argument. Let us therefore assume A € 2'(Q) has the
property that dyA = Ay, for every k = 1,...,n, with continuous functions gx € C°(Q). The goal
is then to show that A = A for some f € C1(Q).

Choose an approximate identity p; with shrinking support, and consider the sequence of smooth
functions f; := p; * A, which are defined on a nested sequence of open subdomains 2; < €2 whose
union is Q. By Theorem 13.28, 0y f; = pj#gi foreach k = 1,..., n, and since the gj are continuous,
it follows via Theorem 8.17 that dxf; — g in C _(£2). We claim that f; also converges in CL (€ )

to a function f € C1(Q). Indeed, by the fundamental theorem of calculus, every zo € Q has a
convex neighborhood U,, < Q in which for © = xg + h € Uy, with h = (h1,...,hy,) € R™,

(13.5) fi(z) = fi(zo) Z h, 3ka xo + th) dt

and the right hand side converges uniformly in = to ZZZI hy Sé gr(zo +th)dt. If fj(x) converges,
it follows that f; converges uniformly on a neighborhood of z¢, and the limiting function will then
satisfy

f(x) thj gr (20 + th)dt

implying that f is of class C'' on this neighborhood with Jxf = gx. The claim will thus follow if
we can prove that f;(zo) converges. To this end, choose a test function ¢ : R” — [0, 00) that is
positive at zp and has support in a neighborhood U, of ¢ which can be assumed to be arbitrarily
small. By Theorem 13.32,

(13.6) lim ofjdm — A(p).

Jj—®w umo
Now if f;(zo) does not converge, then at least one of the following occurs after passing to a
subsequence:

(1) |fj(zo)] — oo. Since (13.5) implies that |fj(xz) — fj(zo)| is bounded independently
of j for all z € U,,, it follows if supp(p) is sufficiently concentrated around z, that

‘Su% efj dm‘ — o0, contradicting (13.6).

(2) faj—1(xo) and fa;(xo) each converge to different limits. A similar argument via (13.5)
then implies that if ¢ has support sufficiently concentrated near xq, then Su @faj—1dm
z0

and Su @ fa; dm each converge to different limits, giving another contradiction to (13.6).
=0
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These contradictions prove the claim.

We’ve now proved that f; converges in Cf_(Q) to a function f € C1(£2), and it follows that
for every v € 2(Q), SQ wfjdm — SQ of dm. The latter equals A(yp) according to Theorem 13.32,
so A=Ay, O

Here is a consequence that is much less obvious than it looks:

COROLLARY 13.35. If f and g are two functions on a connected open set 2 c R™ that have
the same weak first-order partial derivatives almost everywhere, then f — g is equal to a constant
almost everywhere.

PRrROOF. The assumptions imply that h := f — g satisfies b’ = 0 in the sense of distributions.
Since 0 is a continuous function, Theorem 13.34 then implies that & is equal almost everywhere to
a C''-function whose classical gradient is zero; since €2 is connected, that function is a constant. [J

EXERCISE 13.36. Consider a linear differential operator of the form L = 3} c¢,0 acting on
scalar-valued functions on R"™, where the coefficients ¢, are scalars and the sum runs over finitely
many multi-indices, which may be of various orders. A distribution K € 2'(R™) is called a
fundamental solution®’ for the operator L if it satisfies LK = 6.

(a) Show that if K is a fundamental solution for L, then for every smooth compactly sup-
ported function f : R" — K, u := K = f is a smooth solution to the partial differential
equation Lu = f.

(b) Find a locally integrable function K : R — R that is a fundamental solution for the
operator 02, and verify explicity that u := K = f satisfies u” = f for any f € C{(R).

EXERCISE 13.37. Show that the functions
1
(n —2) Vol(S™—1)|z|n—2

1
K(z):= —%1n|m| for n =2, K(x):= for n > 3,

where Vol(S™~!) > 0 denotes the volume of the unit sphere in R", are in L} (R™) and are
fundamental solutions for the Laplace operator —A := —>"" . 82 on R” with n > 2. In particular,

j=1"%7J
they have (weak) first derivatives
L
Vol(S§7—1) |z|?”

and their second derivatives (in the sense of distributions) take the form

Kj(z) := 0;K(x) =

_ 1 ;T
- Vol(Sn—l) |m|n+2 ’

Kjip(z) := 0,0 K (z) for j # k,

1
and 07K = ——6 + Kj;, where
n
2 _ .2

) 1 Ty — Ty
Kjj(@) = Vol(Sn—1) Zk: |z[n+2

and the evaluation of Kj; € 2'(R™) on test functions is defined via principal value integrals as in
Exercise 13.21, that is,

(K, ) = lim, s Kjn(2)p(z) da.

29Fyundamental solutions are also often called Green’s functions.
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13.4. Product distributions. In this subsection we assume for simplicity that all distribu-
tions are scalar valued, though the discussion can be generalized for vector-valued distributions
with minor adjustments (see Remark 13.43).

Recall that for any two o-finite measure spaces (X, p) and (Y, v), there is a product measure
p®von X ®Y, which is uniquely determined by the condition

(L ®v)(Ax B) = u(A)v(B)

for arbitrary measurable sets A — X and B < Y. Fubini’s theorem is essentially the statement
that product measures exist and are unique, together with a useful recipe for computing integrals
with respect to product measures. We would now like to establish a variation on Fubini’s theorem
for distributions.

DEeFINITION 13.38. If f: X —» K and g : Y — K are two scalar-valued functions on sets X
and Y respectively, we define a scalar-valued function f®g: X x Y — K by

(f®g)(z,y) = f(x)g(y)-

Given two open sets O < R™, Qs < R"™ and distributions A1 € 2'(Q1) and Ay € 2'(Qs), a
distribution on 7 x Qs © R™*" is called a product distribution for A; and A,, and denoted
by A1 ® As € 2'(21 x Qy), if it satisfies

(A1 ®A2)(g01 ® (‘02) = Al((pl)AQ((pg) for all Y1 € .@(Ql) and ©p2 € .@(Qg)

ExaMpPLE 13.39. If A; and Ay are given by measures as in Example 13.15, then the product
measure defines a product distribution A; ® As. (Note that a measure satisfying the condition
stated in Example 13.15 is always o-finite.)

EXERCISE 13.40. Use Fubini’s theorem to show that for any locally integrable scalar-valued
functions f € L (1) and g € L{ (Q2), f ® g belongs to L (21 x Q) and Aygy = Af @Ay €
@/(Ql X QQ)

In the setting of Exercise 13.40, Fubini’s theorem provides the following recipe for evaluating
Ay ® Ay on an arbitrary test function ¢ € Z(Q ® Q2): extending f and g to functions on R™
and R™ that vanish outside ©Q and € respectively, the compact support of ¢ in Q x €' makes
(x,y) — ¢(z,y)f(2)g9(y) a well-defined function in L*(R™*") and thus implies

(A1 ©800) = | plof @) dudy = | el f@alo) dody

Rm+n

- ( [ eteew) dy) f@)do = Af (2 Ay (o(z, )
-[ ( [ swniw dx) o) dy = Ay (5 = As(ol9))).

Implicit in our notation in the last two lines is that @ — Ay(¢(z,-)) and y — Af(p(-,y)) define
smooth compactly supported scalar-valued functions on Q and €’ respectively, so they can be
regarded as test functions and fed into distributions for evaluation. As an easy consequence of
Proposition 13.24, the same holds when Ay and A4 are replaced by arbitrary distributions:

EXERCISE 13.41 (cf. Proposition 13.24). Show that if 1 ¢ R™ and Qs © R™ are open sets,
P € 2(2 x Q) and A € 2/(Q1), then ¥(y) := Alp(+,y)) defines a smooth compactly supported
function on 5.
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THEOREM 13.42 (Fubini’s theorem for distributions). In the setting of Definition 13.38, there
exists a unique product distribution A1 ® As € 2'(Q1 x Qs), and its evaluation on arbitrary test
functions ¢ € Z(1 x Qa) is given by

(13.7) (A ®A2)(p) = Ay (2 = Aa(p(x,)) = Az (y = Al 9))) -

ProoOF. We first prove the uniqueness of A; ® A3. Given two product distributions for A;
and Az, their difference is a distribution A € Z'(£2; x Q) such that A(p®1) = 0 for all ¢ € Z()
and ¥ € 2(Q2). The idea is now to use an approximate identity to approximate A with smooth
(1

J
on R™ and R" respectively, both with shrinking support. The functions p; := p§1) ®p§2) : RMT
[0, 0) then also have shrinking support, and by Fubini’s theorem, they satisfy

J pjdm = (J pgl) dm) (J pJ@) dm) -1 as j— oo,
Rm+n m n

so by Lemma 8.12, p; is an approximate identity on R™*". Theorem 13.32 then implies that for
any ¢ € 2(Q1 x Q2), p; * A is a smooth function defined on a neighborhood of the support of ¢
for j sufficiently large and satisfying

functions that vanish. For k = 1,2, let p;’ and pJ@) : R™ — [0,0) denote approximate identities

| ehemoae) as o
Ql XQQ
But the function p; # A is given by

(pj * M)(2,y) = 0y Aop)) = A 00pl) @7 40p)

for all (z,y) € R™*™ in its domain of definition, so taking (z,y) € Q1 x Q2 and j large enough
for T,zopy) and T,yopj(?) to have support in Q; and Q5 respectively, the defining property of A
implies that p; * A vanishes, proving A(¢) = 0.

It is easy to see that both of the expressions on the right hand side of (13.7) evaluate like a
product distribution on test functions of the form ¢1 ® @2 € Z(Q; x Q2), thus with uniqueness
established, the rest of the theorem will follow if we can show that both of these expressions really
define distributions, i.e. they are continuous linear maps on Z(€; x Q). The proof works the same
for both expressions, so let us focus on the first one and consider the linear map A : 2(Q; xQ2) - K
defined by

A(p) = Ao (2= Aa(p(, 1)) -

To show that this is continuous, suppose ¢; — ¢, in Z(; x Qs), and pick compact subsets
K, < Q; and Ky < Qs such that supp(p;) € K := K; x K for all j. Then the sequence ¢; is also
convergent with respect to the C*-topology on

Drc (1 x Q2) :={p € 2(Q1 x Qy) | supp(p) € K},

which is a closed subspace of the Fréchet space of C*-functions with bounded derivatives of all
orders on 1 x 5. Since A restricts to a continuous linear functional on this subspace, a standard
result on continuous linear operators (see Lemmas 13.94 and 13.95 in §13.8, or [RS80, §V.1])
implies that there exists a continuous seminorm | - | on Zx (€21 x Q2) such that |A(p)| < [|¢| holds
for every ¢ € Pk (1 x Q3). Since the topology on Pk (21 x 5) is generated by the increasing
sequence of norms |- [cm for m € N, this actually means that for sufficiently large constants C' > 0
and m e N,

AP < Cligl

com for all @Y E .@K (Ql X QQ)
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This estimate applies in particular to the sequence ¢; and its derivatives 0%p; for every multi-
index o. Writing v;(z) := A2(p;(x,+)), Proposition 13.24 gives

o) = s (2w

oz
thus
oy 91y, dlolg, dlaly.
“ — 0%, = ~(x,) — . < Ly ) — 2T (.
< Cllow = @jllgmsiar >0 as j— o0,

giving C™-convergence 1; — 1. Since supp(p;) < K; x Ks, we also have supp(y;) < K; for
all j, thus ¢¥; — ¥ in 2(£21), and the continuity of Ay now implies A(p;) = A1(¥;) = A (¢0) =
Alpo).- O

REMARK 13.43. One can also define the notion of a product distribution A; ® Ag if A7 is scalar
valued and As is vector valued (or the other way around), but in this case an extra definition is
needed before one can make sense of (13.7), as x — Az(p(x,-)) is now a vector-valued function
and thus does not belong to 2(Q1). The quickest way to rectify this is to choose a basis e1, ..., ex
of V and extend A; : 2(Q1) — K to a linear map from the space of compactly supported smooth
functions 1 — V to V by A1(X; ¢je5) == X Aipj)ej for p1,..., o € Z(Q1). Tt is easy to check
that this definition is independent of the choice of basis, and Theorem 13.42 then becomes valid
for the product of a scalar-valued and a vector-valued distribution.

13.5. The Sobolev spaces W™P(Q). Let us now explain how to generalize the Sobolev
spaces H™(R™) to arbitrary open domains Q < R™ and p # 2. The theory of distributions is not
strictly needed for this discussion, but it makes some aspects of it seem easier and more natural.

DEFINITION 13.44. For an open set 2 — R™, an integer m > 0 and a real number p € [1, 0],
the space WP (Q) is defined to consist of all f € LP(Q) such that for every multi-index a with
|a] < m, the weak derivative 0% f exists and is also in LP(£2). The norm on W™P?(Q) is defined by

|flwme = 7 10%f |z

loe|<sm

REMARK 13.45. In contrast to §12, we are not considering non-integer values of m in our
definition of W™ P(£2). Such a notion does exist but is much more complicated to define; details
may be found in [AF03].

It is not hard to show that W™P(Q) is a Banach space, as it admits a natural continuous
linear inclusion
W™P(Q) — @ LP(Q)
la|<m
sending each f € W™P(Q) to a finite tuple of LP-functions whose “«a-coordinate” is 0% f, and
Exercise 13.46 below shows that the image of this inclusion is a closed subspace. More generally,
one defines

WieP(Q) := {f € L} .(Q) | f has weak derivatives 0° f € LY () for all |a| <m},

loc loc loc
which is equivalently the space of functions on  (up to equality almost everywhere) whose re-
strictions to every open subset with compact closure are of class W™, As with L} = (cf. §4.3),
one can use the W™P-norms over an exhausting nested sequence of open subsets with compact
closures Q1 € Q1 € Q0 € Oy © ... € ey Q5 = Q to endow WieP(Q) with the structure of a
Fréchet space.
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EXERCISE 13.46. Suppose f; € W™P(Q) is a sequence such that for every multi-index «
of order at most m, 0“f; is LP-convergent to some g, € LP(€2). Show that the function f :=
lim;_,o f; € LP(Q) is then in W™P(2) and satisfies 0% f = g, for all |o| < m.

Hint: For any test function ¢ € 2(R™), the LP-convergence 0® f; — g, implies L'-convergence on
the support of .

EXAMPLE 13.47. As shown in Exercise 13.3, the function f(x) := |z| on R has a bounded weak
derivative, thus f € WP(Q) for every bounded open interval ¢ R and 1 < p < . This shows
that there is no value of p for which functions of class W* must be everywhere differentiable in
the classical sense.

One can use approximate identities to show that the subspace
W™P(Q) n C*(Q) c W™P(Q)

is dense for all p < o0, thus an equivalent definition of W™?(Q) for these cases would be as the
closure of the space of smooth functions on €2 with respect to the W™ P-norm. The next exercise
proves a slightly stronger variant of this result in the case 2 = R"™.

EXERCISE 13.48. Prove via the following steps that C3°(R™) is dense in W™ (R™) for every
m >0 and p < c0:

(a) If f e W™P(R™) and p; : R™ — [0, c0) is an approximate identity with shrinking support,
use Theorems 8.14 and 13.28 to show that f; := p; * f is in W™P(R") n C*(R™) and
converges in W™P to f as j — 0.

(b) Fix a smooth function ¢ : R™ — [0,1] that equals 1 on the unit ball and has compact
support in the ball of radius 2, and let .(x) := 9(ex) for ¢ > 0. Show that for any
f e WmP(R™) n C*(R™), hef — fin W™P ag e — 0.

Hint: You need to estimate ||0°[(1 — ¢.)f]||;» for every multi-index o with |a| < m.
Consider separately the terms that either do or do not involve derivatives of ..

REMARK 13.49. While C*(Q) n W™P?(Q) is always dense in W™P((Q), it is not true for
arbitrary open domains 2 ¢ R™ that Ci°(Q2) is dense in W™P(Q). In general, the W™ P-closure
of C () defines a closed subspace W;"P(Q) ¢ W™P(Q) that is often useful in applications to
boundary value problems, as it can be regarded as the space of W™P-functions on 2 that “vanish
at the boundary”. The proof in Exercise 13.48 that C§° (R™) is dense in W™P(R™) implicitly makes
use of the fact that one has an infinite amount of room in R™ to “stretch out” the cutoff functions
1. without losing control of their derivatives. This trick does not work more generally, e.g. when
Q) € R" is bounded.

We can now clarify the relationship of W™ P?() to the Sobolev spaces we defined earlier via
the Fourier transform.

PROPOSITION 13.50. For every integer m > 0, W™2(R") = H™(R").

PROOF. Both spaces are linear subspaces of L?(R™), and by Theorem 12.12 and Exercise 13.48,
both contain the Schwartz space .#(R™) as a dense subspace. One can easily show that the W™2-
norm and H™-norm are equivalent on ./ (R"), thus the two spaces are the closures of .#(R") with
respect to equivalent norms, and are therefore identical. O

EXERCISE 13.51. Prove:

(a) If f is an absolutely continuous function on an interval [a, b], then its classical derivative
/" (defined almost everywhere according to Theorem 9.7) is also its weak derivative on
the domain (a, b), hence f € Whi((a,b)).
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Hint: For any ¢ € 2((a,b)), ¢f defines an absolutely continuous function on [a,b] that
vanishes at the end points.

(b) If f € I/Vlicl (Q) for an open subset 2 c R, then f is equal almost everywhere to a function
that is absolutely continuous on every compact subinterval of .
Hint: On [a,b] € Q, define g(x) := S: f/(t) dt and apply Corollary 13.35.

(c) For any open interval 2 c R, there exists a constant ¢ > 0 such that

Iflco <elflwra  forall  feWhi(Q).

Hint: The fundamental theorem of calculus implies | f(z) — f(y)| < |f/|pr for all z,y € Q,
and thus |f(z)| = | flco — ||z for all z € Q.

EXERCISE 13.52. Consider the function f(x) := In | In |x|| on the r-ball B, < R™ about the
origin for some r € (0,1).
(a) Show that the classical first derivatives 0; f, defined on B,\{0}, are also weak derivatives
of f on B,.
Hint: Since f and 0;f are both in L'(B,), for any ¢ € 9(B,) supported in some cube
@ < B, around 0, you can approximate SQ 0;(¢f)dm by integrating over Q\{|z;| < €}
for small € > 0, and then use integration by parts. There will be a boundary term; you
need to show that the singularity of f at 0 is not bad enough to make the boundary term
matter as € — 0.
(b) Show that for n = 1, f ¢ WYP(B,) for any p > 1, but for n > 2, f € WYP(B,) if and
only if p < n.

We saw in §12 that in general, functions of class WP need not be anywhere differentiable, and
on higher-dimensional domains, Exercise 13.52 shows that they need not even be continuous—the
continuity result in Exercise 13.51 is special to one-dimensional domains. The Sobolev embedding
theorem gives sharp criteria saying to what extent the functions in any given Sobolev space must
be classically differentiable. The proof of this important result, which generalizes Theorems 12.10
and 12.45 beyond the case p = 2 and €2 = R", belongs more properly to a course on PDEs, so we
will not include it, but here is the statement:

THEOREM 13.53 (Sobolev embedding theorem). Suppose k € N and p € [1,00) satisfy the
relation
0<k—mn/p<l,
and Q  R™ is either R™ or an open subset whose closure is a compact C'-smooth manifold with
boundary.’® Then for every integer m > 0 and every o € (0,1) with o < k — n/p, there exists a
continuous inclusion

Wk+m,p(Q) N CT”’O‘(Q),

EXERCISE 13.54. Show that in the situation of Theorem 13.53, whenever () is bounded and
the strict inequality o < k — n/p is satisfied, the inclusion W*+™P(Q) — C™%(Q) is compact.
In particular, there is a continuous inclusion W*+"?(Q) < C™(Q) whenever kp > n, and it is
compact if Q = R™ is bounded. (See §4.3 for the definition of the Banach space C™(Q).)

Theorem 13.53 motivates thinking of functions in W*?() as functions that have “k — n/p
continuous derivatives” whenever kp > n, where the number k¥ — n/p need not be an integer. This
intuition is further supported by the following generalization of the obvious inclusion H?*(R") —

30The hypothesis on € can be generalized considerably; here we are only stating a version that can be under-
stood without too many extra definitions. The theorem as stated remains true for any (bounded or unbounded) open
domain 2 ¢ R™ whose boundary satisfies something called the “strong local Lipschitz condition”; see [AF03, §4.12]
for details.
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H*(R™) for t > s. The case with Q bounded is known as the Rellich-Kondrachov compactness
theorem (cf. Theorem 12.31):

THEOREM 13.55. Under the same assumptions on € as in Theorem 15.53, suppose 1 < p,q <
oo and k,m = 0 are integers satisfying

n
k=m, p<g, and k——2>2m——.
q

n
p
Then there exists a continuous inclusion WFP(Q) — W™4(Q), and this inclusion is compact if

the inequality k — % =m — % is strict and  is bounded.

EXERCISE 13.56. When  is a bounded interval (a,b) < R, Theorem 13.53 says that for all
integers m = 0, there are continuous inclusions

1
W () > €7@ h) i 0<a<ll<p<manda<ios
W2+7”’1((a,b)) < C'rn,a((a,b)) if O0<a<l.

Prove this as follows:

(a) Deduce the inclusions W21 < C% for o € (0, 1] from a continuous inclusion W?! — (C!
using Exercise 13.51.

(b) Deduce the inclusion WP — C° for every p > 1 from Exercise 13.51.

(c) For a < z < y < b, the fundamental theorem of calculus implies |f(z) — f(y)| <
Lf'| Lt ([, for f € W'P((a,b)) since (by Exercise 13.51) f is absolutely continuous.
Use Holder’s inequality to deduce a Holder-type estimate |f(z) — f(y)| < ¢|f/ e - |z —y|*
for 0 < @ <1 —1/p whenever p > 1. The proof for m = 0 is thus complete.

(d) Extend the result to all m € N by induction.

According to Theorem 13.53, the condition kp > n guarantees continuity for functions of class
WkP on n-dimensional domains. We saw in Exercise 13.51 that the situation is slightly better when
n = 1: here the condition kp = n already suffices for continuity, but the function in Exercise 13.52
demonstrates that this is false in dimensions n > 2. The situation with kp = n is often called
the Sobolev borderline case. Even in dimension one, the borderline case has the disadvantage that
functions of class W' need not be Holder continuous, and so in contrast to Exercise 13.54, the
inclusion WH1(Q) — C%(Q) for bounded intervals 2 = R is not compact.

EXERCISE 13.57. Find a sequence of smooth functions f; : (—1,1) — R such that | f;|;: and
Ifillz: are bounded but f; has no C%-convergent subsequence.
Hint: Construct f; so that it converges in L' to a (discontinuous) characteristic function.

REMARK 13.58. The Sobolev embedding theorem furnishes one major reason why it is useful
to study the properties of all the LP-spaces for 1 < p < oo, rather than just L%, which might
otherwise be easier since the latter is a Hilbert space. As a concrete example, suppose you are
studying a first-order PDE for functions on 2-dimensional domains. If you want to work only with
Hilbert spaces but also want all your functions to be continuous, then Theorem 13.53 requires
you to take functions of class H™ = W™? with m > 2, which involves at least one more (weak)
derivative than the PDE itself actually needs. In such a situation, it may be easier to work with
functions of class WP for some p > 2, as these are continuous, and one only needs to compute
first-order derivatives in order to verify whether a given function belongs to this space.
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13.6. Tempered distributions and Fourier transforms. Since we are going to talk about
Fourier transforms in this subsection, we need to assume K = C.

We would now like to define Fourier transforms of functions for which the usual integral
formula cannot even approximately make sense, e.g. functions that are not in L?(R"), and ideally,
distributions. One can almost deduce the correct definition by considering the distribution Ay €
2'(R™) corresponding to a function f € L*(R™): by Fubini’s theorem, we have

1o = [ e ([ errer@an) = ([ errewan) i@ = .70

for all ¢ € 2(R™). This suggests defining FA € Z'(R™) for arbitrary A € 2'(R") by (FA)(p) :=
A(Z @), but this definition as it stands does not quite make sense: % ¢ might not have compact
support, in which case it is not a test function and A(Fp) will not make sense for arbitrary
distributions A. The solution is to replace the usual space of test functions with the Schwartz
space . (R™), since the latter is closed under the Fourier transform.

Before defining what a continuous linear functional on . (R™) is, we need to define a topology
on Z(R™). As with 2(R"™), we would like this topology to be relatively strong, so that as many
functionals as possible are continuous, but also to have the property that continuity can be charac-
terized purely in terms of convergent sequences (cf. Proposition 13.8). This turns out to be easier
for .7(R™) than for 2(R™): the natural choice is to endow .(R™) with the topology generated by
the countable family of seminorms

I@lla,s = 2% 07 ¢llco
for all multi-indices «, 3, so convergence ¢ — ¢ in #(R™) will mean that for every polynomial
function P : R” — R and every multi-index 3, the functions Pd%¢p;, converge uniformly on R"
to PdPp. Tt follows easily from the completeness of the C%-norm that sequences that are Cauchy
with respect to all of these seminorms must also converge, hence . (R") is now a Fréchet space. In
particular, the topology we have defined on .#(R") is metrizable, thus continuity and sequential
continuity of functions defined on . (R™) are equivalent notions.

EXERCISE 13.59. Show that the natural inclusions Z(R") — . (R") and . (R") < W™P(R")
for all m = 0 and p € [1, 00] are continuous.

EXERCISE 13.60. Show that the following linear operators .7 (R") — . (R™) are continuous:

(a) 0* and ¢ — 2%y for every multi-index «;
(b) F and F*.

DEFINITION 13.61. A complex-valued tempered distribution on R" is a continuous complex-
linear functional A : . (R™) — C. Similarly, a vector-valued tempered distribution with values in
the finite-dimensional complex vector space V' is a continuous complex-linear map A : S (R") — V.
We shall generally assume that all tempered distributions take values in a fixed vector space V,
and denote the vector space of vector-valued tempered distributions by

S'(R") ={A: #(R") > V | A is complex linear and continuous} .

The space ./ (R") is endowed with the weak*-topology, i.e. the locally convex topology generated
by the seminorms |A|, := |A(p)| for all ¢ € #(R"), hence a sequence A; € #'(R™) converges to
Ay € Z'(R™) if and only if Aj(p) = Ay (p) for every ¢ € S (R™).

The inclusion Z2(R") — . (R") in Exercise 13.59 gives rise to a natural continuous inclusion
S (R™) — Z'(R™), ie. every tempered distribution is also a distribution in the usual sense.
The converse is false, and in fact #/(R™) does not even contain all locally integrable functions,
e.g. f(z) := e” does not define an element Ay € S'(R) since there exist functions ¢ € .(R)
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for which SR @f dm is not defined. However, most important examples of distributions are also
tempered distributions: these include large classes of functions as in the following two exercises,?!
as well as standard singular examples like the Dirac d-function and its derivatives. By a slight
abuse of notation, we shall write L{. (R") n.#’(R™) for the space of all locally integrable functions

f on R™ such that of € L'(R") for every ¢ € .(R™) and the formula Af(p) := {5, ¢f dm defines
a tempered distribution Ay € '(R™).

EXERCISE 13.62. A function f € L] (R™) is said to have polynomial growth if it satisfies
|f| < |P| for some polynomial function P : R™ — R; equivalently, this is true if and only if there

exist constants C' > 0 and k € N such that
If(x)] < CO+|zF) forall 2eR™
Show that any function with this property is in .#/(R").

EXERCISE 13.63. Show that LP(R™) < ./(R™) for every p € [1,0], and the inclusions
LP(R™) — '(R™) are continuous.
Hint: Use the continuity of the inclusions . (R™) — L(R"™) and the natural injection LP — (L7)*
for 2 +1=1.

p T4

Partial derivative operators are defined as continuous linear maps on ./(R") in the same way
as Z'(R™); continuity in this case follows from the continuity of 0* on .#(R™) (Exercise 13.60).
The product of a smooth function f € C*(R™) with a tempered distribution A € .#/(R™) is not
well defined unless ¢ — fp is a continuous map #(R") — (R"), which is not true e.g. for
flx) = e’ on R, but is true if f and its derivatives of all orders have polynomial growth as
in Exercise 13.62. Under this assumption, it is straightforward to show that the Leibniz rule in
Exercise 13.22 also holds for tempered distributions.

REMARK 13.64. For a function f € L] _(R") that defines a tempered distribution, we now
have two potentially inequivalent definitions for the notion of weak derivatives 0;f, depending
whether we want 0;f to define an element of 2'(R") or .//(R™). In the latter case, it needs to
satisfy a stronger condition involving integration against test functions in #(R"™), a larger space
than Z(R™); it could happen for instance that f has a locally integrable weak derivative ¢;f that
grows too fast at infinity to define a tempered distribution, in which case the stronger condition
fails. However, if a weak derivative 0;f does define a tempered distribution—which is always the
case for instance if 0;f is of class LP for some p, and notably if f belongs to a suitable Sobolev
space—then it also satisfies the stronger condition, i.e. it is also a derivative of f in the sense of
tempered distributions. The reason is that, by Exercise 13.65 below, Z(R"™) is dense in .#(R"), so
any two tempered distributions that evaluate the same on Z(R™) are identical.

EXERCISE 13.65. Show that for any ¢ € . (R"™) and the family of compactly supported smooth
cutoff functions ¢, : R™ — [0,1] in Exercise 13.48, .o — ¢ in Z(R™) as e — 0. In particular,
P(R™) is dense in .7 (R™).

Hint: For any multi-indices o and 3, the condition ¢ € .(R™) implies 20" | commpn) — 0 as
R — . (Why?)

The next set of exercises generalizes the convolution operator and its main properties from
§13.3 to the context of tempered distributions.

EXERCISE 13.66. Recall the translation operator 7, for functions f on R™ and v € R", defined

by (7, f)(x) := f(z +v).

31The word “tempered” refers to conditions as in Exercise 13.62 and 13.63 that rule out functions like eIZ,
which grow too fast at infinity.
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(a) Show that for every pair of multi-indices o and (3, there exists a constant C' > 0 and a
finite set of pairs of multi-indices {(«;, 3;)}Y; such that

N
[7oplas < C (Z I
i=1

In particular, 7,¢ is also in . (R"™) for every ¢ € . (R"™) and v € R™.
Hint: By Exercise 11.2, you can assume |0°p(z)| < W for some k € N arbitrarily
large and a constant ¢ > 0 determined by k and finitely many seminorms of ¢. Estimate
|z p(z + v)| by looking separately at the cases |r| < 2|v| and |x| = 2|v|.

(b) Show that Lemmas 13.25 and 13.26 remain valid with the space of test functions replaced
by the Schwartz space (ignoring all conditions that involve compact support).

aiﬁi) (1+ |v|\a\) forall ¢e Z(R"), veR".

EXERCISE 13.67. Reread the proof of Corollary 13.27 and verify that, in light of Exercise 13.66,
the function Fj(z) := (1:A)(p) defined on R™ for any A € #/(R™) and ¢ € . (R"™) is smooth and
satisfies 0%Fp = Fpap for all multi-indices a.

EXERCISE 13.68. Show that for any ¢ € .Z(R"™) and A € .#/(R™), the formula (13.3) defines a
smooth function ¢ * A on R” satisfying 0%(¢ * A) = (0%¢) = A = ¢ = (0*A) for all multi-indices a.

EXERCISE 13.69. Consider the convolution of two Schwartz functions ¢, € .7 (R™).

(a) Show that ¢ # 1) is continuous and bounded on R™.

(b) Show that if ¢); is a sequence converging in . (R™) to 1, then ¢ *1); converges uniformly
to @ # .

(¢c) For k =1,...,n and a function f on R"™, let P f denote the function on R™ defined by
(Puf)(z) := zrf(x), so e.g. by Exercise 13.60, P, defines a continuous linear operator
Z(R™) — Z(R™). Show that Pi(p 1) = (Prp) #1 + @ * Pptp, and deduce that Py (p 1))
is continuous and bounded.

(d) Deduce that ¢ * ¢ € (R™), and for any sequence ©; — ¢ in S (R"), p x1P; = @
in .Z(R™).

PROPOSITION 13.70. For ¢ € S (R™) and A € ' (R™), p=A is a polynomially bounded function
and thus defines an element of .7/ (R™). Moreover, if p; € . (R™) converges to ¢ in .7 (R™), then
the tempered distributions ¢; * A converge to ¢ = A in #'(R™).

ProoOF. We start by proving that ¢ = A has polynomial growth. By one of the standard
characterizations of continuity for linear operators on locally convex spaces (see Lemmas 13.94
and 13.95 in §13.8, or [RS80, §V.1]), the continuity of A : (R™) — V means that there exists a
finite set of pairs of multi-indices {(a;, 8;)}L, and a constant C' > 0 such that

N
AP <O Y ellacs.  forall we s (R).
i=1

Using Exercise 13.66, the convolution ¢ = A thus satisfies

N N
(@ # A)(@)] = [M7—209)| < C Y [7=0(0@) 5. < C D i1 + || *) < C'(1 + [a")
i=1 i=1
for suitable constants ¢; > 0, C’ > 0 and k € N sufficiently large. In this expression, the constant
C > 0 is determined entirely by A, while only ¢1,...,cy (and therefore also C*) depend on ¢;
looking more closely at Exercise 13.66, we see moreover that they can be bounded linearly in terms
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of finitely many of the seminorms |¢|,5. For this reason, if ¢; — ¢ is a convergent sequence in
Z(R™), the same argument gives

(@ # M) (@) = (5 * M)(@)] = [A(T20(p — ;)| < Ci(1 + [2[*)
for constants C; > 0 that converge to 0 as j — oo, thus for any ¢ € S (R"),

(0= M) = (o s M| < | [0l s A=y Al dm < C; [ [0l + Lol do —0.

n

O

EXERCISE 13.71. Use Proposition 13.30 and the density of 2(R") in .7 (R"™) to deduce that
the relation (¢ * A,¥) = A(op # 1) also holds for all ¢, ¢ € S (R™) and A € ' (R"™).

EXERCISE 13.72. Suppose p; : R™ — [0, 00) is an approximate identity with shrinking support.
Prove:

(a) For any ¢ € S (R"), pj * ¢ — ¢ in L(R™) as j — oo.

(b) Forany A e #'(R™), pj*A — Ain .#'(R™) as j — oo. (This proves that C*(R™) .7’ (R™)
is dense in .#'(R™).)

(c) For any f € C*(R™) n '(R™) and the family of compactly supported smooth cutoff
functions ¢, : R™ — [0, 1] in Exercise 13.48, 1. f — f in #'(R") as € — 0. (This proves
that C§°(R™) is dense in .7/(R™).)

While distributions are easier to work with than tempered distributions for many purposes,
the major advantage of the latter is that they admit natural definitions of the Fourier transform
and Fourier inverse operators.

DEFINITION 13.73. We define .7, #* : '(R") —» Z'(R"™) by
(FA)p) = A@):=A@)  and  (F*A)(p) = A(p) := A(@).

The continuity of .# and .#* on . (R"™) (Exercise 13.60) implies that they are also continuous
on .#'(R"™), and the relations .#.%* = F*Z = 1 extend immediately from . (R") to ./(R").
The calculation via Fubini’s theorem at the beginning of this subsection shows that our definition
of ZA and Z*A for any A = Ay with f € L*(R") matches the result of the usual integral formula.

EXERCISE 13.74. For f € L?(R™), use approximation by L'-functions to show that FA; =
Az;and F*A;p = Agxy, where Z f and .#* f are defined as in §11.

REMARK 13.75. Recall from Lemma 13.4 that two locally integrable functions are equal al-
most everywhere if and only if they define the same distribution. The same is true for tempered
distributions since 2(R") < .#(R™). Exercise 13.74 thus shows that the most general possible
definition of the Fourier transform, given by Definition 13.73, matches the definition we previously
had for functions in L?(R™).

We can now make rigorous sense of formal relations such as {g, e~2mPT dy = §(x) that ap-
peared in §11, for instance:

EXERCISE 13.76. Regarding the Dirac d-function and the constant function 1 as tempered
distributions on R™, show that .7 (0) = .#*§ = 1, hence #*(1) = .7 (1) = 6.

EXERCISE 13.77. Show that the relations in (11.4) between the operators %, .Z* and 0¢
remain valid when f € .(R") is replaced by a tempered distribution A € #/(R™).

EXERCISE 13.78. Show that the relations .Z (¢  A) = $A and .F*(p = A) = @A hold for all
v €.Z(R") and A € S'(R").
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13.7. Distributions with compact support. We saw in §11 that the Fourier transform
exchanges regularity properties of a function with decay conditions at infinity, e.g. one can see this
in the relations (11.4) that transform differentiation into multiplication by polynomials, and the
fact that Lebesgue-integrable functions have continuous Fourier transforms. We would now like to
explain a beautiful extension of this phenomenon into the realm of distributions.

DEFINITION 13.79. The support supp(A) c Q of a distribution A € 2/(Q) is the complement
of the union of all open subsets & < € such that A(p) = 0 for all p € 2(Q2) with supp(p) < U.
Equivalently, supp(A) is the intersection of all closed subsets V < 2 such that A(p) = 0 for all
p € 2(Q) with supp(p) nV = .

REMARK 13.80. The support of A € 2'(f2) is in fact the smallest closed subset such that A
vanishes on all test functions with support disjoint from supp(A), or equivalently, its complement,
is the largest open subset U < Q such that A(y) vanishes whenever supp(¢) < U. To see that
O\ supp(A) has the latter property, observe that for any ¢ € 2(Q) with supp(y) n supp(A) = &,
the compactness of supp(y) implies that it is contained in the union of a finite collection of open
subsets Ui, ...,Un such that supp(v) c U; implies A(y)) = 0 for any ¢ € 2(2). One can then
use a partition of unity to write ¢ as Zf\il w; for some ¢, € 2(Q) with supp(p;) € U;, implying
A(pi) = 0 for all ¢ and thus A(p) = 0.

EXAMPLE 13.81. If f € L () vanishes outside of some closed subset V < Q, then supp(A )

loc

V.

ExaMPLE 13.82. For any A € 2'(Q2) and f € C*(Q), fA € 2'(Q) has supp(fA) < supp(f)
since fo =0 whenever p € 2() has support disjoint from that of f.

LeEmMMA 13.83. A distribution A € 2'(Q)) has compact support if and only if there exists a
distribution A" € 2'(Q) and a smooth compactly supported function f : Q — K such that A = fA'.

PrROOF. The statement is obvious in one direction since supp(fA’) < supp(f). Conversely,
suppose there exists a compact subset K < Q such that A(p) = 0 whenever supp(p) N K = &.
Choose an open neighborhood U < Q of K with compact closure and a compactly supported
function f: Q — [0, 1] such that f|,, = 1. We claim that fA = A. Indeed, for any ¢ € Z(Q2), we
can write ¢ = fo + (1 — f)p, where (1 — f)¢ vanishes on U, thus its support is disjoint from K,
implying A(¢) = A(fe) = (fA)(#). O

PROPOSITION 13.84. If A € 2'(Q2) has compact support, then A extends to a continuous linear
map on the space C*(Q) of all scalar-valued smooth functions with the C}..-topology.

PROOF. Suppose ¢; € Z(Q) is a sequence converging in the C’-topology to ¢, € Z(2). By
Lemma 13.83, we can write A = fA’ for some A’ € 2’(Q2) and a smooth function f: Q — K with
support in a compact set K < . Since ¢; — ¢, in the C*-topology over K, it follows that fo;
is C”-convergent to fyo, thus fo; — fps in 2(), so that the continuity of A’ implies

Algy) = N(feps) = N(fpw) = Alg))-

This proves that A : Z(Q2) — V is continuous with respect to C|’.-convergence. Since Z() is
dense in C* () with respect to this topology, it follows that A has a unique continuous extension

to the larger space. g
REMARK 13.85. Proposition 13.84 also has a converse; see Proposition 13.105.

In light of the obvious continuous inclusion . (R™) < C*(R™), in which C*(R"™) carries the

C~ -topology, we also have:

loc
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COROLLARY 13.86. Every compactly supported distribution A € 2'(R™) is also a tempered
distribution, i.e. it has a unique extension to a continuous linear map on &~ (R™). O

If f e L, .(R™) has compact support, then f also belongs to L'(R"), so its Fourier transform
is given by

~

f(p) = J’n 6_27”7)‘1‘]((35) dr = Af (6—2771'1)';8)7

where we have used Proposition 13.84 to extend the domain of Ay to smooth functions such as
x > e 72T that need not have compact support. As we saw in §11, the fact that f is of class L'
implies that f is continuous, but we can now say more: since the product of f with any polynomial
is also a compactly supported L{. -function and therefore belongs to L'(R"), f also has continuous
derivatives of all orders, i.e. it is smooth. The remarkable fact is that this result still holds when f
is replaced by an arbitrary compactly supported distribution, which may have very badly behaved
local singularities but still satisfies the best possible “decay” condition at infinity:

THEOREM 13.87. For any compactly supported distribution A on R"™, F A and F*A are smooth
functions on R™ given by

FAp) = Me>™P7),  FEAQ) = A7),
where Proposition 13.8/ is used for evaluating A on smooth functions with noncompact support.

PRrooOF. By Exercise 13.77, smoothness will follow immediately once we have proved that the
stated formulas for #A and #*A are correct, as multiplying A by any polynomial preserves the
condition of compact support. We shall focus on the formula for .# A, since the parallel statement
for #*A has an almost identical proof. By Lemma 13.83, it would be equivalent to prove that for
every A € 2'(R™) and every compactly supported smooth function ¢ : R® — K, 157\ e S (R") is
given by the function p — A(1pe 2™P®) on R™. The latter encapsulates two claims:

(1) The function g(p) := A(ve=27%) has sufficiently tame behavior at infinity to define a
tempered distribution;
(2) For all p € .Z(R"),

(13.8) (A, P) = f o(p)g(p) dp.

n

For the first claim, let us show that ¢ has polynomial growth. Indeed, a straightforward change-
of-variable calculation gives

Pa)e T = FH ) (@),
thus
9(p) = MF* 1) = (F*M)(r0) = 7, K(8) = 7, A(0(00)) = (00 * B)(-p),
and the claim follows from Proposition 13.70 since o1) € .7 (R™) and A € .7/ (R").
In light of this result, both sides of (13.8) now clearly define continuous linear functions of

p € L(R™), so to prove that they are identical, it will suffice to show this for all ¢ in the dense
subspace Z(R™). The goal is thus to prove that

Ao v [ e oman) = [ ewnwe ) dp

holds for all A € 2'(R") and ¢, ¢ € 2(R™). Writing 1 € 2'(R"™) for the scalar-valued distribution
1(p) := §z. ¢ dm, Theorem 13.42 identifies both sides of this equation with (A®1)(F) for the test
function F' € 2(R"™ x R™) given by F(z,p) := ¢(x)p(p)e 2"P*. O
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13.8. Appendix: The topology of the space of test functions. For a working knowledge
of the theory of distributions, it is usually not necessary to understand the topology of the space
2(Q2) beyond the notions described in Definition 13.7 of convergent sequences and continuity of
linear maps on Z(Q2). Nonetheless, the further development of the theory requires knowing that
2(Q) can also be viewed as a topological vector space, in which convergence and continuity are
determined by the topology. You may have noticed in Definition 13.7 that the notion of convergence
in 2(Q) is extremely strict, i.e. it is very hard for a sequence of test functions to converge. This
strictness is an advantage, because it means that it is that much easier for a linear functional on
2(92) to be continuous; in other words, having fewer convergent sequences in Z() makes the
space of distributions 2'(?) larger. This will mean that the topology of 2() needs to be quite
strong,®” e.g. it needs to involve conditions on derivatives of arbitrarily high orders, and therefore
cannot be described merely in terms of a norm, so 2(2) will not be a Banach space. One might
reasonably hope for it to be a Fréchet space, like the Schwartz space . (R™) (see §13.6), but this
will also turn out to be too ambitious (see Remark 13.90). The next best thing would be a locally
convex space, and this is not hard to achieve.

13.8.1. Definition and properties of the topology. For a compact subset K c (2, consider the
linear subspace

Ik(Q) = {pe 2(Q) | supp(p) c K}.

The countable family of norms | - |cm for integers m > 0 endows Pk () with the structure of a
Fréchet space such that convergence of a sequence ¢; — ¢, in Pk (€2) means uniform convergence
0%pj — 0%py, for every multi-index . We shall assume P (2) to be endowed with this Fréchet
space topology from now on. It will frequently be useful to observe that since Pk (2) is metrizable,
a function defined on Pk () is continuous if and only if it is sequentially continuous.

According to Definition 13.7, a convergent sequence in 2 () is also convergent in 2(), so
the topology we define on 2(2) should have the property that the obvious inclusion

(13.9) D (Q) = 2(9Q)

is sequentially continuous for every compact set K < 2. If these inclusions are continuous, and || - |
is a seminorm on Z() that is continuous with respect to its topology, then | - || will also restrict
to a continuous seminorm on Zx(£2). The following definition therefore produces the strongest
locally convex topology on 2() for which the inclusions (13.9) are all continuous.

DEFINITION 13.88. A good seminorm on 2(2) is a seminorm whose restriction to the sub-
space Ik (Q) c 2(R) is continuous for every K c ) compact. We endow Z(2) with the locally
convex topology generated by the family of all good seminorms, i.e. a set U < 2(Q) is open if and

only if for every ¢ € U, there exists a seminorm | - | on Z(Q2) such that
{ve2()|lv-vl<1}cu
and || - | is continuous on Pk (Q2) for all K < Q compact.®?

32Given two topologies 71 and 72 on the same set X, one says that 77 is stronger (or finer, or larger) than
T2 if every set in 72 also belongs to 71. One also says in this case that 72 is weaker (or coarser or smaller)
than 7;. Making a topology on X stronger makes it harder for sequences in X to converge and harder for maps
from other spaces into X to be continuous, but easier for maps from X to other spaces to be continuous.

33In describing the topology of 2(2) in this way, we are using the easily verifiable fact that the maximum
of any finite collection of good seminorms is also a good seminorm, and so is any positive multiple of a good
seminorm. This implies that for any collection of good seminorms | - |; and any ¢; > 0 with ¢ = 1,..., N, the finite
intersection of the open neighborhoods {¢) € 2(Q) | | — ¢|li < €} fori =1,..., N can equally well be described as

{e2(Q) | v —¢| <1} where |f|| := max{“fHl . m} defines another good seminorm.

€’ N
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The next exercise shows that good seminorms on 2(f) exist in abundance, thus the topology
we have defined on 2(Q) is quite large.

EXERCISE 13.89. Show that each of the following defines a good seminorm on Z(Q):

(@) |¢lla := maxgeq |0%p(z)| for any multi-index a. (The C™-norm for any m > 0 is a finite
sum of seminorms of this type, thus it is also a good seminorm.)

(b) |elly := ||fel where || - || is any good seminorm and f: Q — R is any smooth function.

©) lellfe == [Ifella for any multi-index o and continuous function f : @ — R. For this
example, the open set {||¢|f.o < 1} describes all ¢ € Z(2) that satisty |0%¢| < 1/|f]
everywhere on 2, where we adopt the convention 1/0 := oo so that the condition is
vacuous wherever f = 0.

REMARK 13.90. The following observations show that the topology we’ve defined on 2(Q)
cannot be metrizable, so Z(Q) is not a Fréchet space. If d were a metric defining the topology
of 2(9), then for every ¢ € Z(1), the sets U; := {¢p € 2(Q) | d(¢,v) < 1/j} for j € N would
define a countable sequence of neighborhoods of ¢ with the property that every neighborhood of
¢ contains Uy, for some k € N.?* Since the topology is determined by good seminorms, this would
equivalently mean that there exists a sequence of good seminorms | - |; for j € N such that for
every good seminorm || - |, the set {¢) € 2(Q) | [¢]| < 1} contains {1 € 2(Q) | [¢[x < 1} for some
k € N; in other words,

|- 1<||x forsome keN.

By Exercise 13.89, it would follow that for every continuous function f : 0 — R, there exists k € N
such that

Ifelco < eli  forall e ().
To see that this is impossible, pick a sequence of nontrivial functions ¢1, @2, s, ... € 2(2) whose
supports are pairwise disjoint compact sets Ky, Ko, K3,... € §2, and choose f :  — R to be a
continuous function that satisfies

fe19l ok frajen
le;llco

Then | fejllce > |¢;l; for every j € N, giving a contradiction.

LEMMA 13.91. If p; — @ in the topology of Z(Y), then there exists a compact subset K < ()
such that ¢; € Pk () for every j e N u {oo}.

Proor. If not, then after replacing ¢; with a subsequence, we can find a sequence of points
x; € Q that lie outside the support of ¢, have no accumulation point, and satisfy ¢;(z;) # 0 for
every j. Choose a continuous function f : Q@ — (0, 00) such that f(z;) < |p,(x;)| for every j. Then
by Exercise 13.89, U := {¢ € 2(Q) | |¢ — ¢ | < [} is an open neighborhood of ¢, in 2(), but
w; ¢ U for every j, so ¢; cannot converge to .. g

COROLLARY 13.92. A sequence p; € 2(2) converges to o, € 2(Q) if and only if there exists
a compact set K < Q such that p; € D (Q) for all j € N u {0} and p; — ¢o, in the topology

As preparation for the next result, we need some general facts about continuity for linear
maps between locally convex spaces. A preliminary remark about locally convex topologies is
in order. If X carries the locally convex topology generated by a given family of seminorms

34A collection of neighborhoods with this property is called a countable neighborhood base of . A
topological space in which every point admits a countable neighborhood base is called first countable. What
Remark 13.90 shows in effect is that every metrizable space is first countable, but 2(Q) is not.
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{||]|o } w1 then by definition, every open set in X is a union of finite intersections of sets of the
form {z € X ||z — wo|o <€} for arbitrary zo € X, a € I and e > 0. Equivalently, a set 4 < Y
is open if and only if for every xg € U, there exists a nonempty finite subset Iy c I and numbers
€o > 0 for a € Iy such that

xe X with |z —xolla <e€x forallaely = zell.

The seminorms || - | : X — [0,00) are each continuous functions, and in the situation above,

lzll == > ner, % also defines a continuous seminorm; the aforementioned condition can then
[e3

equally well be described as

rxe X with |z —xo| <1 = zel.

This provides a briefer way of characterizing open sets: & < X is open if and only if for every
xo € U, there exists a continuous seminorm | - || such that every x € X with |z — o] < 1 belongs
to U. The sufficiency of this condition is clear since continuity of | - | implies that every set of the
form {z € X | |z — zo| < 1} is open.

LEMMA 13.93. On a topological vector space X, a seminorm |- || : X — R is continuous if and
only if the set {x € X | |z| <1} € X is open.

PROOF. In one direction, the implication is an immediate consequence of the definition of
continuity and the fact that (—1,1) = R is open. For the converse, we use the fact that for every
rg € X and € > 0, the invertible affine map ® : X —» X : z — zg + ex is a homeomorphism,
thus if B := {z € X ||z| <1} is open, then so is ®(B) = {zx € X | v — x| <e€}. Given this,
if V ¢ [0,0) is any open subset and xo € X satisfies |zo| € V, then choosing any € > 0 such
that (|zo]| — €, |xo] + €) = V, the triangle inequality implies that every x € X in the open set
{w e X [z —wo|| < ¢} satisfies || < [zo + [z —xof < o] +eand |z = o] —zo =] > |zo] —e,
so this open subset belongs to the preimage of V under || |, proving that this preimage is open. 0O

LeEMMA 13.94. Suppose X is a locally convexr space whose topology is determined by the family
of seminorms {|| - |a}taer- Then a seminorm |- || on X is continuous if and only if there exists a
nonempty finite subset Iy < I and a constant C' > 0 such that

|z < C Z |x]a forall zeX.

acly
ProoF. We claim first that if | - |1 is a continuous seminorm and || - | < | - |1, then |- | is
also continuous. Indeed, consider B := {z € X | |z|| < 1}, and for any z( € B, choose € > 0 such
that [lzo| + e < 1. If | - ||, is continuous, then the set U := {x € X | |z — 201 < €} is an open
neighborhood of xg, and if || - | < || - ||, then every = € U satisfies

[z < llzoll + |z = zoll < [xoll + |z = zoll < [0l + € <1,

implying & < B. This proves that B c X is open, so by Lemma 13.93, | - | is continuous.

By the assumptions of the lemma, the seminorms || - |, are continuous for all o € I, thus
C et |+ o is also a continuous seminorm for any C' > 0 and any finite set /o = I. The claim in
the previous paragraph thus implies one direction of the lemma.

For the other direction, assume | - || is continuous, so B := {x € X | |z| < 1} is an open set.
Since the family of seminorms {|| - |4 }aer generates the topology of X, it follows that B contains
a neighborhood of 0 € X in the form

U:={zeX | |z]a<eq forevery a € Iy}
for some nonempty finite subset Iy = I and real numbers {e, > 0}ner,- In other words,

(13.10) 7)o < €q for every a€e Iy = |z|| <1.
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We claim that |z < C' Y} [|z]a holds for every x € X, where C' > 0 is a constant independent
of x. There is nothing to prove if |z|| = 0, so consider x € X with |x|| > 0. At least one of the ||z],
for @ € Iy must then also be positive, as otherwise multiplying = by a sufficiently large positive
scalar would produce a contradiction to (13.10). The quotient

|z
ety 1%l

is therefore well defined whenever |z| > 0, and we claim that on this subset of X, it is bounded.
If not, then there exists a sequence x; € X with |z;| > 0 and Q(x;) — oo. But each x; can be
multiplied by a positive scalar without changing the value of Q(xz;), thus we are free to assume
without loss of generality that the denominator in the definition of Q(z;) some fixed constant less
than min,es, €, for every j. In this case, (13.10) implies that the numerator is less than 1 and
thus gives a bound on Q(z;), which is a contradiction. O

Q(x) :=

LEMMA 13.95. For two locally convex spaces X and Y, a linear map A : X — Y is continuous
if and only if for every continuous seminorm ||- ||y on'Y, there exists a continuous seminorm |- | x
on X such that |[A(x)|y < ||z||x-

PRrOOF. Assume the second condition holds, V < Y is an open set, and 2o € X is a point
with yo := A(xo) € V. The openness of V implies that for some continuous seminorm which we
will denote by |- [y, {y €Y | |ly — yo|y < 1} defines an open neighborhood of y that is contained
in V. If || - |x is a continuous seminorm on X satisfying |A(z)|ly < ||z|x for all X, it follows
that {a: eX | |z —zol|x < 1} is an open neighborhood of zy in X such that for all z in this
neighborhood, |A(z) — yo|y = Az — z0)|ly < ||z —x0|x < 1, implying z € A=1(V). This proves
that A=!(V) c X is open and thus that A is continuous.

Conversely, suppose A is continuous and |- ||y is an arbitrary continuous seminorm on Y. Then
B:={yeY ||y|ly <1} is open, hence A~'(B) < X is an open neighborhood of 0 and therefore

contains Y := {z € X | |z|x < 1} for some continuous seminorm |- [x on X. In other words, we
have
(13.11) lz|x <1 = [A(@)]ly <1

for all x € X. We claim that |A(z)|y < |z|x holds for all z € X. If |A(z)||y = 0 there is nothing
to prove, so assume |A(z)| > 0. Then |z|x must also be positive, as otherwise multiplying = by
a sufficiently large positive scalar produces a contradiction to (13.11). It follows that the quotient
Q(z) := |A(x)|y/|x|lx > 0 is well defined whenever its numerator is nonzero, and clearly it does
not change if x is multiplied by any positive scalar, thus we are free to assume ||z|x = 1 — €
for any € > 0 arbitrarily small. Under this assumption, (13.11) implies |[A(z)|y < 1 and thus
Q(z) < 1/(1 — ¢); since € > 0 was arbitrary, it follows that Q(z) < 1. O

PROPOSITION 13.96. For any locally convez space X, a linear map A : () — X is continuous
if and only if its restrictions Al g, (o) : Zx(2) — X are continuous for all compact K < ().

PROOF. Since the inclusions Zk () — Z(Q) are continuous, the statement is obvious in one
direction. We need to show that if A has a continuous restriction to every Zx (), then it is
continuous on 2(). For this, it will be convenient to choose an open covering of 2 by countably
many subsets {{2;};en with the following properties:

(1) The covering is locally finite, i.e. every point in Q has a neighborhood that intersects
at most finitely many of the €;;
(2) K;:=Q; is compact for every j.
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For a concrete construction of {€2,}jen, choose a strictly increasing sequence r; > 0 with lim;_,,, r; =
sup{|z| | x € Q}, another sequence ¢; > 0 such that r1 —e; >0 and r; —¢; > ;1 for every j > 2,
and define
Qj = {m € | Ti—1 —€j—1 < |x| < ’I“j}

where for j = 1 we interpret the lower bound on |z| as a vacuous condition. With this construction,
it is clear that one can also find a sequence of smooth functions p; : @ — [0, 1] such that each p; is
supported in Q; and 27;1 p; = 1, where the sum is finite at every point due to the local finiteness
of the open covering.*® Any ¢ € 2(f2) can now be decomposed as

p = Z Pi> where @j = pjp has support in Kj.

Observe that for every ¢ € Z(Q2), only finitely many of the functions ¢; can be nonzero: indeed,
the local finiteness of the covering {€2;} implies that at most finitely many of the sets §2; can
intersect the compact set supp(ip).

To show that A : 2(2) — X is continuous, it suffices by Lemma 13.95 to show that for

any continuous seminorm | - |x on X, there exists a good seminorm | - || on Z(Q2) such that
[A(p)|x < || for all ¢ € 2(Q). The topology of Pk, () for each j € N is generated by the
monotone sequence of norms | - [gm for m = 0,1,2,..., thus continuity of A on Zx,(Q2) implies

that there exists an integer m; > 0 and a positive number c; such that

AW x < ¢jefems forall ¢ e Dk, ().

Since the sum ¢ = > . ¢; is finite for each ¢ € Z(Q) and ¢; € Dk, () for j = 1,2,3,..., we can
apply the triangle inequality and write

IAMP)x < ZIIA% Ix < ZCJH%HC'" < djlel

O™y

where each of the modified constants ¢} > 0 depends on the C™i-norm of p; but not on ¢. With
these constants fixed, it is easy to check that

90

lell == > dllelem @)

j=1
defines a good seminorm on Z(R2), as for any compact K < (, the restriction of this seminorm
to Pk () has only finitely many nonzero terms, and C*-convergence in Zk (2) implies that each
individual term converges. Since |[A¢|x < |¢| by construction, this establishes that A : 2(Q) - Y
is continuous. U

The following easy consequence completes the proof of Proposition 13.8:

COROLLARY 13.97. For any locally convex space X, a linear map A : 2() — X is continuous
if and only if it is sequentially continuous, i.e. for every convergent sequence ¢; — @ in (),
Alps) = Alpx)-

Proor. By a standard result in point-set topology, continuous maps are always sequentially
continuous. Conversely, if A : 2(Q2) — X is sequentially continuous, then its restriction to Zk ()
for each compact set K < € is sequentially continuous, and since Pk () is metrizable, it follows
that the restriction of A to Pk () is also continuous. By Proposition 13.96, A itself is therefore
continuous. O

35A collection of functions pj with these properties is called a partition of unity on €.
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REMARK 13.98. By another standard result in point-set topology (see e.g. [Wen23, §4]), a
sequentially continuous map f : X — Y between two topological spaces is continuous whenever X
is first countable. We did not claim this to be true for 2(2), which is not first countable according
to Remark 13.90, but Corollary 13.97 says that it is nonetheless true specifically for linear maps to
other locally convex spaces. Philosophically, the reason this works is that Z2(Q) can be viewed—in
a sense to be made precise in §13.8.2 below—as a limit of a family of spaces in which sequential
continuity does imply continuity, namely the metrizable spaces Zk () for K < Q compact.

13.8.2. Inductive limits. The topology we’ve defined on 2(1) is often referred to as an induc-
tive limit topology. While one can understand all of its properties without knowing what this term
means, let us take a moment to discuss the wider context in which it arises.

We need to introduce a few notions from abstract category theory. For the particular appli-
cation relevant here, the “category” we have in mind is the class of locally convex spaces (these
are the objects of the category), and the natural class of maps between two such spaces consists
of all continuous linear maps (these are the morphisms of the category). We shall formulate the
definitions below in terms of this particular category just for concreteness, but they would still
make sense in any other category, e.g. topological spaces and continuous maps, vector spaces and
linear maps, groups and group homomorphisms, and so forth.

Suppose [ is a set with a pre-order <, i.e. < is reflexive (o < «) and transitive (o < § and
B < ~ implies o < «), but the relations @ < 8 and § < a need not imply o = 8, so < need not
be a partial order. The pair (I, <) is called a directed set if for every pair «, 8 € I, there exists
~v € I with v > o and v > . An obvious example is N with its usual total order <:=<. A more
interesting and relevant example for our purposes is to define I as the set of all compact subsets
in a fixed open set Q2 ¢ R"”, with K < K’ defined to mean K — K'. Notice that the ordering
relation in this example is a partial order, but not a total order since for any two compact subsets,
it need not be true that either is contained in the other. It forms a directed set because whenever
K, K' c Q are both compact, K u K’ is another compact subset of Q that contains both of them.

DEFINITION 13.99. A direct system (or inductive system) of locally convex spaces consists
of a directed set (I,<) and a family of locally convex spaces {X,}aer together with continuous
linear maps g, : Xo — Xg defined for each a, § € I with a < 3, such that

Paa = Ian
and the diagram
X, 222 X5 22 X

Prya
commutes for every triple o, 8,y € I with a < 8 < 7.

The notion of “convergence” for a direct system must necessarily look somewhat different from
what we’ve seen before for sequences, as there is no meaningful topology to be defined on the “set”
of all locally convex spaces.® The idea is instead to measure the convergence of a direct system
{Xa,psa} in terms of the continuous linear maps from each X, to other fixed spaces.

DEFINITION 13.100. For a direct system {Xa, ¢q} of locally convex spaces over the directed
set (I,<), a target {Y, f,} of the system consists of a locally convex space Y together with

36And strictly speaking, the collection of all locally convex spaces is far too large to be called a set; it is instead
a proper class. This remark is included only for the sake of readers who truly care about abstract set theory.
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associated continuous linear maps f, : X, — Y for each « € I such that the diagram

PBa

X, Xz
N(: /
fa
Y

commutes for every pair «, 5 € I with a < .

DEFINITION 13.101. A target {X ., pq} of the direct system {X,, pga} is called a direct limit
(or inductive limit or colimit) of the system and written as

X = lim{ X}

if it satisfies the following “universal” property: for all targets {Y, fo} of {Xa, ©ga}, there exists a
unique continuous linear map f., : X, — Y such that the diagram

X, 225 X,
For

o~

Y

commutes for every o € I.
The essential meaning of a direct limit can be encoded in the diagram
lim { X}
Y

PBa P~B
X, X5 X,

where we assume o < f < v < ... € I. The key feature of the space h_II)l{Xa} is that whenever a
space Y and continuous linear maps X, — Y in a commuting diagram of this type are given, the
“limit” map from lim{X,} to Y indicated by the dashed arrow must also exist (as a continuous
linear map) and be unique.

Note that these definitions on their own give no guarantee for any given direct system that a
direct limit must exist, and if it exists, then it is generally not unique. Indeed:

EXERCISE 13.102. If {X, fo} is a direct limit of {X,, vss} and Y is another locally convex
space such that there exists a continuous linear isomorphism v : X — Y with a continuous inverse,
show that {Y, ¢ o f,} is also a direct limit of {X, ¥ga}-

Remark: The invertibility of 1) is needed only for showing that {Y, 1 o f,} satisfies the universal
property; it is already a target without this.

The non-uniqueness exhibited by the exercise above is however the worst thing that can happen:
if {X, fo} and {Y, go} are any two direct limits of the same system {X,, ©3q}, then the universal
property provides unique continuous linear maps g, : X — Y and f, : Y — X satisfying
g © fa = go and fo 0 go = fo for every a € I. It follows that f,, o g, is the unique continuous
linear map X — X satisfying (fo, 09+ )0 fo = fo for every a € I, which implies f, 09, = Idx. A
similar argument shows g, o fo, = Idy, thus X and Y are isomorphic, and there is a distinguished
isomorphism relating them. For this reason, we typically refer to “the” (rather than “a”) direct
limit of any system for which a limit exists.

ExaMPLE 13.103. Given an open set 2 ¢ R™, take (I, <) to be the set of all compact subsets
K c Q with K < K’ defined to mean K < K'. There is then a direct system {Xg, ¢x: ik} over
(I, <) such that X = Pk () and ¢k k is the obvious inclusion map Pk () — Pk (Q), defined
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whenever K ¢ K’'. Define px : k() — 2(Q) also as the natural inclusion for each K € I.
Proposition 13.96 can then be reinterpreted as the statement that {2(Q), ¢k} is a universal target
for the direct system {Zx (), vx’ i}, in other words,

2(9) = lig{ 75 (2)}.

This is why the topology of 2() is often called the inductive limit topology determined by
the natural Fréchet space topologies of Zk (2) for all compact K < Q.

REMARK 13.104. One really should call the topology on 2(Q) a locally convex inductive
limit topology, as omitting the words “locally convex” can potentially cause confusion. A topol-
ogist would interpret the words “inductive limit topology” to mean a universal target in the sense
of Definition 13.101, but with X, and Y allowed in general to be arbitrary topological spaces (not
necessarily topological vector spaces), and all maps required to be continuous but not necessarily
linear. It is not hard to show that the direct limit in this sense of the system {2k (), pr/ K}
can be identified again with the vector space 2(2), but endowed with an even stronger topology,
for which a set U ¢ 2(Q) is open if and only if U N D () = Pk (Q) is open for every compact
K c Q. This topology has the same notion of convergent sequences as the locally convex topology
we defined, and it has the nice property that for any topological space X, a (not necessarily linear)
map f: 2(Q) — X is continuous if and only if its restriction to Zx () is continuous for every
compact K < ). However, since this topology contains sets that are not open in the locally convex
inductive limit topology, it cannot be locally convex—in fact there is no good reason to expect
2(Q)) with this topology to be a topological vector space.

13.8.3. Comparison with other topologies. There are other natural topologies one could imagine
defining on the space of smooth functions with compact support, and it is natural to wonder why
the inductive limit topology defined in §13.8.1 is a better choice. The obvious answer is that
since we defined the topology on 2(2) to be as strong as possible while still being locally convex,
this makes the space of distributions 2'(Q2) as large as possible. But let us briefly discuss some
alternatives. In order to avoid confusion, we will refer to the space of smooth compactly supported
functions 2 — R in this subsection as

Cy (),
reserving the notation 2(Q) for the case where this space is endowed with the specific topology
from §13.8.1.

Alternative 1: The C}_-topology.

The space C*(Q) of all (not necessarily compactly supported) smooth functions 2 — R admits a
natural Fréchet space topology for which convergence means uniform convergence of derivatives of
all orders on compact subsets. This is often called C5.-convergence. A countable family of semi-
norms for the C|S.-topology, also sometimes called the weak or compact-open C*-topology, is
given by

[¢hm = Iplcmx,)  for integers m >0, j > 1,

where K1 ¢ Ko ¢ K3 C ...U]EN K; = Q is any exhausting sequence of compact subsets such
that K is contained in the interior of K ;11 for every j. This gives the right notion of convergence
because every compact set is contained in K for j sufficiently large, and it defines a metrizable
topology since the family of seminorms is countable (see e.g. [RS80, Theorem V.5]). Continuity
on C*(Q) is thus equivalent to sequential continuity, and since the notion of C}’_-convergence
can be expressed without referring to the specific choice of exhaustion K; ¢ Ko ¢ K3 C ..., the
C% -topology is also independent of that choice.

As a subspace of C*(Q), C3(£2) inherits a metrizable topology for which convergence means

~ -convergence. The first thing to notice, however, is that C3°(£2) is not a Fréchet space with

loc
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this topology, i.e. it is not complete, because it is not a closed subspace of C*(2). In fact, by
choosing any sequence of smooth cutoff functions p; € Cg° () with p;|x, = 1 for every j, it is easy
to check that for every p € C*(), ¢, := pjo — ¢ in Cf,, thus C;°(Q) is dense in C™(Q2) with
respect to the C|5_-topology. This has an immediate consequence for the space of continuous linear
functionals on C{"(€2): any linear functional A : C{"(©2) — R that is continuous in the Ci¥_-topology
must admit a continuous extension to a linear functional on C* (). Most distributions clearly do
not have this property; since functions ¢ € C*(Q) can grow arbitrarily large near infinity or near
the boundary of €2, even globally integrable functions f : 2 — R do not generally define continuous
functionals of ¢ € C*(Q) under the pairing As(p) := §, @ f dm. On the other hand, it is possible

to give a precise characterization of the distributions for which this works.

PROPOSITION 13.105. A distribution A € 2'(Q2) is continuous with respect to the C\~

oo -topology
on C(Q) if and only if it has compact support.

PROOF. In one direction, this statement follows from Proposition 13.84. For the converse,
continuity of A € 2'(Q2) with respect to C}%_-convergence implies since C°(f2) is dense in C* ()
that A extends to a C[5.-continuous linear functional on C™(€2). If supp(A) is not compact, then
for every compact set K < (Q, there exists a test function ¢ € Z2(Q) with supp(¢) n K = & and
A(p) # 0. We can therefore find an exhausting sequence of compact subsets K1 ¢ Ko c K3 ... C

Ujen K = © and associated test functions ¢1, @2, ¢3,... € Z(2) such that supp(p;)  K;\K;—1
and A(y;) # 0 for all j. For any choice of constnts ¢; € R, the sequence vy, := Z§=1 w; € P2(Q) is
then C}5.-convergent to a smooth function v, € C* (), but the constants c; can easily be chosen

to make sure that A(yy) = Z?Zl ¢;jA(p;) diverges as k — o, giving a contradiction. O

Alternative 2: The C*-topology.
The countable family of norms | - o= for integers m > 0 determines a Fréchet space topology on
the subspace

Cy(Q) :={pe C”(Q) | ?%¢ is bounded for every multi-index a} ¢ C*(Q).

The associated notion of C™-convergence means uniform convergence for derivatives of all orders,
not just on compact subsets but globally on Q, thus C*-convergence implies (but is not implied
by) C5.-convergence, and the C*-topology on the subspace C{(f2) is strictly stronger than the
C\-.-topology. This sounds like good news for the theory of distributions, as it means that the space
of C*-continuous linear functionals is larger than the space of compactly supported distributions
considered in Proposition 13.105. But the next exercise shows that it is still not large enough to

contain all locally integrable functions.

EXERCISE 13.106. Find a sequence ¢; € C{°(R) such that ¢; — 0 in the C*-topology, but
§g @jdm =1 for all j. This implies that the distribution Ay : 2(Q2) — R defined via the locally
integrable function f := 1 on R is not continuous with respect to the C*-topology.

A further hint that the C*-topology is not an ideal choice for 2(£2) arises from the observation
that C{”(Q) is not a C*-closed subspace of C;”(€2); one can easily find C™-convergent sequences
of compactly supported functions whose limits do not have compact support. It follows that
every C'*°-continuous linear functional on C§°(2) must admit a continuous extension to a subspace
of C(Q) that is strictly larger than Cg°(§2). Exercise 13.106 shows that even relatively tame
functions like f =1 on R need not define distributions that are extendable in this sense.

REMARK 13.107. One other theoretical drawback of the C*-topology is worth mentioning.
All the other topologies discussed in this section can be defined in more general contexts, e.g. for
the space of compactly supported smooth functions on a finite-dimensional manifold, and the
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weak and strong C*™-topologies can even be defined for spaces of smooth maps from one finite-
dimensional manifold to another. Generalizations of this type are essential for certain fundamental
perturbation results in differential topology (see e.g. [Hir94, Chapter 2]). The definitions in this
setting become more complicated, as they necessarily involve choices of local coordinate charts,
and one must then verify that the topologies defined in this way are independent of choices. For
the weak C'*-topology and its strong variants to be discussed below, this is not difficult, because
while the C"™-norm of a function can certainly change if one composes the function with a smooth
coordinate transformation, this change can be bounded as long as it is only being considered over
a compact subset. The ordinary C'*-topology for functions 2 — R is simpler to define, but since
it involves C™-norms over noncompact sets, it does not have such coordinate-invariant properties
and thus cannot be defined in a meaningful way for functions on a noncompact manifold.

Alternative 3: The (strong) Whitney C*-topology.
To describe the Whitney C*-topology, one should first describe the Whitney C™-topology for
0 <m < o on C*(Q). We give two definitions: first, it is the smallest topology containing all sets
of the form
Ulp,a, f) = (e CZ(Q) | 1°(6 — )| < [}
for arbitrary choices of ¢ € C*(Q), multi-indices a of order at most m and continuous functions
f:Q — (0,00). Equivalently, one can generate this topology with sets of the form

(13.12) V(e {Q}, {ki}, {e:}) == {v e C7(Q) | [ — @] cni Q) < €},
for all positive choices of ¢ € C*(Q), locally finite open coverings {€2;}ier of 2, and collections of
numbers {k; € {0,...,m}}ier and {€; > O}ser.

EXERCISE 13.108. Show that the two definitions of the Whitney C™-topology given above are
equivalent.

The Whitney C*-topology is now defined to be the smallest topology on C*(Q) that
contains the Whitney C™-topology for every m > 0, i.e. it is generated by the sets U(p, «, f)
without any bound on the order of the multi-index «, or by V(¢, {4}, {k:}, {€:}), in which the set
of integers {k; = 0},es is always required to be bounded, but no fixed bound is imposed.

It is straightforward to transform the definitions of U(p, o, f) < C*(2) and V(p, {Q;}, {ki}, {€:})
into conditions of the form {|)—¢| < 1} for suitable seminorms ||, thus the Whitney C'*-topology
is locally convex. One can however use the argument of Remark 13.90 to show that it is not first
countable, and thus not metrizable. Here is a clear advantage of the Whitney topology in compar-
ison with the C™ and C[f_-topologies:

loc

PROPOSITION 13.109. In the Whitney C* -topology, Ci° () is a closed subspace of C*(£2).

PROOF. One needs to show that C*(Q)\CF () is open. If ¢ € C* () does not have compact
support, then there exists a continuous function f : Q — (0,00) and a sequence z; € £ with no
accumulation point such that f(z;) < |¢(x;)| for all j. The set {1 € C*(Q) | |¢) — ¢| < f} is then
a Whitney-open neighborhood of ¢ consisting of functions ¢ that satisfy ¢ (z;) # 0 for all j and
thus never have compact support. O

A similar argument to Lemma 13.91 and Corollary 13.92 also shows:

PROPOSITION 13.110. A sequence in C3°(2) converges in the Whitney C* -topology if and only
if it converges in (). O

One can easily show that the seminorms one uses to define the open sets U(ip, «, ) or V(ip, {Q;}, {ki}, {&:})
are also good seminorms in the sense of Definition 13.88, thus the topology of 2(Q2) contains the
Whitney C*™-topology, and Proposition 13.110 reveals that the two topologies are evidently quite
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similar. In fact, the Whitney C°-topology is already strong enough to make all functionals of the
form Ag(p) = §, ¢ f dm for f e Ll () continuous, thus the Whitney C*-topology also has this
clearly desirable property. The next example shows however that the topology of 2(Q) is strictly
stronger, so that the space of distributions is still strictly larger than the space of linear function-
als on CF°(€Q) that are continuous in the Whitney topology. In light of Corollary 13.97, this also
reveals that for the Whitney topology on C§°(€2), sequential continuity of a linear functional does

not imply continuity.

EXAMPLE 13.111. Consider the real-valued distribution A : Z(R) — R defined by
20
Alp) =D B (k).
k=0

This is well defined on any individual test function ¢ € Z(R) since only finitely many terms in
the sum are nonzero, and the same is true for any convergent sequence of test functions, thus A is
sequentially continuous and therefore continuous on Z(R). But it is not continuous with respect to
the Whitney C*-topology on C(R). To see this, consider A=1((—1,1)). If this were open in the
Whitney topology, then there would need to exist a finite collection of multi-indices ay, ..., ayx and
continuous functions fi,..., fx : R — (0, 00) such that ﬂj.vzlu(o,aj,fj) c A=1((—=1,1)), meaning

[0%p| < fjforallj=1,...,N = [A(p)] < 1.

But this condition constrains only finitely many derivatives of ¢, thus one can always find a function
that satisfies it but has |[A(p)| = 1 due to the behavior of some derivative of even higher order.

Alternative 4: The (very) strong C*-topology. A minor modification to the definition of
the Whitney C'”-topology gives rise to an even stronger topology which we shall refer to as the
strong C* -topology.®” Tt is generated by all sets of the form V(ip, {Q}, {k;}, {e;}) as in (13.12),
for arbitrary locally finite open coverings {€);}icr, sets of nonnegative integers {k;};c; and positive
numbers {¢;},e;. The crucial difference is that in our definition of the Whitney C'*-topology, the
set of integers {k;}.cr was always required to be bounded, and this is no longer required. Note
that since the open covering {€2;}ics is locally finite, only finitely many of the sets can intersect
any given compact subset of €, but there still may be infinitely many sets in the covering. The
result is that neighborhoods generating the strong topology are required to satisfy conditions on
only finitely many derivatives over each individual compact subset, but globally on €2, there may
be conditions on derivatives of all orders.

If one only considers convergence of sequences, then there is no difference between the strong
and Whitney C*-topologies: Proposition 13.110 admits the same proof for the strong topology
and shows that it also has the same notion of convergence as Z(f2). That it is nonetheless strictly
stronger than the Whitney topology follows from Example 13.111 and the following:

EXERCISE 13.112. Show that the strong C*-topology on Ci° () is equivalent to the topology
of 2(Q).

The strong C*-topology is thus merely a different perspective on the locally convex inductive
limit topology, one that does not require talking about the Fréchet subspaces 25 (Q2) with K <
compact. This approach to the topology of Z() is discussed in more detail in [Hor66, §2.12],
which gives in particular an explicit family of good seminorms generating the topology.

37The literature is not unanimous on the terminology for these topologies: different sources may use the words
“strong topology” or “Whitney topology” to refer to either of alternatives 3 and 4, and one occasionally even finds
an authoritative source that fails to distinguish between them. (I am thinking especially of [Hir94], which defines
the Whitney topology in §2.1 and the strong topology in §2.4 but states erroneously that they are equivalent.)
Alternative 4 is occasionally also called the very strong C*™-topology, e.g. in [I1103].
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The next portion of this course concerns a number of important theorems about the general
properties of Banach spaces and bounded linear operators.

14. Hahn-Banach theorem

14.1. Motivation. It has already been mentioned that the following question is often nontriv-
ial: Given a topological vector space E over the field K € {R, C}, are there any nontrivial bounded
linear functionals A : ' — K? Exercise 2.38 shows that the answer is sometimes no: concretely,
for 0 < p < 1, the space L?([0, 1]) of functions f : [0,1] — R satisfying || f]}, := Sé |f(t)|Pdt < oo,
with topology defined via the metric d(f, g) := ||f — g|%,, has a trivial dual space. We’ve also seen
however that Hilbert spaces and LP spaces for p > 1 always have nontrivial dual spaces. So do the
CF-spaces, e.g. integration with respect to any finite measure defines a bounded linear functional
on the space of bounded C°-functions.

A more quantitative version of the question is the following: For which spaces E does there
exist for every x € E a bounded linear functional A : F — K such that A(z) # 07

The Hahn-Banach theorem will imply that this is true whenever F is a locally convex space,
so in particular, it is true for all Banach spaces.

For a bit of motivation, notice that constructing interesting functionals A € E* would be easy
if we could always answer the following question: Given a subspace W c F and a bounded linear
functional A : W — K, can X\ be extended to a bounded linear functional A : E — K matching
A on W? Indeed, if this “bounded extension” problem can always be solved, then for any given
x # 0 € F, one could take any nontrivial functional A on the 1-dimensional subspace spanned by z
and extend it to a bounded linear functional A € E* satisfying A(z) # 0. We already know from
Lemma 2.31 that if W is not closed, then A admits a unique continuous extension over the closure
W c E, so we lose no generality if we assume that W in the first place is closed. But if W c E is
a proper closed subspace of infinite codimension, it is not immediately obvious whether \ admits
a bounded extension from W to E. In finite dimensions, you would know what to do: You would
choose an inner product, so that you can define the orthogonal complement W+ < E, and then
define the extension A : F — K uniquely by the conditions Al = A and A|yr = 0. This trick
also works if F is a general Hilbert space. If E is an infinite-dimensional Banach space, then we
do not have an inner product in general, but we could try doing the same trick with W= replaced
by a more general complementary subspace W’ c E, i.e. a subspace such that

E=WaoWw,

so that every x € E is uniquely the sum of two vectors w € W and w’ € W’. On a purely algebraic
level, one can always find such a complement: we can define it using a Hamel basis of the quotient
space E/W. We will not go into details on this, because analytically, it is not useful: without more
information about the complement W’ < E of W, there is no guarantee that the unique linear
functional A : E — K determined by A|lw = A and A|w+ = 0 will be bounded. It is not difficult
to show that this works whenever the complementary subspace W’ c E is also closed, so if every

157
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closed subspace of F admits a complementary closed subspace, then we’re in business, and the
bounded extension problem can be solved. There’s just one problem: Not every closed subspace
of a Banach space admits a complementary closed subspace—the existence of such complements
is yet another “obvious” fact from finite-dimensional linear algebra that turns out to be false in
more general infinite-dimensional settings. We’ll come back to this topic in §15.3. The good news
is that the bounded extension problem can nonetheless be solved, even when closed complements
do not exist, and this is what the Hahn-Banach theorem does.

14.2. Statement and proof. The key idea behind the Hahn-Banach theorem is convexity.
Recall from §2.3 that seminorms | - || : E — R on a vector space E are convex functions, meaning
that for all z,y € E and 7 € [0, 1], we have

Irz + (L =)yl < 7z + (1 =)yl

Moreover, by Lemma 13.95, a linear functional A : E — K on a locally convex space F is continuous
if and only if there exists a continuous seminorm || on E such that |A(z)| < |z| for all € E. Note
that if K = R, then here it suffices to assume A(z) < |z|, since —A(z) = A(—x) < | —z| = |z|
then implies |A(z)| < |z|. I recommend keeping these observations in mind when you read the
following somewhat technical statement.

THEOREM 14.1 (Hahn-Banach). Assume E is a real vector space, p : E — R is a convex
function, W < E is a linear subspace and X : W — R is a linear map satisfying \(x) < p(z) for all
x € W. Then there exists an extension of X to a linear functional A : E — R satisfying Alw = A
and A(x) < p(x) for all z € E.

Several interesting corollaries will be discussed in the next subsection, but here is one to start
with:

COROLLARY 14.2. For E a normed vector space over K € {R,C} and W c E a linear subspace,
every bounded linear functional A € W* can be extended to a bounded linear functional A € E*

such that Alw = A and |A| = |

PROOF. In the case K = R, A € W* is a linear map A : W — R satisfying A\(x) < c|z|
for all x € W and some constant ¢ = |A|| = 0 independent of x. Defining the convex function
p: E - R:zw— c|z|, the Hahn-Banach theorem implies the existence of a functional A : E - R
such that Alw = A and A(z) < p(x) = c||z|| for all x € F; replacing « with —x in cases where
A(z) < 0, this implies |A(z)| < ¢|z| and thus |A] = c.

The case K = C can be reduced to the case K = R by considering for any complex-linear
functional A : W — C the associated real-linear functional ReX : W — R, which satisfies
|Re AM(z)| < |A(z)| < c|z| for all z € W. Applying the result in the real case then produces a
functional ® : E — R such that ®|y = Re Alw and |®(z)| < ¢|z|| for all x € E, and one checks
that A(x) := ®(z) — i®(ix) defines a suitable complex-linear extension of A. O

ExaMPLE 14.3. For any = # 0 in a normed vector space E, there is a unique bounded linear
functional A on the subspace spanned by z satisfying A(z) = |z| and thus |A\| = 1. Applying
Corollary 14.2 then produces a bounded linear functional A € E* such that A(z) = |z| and
[A] = 1. Recall from Exercise 5.3 that for most interesting measure spaces X and the Banach
space E := L*(X), there exist functions f € E such that all nontrivial bounded linear functionals
A, € E* represented by functions g € L'(X) satisfy the strict inequality [Ay(f)] < |lgllp: - | fllo= =
|Agll - | fllz. For A € E* and = € E as obtained above from the Hahn-Banach theorem, this strict
inequality is not satisfied, so it follows that A is not representable by an L'-function, i.e. the Hahn-
Banach theorem fills in the gap previously left open in our proof that the Riesz representation
theorem fails for L*(X).
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The proof of the Hahn-Banach theorem is non-obvious but relatively elementary when dim F <
o0, and extending to the case dim F = oo is also straightforward with the aid of Zorn’s lemma.
The need to use Zorn’s lemma, however, makes the theorem slightly unpopular in certain quarters
of the mathematical community. In practice, for most of the spaces that one is typically interested
in, there are ways of proving the important corollaries of the Hahn-Banach theorem without using
the theorem itself, and thus without relying on the axiom of choice.

REMARK 14.4. While the standard applications of the Hahn-Banach theorem are analytical
results, the theorem itself is really more a result of algebra than analysis: neither the statement
nor the proof involves any notions of convergence or completeness.

PROOF OF THEOREM 14.1. Step 1 is the elementary portion of the proof: the goal is namely
to show that the theorem holds in the special case where W < E has codimension 1. Equivalently,
we assume there exists a point y € E\W and extend A : W — R to a suitable functional A defined
on the larger subspace W @Ry < E. Such an extension will be uniquely determined by the number
a := A(y) € R, so the question becomes: for what values of a € R does A satisfy the inequality

(14.1) Az + cy) < plx + cy) for all xeW, ceR?

Assuming A(z) = A(z) for € W, the relation already holds by hypothesis when ¢ = 0. For ¢ > 0,
we will have A(zx + cy) = A(z) + ca < p(x + cy) if and only if the relation

1

(14.2) a < - [p(z + cy) — Az)] for all xeW, ¢>0

is satisfied, and similarly, A(x — cy) = A(z) — ca < p(x — cy) holds if and only if
1

(14.3) a= - [A(z) — p(x — cy)] for all xeW, ¢>0.

It is possible to find a number a € R satisfying both inequalities if and only if the right hand side
of (14.2) is at least as large as the right hand side of (14.3), and we claim that the latter is always
true: in fact, for all x,2’ € W and «, 8 > 0, we claim

(14.4) ~ @) = pla = aw)] < 5 [p(e’ + 5) = M)

Indeed, this is equivalent to the relation

A(Bz + ax') < Bp(a — ay) + ap(z’ + By),

and the latter holds due to the following sequence of relations, the last of which follows from the
convexity of p:

AB + az’) = (o + B)A (%j_ﬂx + ﬁm’) < (a+B)p (af—ﬂx + aiﬁ’)

~ (a0 (e + S5+ o)
<o+ ) | gpte - an) + S0+ 0) | = Aol = an) + anle’ + )

This proves the claim and thus completes Step 1.

Step 2 is to apply Zorn’s lemma (see §2.7). Define a partially ordered set (S, <), where S
consists of all pairs (W', A’) such that W’ is a linear subspace of E containing W and A’ : W' —» R
is a linear functional satisfying A’|yy = A and A’ < p, and

(X17A1) < (X25A2) < X1 C X2 and A2|X1 = Al-
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The set S is nonempty since (W, \) € S, and if Sy = S is a totally ordered subset, then one finds
an upper bound (W’ A") € S for Sy by setting

whe=|J W,
(Wo,A0)ESo
so that A’ becomes the unique extension of each Ag. Zorn’s lemma then provides a maximal
element (W,,A,)€e S. If W,, # E, then Step 1 can be applied to extend A, suitably to an even
larger subspace than W, contradicting the condition that (W, A,) is maximal. We conclude
that A, is the desired extension of A\ to F. O

14.3. Applications. We've already seen the most popular application of the Hahn-Banach
theorem, namely Corollary 14.2 on the ability to extend bounded linear functionals from subspaces
without changing their norms. A few other applications have been mentioned in previous sections,
and we can now establish them rigorously. For instance, the fact that locally convex spaces (and
Banach spaces in particular) always have nontrivial dual spaces:

THEOREM 14.5. For any locally convex space X and any x # 0 € X, there exists a continuous
linear functional A € X* such that A(x) # 0.

PROOF. Given z # 0 € X, choose any continuous seminorm | - | on X with |z| # 0, let
W c X denote the 1-dimensional subspace spanned by x, and choose any linear functional A on
W such that |A(z)| = ||z||. If X is a real vector space, the Hahn-Banach theorem extends A to
linear functional A : X — R satisfying A(z) < ||x|| and therefore also |[A(z)| < ||z| for all x € X;
by Lemma 13.95, the latter implies that A is continuous. If X is a complex vector space, one
can instead apply the Hahn-Banach theorem to Re A : W — R and produce from the resulting
real-linear extension a complex-linear extension as in the proof of Corollary 14.2. g

The following consequence of Theorem 14.5 looks obvious at first, but it is both nontrivial
and useful. In topological language, a similar argument shows that the weak topology on a locally
convex space is Hausdorff.

COROLLARY 14.6. In any locally convex space X, if x,, € X is a weakly convergent sequence
with x, — x and x, — vy, then x = y.

PrOOF. Assuming z, — x and y # x, Theorem 14.5 provides a functional A € X* with
A(xz —y) # 0, and thus A(x) # A(y). Weak convergence then implies A(z,,) — A(z), and it follows
that A(x,) cannot converge to A(y), thus x,, is not weakly convergent to y. O

The next result was stated previously as Corollary 5.7, and it follows easily from Corollary 14.2
and Example 14.3.

THEOREM 14.7. For every Banach space E, the canonical map ® : E — E** is an injective
isometry, i.e. it satisfies |®(x)|| = |z| for every x € E. O

We can now also extend to all Banach spaces a result that, for Hilbert spaces, follows from
Corollary 3.14 and the Riesz representation theorem:

THEOREM 14.8. For any Banach space E, a linear subspace W  E is dense if and only if the
subspace {A € E* | Alw =0} < E* is trivial.

Proor. If W c FE is dense and A € E* vanishes on W, then it must also vanish on E due to
the uniqueness of continuous linear extensions from dense subspaces (Lemma 2.31).

Conversely, suppose W is not dense, so its closure W c E is a proper closed subspace. For
any y € E\W, define A : W @ Ky — K as the unique linear functional that vanishes on W and
satisfies A(y) = 1.
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We claim that the distance between y and W is positive, i.e. there exists a number § > 0
such that |v —y| > § for all v € W. Indeed, there must otherwise exist a sequence vj, € W such
that |up — y|| — 0, meaning vz — ¥, which would imply y € W since W is closed, and is thus a
contradiction.

Next, we claim that the functional A : W @ Ky — K is bounded. Indeed, since dist(W,y) =:
8 > 0, we have for every ¢ # 0e K and v e W,

[
o+ eyl = lel - Jy = (=) = olel,
and thus )
A +ey)l = lel < 5o + eyl

proving the claim.
By Corollary 14.2, A now extends to a bounded linear functional A : E — K, which vanishes
on W c E but not at y € E. g

EXERCISE 14.9. Use uniform convexity to give a second proof of Theorem 14.8 for the special
case F := LP(X) with 1 < p < o0, without appealing to the Hahn-Banach theorem.
Hint: You may find some useful inspiration in the proofs of Theorem 3.12 and Corollary 3.14.

Since we now know that the dual of L® is larger than L', implying in particular that L' is
not reflexive, it follows from the next result that L™ is also not reflexive:

THEOREM 14.10. A Banach space is reflexive if and only if its dual space is reflexive.

PROOF. Assume F is areflexive Banach space, so the canonical injective isometry ® : £ — E**
is surjective. Since it is an isometry, its inverse is then also an isometry and thus a bounded linear
operator, and one easily checks that the transpose of that inverse

E* (QT E***
is the canonical injective isometry from E* to (E*)** which is therefore also invertible, proving
that E* is also reflexive.

The converse requires the Hahn-Banach theorem; more precisely, we shall deduce it from
Theorem 14.8. Suppose namely that E is not reflexive, so ® : E — E** is not surjective. Since
® is an isometry, Cauchy sequences in the subspace ®(F) ¢ E** correspond to Cauchy sequences
in F and therefore converge, proving that the image ®(F) ¢ E** is a closed subspace, so in
particular, it is not dense in E**. It then follows from Theorem 14.8 that there exists a nontrivial
bounded linear functional ¥ : E** — K that vanishes on ®(E). One easily checks however that
for any A\ € E*, any functional in the image of the canonical injective isometry E* — E*** that
vanishes on ®(F) must be trivial, proving that ¥ is not in the image of E* — E*** go E* is not
reflexive. O

15. Sums, quotients, and complements

One of the most fundamental results about Hilbert spaces is the theorem on orthogonal com-
plements: For every Hilbert space H and closed subspace W < H, one has H = W @ W+, thus
presenting H as the direct sum of two closed subspaces. Recall that for a vector space Z and two
linear subspaces X,Y < Z, the algebraic notation

Z=XeY

means
X+Y =2 and X nY = {0},
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or in other words, every x € X can be presented as © = v + w for unique elements v € V and
w € W. The absence of an inner product makes the question of splitting Banach spaces into sums
of closed subspaces considerably subtler, but we are now in a position to prove a few results about
this.

15.1. Direct sums of Banach spaces. We start by defining a second meaning for the
symbol “X @ Y”, meant for a slightly different context. The direct sum of two Banach spaces X
and Y, denoted by X @Y, is the Banach space

X@Y:=XxY ={(z,y) |zeX, yeY}
equipped with the norm

(15.1) [ o) = ] + ]yl

It is an easy exercise to check that this definition satisfies the axioms of a norm on X @Y, and
that it is complete whenever the respective norms on X and Y are complete, thus making X @Y
into a Banach space.

EXERCISE 15.1. Show that
(@, )2 = v/[z]* + [ly|?

also defines a norm on X @Y, and it is equivalent to the norm in (15.1).

REMARK 15.2. If Z is a Banach space and X,Y < Z are closed subspaces, then X and Y
are also naturally Banach spaces, giving rise to a Banach space X @Y as defined above, and the
definition of the norm on X @Y makes

XY >Z:(z,y)—»2x+y

into a bounded linear map. The splitting condition Z = X @Y then holds if and only if this
bounded linear map is invertible.

15.2. Quotients by closed subspaces. Given a normed vector space X and linear subspace
W c X, we endow the quotient space

X/W = {[z] | z € X, where [z] = [y] if and only if 2 —y € W}

with the seminorm
|[2]] := “%élé‘v o + wl.

It is straightforward to check that || - | as defined on X /W satisfies the axioms of a seminorm.

ProPOSITION 15.3. If X is a Banach space and W < X is a closed subspace, then the induced
seminorm on X /W is a norm and makes X /W into a Banach space.

PRrOOF. If |[z]| = O, then there exists a sequence w, € W such that |z + w,| — 0, meaning
w, — —xz. Since W is closed, this implies —z € W and thus z € W, so [z] = 0 € X /W, proving
that the seminorm on X /W is a norm.

To prove completeness, we recall the following fact from first-year analysis: A normed vector
space is complete if and only if every absolutely convergent series in that space converges. To
make use of this, suppose [z,,] € X /W is a sequence such that ¥, |[z,]| < c0. We can then choose
w,, € W for each n so that |z, + wy| < 2|[z,]|, in which case 3 [|zn + wn| < o0, and since X is
complete, it follows that >} (x, + wy) converges to some element y € X. We then have

[Z(:ﬂn + wy,) —y}

n=1

N

2 [ea] =[]

n=1

as N — oo, proving >o_ [z,] = [y] € X/W. O

N

Z(:cn+wn)—y

n=1

—0

<
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We observe that the definition of the norm on X /W makes the quotient projection
X5 X/W:ix e 2]
into a bounded linear operator.

15.3. Complemented subspaces. In a Banach space X, a closed subspace W < X is said
to be complemented if there exists another closed subspace W’ < X such that X = W @ W'.

ExaMPLE 15.4. If X is a Hilbert space, then Theorem 3.12 implies that every closed subspace
W c X is complemented, since its orthogonal complement W+ c X is another closed subspace
and X =W @ W+.

ExAMPLE 15.5. If X is a Banach space and W < X is a closed subspace of finite codimension
codim(W) := dim (X /W) < oo,

then W is complemented. Indeed, a closed complement of W can be defined as the span of any
collection of elements wy, . .., w, € X whose equivalence classes [w1], ..., [wy] form a basis of X /W.

As was discussed in §14.1, the Hahn-Banach theorem would be unnecessary if every closed
subspace of a Banach space were complemented. Counterexamples are not so easy to find, but
they exist: For instance, in the Banach space £* := L*(N,v) of bounded sequences {x,, },en, the
closed subspace consisting of sequences {z,} with lim, . x, = 0 is known to admit no closed
complement. A short proof of this fact (using Corollary 15.9 below) appears in [Whi66].

Aside from their relevance to the bounded extension problem, the importance of complemented
subspaces has much to do with the continuity of linear projection maps.

DEFINITION 15.6. For a vector space X with two subspaces W, W’ c X such that X = W@W’,
the projection to W along W' is the linear map

XL X iwtw > w forwe W, w' e W
equivalently, it is the unique linear map II : X — X such that im(IT) = W, ker(IT) = W', and

I1? = II. More generally, a linear map IT : X — X is called a projection whenever I12 = II.

REMARK 15.7. It is often useful to observe that if X = W @ W’ and II is the projection to W
along W', then 1 —II is the projection to W’ along W.

THEOREM 15.8. For a Banach space X with linear subspaces W, W' c X such that X =
W @ W', the projection I1 : X — X to W along W' is continuous if and only if both W and W'
are closed.

COROLLARY 15.9. A closed subspace W < X of a Banach space is complemented if and only
if there exists a continuous linear projection map 11 : X — X with im(IT) = W.

Proor. If a continuous projection IT : X — X with image W exists, then W' := ker(Il) is
a closed complement of W. Conversely, if W has a closed complement W', then Theorem 15.8
implies that the projection to W along W’ is continuous. O

We are doing things slightly out of order, because the complete proof of Theorem 15.8 depends
on the following important result, to be proved in §16 below:

THEOREM (Inverse mapping theorem). Ewvery bounded linear bijection between two Banach
spaces has a bounded inverse.

You may view the following proof in part as motivation for the effort that will be required in
proving the inverse mapping theorem.
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PROOF OF THEOREM 15.8. If the projection II : X — X is continuous, then W’ = ker(II)
is closed, and the complementary projection 1 —IT : X — X is also continuous, implying that
W =ker(1 —1II) is also closed.

Conversely, suppose W, W' < X are both closed, in which case both are naturally Banach
spaces, and we can consider their direct sum W @ W’ as a Banach space, for which the natural
bounded linear map

Wew -2 X : (w,w') - w+u
is invertible, as mentioned in Remark 15.2. The inverse of ® can be written in terms of the
projection II as
o1 = (II,1 —1I).
Since W @ W’ and X are both Banach spaces and ® is bounded, the inverse mapping theorem
implies that ®~! is also bounded, and so therefore are IT and 1 — II. O

With this characterization of complemented subspaces in hand, we conclude by extracting from
the Hahn-Banach theorem a result dual to Example 15.5:

THEOREM 15.10. In a Banach space X, every finite-dimensional linear subspace W < X is
complemented.

ProOF. Choose a basis e, ...,e, € W; using Corollary 14.2, we can then associate to this
basis a set of bounded linear functionals Ay,..., A, € X* such that
1 ifi=j
Ai(ey) = O
0 ifdi#j.

A bounded linear projection map II : X — X with im(II) = W is then defined by I(z) :=
1 Ai(x)e;, and the result now follows from Corollary 15.9. O

EXERCISE 15.11. For a Banach space X with two subspaces W, W’ c X such that X = Wa@W’
and W is closed, let 7 : X — X /W denote the quotient projection, so that w|y+ : W' — X /W is a
bijection. Show that the inverse of this bijection is continuous if and only if the subspace W/ < X
is also closed.

Note: For one direction of the implication, you may use the inverse mapping theorem.

16. The Baire category theorem and its consequences

There was some unfinished business hidden in the proof of Theorem 15.8: we cited the inverse
mapping theorem, which states that invertible bounded linear operators between Banach spaces
always have bounded inverses. Among other things, we will derive that result in this section from
the closely related open mapping theorem, whose proof requires the Baire category theorem.

16.1. Baire category theorem. One way of motivating the Baire category theorem is via
the following question: In a metric space M, what kinds of subsets should be considered “insignif-
icant,” and what should it mean for a property to hold “almost everywhere”?

These questions have standard answers whenever M is endowed with a measure: the insignif-
icant sets are those which have measure zero, and a property holds almost everywhere if and only
if it holds on the complement of such a set. We will be interested however in cases where M is
an infinite-dimensional Banach or Fréchet space, on which there is no standard choice of measure.
The idea is then to focus on the topological properties of sets in M, and a special role is played
by subsets that are both open and dense; intuitively, we would like to say that a property is true
“almost, everywhere” if (but not only if) it holds over an open and dense set. Note that in measure
theory, this is not quite right, i.e. an open and dense subset of R™ need not have full measure
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(see Example 16.5 below); we will see nonetheless that for qualitative purposes, open and dense
sets can reasonably play the role of sets with “full measure” in settings where there is a metric
but no natural measure. In keeping with the usual principles of measure theory, we would also
like to say that a countable union of insignificant sets is always insignificant, whereas no set that
contains an open ball of any size should be considered insignificant. The Baire category theorem
tells us, essentially, that in any complete metric space, the items on this wish-list for the notion of
an “insignificant” set do not contradict each other.

DEFINITION 16.1. In a metric space M, a set S < M is called nowhere dense if its closure
S has empty interior, i.e. S does not contain any open ball. Equivalently, S is nowhere dense if it
is contained in the complement of an open and dense subset of M.

A subset of M is called meager (or of the first category) if it is a countable union of nowhere
dense sets, and comeager (or residual) if it is the complement of a meager set. Equivalently,
S © M is comeager if it contains a countable intersection of open and dense sets.

THEOREM 16.2 (Baire category theorem). A nonempty complete metric space is never a union
of countably many nowhere dense subsets.

REMARK 16.3. Closed balls in complete metric spaces are also complete metric spaces, and
open balls always contain smaller closed balls, thus an equivalent formulation of the theorem
would be that a meager subset of a nonempty complete metric space can never contain an open or
closed ball of any size. Rephrasing in terms of the complements of these sets, another equivalent
statement is that in a complete metric space, comeager subsets are always dense. The latter makes
it reasonable to define “almost everywhere” to mean “on a comeager subset”. By convention, the
term “almost everywhere” is reserved for measure-theoretic contexts, but it is common to use the
word “generic” for the concept under discussion here, i.e. a property dependent on points = in a
complete metric space M is said to be true generically if it holds for all z in some comeager
subset of M.

PROOF OF THEOREM 16.2. Assuming M is a complete metric space and My, My, M3, ... M
is a sequence of nowhere dense subsets, we shall construct a Cauchy sequence z,, € M whose limit
cannot belong to |,y My. Since M, does not contain any open ball, M\M; is nonempty, and
we can therefore choose z; € M\M; and €; > 0 such that B, (z1) n M} = &, where ¢; < 1
without loss of generality. We can then similarly choose w2 € B, (v1)\M2 and ez € (0,1/2) such
that B.,(z2) < Be, (z1) but B, (v2) n My = . Continuing inductively in this way, one finds
sequences x,, € M and €, > 0 such that for each n > 2,

1

< 2_n’ Ben (mn) c Ben_l (mn—l); and Ben (xn) N Mn = @

€ n

This makes x,, a Cauchy sequence, so z,, — x for some z € (), .y Be, (z»), but the latter implies
x ¢ M, for every n € N. g

REMARK 16.4. For the types of sets that one typically encounters in nature, those which have
measure zero are often also meager, and vice versa: every countable subset of R™, for example, is
both. Certain standard “genericity” theorems are equally valid in terms of either concept, e.g. Sard’s
theorem implies that the set of critical values of a smooth function R™ — R™ has measure zero and
is also meager. The next two examples show, however, that neither of these conditions actually
implies the other in general.
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ExXAMPLE 16.5. Since Q < R is countable, one can choose any enumeration {x1, x2,z3,...} = Q
of the rational numbers and, for any € > 0, construct an open subset

€ €
SE = U (a:n—ﬁ,xn-i- 2n+1) CR,

neN

0 €

which is also dense since Q < R is dense, and its measure satisfies m(Sc) < >}, _; 5= = €. It follows

that R\S, is nowhere dense but has nonzero (and in fact infinite) measure.

ExaMPLE 16.6. Using the sets S. € R from Example 16.5, one obtains a nested sequence of
open and dense subsets
RDSl DSI/Q 351/5 D...D ﬂ SI/N ::S7
NeN
whose intersection S R is comeager and has measure m(S) = limy_, m(Sl/N) <limpy_ o % =

0. This proves the intuitively surprising fact that R is the union of a meager set with a disjoint
set of measure zero.

16.2. Open and inverse mapping theorems. Here is a first application of the Baire cat-
egory theorem.

THEOREM 16.7 (Open mapping theorem). If X and Y are Banach spaces and T € £(X,Y)
is a surjective bounded linear operator, then T is also an open map, i.e. for every open subset
U c X, the image T(U) C Y is also open.

Before proving this, let us fill in the gap that was left open in §15.3:

COROLLARY 16.8 (Inverse mapping theorem). If X and Y are Banach spaces and T € £(X,Y)
is a bijective bounded linear operator, then T™' : Y — X is also bounded.

PROOF. Recall that a map between two topological spaces is continuous if and only if the
preimage of every open set is open. In the case at hand, T—! is thus continuous if and only if
T(U) c Y is open for every open set U < X, and this follows from the open mapping theorem. O

REMARK 16.9. A bounded linear operator A : X — Y between two Banach spaces is sometimes
called a Banach space isomorphism if it is invertible. Corollary 16.8 justifies this terminology
by guaranteeing that not only A but also its inverse A~! is continuous.?®

We can now remove an unnecessary hypothesis from a result stated at the very beginning of
this course, Corollary 1.12:

COROLLARY 16.10. For two Banach spaces X,Y , the invertible bounded linear maps form an
open subset of Z(X,Y). O

PRrROOF OF THEOREM 16.7. As a preliminary remark, notice that it will suffice to prove that
for any surjective bounded linear operator T': X — Y between two Banach spaces,

T(B,(0)) o Bgr(0) for some r, R > 0.
Indeed, for any zg € X and € > 0, one then has

€
T(Be(xo)) = Txo + ~T(B:(0)) = Tzo + Begyr(0) = Begyr(Two),

proving that the image of any open ball contains an open ball about the image of its center, hence
the image of any open set is open.

381f you like category-theoretic terminology, the proper way to say this is that A~ is a valid morphism in the
category of Banach spaces with bounded linear maps, and the correct notion of isomorphisms in that category is
therefore the invertible bounded linear maps.
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Claim 1: For some r > 0, T'(B,(0)) has nonempty interior.
Indeed, since T is surjective,

y = | 7(B.(0))

implies via the Baire category theorem that not all of the sets T'(B,,(0)) are nowhere dense, so for
some n € N, T'(B,(0)) contains a ball B.(y) c Y.

Claim 2: T'(B1(0)) contains a ball about 0 € Y.
To see this, we start with the ball B.(y) c T(B,(0)) from Claim 1, which implies that for every
y' € Be(0), both y and y + ' € B.(y) are limits of sequences of points in the image of B, (0),

i.e. there exist sequences xy, x}, € B,(0) such that
T, =y and Tz, >y +vy'.

It follows that T'(x}, — x) — ¥/, and since ||z — 2}, < |zx| + |2}, | < 2n, this proves

Be(0) c T(B2n(0)),
and therefore also B./s,(0) = T'(B1(0)). Let us henceforth relabel ¢/2n as ¢, so that without loss
of generality,

B(0) € T(B1(0)).

Claim 3: T'(B1(0)) < T'(B2(0)).

Note that the proof will then be complete, because in combination with Claim 2, this implies that
the image under T of Bs(0) contains B.(0). To establish the claim, suppose y € T'(B1(0)) is given,

so there exist points in the image of B1(0) that are arbitrarily close to y, and in particular, we can
choose 1 € B1(0) such that

y—Tx1 € BE/Q(O) < T(BI/Q(O))'
Applying the same reasoning to the point y — T'r1, we can then choose a point x3 € By/5(0) such
that
y —Txy —Txz € Beyy(0) € T(By4(0)).

Continuing inductively, this produces a sequence

Ty, € Byjon-1(0) such that y—Txy —Trg—...—Tw, € Bejan(0).
Since ||lz,|| < 1/2"71, we have 3, [2,| < X1 57=r = 2 < o and can thus appeal to the fact

that absolutely convergent series in Banach spaces converge: we obtain a limit

x = i xn € Ba(0),

n=1

which satisfies Tx = y. O

16.3. Closed graph theorem. The graph of a map A : X — Y is defined to be the set
Fy:={(z,Az) e X xY |ze X} c X x Y.

If A is a linear map, then its graph is a linear subspace of X @Y, and we recall that the latter is
naturally a Banach space if X and Y are both Banach spaces. The next result will provide some
useful inspiration when we study the spectral theory of unbounded linear operators at the end of
this course.

THEOREM 16.11 (Closed graph theorem). For two Banach spaces X,Y, a linear map A : X —
Y is bounded if and only if its graph T'4 is a closed subspace of X @Y.
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PROOF. Suppose A is continuous and (z,, Az,) € T'4 is a convergent sequence of points
in its graph, with (x,,Az,) — (z,y) € X ®Y. This means z, — = and Az, — vy, so the
continuity of A and the uniqueness of limits of sequences in metric spaces implies Az = y, hence
(z,y) = (z, Azx) € T4, proving that I'4 is closed.

For the converse, suppose A : X — Y is a linear map for which I'y ¢ X @Y is a closed
subspace, thus making I" 4 into a Banach space with norm

|(z, Az)| = || + [ Az].
The projection map 71 : 'y — X : (x, Az) — z is then a linear bijection and satisfies
|71 (2, A)|| = || < o] + [Az]| = |(z, Az),

thus it is bounded, and the inverse mapping theorem then implies that its inverse 7| L X 5Ty
is also bounded. The other projection map mo : T'a — Y : (z, Az) — Ax is similarly bounded, and
it follows that

A=myony 1

is also bounded. O

We deduce from the closed graph theorem that self-adjoint linear operators on Hilbert spaces
are automatically bounded.?”

COROLLARY 16.12 (Hellinger-Toeplitz theorem). For a Hilbert space H, every linear operator
A H — H satisfying
{x, Ay) = (Az, y) for all z,yeH

is bounded.

PROOF. Suppose (x,, Ax,) € T4 is a convergent sequence of points in the graph of A, with
(n, Axy) — (x,y) € H X H, so x,, — x and Az, — y. Then for any z € H, we have

(Tp, Azy = {x, Az) = (Ax, 2),
but the left hand side is also (Az,, z), which converges to (y, z), implying
{y, z) = {(Ax, z) for all zeHN.
This proves Az =y, so (z,y) = (x, Az) € T'4, and the graph is therefore closed. O

16.4. Principle of uniform boundedness. As another application of the Baire category
theorem, we can now answer this:

QUESTION 16.13. Can a weakly convergent sequence be unbounded?

An affirmative answer would seem surprising, but it does not follow easily from the definition
of weak convergence. What we will show, in fact, is that if x,, € X is an unbounded sequence in a
Banach space, then A(z,,) is also unbounded and therefore cannot converge for generic bounded
linear functionals A € X* (see Remark 16.3 on the use of the term “generic”). The Baire category
theorem then guarantees that this holds in particular for all A in a dense subset of X *.

In §16.5 below, we shall also address the following more concrete question, whose answer may
seem legitimately surprising:

QUESTION 16.14. For a continuous periodic function f € CO(S') < L2(S') of one variable,
does the L?-convergent Fourier series Dkez e2mkT falso converge pointwise to f?

39There is nonetheless a well-developed spectral theory for “unbounded self-adjoint operators” which we plan
to discuss at the end of this course. The Hellinger-Toeplitz theorem is the reason why such operators need to be
defined on dense subspaces, rather than the entire Hilbert space.
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THEOREM 16.15 (Principle of condensation of singularities). Suppose X is a Banach space, T
is a set, and {Ty : X — Yao}aer is a collection of bounded linear maps to normed vector spaces Yy, .
If the set {|T.|| | € I} < R is unbounded, then there exists a comeager subset R < X such that
the set {\|Ta:c|| | Q€ I} c R is unbounded for every x € R. In other words, if the operator norms
|T%| are unbounded, then |Tox| is also unbounded for “generic” x € X.

PROOF. Forn e N, let Ry, := {z € X | sup,c; [[Tax| > n}. It will suffice to show that R,, < X
is open and dense for each n € N; the desired comeager subset is then R := ),y Rn-

To show that R, is open, suppose xg € Ry, so there exists « € I such that |T,zo| > n. Then
since T, and the norm are both continuous, one also has |T,z| > n for all z € X sufficiently close
to xg, proving z € R,,.

We now prove that R, is dense. If not, then there exist zp € X and € > 0 such that B.(zg) n
R, = ¢, implying that for all z € B(x¢), sup,e; |[Toz| < n. It then follows that for any =z € X
with ||z|| = €/2,

|Toz]| = |Towo = Ta(zo — )| < | Tao| + |Talzo — 2)| < n +n =2n,

and thus |T,| < 62/—% for all o € I, contradicting the assumption that {||T, | o€ I} is unbounded.
U

Note that Theorem 16.15 on its own does not use the Baire category theorem, but without
Baire, the result would be useless because we could not guarantee that the comeager subset R < X
is nonempty. This knowledge is used in the next two corollaries:

COROLLARY 16.16 (Principle of uniform boundedness). For any collection of bounded linear
operators {Tn : X — Y, }aer between Banach spaces such that {||Tax\| | o€ I} is bounded for every
zeX, {|T.| | v eI} is also bounded. O

COROLLARY 16.17. Weakly convergent sequences in Banach spaces are bounded.

Proor. Given z,, — x in X, the convergence A(x,) — A(z) for every A € X* implies that the
set {|A(zn)| | n € N} < R is bounded. Using the natural injective isometry ® : X — X** we ob-
tain a collection of bounded linear functionals ®(z,,) € X** on X* such that {|®(z,)A| | n € N} <
R is bounded for every A € X*, so by the principle of uniform boundedness, it follows that the
norms |®(z,)| = ||| satisfy a bound independent of n. O

16.5. Pointwise convergence of Fourier series. As a final application, we turn our at-
tention to Fourier series and the surprising answer to Question 16.14.

THEOREM 16.18. Given any countable set I < S', there exists a comeager set Ry < C°(S!)
of continuous periodic functions such that for every x € I and f € Ry, the sum ., e2mike
diverges.

Proor. It suffices to prove that the result holds when I is a single point {z¢} € S!; the general
case then follows because the countable intersection Ry := (1), .; Ry} is comeager if each of the sets
Ry, is comeager. With this in mind, we fix in the following a point zo € S1. We shall assume as
usual that our functions on S take values in a finite-dimensional complex inner product space V.

Define for each N € N a bounded linear operator Ty € Z(C°(S'),V) that evaluates the
corresponding partial Fourier series of f € CY(S!) at the point z:

N
Inf = Z ermiko f e V.
k=—N
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Our main task is to show that
ITn| — as N — .

Indeed, plugging {Tw : C°(S') — V}nen into Theorem 16.15 will then give a comeager subset
R < CY(S') such that for every f € R, the sequence of partial Fourier series of f evaluated at
is unbounded, and therefore divergent.

Using the characteristic function of the interval [N, N], we can write Ty f as

Tnf =Y e ox_yn(k) fi = (px = £)(@o),
keZ

where py € C*(S') is the unique complex-valued function with Fourier coefficients (pn)r =
X[-n,n](k), and we've used Exercise 11.20 to rewrite Ty f as a convolution. The function py is
known as the Nth Dirichlet kernel, and we will take a closer look at it in the next paragraph. For
now, we observe that py is a finite linear combination of complex exponential functions and is thus
analytic, so it has isolated zeroes; in particular, it is nonzero almost everywhere on S'. In order
to compute the operator norm |Ty||, we then observe that for every f e C°(S1),

e f1 = o » Do)l = | [ oo = 021 (0) ] < lolus -1,

and this inequality can be made arbitrarily close to an equality if we choose f € C°(S') to be any
continuous function sufficiently L!-close to the L'-function z — px (2o —)/|pn (20 — )|, which is
defined almost everywhere. This proves

TN = lpn e,

and the remaining task is thus to prove

ot = [ low@lds 0w N

In light of its Fourier coefficients, a precise formula for the Dirichlet kernel py is given by

N
PN(Z): Z 627rzkz'
k=—N

To rewrite this in a more useful form, we recall first the standard formula for the partial sums of
a geometric series,

N
1 _aN+1

ot = N for a#1,
k=0 —a
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from which one derives the related formula,

N — V1 1—qgN-1
> a Za + Z (1/a)f —1 = - 1
k=—N k=0 k=0 —a —a
_a —ad" 1l —aH+1—-a VN1 -a) _(1-a)1-a™h)
(I-a)(l—at) (1—a)(l-at)

l—a"*—at+aV+1-a VM 1—a+a ¥ —(1-a—at+1)
(1—-a)(1—a?)
—aVNtl 4 gN —g N1 4o N

(I—-a)(l—-a1)
a7N71 _a2N+2 +a2N+1—1+a 7N(a_1)(1_a2N+1)
— . —a
a=! (I1—-a)(a—1) (1 —-a)(a—1)
1— a2N+1
—a N —— for a # 1.
1—a
To put the latter in a more symmetric form, we multiply the numerator and denominator of
—N N+1
% by a= /2, producing
N —-N-1L N+i N+i -N-3
a 2 —a" 2 a"t2 —q
Z ak = T n = n n for a#1.
p— a2 —a2 az —a 2

Since €27 # 1 for almost every x € S = R/Z, we can plug a := €?™ into this formula and apply
the identity e? — e~ = 2isin(f), obtaining
sin [277 (N + %) x]

pn(x) = - for almost every = € S*.
sin(mz)

We now use this formula to establish a lower bound for |pn|r1. Note that the denominator is
positive for z € (0,1) and satisfies

(16.1) sin(rz) < 7x,
implying
sin[2m (N + 1) =
lon(x)| = sin [27 ( kil for O<z<l,
T

while the numerator has fixed signs on intervals of length 5 N —1- We deduce

1 204 o sm 27r N + 12 sinu

lowles > £ zj gl g, L LN [0 Iy,
2N+1 z g j=1 m(j-1) u
12N+ 9 2N+14
—Z J |51nu|du——zf—>oo as N — .
j=1 7J Jn(j-1) j=1 J

17. Fredholm operators

Recall from §12.6 that a bounded linear operator T : X — Y is called compact if it maps
bounded sets to sets with compact closure. This is a property that all linear operators in finite di-
mensions have, and in infinite-dimensional settings, the compact operators furnish an especially nice
class of operators for which many familiar results of finite-dimensional linear algebra can be gener-
alized; this will be apparent in particular when we study their spectral theory in §18.5. Fredholm
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operators—which are related to compact operators but are not the same thing in general—form
another class of operators for which some important things from the finite-dimensional setting can
be rescued. They play an important role in the study of elliptic PDEs, and especially in differential
geometry, e.g. the famous Atiyah-Singer index theorem is a formula that relates topological data to
the Fredholm indices of certain differential operators defined in the setting of a closed differentiable
manifold.

17.1. Definitions and examples. A bounded linear operator T': X — Y is called a Fred-
holm operator if
dimkerT < and dim cokerT' < 0,

where by definition the cokernel of T is
cokerT := Y/imT,

so the second condition means that the image of T" has finite codimension. The Fredholm index
of T is then the integer

ind(T) := dimker T' — dim coker T € Z.
Fredholm operators arise naturally in the study of linear PDEs, in particular as certain types of
differential operators for functions on compact domains (often with suitable boundary conditions
imposed).

EXAMPLE 17.1. For periodic functions of one variable = € S' = R/Z with values in a finite-
dimensional vector space V, the derivative 0, : C*(S') — C*~1(S!) is a Fredholm operator with
index 0 for any k € N. Indeed,

ker 0, = {constant functions S* — V} < C*(S),

[RECE o} ;

the latter follows from the fundamental theorem of calculus since the condition {g, g(x)dz = 0
ensures that the function f(x) := Sg g(t) dt on R is periodic. The surjective linear map

and
imo, = {g e CF1(sh)

CFHISH) s Vg . g(z) dx

thus has im @, as its kernel, so it descends to an isomorphism coker 9, — V, implying ind(0,) =
dimV —dimV = 0.

EXAMPLE 17.2. For the same reasons as explained in Example 17.1, 9, : Ck2(S1) — C*~La(81)
is Fredholm with index 0 for every k € N and « € (0, 1].

EXERCISE 17.3. Use Fourier series to show that the unique extension of ,, : C*(S!) — C*(S!)
to a bounded linear operator H**1(S') — H*(S%) is also Fredholm with index 0 for every s = 0.

EXERCISE 17.4. Show that for functions taking values in a vector space V of dimension n,
the derivative 0, : C*([0,1]) — C*71([0,1]) is a surjective Fredholm operator with index n, but
imposing the boundary condition f(0) = f(1) = 0 produces an injective Fredholm operator

{Feck((o,1) | £(0) = £(1) = 0} 2= c*1([0,1])
with index —n.

EXERCISE 17.5. Show that for n > 2 and each j = 1,...,n, the bounded linear operators
d; : CF(T") —» CFY(T"), 0; : CH*(T") — C*=L(T") and 9; : H**Y(T") — H*(T") have
infinite-dimensional kernels and are thus not Fredholm.
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EXAMPLE 17.6. The Laplacian A := 37, 07 on fully periodic functions of n variables valued
in a finite-dimensional vector space V defines a Fredholm operator

A Hs+2(Tn) N HS(T")
with index 0 for each s > 0. Indeed, if u € H**2(T") and f = Au, then f has Fourier coefficients

n
fe =) %u, = —4r®[k|*i € V,
j=1

thus
| £

ST KRR = 167 S (14 R R < 167 Y (1 + [k 2
keZn keZm keZm
= 167 ulse,

proving that A is bounded from H**2 to H®. If Au = 0, then fk = 0 for all kK € Z", implying
ur = 0 for all £ € Z™\{0}, but there is no condition on the coefficient %y € V, thus ker A is
the space of functions in H**2(T") whose only nonvanishing Fourier coefficient is g, also known
as the constant functions T"™ — V. Similarly, the equation Au = f can be solved for a given
f € H(T™) by writing 4, = —mfk for all k € Z™\{0}, but this is only possible if fy = 0, thus

imA = {f € H*(T") | fo = O}, and the surjective linear map H*(T") — V : f — fo therefore
descends to an isomorphism coker A — V. We conclude ind A = dimV —dim V' = 0.

EXERCISE 17.7. Show that the wave operator 07 — 02 : H*+2(T?) — H*(T?) for fully periodic
functions of two variables (¢, z) € R? has infinite-dimensional kernel, so it is not Fredholm.
Hint: Consider functions of the form (t,z) — f(t + z).

EXAMPLE 17.8. On any bounded open domain Q2 c R™, the Laplacian defines bounded linear
operators CkT2(Q) — C*(Q), CF*+22(Q) — C**(Q) for each k > 0 and a € (0,1], as well as
Wk+2.p(Q) — WkP(Q) for each p € [1, 0], but none of these operators are Fredholm. The reason
is that all smooth solutions to the equation Au = 0 on R™ (these are called harmonic functions)
belong to the kernels of these operators, and there is an infinite-dimensional space of such solutions.
This is especially easy to see in the case n = 2, where one can identify R? = C and extract harmonic
functions from the real parts of holomorphic functions C — C.

17.2. The Sobolev spaces H}(Q) and H~!(Q). The following is an extended digression
from the general theory of Fredholm operators, and may be considered inessential. Its purpose is
to present a more interesting example of a Fredholm operator than the ones that we’ve seen so
far—in fact, the example discussed below is of fundamental importance in the theory of elliptic
PDEs.

The Laplacian A is the most popular example of an elliptic operator; in contrast to the wave
operator of Exercise 17.7, it has the right properties to produce a Fredholm operator in suitable
functional-analytic settings, as demonstrated by Example 17.6. The problem with Example 17.8
turns out to be not the operator A itself, but the fact that it is being considered on a bounded
domain without imposing any boundary condition.*’

40The reader might protest at this point that in Exercise 17.4, we saw an example of a differential operator
for functions on a bounded domain that was Fredholm despite no mention of any boundary condition. The domain
in that example, however, had dimension 1, and since boundaries of 1-dimensional domains are isolated points at
which functions take values in a finite-dimensional space, the difference between having a boundary condition or not
in this situation is finite dimensional. Moreover, differential equations for functions of one variable are governed by
the Picard-Lindelof theorem on local existence and uniqueness of solutions. The situation for PDEs in more than
one variable is radically different.
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To discuss the Laplacian with boundary conditions, it is useful to introduce a few new variations
on the usual Sobolev spaces H*(R™). We shall assume in the following that all functions take values
in a fixed finite-dimensional complex inner product space (V,{, ») unless otherwise noted. Recall
that H*(R") is defined for each s > 0 as the space of functions f € L?(R™) with the property that
the product of the Fourier transform f : R® — V with the function R* — R : p > (1 + Ip|?)5/?
is also in L?(R™). The same definition does not quite make sense for s < 0 since, in that case,
(1 + |p|?)*/2f could very well be of class L? without f itself being of class L2, in which case one
should not require H*(R") to be a subspace of L?(R"). The remedy is to define H*(R") for s < 0
as a space of tempered distributions rather than functions. In fact, the resulting definition also
makes sense for s > 0, but reduces then to the previous definition since tempered distributions
whose Fourier transforms are L?-functions can always be represented by L2-functions.

DEFINITION 17.9. For any s € R, we define H*(R™) c .#/(R™) as the space of all tempered
distributions A whose Fourier transforms are represented by functions of the form A(p) = (1 +
Ip|?)=%/2f(p) for some f € L?(R"™). The H*-norm is then defined via the inner product

A W= (A + PR 1+ )R = JRn“ +Ip*)* A @), X' (p)) dp.

It is easy to see that H*(R") is a Hilbert space, as it admits a natural unitary isomorphism to
L?(R™), defined by taking Fourier transforms and multiplying by (1 + [p|?)*/?.

EXERCISE 17.10. Assuming s € R, prove:
(a) A distribution A € /(R™) is in H *(R™) if and only if it satisfies a bound |A(p)| <
c|¢|lms for all test functions ¢ € .7 (R™).
(b) The space of vector-valued Schwartz-class functions . (R™) is dense in H*(R"™).
(c) The pairing Z(R™") x S (R") - C : (p,¢) — {p,¥)r2 extends to a continuous real-
bilinear pairing
(Yot H(RY) x HY(R") > C,

o= (B PR P RF) = [ R e,

such that the real-linear map A — (A, -); sends H ~*(R"™) isomorphically to the dual space
of H*(R™).

DEFINITION 17.11. For each s € R and an open subset @ < R", we identify C3”(£2) with the
space of smooth functions R® — V that have compact support in 2, and define the closed subspace

H*(Q) < H*(R™)
as the closure of Ci°(2) in the H*-norm. We also define the closed subspace
Hge(R™) := {Ae H*(R") | A(p) =0 for all p € 2(Q)} « H*(R"),
i.e. H5.(R™) is the space of distributions in H*(R™) whose supports are contained in Q¢ := R"\Q.
Finally, we define the quotient Banach space
H*(Q) := H*(R")/Hg-(R™).

EXERCISE 17.12. Given s € R, let I : H—*(R") — (H*(R"))* denote the natural real-linear

isomorphism in Exercise 17.10, and assume {2 € R™ is an open set. Prove:

(a) I maps H,?(R") ¢ H=%(R") onto the annihilator of H*(f2), i.e. the space of bounded
linear functionals on H*(R™) that vanish on H*(Q).
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(b) The map H™5(R") — (H*(Q))" : A I(A)| g o descends to the quotient H~(Q) =
*

H™%(R")/Hg2 (R™) to define a Banach space isomorphism H~*(Q) — (ﬁ*(Q)) .
It is straightforward to show that the obvious inclusion
HS(R’M) [N yl(Rn)

is continuous, as the topology defined on H*(R™) by the H*-norm is stronger than the usual
weak™-topology on the space of tempered distributions. Given an open set 0 < R", the continuous
inclusion 2(Q2) — #(R™) dualizes to define a continuous restriction map .#/(R") - 2'(Q) : A —
Alg(q), so that composing this with the inclusion above yields a natural continuous linear map

H*(R") - 2'(Q).

The kernel of this map is H§.(R™), thus it descends to the quotient H*(Q2) = H*(R™)/H§.(R™) as
a natural continuous linear injection

(17.1) H*(Q) > 7'(Q) : [A] = Algq).

It is useful to keep this injection in mind and regard elements of H*(Q)) as distributions on
from this perspective, H*(Q) is precisely the space of distributions on  that arise as restrictions
to Q of distributions in H*(R™). For elements [A] € H*(2) such that A can be represented by
a locally integrable function f : R™ — V (as is for instance always possible when s > 0), the
corresponding distribution on €2 is represented by f|q, which is uniquely determined up to equality
almost everywhere on Q. In particular, H*(Q) for each s > 0 is identified in this way with a linear
subspace of L?(12).

EXERCISE 17.13. For any integer k£ = 0 and open subset 2 < R", show that the the map
[f] = fla defines an injective bounded linear operator H*(2) — W*2(Q) with norm at most 1.
Hint: Recall that H*(R") = Wk2(R"), so the H*-norm for functions on R™ is equivalent to a
norm written in terms of weak derivatives instead of Fourier transforms.

REMARK 17.14. The injection H*(Q) < W*2(Q) is also surjective, and thus a Banach space
isomorphism, whenever it can be shown that every f € W#2(Q) admits an extension over R™ that
belongs to W*2(R") = H*(R™). This is not true in general, but it is trivially true for k = 0,
thus giving a natural isomorphism H°(Q2) = L?(Q2). By a standard extension result in the theory
of Sobolev spaces, it is also true for every k € N if the boundary of  satisfies certain regularity
assumptions, e.g. it is true whenever () is bounded and its closure in R™ is a smooth submanifold
with boundary.

As a closed subspace of a Hilbert space, Hs (Q) is also a Hilbert space, and a Hilbert space
structure can also be assigned to H*(Q2) by identifying it with the H*-orthogonal complement of
H§.(R™) € H*(R™), though for our purposes, it will usually suffice to regard H*(Q2) as a Banach
space with the natural quotient norm. Notice that since C§°(Q2) € H*(R") for every s € R™, there
is a natural inclusion

CE(Q) = HY(Q) : f = [f]
The following definition and subsequent proposition are not strictly necessary for our exposition
in these notes, but we include them in order to make our notation consistent with what is found
in most textbooks.

DEFINITION 17.15. For s > 0 and an open subset ) < R"”, the closed subspace
Hg () « H*(Q)
is defined as the H?®-closure of C°(Q) € H*().
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REMARK 17.16. The reason to restrict to s > 0 in Definition 17.15 is that for s < 0, C§(Q)
is already dense in H*(Q)), so the definition would in those cases give nothing new. The density
of CF(Q) c H*(Q) for s < 0 is an easy consequence of the case s = 0, for which Exercise 17.13
and Remark 17.14 give a natural identification H°(Q) = L?(Q) and we can appeal to the fact that
C(Q) is dense in L?(€2). One can then deduce from the density of .7 (R") ¢ H*(R") that L*(Q)
is dense in H*(Q) for every s < 0.

PROPOSITION 17.17. For any open set 2 < R™ and each k € N, there is a natural isomorphism
H*(Q) - HE(Q) : f = [f].

PROOF. The quotient projection H¥(R"™) — H*(Q) : f — [f] restricts to an injection on the
subspace C(2) ¢ H*(R™), and since it is bounded with respect to the H*-norm, it has a unique
extension to a bounded linear map ® : H*(€2) — H*(£2). The closure of the image of ® is HE(Q)
by definition, thus our task is to prove that ® is injective with closed image. To see this, we use
the W*2-inner product as a substitute for the H*-inner product and claim that every f € CF(Q)
is W*2 orthogonal to the subspace HE.(R™). Indeed, elements of Hf.(R™) can be regarded as
functions g € L?(R™) that vanish almost everywhere on Q and have weak derivatives 0“g € L?(R")
for every multi-index « of order |a| < k, and it follows that these weak derivatives also vanish
almost everywhere on 2. We thus have

<fa g>W""'2 = Z <ao¢f, aO‘g>L? =0,

lo| <k

as the integrand in each of these L2-inner products vanishes almost everywhere. Since the TW*:2-
and H*-norms are equivalent, it follows that the closure H*(€) is contained in the W*2-orthogonal
complement of HE.(R") ¢ H¥(R™). The quotient projection H*(R") — H¥(Q) restricts to the
latter space as a Banach space isomorphism, and the restriction of that isomorphism to the smaller
closed subspace H* (Q) is @, whose injective image is therefore also a closed subspace. O

For any multi-index « of order |a| = m, it is straightforward to show that the differential
operator 0¢ defines bounded linear maps

aa . Hs+m(Rn) s HS(Rn)

for each s € R, and since 0% preserves the space of distributions with support disjoint from any
given open set 2 ¢ R™, 0 descends to a bounded linear map of the quotients

o HP™(Q) — HA(Q).

For f e H*T™(Q) and g € H*(Q), each represented via (17.1) as distributions on 2, the meaning
of the relation 0%f = g can now be understood as follows. By definition, f and g each admit
extensions f € H5t™(R™) and g € H*(R™) whose restrictions to Q are f and g respectively, and
0“f = g then holds in H*(Q) = H*(R™)/H§.(R™) if and only if o°f —§is in H§.(R™), which
projects trivially to the quotient. This means that 0¢ f — ¢ vanishes on all test functions supported
in Q, which is the same as saying that 0% f and g are identical distributions in 2'(Q). If f and ¢
are locally integrable functions, this means exactly what one would expect: ¢ is equal to a weak
derivative 0%f over the domain €. (Note that the notion of weak differentiation depends on the
choice of domain, and no claim is being made here about the relation 0¢ f = ¢ holding on any
domain larger than (2.)

Allowing linear combinations of such differential operators, the remarks of the previous para-
graph apply in particular to the Laplace operator A with m = 2. The following can then be
regarded as an existence and uniqueness result for distributional solutions of the Poisson equation
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Au = f with boundary condition u|,q = 0; in particular, it provides for every f € L?(Q) ¢ H=1(Q)
a unique weak solution u in the space H}(Q).

THEOREM 17.18. For any bounded open set Q) © R™, the Laplacian defines an injective Fred-

holm operator

HHQ) 2 H Q)

of index 0, i.e. it is a Banach space isomorphism.

This result is the first step in the study of the Dirichlet problem, which seeks solutions to the
Laplace equation Au = 0 on a bounded domain 2  R™ with prescribed boundary values u|,g (see
for instance [Tay96, §5.1]). We will prove the theorem via a series of exercises in §17.7, by showing
that A can be written as the sum of an isomorphism with a compact operator; as a “compact
perturbation” of an index 0 Fredholm operator, it is therefore an index 0 Fredholm operator. A
straightforward integration by parts argument then shows that the operator is injective, and since
its index is 0, surjectivity follows immediately.

17.3. Main theorems. The simplest examples of Fredholm operators come from finite-
dimensional linear algebra: every linear map A : K — K™ is Fredholm, and the fact that A
descends to an isomorphism K" /ker A — im A reveals that the index of A is

dimker A — (m — dimim A) =n — (n —ker A) + dimim A — m = n — m.

Notice that this result depends only on the dimensions of the domain and target of A, not on A
itself. For a Fredholm operator T': X — Y in infinite dimensions, one cannot so readily extract
information from the isomorphism X /kerT = im T since both sides are infinite dimensional. The
remarkable fact is that the index of T, while dependent on more data than merely the spaces X
and Y, still does not change under small perturbations or continuous deformations of 7' through
families of Fredholm operators.

THEOREM 17.19. For any Banach spaces X,Y, the set Fred(X,Y) € Z(X,Y) of Fredholm
operators from X to Y is open with respect to the operator norm, and the function
ind : Fred(X,Y) > Z
is continuous, i.e. it is locally constant.

COROLLARY 17.20. For any Banach spaces X,Y and any continuous map [0,1] — Fred(X,Y) :
s+ Ty, ind(Ts) is independent of s. O

Our second main result is the following theorem on “compact perturbations,” proved in §17.6.

THEOREM 17.21. If X, Y are Banach spaces, T € Fred(X,Y), and K € Z(X,Y) is a compact
operator, then T + K is also Fredholm.

Notice that in the setting of Theorem 17.21, the operators tK : X — Y are also compact
for every ¢t € [0,1], giving rise to a continuous family of Fredholm operators Ts := T + sK.
Corollary 17.20 thus implies

ind(T) =ind(T + K) whenever T is Fredholm and K is compact.

This applies in particular to all operators of the form 1 — K for compact K € Z(X): they are
Fredholm with index 0 since the isomorphism 1 : X — X also is. The following consequence of
this observation is known as the Fredholm alternative, and should remind you of finite-dimensional
linear algebra.

COROLLARY 17.22 (the Fredholm alternative). For any compact operator K : X — X on a
Banach space X, exactly one of the following holds:
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(i) The linear homogeneous equation x — Kx = 0 has a nontrivial finite-dimensional space
of solutions;
(ii) The linear inhomogeneous equation x — Kx =y has a unique solution for every y € X.

PRrooF. Since ind(1 — K) = 0, it satisfies dimker(1 — K') = dim coker(1 — K) < oo. The first
alternative occurs when these dimensions are positive, and the second when they are zero. O

As a concrete example of Corollary 17.22, consider the Banach space isomorphism A : H}(Q) —
H~1(Q) for a bounded open subset 2 « R™. We will see in Exercise 17.36 that the natural inclusion
j o H}(Q) — H Q) is compact, thus for any scalar A\ € C, the operator A\jJA™! : H71(Q) —
H~1(Q) is the composition of a bounded operator with a compact operator, and is therefore
compact. The equation

(1 —XA ) u=0
is then satisfied if and only if u is a function in H{(Q) with Au = Au, i.e. it is an eigenfunction
of A over the domain 2, with eigenvalue A. Corollary 17.22 thus guarantees among other things
that for any eigenvalue A of A on a bounded domain §2 with the boundary condition u|,g = 0, the
corresponding eigenspace is finite dimensional.

EXERCISE 17.23. Show that for any finite-dimensional vector space V and any continuous
periodic functions g : S* — R and h : S* — V satisfying Ssl g(z) dx # 0, the linear inhomogeneous
differential equation

f'+agf=h
has a unique periodic solution f: S! — V.
Hint: Show that T : C*(S) — C°(SY) : f — f'+ gf is a compact perturbation of the Fredholm
operator in Example 17.1.

As preparation for the proof of Theorem 17.19, the following result is a minor variation on the
observation in Example 15.5 that finite-codimensional closed subspaces are always complemented.

LeEmMMA 17.24. If XY are Banach spaces and T € £ (X,Y) has finite-dimensional cokernel,
then imT C Y is closed.

PROOF. Choose wy,...,w, € Y such that the equivalence classes [w1],...,[w,] form a basis
of cokerT =Y /imT, and define the linear injection

QR Y (A, ) o Y A
j=1

We can use this to define a surjective bounded linear operator
UV: XOR" ->Y:(x,2)— Tz + D(z2),
whose kernel is ker T'® {0} ¢ X @ R™. The surjectivity of this operator implies that it has closed

image, so by Exercise 17.25 below, there exists a constant ¢ > 0 such that

I¥(z,2)| = c- inf |(z+v,2)]
veker

|
for all (z,2) € X ®R"™. In particular, setting z = 0 in this estimate yields

Tz| = c- inf |x+v|,
veker T'

which by Exercise 17.25 implies that im7 < Y is closed. g

EXERCISE 17.25. For Banach spaces X, Y, prove:

(a) An injective operator T € £ (X,Y) has closed image if and only if it satisfies a bound of
the form |Tz| = ¢||z| for some constant ¢ > 0 independent of z € X.
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(b) Every T € Z(X,Y) descends to a bounded linear operator X/kerT — Y : [z] — Tx.
(¢) An operator T € Z(X,Y) has closed image if and only if it satisfies a bound of the form

|ITz| Zc- inf |z+v|
veker T'

for some constant ¢ > 0 independent of x € X.

REMARK 17.26. Some sources explicitly include the condition that im7T" < Y is closed as part
of the definition of a Fredholm operator T': X — Y. Lemma 17.24 shows that this is unnecesary,
but it makes little difference in practice, as the standard ways of proving that T is a Fredholm
operator (e.g. Lemma 17.34 below) typically include an explicit proof that T has closed image.

Recall from §15.3 that finite-dimensional and finite-codimensional closed subspaces always
admit closed complements. Thanks to Lemma 17.24, we therefore obtain the following useful
picture of an arbitrary Fredholm operator T : X — Y. Let us abbreviate

K :=kerTy c X, W :=imTy Y,
and choose closed subspaces V < X and C' < Y such that
(17.2) X=VoeK and Y=Wa&C,
keeping in mind that dim K < o0 and dim C' = dim(Y /W) < c0. The restriction Ag := Tply : V —
imTy = W is now a bounded linear bijection, so by the inverse mapping theorem, it is a Banach
space isomorphism, meaning its inverse Ay L. W — V is also bounded. In block form with respect
to the splittings (17.2), Tp now takes the form

(17.3) Ty = (‘%‘) 8) VoK ->WaC.

We can of course use the same splittings to write any other operator T € Z(X,Y) in a similar
block form

C D

for bounded linear operators A : V - W, B: K - W, C:V - Cand D : K - (C,eg. A
is the composition Il Tty where 1y : V <> X is the continuous inclusion and Iy : Y — W is
the continuous projection along C, and so forth. Note that the fact that the subspaces in these
splittings are closed is crucial here: by Theorem 15.8, this is the reason why e.g. the projection
Iy is continuous, so that each of the blocks A, B,C, D depend continuously on T € Z(X,Y).
The most useful observation will be that since the space of Banach space isomorphisms V' — W is
an open subset of .Z(V, W), the term A : V — W will remain invertible whenever T is sufficiently
close to Tp.

(17.4) T:(A B):V@K—WV@C

PrROOF OF THEOREM 17.19. Given Tj € Fred(X,Y), choose splittings as in (17.2) with K =
kerTp and W = imTp in order to write each T' € .Z(X,Y) in block from as in (17.4). Since the
block A € Z(V,W) depends continuously on T and the set of invertible bounded linear maps is
open, we can define an open neighborhood Y ¢ Z(X,Y’) of Ty by

U:={TeZ(X,Y)| A:V > W is invertible} .
We claim that every T € U is Fredholm, with

dimker T < dimker Ty, dimcokerT < dimcokerTy, and  indT = ind Tp.



180 PART 3: ABSTRACT BANACH SPACES

To see this, we can associate to each T € U a pair of Banach space isomorphisms ® € £ (X) and
U e Z(Y), expressed in block form with respect to the splittings X = V@O K and Y = W@ C as

1 —A"'B 1 0
b (V) e (LA Y)

That these are both Banach space isomorphisms is straightforward to check: their inverses are

namely
4 (1 A7'B -1 1 0
= (0 1 ’ s CA™' 1)

The linear map 7' : X — Y is thus conjugate to

A 0
/. —
T.-\IleI)-(O Tred),

where we define the “reduced” operator
.= D-CA'Be Z(K,C).

There are two crucial things to observe about the block-diagonal operator T”: its top left block
is invertible, and its bottom right block is a linear map between finite-dimensional vector spaces.
We thus have

ker T = ®(ker T") = ®({0} @ ker T7°Y),

implying dim ker T = dim ker 77°¢ < dim K = dimker Ty. Similarly, ¥~ maps im 7’ = W@®im T4
isomorphically to im 7" and thus descends to an isomorphism ¥—! : coker T’ — coker T', where

coker 7" = (W@ C) /(W @imT™%) = C'/im T™" = coker T,

which gives dim cokerT = dimcoker7™? < dimC = dimcokerT,. Observe finally that as an
operator between finite-dimensional spaces, the index of 774 : K — C depends only on the spaces
themselves, so it is the same as the index of the zero map K — C, giving

indT = ind 7" = ind (K o C) —dimK —dimC = ind T},
0

17.4. Some preparatory results. The results of this and the next section will serve as
preparation for the proof of Theorem 17.21 on compact perturbations.

PROPOSITION 17.27. A normed vector space is finite dimensional if and only if the closed unit
ball about the origin is compact.

PRrROOF. One direction of the statement follows from first-year analysis, since all closed and
bounded subsets of finite-dimensional vector spaces are compact. For the converse, assume X
is a normed vector space and B1(0) c X is compact. We will give an argument that, with
minor modifications,*! also applies to arbitrary topological vector spaces, proving that the finite-
dimensional vector spaces are the only locally compact topological vector spaces.

Let U := B;(0) ¢ X and assume its closure U/ is compact. Observe that for each 2 € X, the
set z + %Z/l c X is a neighborhood of z, so compactness implies

(17.5) UcUc CJ (a:Z + %Z/l)

i=1

HGee in particular https://terrytao.wordpress.com/2011/05/24/1locally-compact-topological-vector-spaces/
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for some finite set z1,...,z, € X. We will show that the finite-dimensional subspace V < X
spanned by x1,...,%, is in fact X. Indeed, (17.5) impliesUd c V + %U, and rescaling then implies
%U cV+ %U since V is a linear subspace, and thus

1 1
UCV+§Z/{CV+ZU.
Repeating this argument finitely many times produces
1
UcVv+ %U

for every n € N. It follows that every x € U belongs for each n € N to the ball of radius 1/2™ about
some point in V', and is therefore in the closure of V. Since dimV < oo, V is already closed, so
this implies 4 < V. For an arbitrary x € X, we can now choose ¢ > 0 so that ex € U, and it follows
that z = %em eV. O

REMARK 17.28. Another popular proof of Proposition 17.27 (which however does not generalize
to topological vector spaces) uses a basic geometric result called the Riesz lernma, which states
that for any closed proper subspace V in a normed vector space X,

sup  dist(z,V) = 1.
zeX, |z|=1
If dim X = oo, one can use this to construct for any § € (0,1) a sequence z, € X that satisfies
2| =1 for all n but |z, — 2., | = ¢ for all m # n, so that no subsequence can be Cauchy. (See
e.g. [BS18, §2.2].) If X is an inner product space, then one can do better and achieve § = /2 by
constructing x,, to be orthonormal.

PROPOSITION 17.29. If K € Z(X,Y) is compact, then so is KT € Z(Y*, X*).

PrOOF. Assume K : X — Y is compact and A, € Y™* is a sequence satisfying [|A,| < C for
some constant C' > 0. Letting B1(0) € X denote the closed unit ball in X, the set

M :=K(B1(0))cY

is then compact. The functions A, |y : M — K now satisfy
< (.

[An(y)] < C-max 2]

and are thus uniformly bounded; they also satisfy the Lipschitz condition
[An(y) = An(y)| < C - ly =y

for y,y' € M, so they are equicontinuous. It now follows from the Arzela-Ascoli theorem that after
replacing A,, with a subsequence, the sequence A,|y : M — K is uniformly convergent. (Note

that in applying the Arzeld-Ascoli theorem, we are using the fact that M c Y is compact, which
follows from the compactness of K.) This implies that the sequence K TA,| Bi0) = Ay 0o K| B0) °

B1(0) — K also converges uniformly, hence it is uniformly Cauchy, implying that K "A,, is also a
Cauchy sequence and therefore convergent in X *. d

REMARK 17.30. We will not need to use this, but the converse of Proposition 17.29 is also
true; see [BS18, Theorem 4.28(iii)].

The annihilator of a subset V < X is defined by
Vii={AeX*|Aly =0} c X*,
and similarly, the pre-annihilator of a set of dual vectors V < X* is
LVi={zeX |A(x)=0forall Ae V}c X.
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In other words, *V = ®~'(V!) ¢ X for the canonical inclusion ® : X — X** It is easy to
check that whenever V is a linear subspace of X or X* V' or 1V respectively is a closed linear
subspace.

EXERCISE 17.31. For a closed subspace V' < X with inclusion map i : V — X and quotient
projection 7 : X — X/V, prove:
(a) The transposei' : X* — V* of i descends to a Banach space isomorphism X */V+ — V*.

(b) The transpose 7' : (X/V)* — X* of 7 defines a Banach space isomorphism to the
subspace V1 c X*.

PROPOSITION 17.32. For any T € Z(X,Y),
(mT): =kerTT  and “(imTT) =kerT.
If additionally im T C Y is closed, then im T < X* is also closed, and
im7 = “(kerTT) and imT" = (kerT)".

PRrROOF. The first two equalities are readily verified from the definitions, where in the second
case, one needs to use the fact that y € Y vanishes if and only if A(y) = 0 for every A € Y*, which
follows from the Hahn-Banach theorem. It is similarly straightforward to verify the inclusions
imT < L(kerTT) and imT" < (ker T)*.

We claim moreover that im 7" is always dense in *(ker 7'T). Indeed, consider a bounded linear
functional A : L(kerTT) — K such that Al;;,7 = 0, and use the Hahn-Banach theorem to extend
A to a bounded linear functional on Y. Then A € (imT)t = kerTT, thus A(y) = 0 for all
y € t(kerTT) by definition, implying that the original unextended functional was trivial. The
density of im T now follows from Theorem 14.8 (a corollary of the Hahn-Banach theorem). This
proves that im T = L(ker T'T) if and only if im T is closed.

It remains to prove that if im 7" is closed, then (ker7)* < im7'T; this will imply that im 7"
is also closed since (ker T)! always is. As a first step, Exercise 17.25 gives an estimate
(17.6) [Tx| =c- inf |z +v

erT

vek
for some constant ¢ > 0. Now suppose A € (ker T)* < X* so A(v) =0 for all v € ker T and thus
[A(@)] = Az + o) < A |z + o]

for all x € X and v € kerT. Taking the infimum over v € kerT" and combining this with (17.6)
gives

1
(a77) A@)| < <IA] - |Tz]|

To show that A € imT'T, observe that there exists a unique bounded linear functional Ao : im7 — K
such that

X(Tz) = A(z) forall zeX;
indeed, the value of A(x) is independent of the choice of z € T~!(Tz) since A(x) = 0 whenever
Tz = 0, and the estimate (17.7) implies that this functional is bounded. Extending Ao to A € Y'*
via the Hahn-Banach theorem, we now have A = \goT =AoT =TT\ O

17.5. The semi-Fredholm property. A bounded linear map 7' : X — Y is said to be
semi-Fredholm if
dimker T < o0 and imT Y is closed.
This condition often turns out to be a convenient stepping stone toward proving the Fredholm
property.



17. FREDHOLM OPERATORS 183

LEMMA 17.33. The following conditions on an operator T € £ (X,Y) are equivalent:

(1) T and T are both semi-Fredholm.
(2) T is Fredholm.
(3) T is Fredholm.

Moreover, when these conditions hold,
dimker 7" = dimcoker?” and  dimcokerT' = dimkerT,
hence indTT = —ind 7.

PROOF. Assume T and T'" are both semi-Fredholm, so ker T and ker 7" are both finite di-
mensional and im T and imT'" are both closed. Using the isomorphisms from Exercise 17.31 and
Proposition 17.32, we have

(ker T)* =~ X*/(ker T)* = X*/imT" = cokerT'T,

and

(coker T)* = (Y/imT)* = (imT)* = ker T'T,
so the finite-dimensionality of ker T and ker T'T implies that coker T and cokerT'T are also both
finite dimensional. This proves (1) = (2) and (1) = (3), along with the stated relations between
dimensions.

If we instead assume T is Fredholm, then Lemma 17.24 and Proposition 17.32 imply that im T
and im T are both closed, so the isomorphisms above still hold, and the finite-dimensionality of
ker T and coker T implies the same for ker T'T and coker T'", proving (2) = (3). The proof that
(3) implies (1) or (2) requires an additional argument to show that im 7" is closed whenever im T'"
is closed, but we shall omit this since it is not needed in the sequel. (A proof may be found in
[BS18, Theorem 4.16].) O

LEMMA 17.34. An operator T € £ (X,Y) is semi-Fredholm if and only if there exists a Banach
space Z and compact operator K € £ (X, Z) satisfying

(17.8) lz| < c(Tx] + [ Kx])
for all x € X and some constant ¢ > 0 independent of x.

PROOF. Assume T : X — Y is semi-Fredholm. Its finite-dimensional kernel Z := kerT c X
then admits a closed complement, so there is a continuous linear projection map K : X — Z. This
operator is clearly compact since it has finite rank. The linear map

X->Y®Z:x— (Tx,Kx)

is then bounded and injective, with image the closed subspace I mT @ Z c Y @ Z, so Exercise 17.25
gives the estimate

Tz, Kz)|| = |Tz| + | Kz|| = c|z|
for some constant ¢ > 0 independent of x € X.

Conversely, suppose a compact operator K : X — Z is given such that the estimate |z| <
c|Tz| + ¢|Kz| is satisfied. We will show that the closed unit ball in ker T is compact, implying
via Proposition 17.27 that dimker T < 0. Indeed, if z,, € ker T' is a sequence satisfying ||z, | < 1,
then after reducing to a subsequence, we can assume Kx,, converges in Z, due to the compactness
of K. In particular, Kx, is a Cauchy sequence, and since T'z,, = 0 for all n, applying the estimate
(17.8) to xp — Xy, yields

|20 — @m | < ¢|Kzn — Kan|.
This proves that xz, is a Cauchy sequence in X, so x,, converges, and kerT is therefore finite
dimensional.
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To prove that im T is closed, we first simplify the situation by restricting 7" to a closed subspace
V < X that is complementary to ker T'; such a subspace necessarily exists since finite-dimensional
subspaces are always complemented, and the restricted operator T'|y : V — Y is now injective but
has the same image as T. Now if x,, € V is a sequence such that Tz, — y € Y, we claim that
x, must be bounded. If not, then after restricting to a subsequence, we can assume |z, | — o
and thus T(x,/|z,|) — 0, while the boundedness of x,,/|z,| implies without loss of generality
that K (x,/|zn|) converges. Arguing as in the previous paragraph via Cauchy sequences, we now
conclude from (17.8) that x,/|x,| converges to some z, € V with ||z|| = 1 but Tz, = 0, and
that is impossible since kerT n V' = {0}. But now that we know z,, is bounded, Kz, must in
turn have a convergent subsequence, while T'x,, converges by assumption, so another application of
(17.8) to Cauchy sequences proves that x, has a subsequence convergent to some element x € V,
which must then satisfy Tz = y, proving that im T is closed. O

17.6. Compact perturbations. Let us now restate and prove Theorem 17.21.

THEOREM 17.35. If T € £(X,Y) is Fredholm, then so is T + K for every compact operator
KeZ(X)Y).

ProoOF. We claim first that if T"is semi-Fredholm, then so is T+ K. We use the characterization
of the semi-Fredholm condition in Lemma 17.34: assume T satisfies an estimate of the form || <
c|Tx| + ¢| Koz | for some compact operator Ky : X — Z. The perturbed operator T+ K : X - Y
then satisfies

|z < el Tz + e Koz < e|(T + K)z| + c|Kz| + ¢| Koz | = ¢ ((T + K)z| + [ Kiz]),

where we define the operator Ky : X > Y ® Z : x — (Kz, Kozx), and K, is compact since both
Ky and K are compact. Lemma 17.34 then implies that T 4+ K is semi-Fredholm.

Now if T is Fredholm, Lemma 17.33 implies that 77 : Y* — X* is also Fredholm, while
KT :Y* — X* is also compact due to Proposition 17.29. The result of the previous paragraph
thus implies that 7T + KT = (T + K) T is also semi-Fredholm, so by Lemma 17.33, T + K is also
Fredholm. O

17.7. The Dirichlet problem. The next four exercises furnish the proof of Theorem 17.18,
which stated that the Laplace operator defines a Banach space isomorphism
A Hy(Q) - H ()
for any bounded open subset 2 < R”™. It will be convenient to assume in the following that
(17.9) Qc(0,1)",

though it should be clear via scaling and translation that if the result is true for this special case,
then it is true in general.

EXERCISE 17.36. Assume (17.9) holds.

(a) Associate to each f € C§°(Q2) the unique function F € C*(T") such that f(z) = F(x) for
x € (0,1)". Show that the map C{°(Q) —» C*(T") : f — F extends to bounded linear
injections

L*(Q) — L*(T") and H'(Q) — H'(T")
whose images are closed.

Hint: Avoid Fourier analysis here by replacing the usual H'-norm with the equivalent
norm |lullwr2 =3, <1 [0%u] 2. This works equally well on R"™ or T".
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(b) Deduce via the natural isomorphism H*(Q) — HL(Q) from Proposition 17.17 and the
compactness of the inclusion H!'(T™) — L2?(T") that the linear injection HE() —
L%(Q) : [f] = fla is also compact.
(c) Deduce that the natural inclusion Hg(Q2) — H'(Q) is compact by presenting it as a
composition of bounded linear operators in which at least one is compact.
Remark: This result is a special case of the Rellich-Kondrachov compactness theorem. Notice that
the boundedness of §) plays an essential role in the proof; by contrast, the inclusion H'(R™) —
H~Y(R™) for instance is not compact.

EXERCISE 17.37. Consider the bounded linear operator
~ 1
®: HY(R") - H Y R™) :u> u— RAU’
which descends to quotients to define a bounded linear operator ® : H(Q) — H (). Prove:

(a) ®: HY(R") - H~(R") is a unitary isomorphism.

(b) Let I : H71(Q) — (ﬁl(ﬂ))* denote the natural real-linear isomorphism from Exer-
cise 17.12, and denote by @ : H™'(R") — H~Y(Q) = H~'(R")/H,} (R™) the quotient
projection. Then the map

ToQo P g, : H'(Q) — (H'(Q)"
is an isometric real-linear isomorphism. Deduce from this that ® : H(Q) — H 1(Q)
restricts to HJ () as an isomorphism H}(Q) — H ().
Hint: Write down an explicit formula for IQ@(u)f foru, f € ﬁl(Q)

EXERCISE 17.38. Writing j : H}(Q) — H~(Q) for the natural inclusion, deduce from the
formula A = 472(j — ®) : H}(Q) — H~1(Q) and the previous exercises that A is a Fredholm
operator with index 0.

EXERCISE 17.39. Prove:

(a) Every u € Cf(R™) satisfies — | {u,Auydm = J |Vul|* dm.
RTL

(b) For any open subset {2  R™, the relation in part (a) extends to —(Au, uy; = |Vu|3, for
every u € H'(Q), where ( , > : H1(R") x H'(R") — C denotes the duality pairing in
Exercise 17.10.

(c) The operator A : Hi(Q2) — H~1() is injective.
Caution: This is not difficult, but since H~'(Q) is a quotient, it is slightly more compli-
cated than just assuming u € H'(Q) satisfies Au = 0 and applying part (b).

(d) The operator A : H} (2) — H1(Q) is also surjective if ¢ R" is bounded.

n






Part 4: Spectral theory

18. Bounded operators

18.1. Introduction. Spectral theory is often considered to be one of the main selling points
of functional analysis. Its development was motivated in the early 20th century by forces external
to mathematics: the laws of quantum mechanics were formulated in terms of self-adjoint operators
on complex Hilbert spaces, and those laws required assuming as a “postulate” that such operators
can always be diagonalized in terms of orthonormal bases of eigenvectors. Strictly speaking, that is
false, e.g. by the usual mathematical definition of the word “eigenvector,” a self-adjoint operator on
an infinite-dimensional Hilbert space need not have any eigenvectors at all. The following example
illustrates the problem.

ExampPLE 18.1. For complex-valued functions on a nontrivial compact interval I := [a, b], the
linear operator

A1) <5 (D), Q@) =2 f(x)
is easily shown to be bounded and self-adjoint. If f € L?(I) is an eigenvector (also called an
eigenfunction since L?(I) is a function space) of @@ with eigenvalue A € C, then the equation
xzf(x) = \f(x) must be satisfied for almost every x € I, implying (x — \)f(x) = 0 and thus f =0
almost everywhere. This proves that ) does not have any eigenvalues or eigenvectors.

Incidentally, the example above is not just something artificially cooked up to prove a point.
The operator in that example is important in quantum mechanics: it is the self-adjoint opera-
tor corresponding to the measurable quantity known as “position” for a particle that we imagine
constrained to move inside a 1-dimensional box, and the lack of eigenvectors has a physical inter-
pretation, namely the impossibility of ever knowing the position of such a particle with absolute
precision. However, the conventional physicists’ perspective does not see any diagonalizability
problem in Example 18.1: one can simply define for each A € I the function

(@) 1 ifx=M\
exlr) .=
A 0 ifz )\,

then notice that this function satisfies

Qex = Aey,
and also that arbitrary functions f : I — C can be written in the form
(18.1) f=>exex
el

for suitable coefficients ¢y € C, and thus regard {ej}res as an “orthonormal” eigenbasis of the
operator (). Mathematically, this is nonsense: there is no obvious way to define the uncountable
sum in (18.1), and the uncountable collection of functions {ey}es definitely does not form an
orthonormal basis of the separable Hilbert space L?(I)—in fact, these functions do not even define
nontrivial elements of L?(I), since they each vanish almost everywhere.

187
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It is, however, rarely a good idea for mathematicians to ignore physicists’ intuition. There
is a way to make rigorous sense of all of this, and from the correct perspective, the self-adjoint
operator @ : L?(I) — L?(I) described above is not just diagonalizable, but is already diagonalized.
Making sense of this will require a slightly non-obvious way of generalizing the word “spectrum”
to infinite-dimensional settings, so that the spectrum of a bounded linear operator can, in general,
contain more than just its eigenvalues.

CONVENTION 18.2. From now on, the field K is C rather than R, so all our vector spaces are
complex vector spaces. In the finite-dimensional setting, you know the reason for this convention
already: by the fundamental theorem of algebra, working over C ensures that every linear trans-
formation C" — C™ has a nonempty spectrum, which would not be true if we worked over R. The
same thing will turn out to be true in the infinite-dimensional case.

18.2. Resolvent and spectrum. We start with the observation that A € C is an eigenvalue
of a linear transformation A : C* — C" if and only if any of the following conditions hold:

(1) There exists a nonzero vector v € C" such that Av = Av;

(2) The linear transformation AT — A on C™ has nontrivial kernel;

(3) The linear transformation A1 — A on C™ is not invertible.
These conditions are all equivalent, but in infinite-dimensional settings, the third condition is in
general strictly weaker than the other two.

NoTaTION. For a complex Banach space X and a scalar A € C, we write 1 : X — X for the
identity map and abbreviate the bounded linear map Al : X — X in the following simply as A.

DEFINITION 18.3. The resolvent set of a bounded linear operator T € .Z(X) on a complex
Banach space X is defined as

p(T):={AeC|A—T e Z(X) is invertible} .

The spectrum of T is the complement in C of the resolvent set, denoted by

o(T) i= C\p(T).
For A € p(T'), the bounded linear operator

RA(T) = (A= T) " € Z(X)

is called the resolvent of T at A. A number A € o(7T) is called an eigenvalue of T if

ker(A —T') # {0},
and this nontrivial kernel is then called an eigenspace of T', and its elements eigenvectors.

One sometimes also hears the word eigenfunctions in place of “eigenvectors” when X is a
space of functions.

PROPOSITION 18.4. The resolvent set p(T) < C of a bounded linear operator T € £ (X) is
open, and the spectrum o(T) c C is closed.

PROOF. The second statement is synonymous with the first, and the first holds because in-
vertibility is an open condition on £ (X), by Corollary 16.10. O

The next example illustrates two phenomena that may conflict with your finite-dimensional
intuition:
(1) The set of eigenvalues need not be discrete;
(2) Not every X € o(T') must be an eigenvalue.
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ExXAMPLE 18.5. Let ¢! denote the Banach space of absolutely summable sequences x =
(z1,22,73,...) in C, with [x[, := Y| |#,]- The surjective operator

T
00 =5 0 (e, w0, 28, .. ) > (20,23, T4, .. )

then satisfies Tx = Ax if and only if z,, 1 = Az, for every n € N, hence z,, = A" 'z, implying

el
Ixlo = laa] D A" P <0 e A<,
n=1

and every complex number in the open unit disk is therefore an eigenvalue of T'. Since the spectrum
o(T) is closed, it must also contain the unit circle, though the calculation above shows that elements
on the unit circle are not eigenvalues.

Now identify the dual space of ¢! with the space of bounded sequences ¢* and consider the
transpose of T, which is the injective map

Y T
0° = 4% (21,32, 23, ...) — (0,21, T2, .. .).

Injectivity implies that 0 is not an eigenvalue of T". If T "x = Ax for some A € C\{0}, then 0 = \z;
implies 1 = 0, and z; = Axy then implies 2 = 0, and so forth, leading to the conclusion that
x = 0, so there are no eigenvalues at all. However, if |A\| < 1, we know that there is an eigenvector
x) € £1\{0} of T, satisfying Tx) = Ax,. Writing

o0
(Y7X) = Z YnTn
n=1

for the natural duality pairing of y € ¢* with x € ¢!, it follows that for every y € ¢*,
(A=T")y.xx) = (y, A =T)xx) =0,

thus x, defines a nontrivial element in the dual space of ¢* that annihilates im(\A —7'T) c ¢*,
implying that A—7'T € .Z(£*) is not surjective. We deduce that in spite of the lack of eigenvalues,
o(T") also contains the entire unit disk in C.

18.3. Point and residual spectrum. Qualitatively, there are various things that the con-
dition A € o(T") can mean.

DEFINITION 18.6. The point spectrum of T € Z(X) is the set of eigenvalues of T, i.e. the
set of all A € C such that ker(A — T') is nontrivial. The residual spectrum consists of all A € C
such that ker(A — T) is trivial but im(A — T') is not dense in X.

Note that o(T) can also contain elements A € C that are in neither the point spectrum nor
the residual spectrum: this happens whenever A — T is injective and has dense image but fails to
be surjective. The next exercise shows that A can in this case be understood as an “approximate
eigenvalue” of T.

EXERCISE 18.7. Show that if T'e€ .Z(X) and X € o(T) belongs to neither the point spectrum
nor the residual spectrum, then there exists a sequence z,, € X with ||z,| = 1 for all n such that
AN=T)x, — 0asn — .

EXERCISE 18.8. For a Banach space X and T € .£(X) with transpose T'" € Z(X*), prove:

(a) If A belongs to the residual spectrum of 7', then it is an eigenvalue of 7'T.
(b) If \is an eigenvalue of T, then it is either an eigenvalue or belongs to the residual spectrum
of TT.
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We recall that for a Hilbert space H, the adjoint T* € Z(H) of an operator T € L(H) is
uniquely determined by the condition {z, Ty) = (T*x,y) for all x,y € H. We call T self-adjoint
iftTr*="T.

REMARK 18.9. The Riesz representation theorem identifies a Hilbert space H with its own dual
space H* such that for any bounded linear operator A : H — H, the transpose AT : H* — H*
gets identified with the adjoint A* : H — H. Exercise 18.8 therefore implies relations between the
spectrum of any bounded linear operator on a Hilbert space and that of its adjoint.

EXERCISE 18.10. For a Hilbert space H and T € £(H), show that
o(T*)={ e C | eo(T)}.

ProPOSITION 18.11. For a Hilbert space H, if T € L (H) is self-adjoint, then o(T) c R, the
residual spectrum of T is empty, and any two eigenvectors for distinct eigenvalues are orthogonal.

PROOF. Suppose A\, u € R. Then for x € H,
|17 = N+ i) z|* = (T = Na — ipa, (T = N — ipz)
= (T = Nz |? + p?a)® = ipd (T — Nz, 2) + iple, (T — N)z)
= (T = Nzl + p?|=]?,

implying in particular the estimate | [T — (A +ip)]a| = plz|. If p # 0, it now follows from
Exercise 17.25 that T — (A + iu) is injective with closed image. If A + iy € o(T), this means
that A\ 4+ iu cannot be an eigenvalue, but must instead belong to the residual spectrum of 7. By
Exercise 18.8 and Remark 18.9, it follows that A — iy is an eigenvalue of T* = T, which is a
contradiction since A\ — ip also has a nontrivial imaginary part. We conclude o(T) ¢ R, and if
A € o(T) belongs to the residual spectrum, then the argument above implies that A is also an
eigenvalue, which is likewise a contradiction.

What remains to be proved should be familiar from finite-dimensional linear algebra: if Tv =
Av and Tw = pw with A # p, then

(A = p){v, wy = v, w) — v, pw)y = Tv,w) — v, Tw)y = 0,
implying {v,w) = 0. O

18.4. Spectral radius. A word of preparation is required before stating the next result. A
large portion of the standard theory of complex-analytic functions can be generalized to the setting
of functions

coo-Lx

defined on an open subset 2 c C and taking values in an arbitrary complex Banach space X.
Analyticity, in this setting, can be taken to mean that for every zy € €2, there exists a radius r > 0
such that f is expressible on the open disk B,.(z0) < §2 about 2 as an absolutely convergent power
series

flzo+2) = f(z0) + Z 2*ay, z€ B.(0) cC,
k=1

for some ay € X. It follows from this condition that for any bounded linear functional A : X — C,
Ao f:Q — Cis a complex-analytic function in the usual sense. The next two results apply this
with functions valued in the Banach space .Z(X) of bounded linear operators.

THEOREM 18.12. For any complex Banach space X and any T € Z(X), the function C D
p(T) = L(X): A Rx(T) is complex analytic.
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PROOF. Suppose Ny € p(T), so Ao — T is invertible. We recall that for any A € Z(X) with
|A| < 1, the absolutely convergent series Y., _,(—1)*A* converges to an inverse for 1 + A. It
follows that for Ay, B € Z(X) with Ay invertible and |B| < 1/| Ay, Ao + B is also invertible,
with

e]
(Ao +B)™ = (1 + Ay'B) T Ayt = Y (-1)F(4, ' B)F A,
k=0
Applying this with p € C sufficiently small gives
e8] ool
R)\o-‘ru(T) = [()‘0 - Z R)\o ) R/\O Z k kR )k+17
k=0 k=0
valid in particular whenever |u| < m. O

COROLLARY 18.13. For every bounded linear operator T € £(X) on a complex Banach space,

o(T) # &.

Proor. If o(T) = &, then C —» Z(X) : A — Rx(T) is a globally-defined analytic function by
Theorem 18.12, and we observe

1 1\

It follows that for every bounded linear functional A : Z(X) — C, A — A(RA(T)) is a globally-
defined analytic function C — C that decays to zero at infinity; by Liouville’s theorem, this function
is therefore identically zero. We deduce that A(Rx(T)) = 0 for every A € Z(X)* and X € C, and
thus R)(T) = 0, which is a contradiction since Ry(T') should be invertible. O

REMARK 18.14. The Hahn-Banach theorem implies that if A # 0 € Z(X), then there exists a
functional A € £ (X)* with A(A) # 0, as was used at the end of the proof above. If A is surjective,
however—as was also the case with Rx(T) in the proof above—then we don’t really need the full
strength of the Hahn-Banach theorem, we only need to know that the dual space X * is nontrivial.
Indeed, assuming the latter, pick a nontrivial functional ¥ € X*, along with an element x € X
such that ¥(x) # 0, and use the surjectivity of A to extract an element y € X with Ay = z. We
can then define a functional A € £ (X)* by

A(B) := ¥(By),
which satisfies |A|| < || ¥ - |y, and we observe that A(A4) = ¥(Ay) = ¥(x) # 0 by construction.
DEFINITION 18.15. The spectral radius of an operator T' € .Z(X) is defined as

r(T):= sup [\ =0
Aeo (T)

We observe: A —T = A (1 — %) is invertible whenever || > [T, thus:
PROPOSITION 18.16. The spectral radius of any bounded operator T € £ (X) satisfies
H(T) < 7.
O

REMARK 18.17. As a closed and bounded subset of C, the spectrum o(T") of a bounded linear
operator is always compact, so the supremum in Definition 18.15 can freely be replaced by a
maximum.
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EXAMPLE 18.18. The matrix 8 é has 0 as its only eigenvalue, demonstrating that the

inequality in Proposition 18.16 is sometimes strict.

On the other hand, the matrix in the example above is not self-adjoint, and if you recall that
self-adjoint transformations in finite-dimensions always admit orthonormal bases of eigenvectors,
you will easily see that 7(T") = ||T| for such transformations. Let us show that the latter also holds
in infinite dimensions:

THEOREM 18.19. For o Hilbert space H and self-adjoint operator T € Z(H), r(T) = ||T|.
The proof of this theorem requires a bit of preparation. We will need the following input from
complex analysis (see e.g. the discussion of the Cauchy integral formula in [BS18, §5.1.3]): For a

complex Banach space X and an analytic function C o Q I x , f can be written as a convergent
power series f(2) = Y."_ (2 — 20)"an with a,, € X for all z in the open ball Br(zo) < Q about any
given point zg € €, where the radius of convergence R > 0 is given by

1
 limsup,,_,., |an|*/"

For T' e £(X), the function 2z — Ry, (T) is well defined and analytic for all z € C with
0 < |z] <1/r(T), and for |z| < 1/|T|, setting A := 1/z and writing

R\(T)=(\-T)""' = [A (]1 — %T)]l = %é%ﬂ

gives rise to the power series formula

(18.2)

= sup {7" >0 | B,.(z) c Q}

(18.3) Ry (T) =2 3 2T,
k=0

This function thus extends analytically to z = 0 by setting R, (T") := 0, but it does not extend to
{]z| =1/r(T)} since the circle of radius 7(T") necessarily contains points in o(T'). The radius of
convergence of (18.3) is therefore precisely 1/r(T'), so that (18.2) implies the formula

(18.4) (T = limsup |77/
n—o0

LEMMA 18.20. For a Hilbert space H and operator T € £ (H), |T*T| = |T|>.

PrOOF. The duality isomorphism H — H* : z +— {(x, ) coming from the Riesz representation
theorem is an isometry, so we have
2l = sup [z, p)]
lyl=1
for all x € H, and thus
IT) = sup T2l = sup KT,y
=1 lzl=lyl=1
Using the Cauchy-Schwarz inequality, this implies

[T*To| = swp  KI*Twydl= swp [T, Tyl<  swp  |Ta|-|Ty) = |T]%
lzl=lyl=1 lzl=lyl=1 lzl=llyl=1
To see that this is actually an equality, choose a sequence =, € H with |z,| = 1 such that
[Tx,| — |T|, and observe that [Tz, Tz, )| = |Tzn|? — |T]?. O

COROLLARY 18.21. For any self-adjoint operator T € £ (H) on a Hilbert space, |T?| = |T|>.
U
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PROOF OF THEOREM 18.19. We already know (1) < ||, so by (18.4), it will suffice to find
a sequence k, € N with k,, — oo such that |T%»|'/*» — ||T|. Take k,, := 2", so Tk = (T*»-1)?
and applying Corollary 18.21 inductively gives |T%~| = |T|*~. O

18.5. Spectra of compact operators. The spectral theory of compact operators on Banach
spaces is not so different from the finite-dimensional case. We will see in §19.6 that this fact has
useful consequences for the spectral theory of unbounded operators as well.

THEOREM 18.22 (Riesz-Schauder theorem). For a compact operator K : X — X on a complex
Banach space, the spectrum o(K) c C has no limit points except possibly 0, and every A € o(K)\{0}
is an eigenvalue of finite multiplicity, meaning dimker(\ — K) < oo.

ProOF. For A € C\{0}, the operator Al : X — X is an isomorphism and is thus Fredholm
with index 0. By Theorem 17.35, it follows that A — K is also Fredholm with index 0, and is thus
injective if and only if it is surjective, proving that A € o(K) if and only if 0 < dimker(A— K) < 0.

It remains to prove that if A\g € o(K)\{0}, then there exists a neighborhood U« = C of Ag
such that o(K) nU = {No}. We will deduce this from the following claim: If T : X — X is a
complex-linear Fredholm operator of index 0, then there exists a neighborhood ¢4 < C of 0 such
that one of the following is true:

(1) T + p is invertible for all p € U\{0};

(2) T + p is not invertible for all p e U.
To see this, assume without loss of generality that T has nontrivial kernel, since otherwise it must
be invertible and the claim follows immediately from the fact that invertibility is an open condition.
We now borrow the setup from the proof of Theorem 17.19 and write

X:V®K:W®Ca

where K = ker(T) and W = im(T), so K and C are finite dimensional, and T restricts to V as
a Banach space isomorphism A : V. — W. Our two splittings of X into sums of closed subspaces
produce a block matrix representation of any bounded linear operator X — X, so in particular,
the identity map can be written as

11:(0‘ ﬂ):V(BK—»W@C
v 6

for suitable operators «, 3,7, d, and the corresponding representation of 7" + p is then
T4p= (AJFW ”5) VOK > WaC,
Wy po

Applying the same linear coordinate transformations as in the proof of Theorem 17.19 now makes
T + p conjugate to the operator

(A + po 0 )
0 pd—py(A+pa)tuB)’

Since A : V — W is invertible, we can assume A + pa : V' — W is also invertible whenever |u] is
sufficiently small, and in this case, T'+ p will be invertible if and only if

() := pbd — py(A + pa) "' pf = pd — pPy(A+ pa) ' e ZL(K,C)

is invertible. The detail to notice now is that for u € C in a sufficiently small neighborhood
of 0, ®(u) is an analytic function of p, taking values in the finite-dimensional complex vector
space Z(K,(C), and it satisfies ®(0) = 0. Since ind(T") = 0, the spaces K and C have the same
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dimension ¢ € N, and we can therefore choose isomorphisms of both with C?, which identifies ®
with an analytic function valued in the space of matrices C?*?, and

> det(®(1))

is then a complex-valued analytic function that vanishes at p = 0. Tt follows that det(®(u)) either
vanishes identically for p near 0 or the zero at p = 0 is isolated, and this proves the claim.
Applying the claim to the Fredholm operator T' := Ag — K, we deduce that if the desired result
is not true, then every other A in some neighborhood of A is also an eigenvalue of T'. This leads to
a contradiction as follows: choose a continuous path ¢ : [0,0) — C from ¢(0) = A¢ out to infinity,
avoiding 0 € C along the way, and let to := sup {t € [0,0) | ¢(t) € o(T)}. Since T is bounded and
therefore has finite spectral radius, ¢ty < 00, and since the spectrum is a closed set, we therefore find
an eigenvalue A := c(tg) € o(T') that is not isolated in ¢(T), implying in light of the claim above
that ¢(t) must also be an eigenvalue for ¢ > ¢, sufficiently close to ty. This is a contradiction. O

We now come to the simplest infinite-dimensional generalization of the fact that self-adjoint
operators in finite dimensions can always be orthogonally diagonalized. The result for compact
self-adjoint operators in infinite dimensions is not so different: the size of the resulting diagonal
“matrix” may now be infinite, though the nonzero portion of it will be only countably infinite (see
Remark 18.24).

THEOREM 18.23 (Hilbert-Schmidt theorem). Assume K : H — H is a compact self-adjoint
operator on a complex Hilbert space H. Then H admits an orthonormal basis {€q}aecr such that
Key = Aaeq for a collection of real eigenvalues A, € R.

Proor. Each eigenspace E) := ker(A — K) ¢ H is a closed subspace and therefore also a
Hilbert space. Since eigenvectors with distinct eigenvalues are orthogonal by Proposition 18.11,
we can choose an orthonormal basis for each eigenspace and, in this way, form an orthonormal set
spanning some closed subspace E ¢ H with K(F) ¢ E. We need to show that F = H. Note that
by construction, E contains Fy = ker K.

If v e B+ < H, then for all z € E, we have (x, Kv) = (Kx,v) = 0 since Kz € E, implying that
Kw also lies in E+. This makes K|z1 : E+ — E* a compact self-adjoint operator on the Hilbert
space E+, but with no eigenvalues, so if E* is nontrivial, then by Theorem 18.22, the spectrum of
this restricted operator can only be {0}. Applying Theorem 18.19 then gives

1K o] = r(K|gs) =0,
so K|p1 = 0, meaning E+ < ker K, which is a contradiction since ker K c E. O
REMARK 18.24. The Riesz-Schauder theorem tells us that o(K)\{0} is a discrete set of eigen-
values, each with finite multiplicity, from which it follows that the set {a el | Ao # 0} is at most
countable. If this set is infinite, it can therefore be rewritten as a sequence {a,, € I},en, and it

follows that \,, — 0 as n — co. Countability also implies that (ker K)* < H is separable, and
the orthonormal basis of ker K € H will then be countable if and only if H is separable.

EXAMPLE 18.25. Given a function F : T® — R of class L? with F(z) = F(—xz) for all z € T,
we can use convolution to define the operator

T:L*(T") - L*(T™) : u— F #u,
which can also be characterized in terms of Fourier series via the condition

ﬂk =ﬁkak for ke Z".
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The fact that F € L(T") means F € ¢2, and thus |Fy| — 0 as |k| — oo, while the condition
F(—xz) = F(z) implies

A~

F, = f e 2mk e P () do = J "R (_p) do = Fk,

and thus ﬁk € R. Using Parseval’s identity, we deduce

(u, Toype = Y (g, Fibey = Y, (B, 0y = (Tu, vype
kezZn kezZn
for all u,v € L?(T"), so T is self-adjoint. Exercise 18.26 below shows that T is also compact. One
easily checks that u € L?(T™) is an eigenfunction of T' whenever it has only one nontrivial Fourier
coefficient, so in particular, the complex exponential functions

{l‘ s 627rk~z }keZ"

are all eigenfunctions, with 7'(e2™*%) = Fye?™%* and they form an orthonormal basis of L2(T™).
Since the eigenvalues are the values of the Fourier coefficients, one sees explicitly from the condition
lim| o | Fx| = O that every eigenvalue other than 0 has finite multiplicity.

EXERCISE 18.26. Deduce from the condition limjy)_,. || = 0 that the convolution operator
u — F #u in Example 18.25 is a compact operator L?(T") — L?(T").
Hint: For inspiration, look again at the proof that the inclusions H*(T") — H!(T") for s > t are
compact.

EXAMPLE 18.27. Recall from §17.7 that the Laplace operator A : H}(Q) — H1(Q) is an
isomorphism for any bounded open subset 2 < R", and the inclusion j : H(2) — L2(Q) is
compact. The operator

T := jA71|L2(Q) : LQ(Q) — LQ(Q)
is then compact due to the compactness of j. It is also injective, meaning it does not have 0 as an
eigenvalue, and a routine exercise in integration by parts shows that it is self-adjoint. It follows
that L?(Q) has an orthonormal basis {fi € L?(Q)}xen with T'fy, = pifr for a sequence of real
eigenvalues j; € R\{0} with u — 0. Now observe: T'fy = jA™!fi = i fr is equivalent to the
condition that ugfr, € H}(Q) and A(ukfr) = peAfr = fx, or in other words,

1
Afyp = Mo fr where Ak = — € R\{0} satisfies [A\g| — o0.
Pk

COROLLARY 18.28. For any bounded open set Q — R™, L?(Q) admits an orthonormal basis
consisting of functions in H}(Q) that are eigenfunctions of the Laplace operator, i.e. they satisfy
Afr = M\ fr, with nonzero real eigenvalues A\, that accumulate only at co. O

This result about the Laplace operator gives a foretaste of the spectral theory of unbounded
self-adjoint operators, in particular those with “compact resolvent,” which we’ll study in §19.6.

The diagonalization of compact self-adjoint operators also has the following application to
more general compact operators on Hilbert spaces, beyond those that are self-adjoint:

THEOREM 18.29 (Singular value decomposition). Assume H is an infinite-dimensional Hilbert
space and K : H — H is a compact operator. Then there exist (not necessarily complete) countable
orthonormal sets {p, € H}inen and {1, € H}nen, and nonnegative numbers {N\, = O}nen with
An — 0 such that

Kf =S Alton, Do

n=1

for every f e H.
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ProoF. The operator K*K : H — H is compact and self-adjoint, so by Theorem 18.23 and
Remark 18.24, there exists a countable orthonormal set {1, € H},.en spanning the closed subspace
(ker K)* = (ker K*K)* < H such that K*K1), = j,1, for each n € N, with eigenvalues y,, given
explicitly by

Hn = <wn; K*Kwn> = ”KwnHQ > 0.
Define \,, := \/lin, and let ¢, := %Kwn Then for m,n e N,

0 if m#n,
1 ifm=n,

L
)\TTL)\TL

L

K, K,y =
< wrna wn> )\m)\n

<(}9n7 (}9'm> = <w'rn; K*KQ/}O = L<wm; wn> = {

A’UL ATL

50 {©,, € H}nen is another orthonormal set, and we observe that since {1,, € H}nen spans (ker K)*,
{on € H}nen consequently spans im K < H. One now checks that for any f € H, {p,,Kf) =
Anlthn, [, and the stated formula for K follows. O

18.6. Spectral representations. We now consider self-adjoint operators that are not com-
pact. We saw a revealing example already at the beginning of this section: On a compact interval
I := [a,b], the quantum-mechanical “position” operator @ f(z) := xf(x) is a self-adjoint bounded
linear operator Q : L2(I) — L?(I) with no eigenvalues. Now that we have the correct definition of
the spectrum o(Q), however, it is easy to show that every A € I is in it, as every such number is an
“approximate” eigenvalue of @Q: indeed, using cutoff functions, one finds a sequence f,, : I — [0, ©0)
with || fnz2 = 1 and supp(f,) < (A — 1/n, A + 1/n), which then satisfies

b A+1/n
1@ = N full2e = j (& = N2|fu(@)|? do = f

1 1
. 1/ (z — )‘)2|f'n(x)|2 dr < ﬁ”an%ﬁ = ) -0
as n — oo. It follows that there is no estimate of the form [(Q — A)f|rz = ¢|f| 1z, so by Exer-
cise 17.25, im(Q — \) < L3(I) is not closed, and ) therefore belongs to o(Q).
So, how can an operator like ), with no eigenvalues, be diagonalized? This is a trick question,
in fact, because @ is of a very special class, defined via multiplication with a scalar-valued function;
the definition below makes operators of this type the natural infinite-dimensional generalization of

the notion of a diagonal matrix.

REMARK 18.30. For technical reasons (see Exercise 18.34 below), the measure space (X, u)
appearing in the following definition needs to be semifinite, meaning that every measurable set
A" ¢ X with p(A’) = o contains another measurable set A ¢ A’ with 0 < p(4) < 0. A
measure space is easily shown to have this property if it is o-finite, which covers most cases that
are of interest in practice. An example that is semifinite but not o-finite is the disjoint union of
an uncountable collection of finite measure spaces; this type of example can arise in the spectral
theory of operators on nonseparable Hilbert spaces (see Remark 18.54).

DEFINITION 18.31. A spectral representation of an operator A € Z(H) on a complex
Hilbert space H consists of a semifinite measure space (X, ), a bounded measurable function
F: X — C, and a unitary isomorphism

H -5 LA(X, )
such that UAU ! =: Tr is the “multiplication” operator
L3(X, p) Ir, L*(X, p) : u > Fu.

As in finite dimensions, an isomorphism U : Hy — H; between two inner product spaces is
called unitary if it satisfies

Uz, Uy)y =z, y) for all x,y € Ho.
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EXERCISE 18.32. Show that an isomorphism U : Hy — H; between inner product spaces is
unitary if and only if it satisfies |Uz| = |z|| for all z € Ho.
Hint: Consider the norms of x + y and = + iy and their images under U for arbitrary x,y € H.

EXAMPLE 18.33. Suppose A : C" — C" is a linear map admitting an orthonormal basis of
eigenvectors vi,...,v, € C* with Av; = Ajv; for some A\; € C. Then there exists a unitary
transformation U : C" — C" such that UAU! is a diagonal matrix with the eigenvalues \;
on the diagonal. Define the measure space (X, ) where X := {1,...,n} and p is the counting
measure; then the space of complex-valued L2-functions on (X, p) is unitarily equivalent to C™ via
an isomorphism that identifies j € X with the jth standard basis vector of C™ for each j = 1,...,n.
Under this identification, UAU ! : L?(X, u) — L?(X, 1) becomes the multiplication operator T
with F: X — C defined by F(j) := A;.

Notice that in the setting of a spectral representation, we have U(A — A)U~! = X\ — Tp for
every A € C, thus
o(A) =o(TF).

EXERCISE 18.34. Show that for the multiplication operator Tr : L?*(X,pu) — L?(X,u) in
Definition 18.31, with (X, 1) a semifinite measure space, the spectrum o(Tr) c C is the so-called
essential range of F': X — C, meaning the set

{AeC | u(FH(B(N)) >0 forall e > 0}.

For a multiplication operator Tr on L?(X, 1), we have
u, Tpvyre = {u, Fvype = (Fu,v)r2 = {Tpu, vz,
thus
T% = Tp.
This implies:

PROPOSITION 18.35. The multiplication operator Tr : L*(X,u) — L*(X,pn) defined via a
bounded measurable function F : X — C is self-adjoint if and only if F is real valued, and unitary
if and only if F' takes values in the unit circle in C. g

We deduce from Proposition 18.35 that multiplication operators T have a special property,
namely, they commute with their own adjoints:

TrTh =TrTr =Tpp = Teip = TTr = TETr.

DEFINITION 18.36. A bounded linear operator A € .Z(H) on a Hilbert space is called normal
if AA* = A*A.

EXERCISE 18.37. For a complex Hilbert space H, prove:

(a) The following conditions on T € Z(H) are equivalent:
(i) T is normal;
(il) T = A + iB for two self-adjoint operators A, B € Z(H) that commute with each
other;
(iii) |Tx|| = |T*=| for every = € H.
Hint: Consider |T(x + y)|? and |T(x + iy)|? for arbitrary x,y € H.
(b) If T € £(H) is normal, then:
() [T2] = |T*T) = |T|?
(ii) The spectral radius of T'is ||T].
(iii) Every eigenvector of T' with eigenvalue A € C is also an eigenvector of T* with
eigenvalue \. Hint: Consider |(A — T)v|>.
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(iv) If v,w € H are eigenvectors of T with distinct eigenvalues, then (v, w) = 0.
(v) If T is also compact, then H admits an orthonormal basis consisting of eigenvectors
of T.
(c) T e L(H) is unitary (meaning T*T = TT* = 1), then its spectrum is contained in
the unit circle {|\| = 1} < C.
Hint: Show |T| = |[T~!| = 1, and use the fact that operators with distance less than 1
from the identity map are invertible.

Unitary isomorphisms U : Hy — H; are inverse to their adjoints, so for any A € Z(H), one

has
(UAU Y =UA*U !,

and A and A* will then commute if and only if UAU ! and UA*U ! commute, showing that A
is self-adjoint or normal if and only if the same is true of UAU ~!. This observation reveals some
bad news: not every bounded linear operator A € £ (H) on a Hilbert space can admit a spectral
representation, because the existence of such a representation implies that A is normal.

Here is the good news:

THEOREM 18.38 (Spectral theorem for bounded normal operators). Every normal operator
A e ZL(H) on a complex Hilbert space H admits a spectral representation; moreover, if H is
separable, then the measure space (X, ) in the representation can be chosen such that u(X) < oo.

REMARK 18.39. We will give a detailed proof of Theorem 18.38 only in the separable case;
the nonseparable case requires Zorn’s lemma, but is otherwise based on the same set of ideas (see
Remark 18.54 for a sketch). In the absence of separability, one cannot generally arrange p(X) < oo,
nor even o-finiteness.

The proof of Theorem 18.38 has a lot of ingredients, some of which are interesting results
in themselves, and we will introduce them gradually in the next few subsections. For technical
reasons, it is easier to carry out most steps of the proof specifically for self-adjoint operators—the
case where the function F' : X — C takes real values—but we will generalize the main result
to normal operators in §18.15, and having done so, the intermediate steps then become valid for
normal operators as well. The strategy of the proof in the self-adjoint case can be summarized as
follows:

(1) For A e Z(H) self-adjoint and any x € H, there is a positive linear functional
A
C%0(A)) = C: f o (x, f(A)a),

where f(A) € Z(H) is an operator uniquely determined by the obvious definition of
P(A) € Z(H) for polynomial functions P : R — C. This functional is also positive,
meaning it satisfies A(f) = 0 whenever f > 0.

(2) According to the Riesz-Markov theorem, positive linear functionals on spaces of bounded
continuous functions correspond to measures, so there exists a measure p, on o(A) c R
such that

A(f) = J(A) fdu,  for all f e COa(A)).

We will construct the measure space (X, ) out of (6(A), p,) for some countable subset
{x1,29,23,...} € H whose existence is guaranteed by the separability of H.
The Riesz-Markov theorem (which is also sometimes called the Riesz representation theorem) is
a nice result characterizing the dual space of C° on suitable topological spaces with Borel measures.
Its proof would require a larger digression into measure theory than seemed reasonable to include
in this course, so it will mostly have to be taken as a black box, but the missing details can be
found e.g. in [Sall6, §3.3].
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18.7. The continuous functional calculus. The spectrum of any bounded linear operator
A:H — H is a closed and bounded subset o(A) c C, and is therefore compact, so continuous
functions on o(A) are always bounded. We will denote by C°(c(A)) the space of continuous
functions o(A) — C, regarded as a Banach space with the usual C%-norm.

The following definition is a precursor to the more general notion of a Borel functional calculus,
to be discussed in §18.11. The existence of the latter will eventually be deduced from the spectral
theorem, but our proof of the spectral theorem itself will make use of the precursor.

DEFINITION 18.40. A continuous functional calculus for a bounded linear operator A €
Z(H) on a complex Hilbert space is a bounded linear map

Co(A)) = ZL(H): f = f(4)

satisfying the following conditions:

() (f9)(A4) = F(A)g(A) and F(A4) = F(A)* for all f,ge CO(o(A));

(ii) For f =1, f(A) =1 € Z(H);

(iii) For the function f(z) := z on o(A), f(4) = A.

(iv) For every f € C°(c(A)), o(f(A)) = f(o(A)) c C, and if Az = Az for some z € H and
A€ C, then f(A)x = f(N)x;

(v) If fe C%o(A)) takes nonnegative real values, then (x, f(A)z) > 0 for all z € H;

(vi) 1£(A)] = Ifllco for all f e COa(A)).

A few easy observations: If A has a continuous functional calculus, then all of the operators
f(A) for f € C°(0(A)) commute with each other, since fg = gf for f,g € C°(c(A)). It follows that
all of them are normal, since f(A)* = f(A), and since this applies in particular for the function
f(z) = z, A itself must therefore be normal. Moreover, the operator f(A) is self-adjoint if and
only if f : o(A) — C is real valued.

REMARK 18.41. Conditions (i) and (ii) make f — f(A) into a so-called algebraic #-homomorphism.

LEMMA 18.42. If a continuous functional calculus for A € L(H) exists, then it is uniquely
determined by conditions (i)-(iii) and the assumption that C°(c(A)) — L(H) : f — f(A) is
bounded.

ProoF. Since 0(A) c C is compact, the Weierstrass approximation theorem tells us that
every f € C°(o(A)) can be approximated uniformly well on o(A) by a polynomial function C —
C:x+ iy — P(x,y) of the two real variables x,y € R, thus the functional calculus is uniquely
determined by its definition on polynomials of this form. For z = z 4+ iy € C, x and y can both be
expressed as linear combinations of z and z, thus the polynomials in question can also be written
as finite summations P(z) = >, aj,x27z% with complex coefficients a;x, and conditions (i)-(ii)
then uniquely determine P(A) as

(18.5) P(A) =) a; kA (A% e 2(H)
7,k

O

We will see later that every bounded normal operator admits a continuous functional calculus;
this can be deduced from the spectral theorem. For the moment, we’ll settle for dealing with
self-adjoint operators.

LEMMA 18.43. Every bounded self-adjoint operator A € Z(H) admits a unique continuous
functional calculus.
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PROOF. We have uniqueness already from Lemma 18.43, but the assumption that A is self-
adjoint simplifies the discussion in one imporant respect. Since o(A) € R, every f € C°(c(A)) can
be approximated uniformly well on o(A) by a polynomial function P(z) = Y;_, axz" of one real
variable z € R, with coefficients a € C; indeed, for polynomials in this form, properties (i)—(iii)

dictate that we define
P(A) = ) az A" e Z(M).
k=0
There is a unique extension of the map f — f(A) to the rest of C°(c(A)) if the linear operator
f = f(A) defined in this way on the space of polynomials is bounded, i.e. it will follow from the
identity

(18.6) IPA)] = [[Pllco = sup [P(N)]
Aeo(A)

for all polynomials P : R — C. To prove (18.6), notice first that since P(A) is normal, Exer-
cise 18.37 implies
IP(A)| =r(P(A)) = sup [A],
Aeo(P(A))
and the result now follows from the claim that

o(P(4)) = P(a(A)).

To see this, suppose A € 0(A), and note that since x — P(x) — P()) is a polynomial vanishing at
T = )\, we can write
P(z) = P(A) = (z = M)Q(x) = Qz)(x — )

for some polynomial ). This implies
P(A) = P(A) = (A= )Q(4) = Q(A)(A = }),

and since A — X is not both injective and surjective, the same is therefore true of P(A) — P()),
proving P(\) € o(P(A)). Conversely, suppose i € o(P(A)), and write

Plz)y—p=alx—X)...(x—A\)

for some a,A1,..., A\, € C. Then P(A) — p = a(A — A\1)...(A — \), so the non-invertibility of
P(A) — p implies that at least one of the A — \; must also fail to be invertible, meaning \; € o(A),
and since P()\;) = u, this proves u € P(a(A)).

With (18.6) established, density now implies that the map f — f(A) determined by condi-
tions (i)—(iii) extends uniquely from the space of polynomial functions to define a bounded linear
map C%(c(A)) —» Z(H), and it also automatically satisfies condition (vi) as a result of (18.6).
We showed above that o(f(A)) = f(c(A)) holds whenever f is a polynomial function, and it is
straightforward to verify for polynomials that f(A)x = f(\)x also holds whenever Az = A\z; we
leave it as an exercise to show by approximation that condition (iv) then holds also for all con-
tinuous functions on o(A). Finally, suppose f : o(A4) — [0,0), so f = g? for some real-valued
continuous function g : 0(A) — R, thus f(A) = g(A)?, where g(A) is self-adjoint as a result of g
being real-valued. This implies

(x, f(A)z) = (z,9(A)g(A)z) = {g(A)z,g(A)x) > 0.
0

ExaMPLE 18.44. If A € £ (H) admits a continuous functional calculus and A € C\o(A), then
the function
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belongs to CY(a(A)), and g - (A — ) = 1 then implies g(A)(A — A) = 1, thus g(A) = Ry(A). We
can now extract from Lemma 18.43 the formula
IRA(A)] = llglco = sup ——,
peo(A) |)‘ - M|
or to put it in more geometrically transparent terms:

PROPOSITION 18.45. For any operator A € £ (H) admitting a continuous functional calculus
and any X € p(4),
1

IRA(A)]| = dist(X, o (A))”

O

As it stands, Proposition 18.45 has been shown to hold for all bounded self-adjoint operators,
but its validity will be extended to normal operators once we have derived the existence of a
continuous functional calculus from the spectral theorem.

REMARK 18.46. Most steps in the proof of Lemma 18.43 go through with minor modifications
if A is assumed normal but not self-adjoint, but the one that does not is the proof that o(P(A)) =
P(o(A)), in which our argument required P to be expressible as a polynomial in only one variable.
On the other hand, it is not difficult to show that for all normal A € £ (#) and all polynomials of
the form P(z) = Y, , a;x2"2", Az = Az implies P(A)x = P(\)z; the case P(z) := z is covered by
Exercise 18.37(b) (iii), and one can then argue the rest by induction on the degree of the polynomial.

EXERCISE 18.47. For a normal operator A € Z(H), prove the following without assuming the
existence of a continuous functional calculus or spectral representation:
(a) A has no residual spectrum, and A € o(A) if and only if there exists a sequence x,, € H
with ||z, | =1 for all n and (A — A)z, — 0.
(b) If P(A) is defined by (18.5) for any polynomial function P of z and z, then P(0(A)) <
o(P(A)).

18.8. Spectral measures. Assume in the following that A € £ (H) admits a continuous
functional calculus. For the next step in proving the spectral theorem, we consider the linear
functional

CO(o(4)) = C:: f o Go, f(A)),
which is bounded since
[z, f(A)ay < [z - [ F )] = =] - [ f ] co-
Thanks to property (v) of the continuous functional calculus, this functional is also positive, mean-
ing that its values on nonnegative real-valued functions are always nonnegative.
Here is the tool we need from measure theory:

THEOREM 18.48 (Riesz-Markov theorem). For X a compact Hausdorff topological space and
A C(X) — C a positive bounded linear functional on the space C(X) of continuous functions with
the sup-norm, there exists a unique reqular finite measure p defined on the Borel sets of X such
that

A(f)=f fdu for all feC(X).
X
SKETCH OF THE PROOF. The word “regular” means that p will be uniquely determined by its
value on compact sets K < X. One then needs to set
u(K) :=inf {A(f) | f: X — [0,00) continuous with f > xx},
and check that this defines a measure on X. We refer to [Sall6, §3.3] for the details. O
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COROLLARY 18.49 (spectral measures). For each x € H and each operator A € £ (H) admitting
a continuous functional calculus, there exists a unique finite reqular Borel measure u, on the
spectrum o(A)  C such that for every f € C°(c(A)),

@ﬂ@@=fwfww

0

18.9. Diagonalization. We now complete the proof of Theorem 18.38 under the assumption
that A € Z(H) admits a continuous functional calculus, so it will apply in particular whenever A
is self-adjoint. For any normal operator A, let us call an element x € H cyclic for A if the subspace
of H spanned by all elements of the form A™(A*)"x for integers m,n > 0 is dense.

LEMMA 18.50. If A€ L (H) preserves a linear subspace W < H, then A* preserves W+ c H.
In particular, if A and A* both preserve W, then they also both preserve W'.

PRrROOF. If v € W, then for all w e W,
(A*v,w) = v, Awy =0
since Aw € W, which proves A*v e W. O

LEmMMA 18.51. If A€ L (H) admits a continuous functional calculus and x € H is cyclic for A,
then A admits a spectral representation on the measure space

(Xa ,LL) = (U(A)a ,LLz)
and is identified with the multiplication operator Tr : L?*(X, u) — L*(X, ) for the function F()\) :=
A

ProoOF. The image of the bounded linear operator
COo(A) S H: f o f(A)

contains A™(A*)"x for every m,n = 0 and is thus dense by hypothesis, and we have
ITf? = {f(A)z, f(A)z)y = (o, f(A) fF(A)x) = (o, | FIP(A)ay = f » |F1? dpa = |1 £172-

Since C°(c(A)) is dense in L2(c(A), uz), it follows that T extends uniquely to an isometry
L?(o(A), puz) — H, which necessarily has closed image and is therefore also surjective; by Ex-
ercise 18.32, it is then a unitary isomorphism. Defining

U:=T"':H— L*o(A), pz),

it remains to show that for the function F(\) := X on o(A), UAU™'f = Ff for every f €
L?(0(A), puz). By density, it will suffice to prove that this holds for every f € C°(c(A)), and
indeed, when f is continuous, the properties of the continuous functional calculus imply

T(Ff)=Ff)A)z =FA)f(A)z = Af(A)z = AT,
which is equivalent to UAU ' f = Ff. O
LEMMA 18.52. If the Hilbert space H is separable and A € £ (H) is normal, then

N
H=CPH,

n=1
for some N e N u {oo} and closed subspaces H,, < H satisfying:
(l) Hm 1 Hn f07’ all m # n;
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(i) A(H,) € Hy and A*(H,) € Hy, for all n;
(iti) For every n, H, contains an element x,, that is cyclic for Aly, € L (Hn).

PROOF. Suppose {y1,¥2,...} € H is a countable dense subset. Set 1 := y; and let H; be the
span of {A™(A*)" 21 }m n>0, which is preserved by both A and A* since A is normal. If H; # H,
set x5 := y; for the smallest value of j € N such that y; ¢ 71, and note that a5 € z2 + H; for a
unique 3 € Hi. We then define H5 as the span of {A™(A*)"x, }mom=0, which is also preserved by
both A and A*, and note that by Lemma 18.50, A and A* also preserve Hi, implying Ho L H;.
Notice also that y; = 2% € H1 @ Ha by construction.

Now if H1@H2 # H, we set 2 := y; for the smallest j such that y; ¢ Hi@Ho, and then repeat
the construction above to define Hs = (H; ®@H2)*, and so forth. The process may or may not ever
terminate; if it does not, then it produces an infinite sequence of closed subspaces H1, Ho, Hs, . ..
such that each y; is contained in a direct sum of finitely many of them, and since the points y; are
dense, this proves H = @, _, Hn. O

LEMMA 18.53. Theorem 18.38 holds whenever H is separable and A € L(H) admits a contin-
wous functional calculus; in particular, it holds if A is self-adjoint.

PrOOF. Assuming H is separable, we can write H = @7]:[:1 H,, and z,, € H,, asin Lemma 18.52,
where N € N U {0}, and rescale the elements x,, so that without loss of generality, ||z, = .

Then
1

o) = [ Ve, = Gon 1)) = o) = 55

a(A)
implying 27]:[:1 w(xy,) < 00. Using Lemma 18.51 to identify H,, with L?(o(A), ps, ) for each n, we
then obtain

n=1 n=1 n=1

N N N
H = (—B H, = @ LQ(U(A)a,LLG) ~ 2 (H(O—(A)vﬂxn)> s

with F: [["_, 0(A) — R defined as A — A on each copy of ¢(4) in the disjoint union.*> O

REMARK 18.54. In order to remove separability from the hypotheses of Lemma 18.53, one can
define a partially ordered set (5, <) whose elements are collections of pairwise orthogonal closed
subspaces {Ho © H}aqer satisfying the conditions

(i) Ha L Hp for all a # 5;
(ii) A(Ha) € Ho and A*(Hqo) € He for all a;

(iii) For every «, Ho contains an element x, that is cyclic for Aly, € .Z(Ha),
ordered by inclusion. A minor variation on the argument in Lemma 18.52 shows that elements
{Hataer € S with (—Bae[ Ho # H are not maximal, and Zorn’s lemma thus implies the existence
of an orthogonal decomposition into subspaces on which A admits cyclic elements,

H = @ Ha
ael

Lemma 18.51 now identifies A with a direct sum of multiplication operators on @, ; L*(c(A), ptz., ),
which can be identified with the space of L? functions on a single measure space (X, i) defined as the
disjoint union of all the finite measure spaces (o(A), p,, ) for a € I. Since I may be an uncountable
set in this situation, there is generally no way to arrange that u is either finite or o-finite, though
it is semifinite (cf. Remark 18.30) since the measure on each individual component of the disjoint
union is finite. For a fuller treatment of the nonseparable case, see e.g. [BS18, Theorem 5.82].

42The symbol [] represents the disjoint union of measure spaces; in the situation at hand, the space being
defined consists of multiple copies of o(A), one for each value of n = 1,..., N, with a different measure on each.
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18.10. Commutation with normal operators. You might consider this section optional,
as its contents will not be needed for extending the spectral theorem to normal operators, nor for
anything that we’d like to prove about self-adjoint operators. The theorem below will be necessary,
however, in order to establish the most general version of the Borel functional calculus for normal
operators in §18.11, as well as for extending the theorem in §18.14 on simultaneous diagonalization
to pairs of commuting normal operators that are not self-adjoint.

The following is a special case of a result known as Fuglede’s theorem (see [Fug50]).

THEOREM 18.55. For any bounded linear operators A, B € £(H) on a Hilbert space H with A
normal, if AB = BA, then A*B = BA*.

The following proof is due to Rosenblum [Ros58]. Tt uses the exponential of a bounded linear
operator A € Z(H), defined via the absolutely convergent power series

1 1 .
A _ 2 3
e .—]l+A+2!A +3!A +....

Note that we are not using any functional calculus in this definition, though whenever A does

admit a continuous functional calculus, it is straightforward to show that e4 = f(A) for the
function f(z) = e®. The same argument as in the finite-dimensional case shows that
eAtB = eAeB = BeA whenever AB = BA,

so in particular,
e A =(eM)! for all Ae LZ(H).
Moreover, it is readily verified from the power series definition that
eA) = () for all Ae L(H),
and another important observation is that for any A € Z(H), the function
C— ZLH): 2w e
is complex analytic.

PrOOF OF THEOREM 18.55. Given AB = BA, one shows first by induction on n > 0 that
A"B = BA™, and applying this to the partial sums in e* B and Be?4, it follows that e*4 B = Be*4
and hence

(18.7) B = e *4Be* for all zeC.
Now consider the complex-analytic function F : C — Z(H) defined by
F(z):= A Be A,
Using (18.7), we can rewrite this as
F(z) = oFAT mEA R EA —2A¥ ezA*—zABegA—z,ax*7
where the second equality uses the assumption that A is normal, so that e.g. zA* and —ZA

commute. We observe next that both of the exponentials on the right hand side are unitary

operators, e.g.
%*_ = ®_z )k SA_ A% ®_ =
(ezA ZA)* e(zA zA) ezA zA (ezA zA) L

Since unitary operators always have norm 1, it follows that

k__ 5 A *
IFG < et =24 1B - [e4==4% | < | B

thus the function F' is globally bounded. We deduce that for every x,y € H, the complex-valued
analytic function C — C : z — {z, F(2)y) is likewise bounded, and therefore constant, by Liouville’s
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theorem. This implies that F itself is constant, so in particular, we have F(t) = F(0) = B for all
t € R, meaning

" B = Bet”
Both sides of this equation are differentiable functions of ¢ € R taking values in £ (H), and
differentiating them at ¢t = 0 gives A*B = BA*. O

18.11. The Borel functional calculus. The spectral theorem contains a hint that the
functional calculus considered in §18.7 can be extended beyond continuous functions. Indeed, if we
have a spectral representation identifying A € £ (H) with a multiplication operator UAU ™! = Tp
on L?(X, p) for some function F : X — C, then the formula

(18.8) f(A) =U "TyorU

is easily shown to hold for any polynomial function f : C — C, and by density, it remains valid
when f is any continuous function defined on a compact set containing F(X) < C. But the right
hand side also makes sense for a much larger class of functions f, because multiplication operators

L3(X, p) =% L*(X, 1) : u > gu

can be defined without assuming g : X — C is continuous; any bounded measurable function will
do. Assuming F': X — C is measurable, the composition f o F' will be a well-defined and bounded
measurable function whenever f is a bounded Borel-measurable function (i.e. the preimage of
every open set should be a Borel set) defined on a domain in C that contains the image of F. The
following lemma means we are free to take o(A) as the domain of f:

LEMMA 18.56. Given a measure space (X, ), a bounded measurable function F : X — C and
the resulting multiplication operator Tr : L*(X, ) — L*(X,u) : u — Fu, F(x) belongs to o(Tr)
for almost every v € X.

ProOOF. Recall from Exercise 18.34 that o(Tr) is the essential range of F, so if A ¢ o(TF), it
means there exists a neighborhood Uy < C of X such that u(F~1(U)) = 0. Since C\o(A) can be
covered by countably many such neighborhoods, u(F~!(C\c(A4))) = 0. O

For a spectral representation UAU ! = Tr of A € £ (H), Lemma 18.56 allows us to change
F : X — C on a set of measure zero so that F(X) c o(A) without loss of generality. Under this
assumption, (18.8) gives a reasonable definition of f(A) € Z(H) for any bounded Borel-measurable
function f : o0(A) — C. For any Borel subset K in R™ or C", let us denote

PB(K):={f: K — C| f is Borel measurable and bounded} .

Note that for functions K — C, “Borel measurable” is a slightly stricter condition than “Lebesgue
measurable,” requiring the preimage of every open subset of C to be an element of the Borel o-
algebra, rather than the larger o-algebra of Lebesgue-measurable sets. A word of caution: Even
if we replace the usual Lebesgue measure on K with its restriction to the Borel o-algebra, #(K)
is not the same thing as L™ (K), because elements of the latter are only equivalence classes of
functions defined almost everywhere, whereas the elements of Z(K) are actual functions. The
next lemma tells us, however, that %(K) is a reasonable “completion” of C°(K) with respect to a
certain notion of convergence.

LEMMA 18.57. For any compact subset K < C, B(K) is the smallest subset F ¢ B(K) with
the following properties:
(i) F contains every constant function, and it also contains the restriction to K of the func-

tions z — z and z — Z;
(i) For every f,ge F, f + g and fg both lie in F;
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(iti) If fn € F is a sequence satisfying a uniform bound |f,| < C for all n and converging
pointwise on K to a function f: K — C, then f e F.

PRrROOF SKETCH. Note first that by the first two properties, F must contain the restriction to K
of every polynomial function C — C, and the convergence property together with the Weierstrass
approximation theorem then imply that it also contains C°(K). One then needs to verify the
following claims:

(1) The set of all Borel sets 2 ¢ K with yo € F is a o-algebra. The proof of this is elementary.
(2) For every open subset U = K, xyy € F. One sees this by using cutoff functions to construct
a uniformly bounded sequence of continuous functions converging pointwise to xy.
The two claims imply that F contains the characteristic function of every Borel set in K, and it
therefore also contains all Borel-measurable simple functions on K. The result then follows from
the standard measure-theoretic result that every measurable function is the pointwise limit of a
sequence of measurable simple functions, which can also be assumed uniformly bounded if the limit
function is bounded. For details (in a slightly more general setting), see [BS18, Lemma 5.80]. O

We now enhance Definition 18.40:

DEFINITION 18.58. A Borel functional calculus for a bounded linear operator A € £ (H)
on a complex Hilbert space is a linear map
B(o(A) > L(H): f— f(A)
satisfying the following conditions:
() (f9)(A) = f(A)g(A) and F(A) = F(A)* for all f,g & H(o(4));
(ii) For f=1, f(A) =1 € Z(H);
iii) For the function f(z) := z on o(A), f(4) = A.
) For every f € C°(a(A)), o(f(A)) = f(c(A)) = C, and for f € B(c(A)), z€ H and A € C,
Az = Az implies f(A)x = f(N)z;
(v) If f e B(c(A)) takes nonnegative real values, then {z, f(A)x) = 0 for all x € H;
(vi) |F(A)] = | fllco for all f € C°(a(A)), and for any sequence f,, € B(c(A)) that is pointwise
convergent f, — f and satisfies a uniform bound |f,| < C for all n,

fu(A)z — f(A)z for every x € H.
(vii) If AB = BA for some B € .Z(H), then f(A)B = Bf(A) for all f e Z(c(A)).

REMARK 18.59. We have formulated the conditions in Definition 18.58 so that a Borel func-
tional calculus ZB(c(A)) — L(H) restricts to C°(c(A)) < %(c(A)) as a continuous functional
calculus, and for the same reasons as in the continuous case, the operators f(A4) € Z(H) will
always be normal, including A itself. Note that some of the properties are strictly stronger when
f € #B(c(A)) is continuous, e.g. in (iv), one cannot generally expect o(f(A)) = f(c(A)) when
f :0(A) — C is discontinuous, since its image may fail to be a compact set. Similarly, the conti-
nuity of the map #(c(A)) - £ (H) expressed in (vi) uses a much weaker notion of convergence
than the C%-norm, but the map still restricts to C°(c(A)) as an isometry.

We showed in Lemma 18.53 that any operator A € Z(H) admitting a continuous functional
calculus admits a spectral representation. Here is a somewhat stronger converse for that result:

THEOREM 18.60. If A€ Z(H) admits a spectral representation, then it admits a unique Borel
functional calculus.

PRrOOF. Uniqueness holds for essentially the same reasons as in the continuous case: conditions
(i)-(iii) determine f(A) when f is a polynomial, and thanks to Lemma 18.57, condition (vi)
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uniquely determines the extension to all f € Z(c(A)). If a spectral representation is given, then
we can establish existence by using (18.8) to define f(A) for any f € ZB(c(A)), i.e. we identify A
unitarily with the multiplication operator Tr : L?(X,u) — L?(X, p) for a bounded measurable
function F' : X — C with F(X) c 0(A), and then define f(A) by replacing F' with f o F. Most of
the stated properties follow from this definition as easy exercises—only the following are slightly
less obvious:

Property (iv): Recall from Exercise 18.34 that o(A) is the essential range of the function
F: X — C, meaning the set of all A € C such that open neighborhoods U — C of A always satisfy
w(F~Y(U)) > 0. Similarly, o(f(A)) is the essential range of f o F, and we have (f o F)"*(U) =
F=Y(f~'()) for any U < C. Assume f is continuous, A € o(A) and X' = f(X). Then for any
open neighborhood U < C of )\, continuity implies that f~!(i/) < C is an open neighborhood
of A, implying u(F~1(f~*(U))) > 0 and thus X' € o(f(A)). Conversely, the condition X' € o(f(A))
implies that every open neighborhood V < C of X satisfies u(F~1(f~1(V))) > 0, which is clearly
false if ) does not lie in the compact set f(o(A)). The statement about eigenvalues is easier,
and does not require f € %(c(A)) to be continuous: It suffices to observe that for u € L?(X, p),
Tru = Au means that u vanishes almost everywhere outside the set F~1(\) ¢ X, and it follows
that Troru = f(A)u.

Property (vi): Now that we know o(f(A4)) = f(o(A)) for f € C%(o(A)), the relation | f(A)| =
| f|co follows by the same argument as in Lemma 18.43.%* For the statement about pointwise
convergence, it suffices to work in L?(X,u) and check that whenever f, — f pointwise and
|fn] < C for all n, we have

(foo F)u -5 (f o Flu
for all uw e L?(X, ), that is

JX |fu(F (@) = f(E (@) - [u@®) du(z) -0

as n — oo. This follows from the dominated convergence theorem.

Property (vii): Since A is normal, the condition AB = BA implies via Theorem 18.55 that B
also commutes with A*, and it therefore commutes with all finite products of A and A*, which
means that it commutes with f(A) for every polynomial function f : C — C. This extends to all
f e PB(o(A)) as a consequence of Lemma 18.57 and property (vi). O

REMARK 18.61. Notice that the pointwise convergence of functions in Lemma 18.57 and Def-
inition 18.58 is everywhere, not just “almost” everywhere. This is important in the proof of Theo-
rem 18.60, because if f,, — f only almost everywhere, then it need not follow that f,0o FF — fo F
almost everywhere. For a similar reason, the operator f(A) € £ (H) may change if f € B(c(A))
is modified on a set of measure zero.

18.12. Polar decomposition. Before continuing with the general development of spectral
theory, we give a nice application of the functional calculus for self-adjoint operators.

DEFINITION 18.62. An operator A € Z(H) on a Hilbert space is called positive, written
A>=0,
if {z, Az) > 0 for all z € H.
EXERCISE 18.63. For a complex Hilbert space H and operator A € £ (H), show:
43Lemma 18.43 was stated specifically for self-adjoint operators, but the only step in the proof that actually

required self-adjointness was showing that o(f(A)) = f(c(A)) for f continuous. The use of a spectral representation
enabled us to prove this by other means in the previous paragraph.
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(a) If A >0, then A is self-adjoint.
Hint: If {x, Axz) is real then {x, Ax) = (Ax,z). Compute {x + y, A(x + y)) and {x +
iy, A(x + iy)) for arbitrary z,y € H.

(b) If A is self-adjoint, then A > 0 if and only if o(A4) < [0, ).

(c) If &, Ax) > 0 for all = # 0 € H, it need not follow that 0 ¢ o(A).

EXAMPLE 18.64. Any A € Z(H) gives rise to a positive operator A*A = 0.

For a positive operator A, Exercise 18.63 implies that the square root function /- is well
defined and continuous on o(A), since the latter is contained in [0, 00). We can therefore use the
functional calculus to define \/A € Z(#) so that

VAVA = A.

Equation (18.8) gives a formula for x/A in terms of any spectral representation A = U~'TrU,
namely as

VA=U T zU,

which makes sense because F' : X — C takes nonnegative real values almost everywhere. The
function V/F : X — R is then also nonnegative by convention, and \/A is therefore also a positive
operator,

VA =o0.

EXERCISE 18.65. Show that for any positive operator A € Z(H), ker /A = ker A.
Hint: This is almost obvious if A is a multiplication operator on L?(X, 11).

One nice application of positive operators is to generalize the polar decomposition z = pe®’
of complex numbers. The latter makes sense in part because for every z € C, |2]?> = Zz is a
nonnegative real number, and therefore has a well-defined nonnegative square root p := +/zz.
Example 18.64 generalizes this to operators on Hilbert spaces, and the role of ¢’ can be played by
so-called “partial isometries™

DEFINITION 18.66. A bounded linear operator U € £ (H) on a Hilbert space is called a partial
isometry if its restriction to the closed subspace (ker U)* < H defines an isometry

(ker U)* L imU ¢ H.

As usual, the word “isometry” in Definition 18.66 means the relation (Ux,Uy) = {x, y) for all
z,y € (ker U)'. It follows easily from this condition that im U = H must also be a closed subspace.

THEOREM 18.67 (polar decomposition). Given a bounded linear operator A € Z(H) on a
complex Hilbert space H, let P := \/A*A. Then there is a unique operator U € L (H) such that

A=UP and ker U = ker A,

and moreover, U is then a partial isometry with imU =im A c ‘H. In particular, U is a unitary
isomorphism H — H if and only if A is injective and has dense image.

PrOOF. We observe first that if v € ker(A*A) < H, then
0 = (v, A* Av) = (Av, Av) = | Av|?
and thus v € ker A, proving that ker A = ker(A* A). By Exercise 18.65, it follows that
ker A = ker P,
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so P maps ker A to itself, and since P is self-adjoint, it therefore also maps (ker A)* to itself, the
latter injectively. We claim that im P is then a dense subspace of (ker A)': indeed, if it is not, then
there exists a nonzero element v € (ker A)* such that (v, Pw) = 0 for all w € (ker A)*, implying

0 = (v, Pw) = (Pv,w)
for all w € (ker A)1, and since Pv € (ker A)*, this implies Pv = 0, which can only happen if v = 0
since P|(ker 4)+ 18 injective.
Since we now know P to be a bijection from (ker A)* to a dense subspace im P < (ker A)*,

the relation A = UP will hold for some operator U : H — H if and only if U restricts to im P < H
as the composition

imP £ (ker A)Yt —25 im A c H.
U
Defining U : im P — im A in this way, it is a bijection by construction, and we claim that it is also
an isometry. Indeed, every v € im P is of the form v = Pw for a unique w € (ker A)*, so the claim
means that for every w € (ker A)*, the elements v := Pw and Uv = Aw satisfy

|Aw] = | Pw].
This is easily verified using the self-adjointness of P = v/ A* A:
|Pwl? = <\/A*Aw, \/A*Aw> - <w \/A*A2w> = (w, A* Aw) = {Aw, Aw) = |Aw]?.

With the claim established, U is now a bounded linear operator im P — H with image im A, and
thus has a unique continuous extension to the closure im P = (ker A)*, defining an isometry that
maps the latter bijectively to the closure im A < #. There is then exactly one extension of U to
all of H such that ker U = ker A, and it is a partial isometry by construction. O

18.13. Spectral projections. Now that we have a definition of f(A) for functions f that
need not be continuous, we can apply it in particular to characteristic functions xqo € %(C) of
Borel subsets (2 < C.

DEFINITION 18.68. Given an operator A € Z(H) that admits a spectral representation, the
spectral projection associated to any Borel set 2 c C is the operator

Po = xa(A) € Z(H).

In other words, if we use a spectral representation to identify H with L?(X, ) and A with a
multiplication operator T for some function F': X — C, then P, is identified with the multipli-

cation operator
F~1Q
L3(X, ) > LX) su o (xpo Fu= 4" O F ()
0 elsewhere.

Since xq is a nonnegative real-valued function, Py is a positive self-adjoint operator, and it also
satisfies

P3 = Pq,
hence Py is the orthogonal projection onto its image (cf. Exercise 3.31).

EXERCISE 18.69. Show that if Q n o(A) < C consists of a finite set of eigenvalues of A, then
P € Z(H) is the orthogonal projection onto the direct sum of the corresponding eigenspaces, i.e.

imPo= P ker(A—A).
AeQNo(A)
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The preceding exercise gives some useful intuition about the meaning of Py in more general
cases: Informally, we can think of im P, as the “approximate eigenspace”’ corresponding to the
portion of the spectrum of A that lies in €.

EXERCISE 18.70. Prove the following properties of the spectral projections Pq for an opera-
tor Ae L (H):

(a) Pq =0 whenever Q no(A) = .

(b) Po =1 whenever o(A) c Q.

(¢) Xeo(A) if and only if Py # 0 for all Q < C that contain open neighborhoods of \.
(d) PQQQ/ PQPQ/ for any two Q Q' < C.

(e) For any finite collection of pairwise disjoint sets 4,...,Q, € C,

PQl + ... +P§2m = PQlu...uQm,'

(f) For any sequence {Q2; — C}7_, of pairwise disjoint sets and any z € H, the series
*  Pq.x converges to
ZJ_l j g

i Pg,x = Pox where Q= Lj 9]
j=1

j=1

REMARK 18.71. The last property in Exercise 18.70 is reminiscent of the countable additivity
property of measures, and in part for this reason, the collection of orthogonal projections {Pq €
Z(H)}acc associated to A € Z(H) is sometimes called a projection-valued measure. It follows
in fact from Exercise 18.70 that for any element z € H, the formula

() = Ca, Pz

defines an actual finite measure on the Borel g-algebra of C, with every set that is disjoint from
o(A) having measure zero. We will not go into the details here, but one can define integration of
complex-valued functions with respect to a projection-valued measure, so that the integral itself
takes values in Z(H). For f € (0(A)), one then obtains the formula

f(A) = J’ F(X) dPy, and in particular A= J AdPy,
a(A) a(A)

where the symbol dP, means integration with respect to the projection-valued measure {Pq}aocc.
This generalizes the finite-dimensional formula

A= > Mg,
Aeo(A)

for normal operators A : C* — C", where IIg, denotes the orthogonal projection onto the
eigenspace Ey := ker(A — A). For details, see [RS80, §VIL3|.

18.14. Simultaneous diagonalization. The extension of Theorem 18.38 from self-adjoint
to normal operators will be made possible by the answer to the following question: Under what
conditions can a collection of multiple diagonalizable operators {4;} be diagonalized simultane-
ously? That is, do they admit a common spectral representation, meaning a single measure
space (X, ) and a single unitary isomorphism U : H — L?(X, 1) such that UA;U ! = TF, for a
collection of bounded measurable functions F; : X — C?

There is an obviously necessary condition for this: the multiplication operators Tr, and Tk,
commute with each other for all ¢ # j, so a common spectral representation for A4, and A; clearly
cannot exist unless A; and A; commute. This condition turns out to be sufficient:
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THEOREM 18.72. Suppose A,B € Z(H) are commuting operators that both admit spectral
representations. Then there exists a semifinite measure space (X, u) and a unitary isomorphism
U:H — L*(X, u) such that UAU ! = Tr and UBU ~! = Tg for two bounded measurable functions
F,G: X — C. Moreover, (X, u) can be assumed finite if H is separable.

REMARK 18.73. The obvious generalization of Theorem 18.72 also holds for any finite collection
of commuting operators, not just two. The proof is based on the same ideas as in the following,
only the notation becomes more cumbersome.

The proof of Theorem 18.72 is based on the construction of a continuous functional calculus
C%a(A) x o(B)) = ZL(H) : f = f(A, D).

The assumption that A and B each admit (separate) spectral representations implies that they are
normal, so if they commute, then Theorem 18.55 implies that all four of the operators A, A*, B, B*
commute with each other. There is then an obvious definition for P(A, B) whenever P is a complex-
valued polynomial function on C x C, and this would extend uniquely to C°(c(A4) x o(B)) if we
could prove a bound of the form
”P(AaB)” sc- Sup |P()‘7M)|
(Ap)ea(A)xo(B)

The corresponding step in the proof of Lemma 18.43 was easier, because in the setting of a single
self-adjoint operator, we had the privilege of being able to work with polynomial functions of
one real variable. Here, on the other hand, we have polynomial functions that depend on two
complex variables and their complex conjugates, so describing the spectrum of P(A, B) explicitly
enough to estimate its spectral radius and therefore |P(A, B)| is harder. We shall follow an
alternative approach that uses spectral projections: instead of approximating continuous functions
on o(A) x o(B) by polynomials, we can approximate them by functions that are constant on
“rectangles” in C2.

LEMMA 18.74. For two commuting operators A, B € Z(H) with spectral representations and
any two Borel sets Q,Q) < C, the spectral projections xa(A) and xq/(B) also commute.

PROOF. Property (vii) of the Borel functional calculus (Definition 18.58) gives xq(A)B =
Bxa(A), and applying the same result again with B in the former role of A then gives yqor (B)xa(A)
xa(A)xo (B). O

Let us refer to sets of the form

{x+iy|a<x<bandc<y<d}c(c, a<b c<d
in the following as half-open rectangles, and define
F < B(C?)

as the vector space of all finite complex-linear combinations of characteristic functions yqxq: for
half-open rectangles Q, Q' < C. The proof of the next lemma is an easy exercise:

LEMMA 18.75. For any compact subsets K, K' ¢ C and any continuous function f : K x K’ —
C, there exists a sequence fn € X that converges uniformly to f on K x K'. O

By restriction, we can regard functions f € % also as functions on o(A4) x o(B) < C2, and
from the latter perspective, impose on them the sup-norm

1] := sup {|f(z,w)| | (z,w) € o(A) x o(B)} .
Now define
X —>ZLH): [ f(ADB)



212 PART 4: SPECTRAL THEORY

as the unique linear map such that for any two half-open rectangles Q, Q' c C,
xaxe (4, B) := xa(A)xa (B).

This is well defined because e.g. whenever Q) = 7 U5 for two smaller disjoint half-open rectangles,
the relation xq = xn, + Xxq, translates into

xa(A)xe (B) = xa, (A)xo (B) + X0, (A)xo (B)

due to Exercise 18.70(e). We also deduce from Exercise 18.70 the following properties, which are
consistent with the notion of a continuous functional calculus:

(1) (fg)(AaB) = f(AvB)g(AaB) and .]?(AvB) = f(AvB)* for all f,g€ %;
(ii) For f =1, f(A,B) =1€ Z(H).
The latter follows in particular from part (b) of Exercise 18.70 by taking f := yqxq for any
half-open rectangles Q, Q' < C that are large enough to contain o(A) and o(B) respectively.
LEMMA 18.76. The map Z — L (H) : f — f(A, B) satisfies
|£(A, B)| < [ £

PRrROOF. By breaking up rectangles into smaller rectangles, one can write any f € Z as a finite
linear combination of the form

(18'9) ZCLJXQA XQB (y)
for some coefficients c;; € C and collections of disjoint half-open rectangles Q.. Q) < C and
QOB ..., QB c C. In this representation,

B) = Z CigXaa (A)Xﬂf (B).
We are then free to assume Q2 n o(A) and Qf N o(B) are both nonempty for every i, j, since
Exercise 18.70(a) will otherwise imply that xqa (A)XQB (B) = 0. Under this assumption,
171 = max|e;],
and we deduce

1f(A,B)| < |f]- ZXQA )xaz (B)| -

Since the sets Q4',..., QA are all disjoint, we can use Exercise 18.70(e) to rewrite the summation

on the right hand s1de as

ZXQ;} (A)Xﬂf (B) = (Z Xaa (A)> (ZXQJB (B)> = XQdu...u04 (A)XQIBUMUQE (B).

As the composition of two orthogonal projections, the latter operator has norm at most 1, and we
conclude [ f(A, B)| < [ f]. O

The estimate in Lemma 18.76 implies that Z — Z(H) : f — f(A, B) has a unique extension
to a bounded linear operator Z — Z(H), where Z < B(c(A) x o(B)) is the closure of % in
the sup-norm. By Lemma 18.75, # contains C°(c(A) x o(B)), and we have therefore defined a
bounded linear map

C%o(A) x o(B)) —> ZL(H) : f — f(A, B).
We claim that this map also satisfies the following property:
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(iii) For the projection functions IT;(z,w) := z and Ila(z,w) := w on ¢(A) x o(B), we have
Hl(A,B) = A and HQ(A,B) = B.

To prove the statement about IT;, choose ' < C large enough to contain o(B), so that xq(B) = 1
by Exercise 18.70(ii), and choose a sequence of functions f,, : C — C, uniformly convergent on
o(A) to f(z) := z, such that each f, is a finite linear combination of characteristic functions of
half-open rectangles. The functions F,,(z,w) := f,(2)xq/(w) then belong to # and are uniformly
convergent on o(A) xo(B) to Iy, thus F,,(A, B) — II; (A4, B) in the operator norm. Using the Borel
functional calculus of A, we can write F,,(A, B) = f,(A)xq/(B) = f,(A), and since the functions
fn are uniformly bounded on the compact set o(A) and converge pointwise to f, properties (iii)
and (vi) of the Borel functional calculus (Definition 18.58) imply f,.(A)x — f(A)x = Ax for every
x € H. We conclude I (A, B)x = Ax for every x € H. The statement about Il is proved in the
same manner.

We now have the essential properties of a continuous functional calculus for functions of the
commuting operators A and B, and we note that it automatically also has a positivity property:
for any nonnegative real-valued continuous function f > 0 on o(A) x o(B), we can write f = g>
with g = 0 to prove

<x7f(AaB)x> = <xvg(A7B)g(AaB)x> = <g(A,B)x,g(A,B)m> = 0.

From here, the proof of Theorem 18.72 follows a familiar pattern. The Riesz-Markov theorem
produces a finite Borel measure p, on o(A) x o(B) satisfying

<x,f(A,B)x>=J(A) L fdm Pral 7eC0() xo(B)

and we then define T : C°(0(A) x o(B)) = H : f — f(A, B)x, which satisfies |[Tf| = | f]| > and
therefore extends to an isometry

L2(0(A) x 0(B), 1) — H

whose image is the span of all elements of the form A™ B™(A*)?(B*)4x for integers m,n,p,q = 0.
In this context, it is natural to say that x € H is cyclic for A and B if the span of those elements
is H, and if that is true, then U := T~' identifies both A and B with multiplication operators
on L?(c(A) x o(B), i), namely via multiplication with the functions (z,y) + z and (x,y) — y
respectively. If H is separable, one can now decompose H into countably many orthogonal closed
subspaces admitting cyclic elements; in the nonseparable case, one instead obtains a possibly
uncountable collection of such closed subspaces with the aid of Zorn’s lemma, as in Remark 18.54.
The result is a common spectral representation for A and B on a measure space (X, u) that is
a disjoint union of copies of o(A) x o(B) with various spectral measures u,. This completes the
proof of Theorem 18.72.

18.15. Extension from self-adjoint to normal. In case you’ve been having trouble keeping
track, let’s recap the most important results that have been proved so far, and the logic by which
we have proved them:

(1) By Lemma 18.43, every bounded self-adjoint operator A € .Z(H) admits a continuous
functional calculus.

(2) Lemma 18.53 then establishes that self-adjoint operators always have spectral represen-
tations.

(3) It follows via Theorem 18.60 that every self-adjoint operator also admits a unique Borel
functional calculus, which can be used as in §18.13 to define spectral projections.

(4) By Theorem 18.72, any two commuting self-adjoint operators admit a common spectral
representation.
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The extension of all this to normal operators now proceeds as follows. By Exercise 18.37, any
normal operator A € .Z(H) can be written as

A=B+iC

for two commuting self-adjoint operators B, C' € £ (H). Extracting from Theorem 18.72 a common
spectral representation for B and C as multiplication operators Tr,Tg : L?(X,u) — L*(X,u)
defined via functions F,G : X — R respectively, the same unitary isomorphism H — L?(X,u)
then identifies A with the multiplication operator Tr1;c. In other words:

(5) Theorem 18.72 for self-adjoint operators implies that bounded normal operators also
admit spectral representations.

(6) It follows via Theorem 18.60 that every normal operator also admits a unique Borel
functional calculus and spectral projections.

(7) Theorem 18.72 therefore also applies to any two commuting normal operators.

We summarize with a single statement:

THEOREM. On a complex Hilbert space H, a bounded linear operator admits a spectral represen-
tation if and only if it is normal, and two normal operators admit a common spectral representation
if and only if they commute. d

19. Unbounded operators

As a motivational example for what follows, consider the Laplace operator for complex-valued
functions of n real variables,
n
o 2
A==
j=1

The reason for the minus sign will be clarified momentarily. We observe first that —A has some
things in common with self-adjoint operators on L?(R™), e.g. for any two Schwartz functions
v, € L(R™), integration by parts gives

ooty == 3 | #G0=3 | 060 =TT

where we denote the C"-valued gradient of ¢ by Vo := (d1¢,...,0,¢), and the boundary terms
arising from integration by parts do not appear because ¢ and ¢ decay to zero at infinity. Applying
the same trick again to move all differentiation to ¢ instead of v, we obtain

(19.1) (o, =AYy = (Vo, Vipdrz = (—Ap,)re, for all p, e L(R™).
Now you can see why the minus sign is there: it also makes —A into a positive operator, in the
sense that

{p,—Apyr2 =20 for all pe S(R").
If we want to discuss functions defined only on an open subset {2 — R™, the same results hold for
all compactly supported smooth functions ¢, € Cf ().

The usual argument from the linear algebra of self-adjoint operators then shows that if A has
eigenfunctions, meaning solutions ¢ to the equation Ay = Ap for A € C, then the eigenvalues A
are always real and nonnegative, and eigenfunctions corresponding to two distinct eigenvalues are
always L2-orthogonal. We saw in Corollary 18.28 that for functions on a bounded open subset
) R, this really happens: in fact, L2(2) admits a countable orthonormal basis of eigenfunctions
of —A, with a discrete set of positive eigenvalues of finite multiplicity that tend to infinity!

This result about eigenfunctions of —A was derived in a fairly indirect manner in §18.5: We
showed that eigenfunctions of —A with eigenvalue A € R are equivalent to eigenfunctions of a certain
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compact self-adjoint operator K : L?(Q) — L?(Q) with eigenvalue 1/, so that the existence of
an orthonormal basis of eigenfunctions follows from the Hilbert-Schmidt theorem. In the present
section, we aim to study the spectral properties of operators like —A more directly.

One problem immediately arises: The notions of eigenvectors and self-adjointness make sense
for linear operators from an inner product space to itself, but —A is not a well-defined operator
from L?(R") or L%(Q) to itself: If you feed an arbitrary L2-function into —A, you will generally
get a distribution, not a function. One can of course define —A on various dense subspaces such as
S (R™) c L23(R") or CF(Q) < L*(Q), but the resulting operator clearly does not admit a bounded
extension to the rest of L?; the unboundedness of the eigenvalues in the discussion above is a dead
giveaway that this is impossible. The only reason the eigenfunction equation —Ap = Ap makes
sense at all is that its solutions are generally better than L2-functions, e.g. in Corollary 18.28, they
belong to the Sobolev space H} (), and one can apply methods from elliptic regularity theory as
in Theorem 12.50 to show that they are actually smooth.

The inescapable conclusion is this: We should study eigenvalues and other spectral properties
for linear operators of the form

Ho>D-H
on a Hilbert space H, where the domain D < H is a dense subspace and T cannot be extended
continuously to the rest of H. In this setting, the notion of a closed operator will serve as a
reasonable substitute for boundedness, and we will see that the spectral theorem for bounded
self-adjoint operators admits a very elegant extension.

19.1. Dense domains and closed operators. Our first task is to generalize the notion
of a bounded linear operator between Banach spaces to operators that are only defined on dense
subspaces.

DEFINITION 19.1. For two Banach spaces X,Y, an unbounded operator T from X to Y
consists of a subspace D := D(T) c X together with a linear map T : D — Y. We will generally
abbreviate this with the notation

Xx>pLY.

We say that the operator is closed if its graph
Ip:={(z,Tz) |zeD} c X DY

is a closed subspace of the Banach space X @Y. We say that it is closable if it admits a closed
extension )
xop Ly,
i.e. a closed unbounded operator 77 on a domain D’ ¢ X containing D such that T'|p = T'. For a
closable operator T, the smallest closed extension is called the closure of 7" and will be denoted

by T.

REMARK 19.2. The term “unbounded operator” as defined above is imperfect, because the
definition does not exclude the possibility that 7' : D — Y might be bounded with respect to
the norm on X, in which case it admits a continuous extension to the closure of D < X, which
is often X. This does not happen in the cases that are typically of interest (cf. Remark 19.5
below), but explicitly excluding it would be inconvenient, so in practice, we’ll be using the word
“unbounded” in this context to mean that T is defined on a specified domain D c X that is allowed
to be smaller than X, though T" might also be bounded.

EXERCISE 19.3. Show that the following conditions on an unbounded operator X > D Ly
are equivalent:

(i) T is closable;
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(ii) The closure I'r of T'r c X @Y is also the graph of an operator;
(iii) The conditions (z,y) € I'r and (z,y’) € I'r imply y = 3//;

(iv) For every x € D < X, there exists at most one element y € Y arising as a limit of
sequences T'x, with z,, € D converging to x.

REMARK 19.4. If T is closed and its domain D < X is X, then the closed graph theorem
(Theorem 16.11) implies that T is bounded. In this sense, closed unbounded operators are a
natural generalization of bounded operators.

REMARK 19.5. If the domain D < X of a closed operator T is dense but D # X, then
T : D — Y must be a discontinuous map with respect to the norm on X. Indeed, continuity would
imply that 7' admits an extension to a bounded linear operator T : X — Y, the graph of which
would then be the closure of I'r € X @Y, implying that T itself cannot be closed.

EXERCISE 19.6. On the domain D of an unbounded operator X > D R Y, one defines the
graph norm by
|zllz 2= flz] + [T],
where the norms on the right hand side are the given norms on X and Y. This makes T a bounded
linear operator D — Y with respect to the graph norm on D. Show that T is closed if and only if
(D, | - |lr) is a Banach space.

REMARK 19.7. Suppose X > D L Y is an unbounded operator whose domain is not dense
in X, and such that its closure D c X is complemented, so there exist a splitting

X=DpX,
with X’ c© X a closed subspace. There is then a unique extension of T to an unbounded operator
x-opox Ly

such that T’|x- = 0. The enlarged domain D@ X’ c X is now dense, and one can show that T is
closed if and only if T” is closed.

Note that the assumption in Remark 19.7 that D < X is complemented is always true in the
setting of greatest interest to us, namely when X is a Hilbert space. We will almost always assume
in the following that the domain D(T") € X of an unbounded operator is dense.

While closed unbounded operators X > D L5V are not generally continuous, the condition
of having a closed graph turns out to provide enough control for a reasonable theory, and it will be
assumed in all the important results we prove about unbounded operators. The following example
shows that whether an operator is closed or not can depend heavily on the choice of dense subspace
that is considered to be its domain: not all choices of domain are equivalent, and the simplest choice
is not always the right one.

ExaMPLE 19.8. Let Ty denote the Laplace operator —A, regarded as an unbounded operator

L2(R") 5 Dy := #(R") —2="2 , [2(R),

and let T7 denote the same operator but with a different choice of domain, namely the Sobolev
space H?(R"),
L2(R") o Dy := H2(R") —E22 [2(R™),
The domains in both cases are dense in L?(R"), and we have Dy c Dy, but we claim
I

0 DFTl?
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implying that Ty is not closed. To see this, consider an arbitrary element (f,—Af) € T'r,, so
f € H*(R"), and notice that since .#(R") is dense in H?(R"™) with respect to the H?-norm, there

exists a sequence f; € “(R") with f; LN f, implying —Af; L —Af since —A defines a bounded
linear operator H?(R™) — L?(R"™). The H?2-convergence of f; also implies f; L f, thus
Uz, 3 (f5,—Af;) = (f,=Af) in L*(R") @ L*(R"),
proving that (f, —Af) lies in the closure of I'y;,.
We claim however that T is closed, and thus Ty = T7. Indeed, suppose (f;, —Af;) € I', is a
sequence converging to (f, g) € L*(R") ® L?(R™), meaning f; N fand —Af; N g. Taking Fourier

~ 2 A
transforms, it follows that f; L f and
— ~ L2 ~
—Af; =47®|plPf; = 4,

thus

2 o2, 1 .
— [+ 12 g.

This proves that (1 + [p|?) fj is an L2-Cauchy sequence, thus f; is an H2-Cauchy sequence, and its
L2-limit f is therefore also in H?(R™), with H?-convergence f; — f. Since —A : H*(R") —» L*(R")

is bounded, it follows that —Af; L —Af, thus —Af =g and (f,g9) e I'p,.

1 -
L+1pP)f=fi— mﬁfy‘

For the purposes of spectral theory, the next result gives a good reason to confine our attention
to closed operators:

LEMMA 19.9. For a closed operator X D D L X and any scalar A € K such that A — T :
D — X is bijective, its inverse

R(T)
X /;\

X
(-7~

determines a bounded linear operator Rx(T) € £(X).

ProoOF. We claim first that if T is closed then A — T is also a closed operator with the same
domain D < X for every A € K. Indeed, suppose (z,, Az, — Tz,) is a sequence in the graph of
A — T converging to (z,y) € X ® X, meaning z,, € D, z,, » = € X and \z,, — Tz, — y, with the
convergence of the latter two sequences in the norm of X. Then Tx,, = Az, —(Axp—Txn) — Ax—y,
so the assumption that T is closed implies (x, \x — y) € I'r, meaning € D and Tz = Az —y. In
other words, (A — T)xz =y, and (x,y) is therefore in the graph of A — T'.

Now if A\ =T : D — X is bijective, then the graph of Ry(T) : X — X is

Tryry =f{(&,A-T)"2) e XOX |ze X} ={(A-T)y,y) e X®X | ye D}
={(z,y) e X®X | (y,z) eTr 1},

which is a closed subspace of X @ X since A —T is closed. It follows from the closed graph theorem
(Theorem 16.11) that Rx(T') is bounded. O

19.2. Resolvent and spectrum. We assume from now on that the Banach space X is
complex.
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DEFINITION 19.10. For a complex-linear unbounded operator X > D L5 X that is closed, we
define its resolvent set

p(T):={AeC| XA—T is a bijection D — X},
the complement of which is its spectrum

o(T) := C\p(T).
For A € p(T), the bounded linear operator Ry(T) € £ (X) defined in Lemma 19.9 by inverting
A — T is called the resolvent of T at A.
We say that A € o(T") belongs to the point spectrum or is an eigenvalue of T if ker(A — T)
is a nontrivial subspace of D, and it belongs to the residual spectrum if it is not an eigenvalue

but the image of the linear map

p AT, x

is not dense in X.

EXERCISE 19.11. For a closed operator X > D AR X, prove:

(a) T is injective with closed image if and only if there exists a constant ¢ > 0 such that
| Tz = cf].
Hint: The argument in the proof of Lemma 19.9 may be helpful.

(b) If A€ o(T) is not in the residual spectrum of T, then there exists a sequence z,, € D with
|zn| =1and (A —T)z, - 0in X.

REMARK 19.12. In the general formalism of unbounded operators, the domain D c X is not
assumed to be equipped with any norm or topology other than what it inherits naturally from X,
though in specific examples (such as D; = H2(R") in Example 19.8), it can happen that D is also
a Banach or Hilbert space with a norm that is strictly stronger than the norm of X. In cases
like that, the norm under discussion in general results and concepts such as FExercise 19.11 and
Definition 19.1 is still the norm that is inherited from X.

CONVENTION 19.13. If T is not closed but is closable, we define o(T") to be the spectrum of
its closure 7.

THEOREM 19.14. For any closed complex-linear unbounded operator X > D z, X, the resol-
vent set p(T')  C is open, and the function p(T) — L(X) : A — Rx(T) is complex analytic.

PrOOF. The main idea is the same as in the bounded case, one just has to check that it really
works. Given \g € p(T) and p € C sufficiently close to 0, let A\ := A + u, and observe that
A—T = (A —T) + p is a bounded small perturbation of A\g — 7. The openness of p(T') then
follows from a general observation: If Ay : D — X is a (possibly unbounded) linear map with a
bounded inverse A;' : X — D < X, and B € .Z(X) is any bounded operator with | B|| sufficiently
small, then we can regard Ay' B as an element of £ (X) with |A;*B| < 1 and similarly assume
|BAy!| < 1, in which case the usual power series trick gives

(1+4,'B)"" = i (=1)*(Ag'B)* e 2(X),
k=0

with which we can define
(1 +Ay'B) A = Ayt — Ay BA Y + Ag'BA ' BA, — ... = Ay Y (1 + BA, ) ™ e Z2(X).

This operator has image in D, and one easily checks that it is a two-sided inverse for Ag + B :
D — X. Applying this with Ag := \g — T and B := pu proves that p(T) c C is open, and we also
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obtain the formula .
RA(T) = Y (=1)Fu*REHY,
k=0
which shows that A — Ry (T) is analytic. O

As in the bounded case, Theorem 19.14 proves that the spectrum
o(T)cC

of a closed unbounded operator is always a closed set. In contrast to the setting of bounded
operators, o(T') will not generally be bounded, as there is no way of guaranteeing that

1
A=T=X1-<T
(+-57)

is invertible for |\| large if we do not have a finite norm ||T"|. For the same reason, we cannot prove
that |Rx(T")| becomes small as |A| = co. You may recall from Corollary 18.13 that our proof that
o(T) # & in the bounded case depended on that fact; in the unbounded case, it can also happen
that the spectrum is empty. The following example illustrates both pathologies.

EXERCISE 19.15. Denote by Ty and 77 the differential operator i% defined on the following
domains in L?([0,1]):

Do :=D(Ty) := {f : [0,1] — C | f is absolutely continuous and f’ € L*([0,1])},

and
Dy :=D(Ty) := {f € Dy | f(0) =0}.
(a) Show that both domains Dy and D; are dense in L?([0,1]).
(b) Show that both operators Ty and T; are closed.
Hint: You can use the fundamental theorem of calculus.
(c) For all A € C, find an eigenfunction of Ty with eigenvalue A, proving

U(TO) = C.

Do the eigenfunctions belong to the domain D17
(d) For X € C, the equation (A — T)f = g translates into the initial value problem

f@) =i[=Af(t) +g(0)],
f(0) =0,

with the understanding that for a given g € L?([0,1]), we are seeking absolutely con-
tinuous solutions f : [0,1] — C that satisfy the differential equation almost every-
where. Adapt the Picard-Lindel6f theorem for this situation and prove that for every
g € L*(]0,1]), this problem really does have a unique absolutely continuous solution, thus
(A=T1) : D1 — L?([0,1]) is bijective, and

O'(Tl) = @

REMARK 19.16. The domain Dy in Exercise 19.15 is secretly equivalent to the Sobolev space
W12((0,1)). This follows mostly from Exercises 13.51 and 13.56: The former gives an inclusion
Dy — WH2((0,1)), and also shows that every equivalence class in W12((0,1)) has a unique
representative that is absolutely continuous on compact subsets, and whose derivatives almost
everywhere match their weak derivatives. The latter implies in turn that these continuous functions
are also in C%2((0, 1)), thus they are uniformly continuous on (0, 1), and therefore admit continuous
extensions over [0, 1]. One can deduce from the fundamental theorem of calculus that the extensions
are also absolutely continuous.
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19.3. Adjoints. From now on, we work in a complex Hilbert space H. The issue of domains
makes the notion of adjoints for unbounded operators on Hilbert spaces a bit subtle.

DEFINITION 19.17. Assume H D D(T) L, 74 is a densely-defined unbounded operator on the
complex Hilbert space H, i.e. its domain D(T') ¢ H is a dense subspace. The adjoint of T is then
the unique unbounded operator

1o D) L H
such that:
(i) T*z,yy = {x,Ty) for all x € D(T*) and y € D(T);

(ii) T* cannot be extended to any larger domain than D(T*) such that condition (i) still
holds.

In other words, the domain of the adjoint of T is the set
D(T*) = {x € H | there exists z € H such that {z,y) = (z, Ty) for all y € D(T)} .

Indeed, for any « € H satisfying this condition, the linear functional A : D(T') — C defined by
A(y) := {x, Ty) satisfies |A(y)| < ||z| - |ly| and is thus bounded, and since D(T') < H is dense, A
then has a unique extension to H, defining an element of the dual space A € H*. This forces us to
define

Tz =z where A=z,
i.e. T* is the composition of the complex-antilinear map D(T*) — H* : z — {(x,T-) with the
natural complex-antilinear isomorphism H* — H arising from the Riesz representation theorem.
In particular, assuming D(T') € H to be dense ensures that T* is uniquely determined by T'; this
uniqueness would not otherwise be guaranteed.

DEFINITION 19.18. The operator H > D(T) Lo His symmetric if it satisfies
(Tx,yy =Lz, Ty) for all x,y € D(T),

and it is self-adjoint if 7% = T, meaning that both the operator T* and its domain D(T*) are
the same as T and D(T) respectively.

For bounded operators, symmetry and self-adjointness are the same thing, but for unbounded
operators, this is not so. A symmetric operator need not be identical to its adjoint, because the
latter may have a strictly larger domain D(T*) o D(T); the most that can be said in general is
that if 7" is symmetric, then T* is an extension of T'.

EXERCISE 19.19. For a further variation on Exercise 19.15, consider the operator T := i% on
L?([0,1]) with domain
Dy :={feDy | f(0) = f(1) = 0} c L*([0,1]),

where Dy is again the space of absolutely continuous functions whose derivatives are L2-functions
defined almost everywhere. Use integration by parts to show that this operator satisfies

<f7 T29>L2 = <T0fa g>L2

for all f € Dy and g € Dy. This shows that 75 is symmetric, but the domain of T, also contains
Dy and is thus strictly larger than that of Ts, thus T is not self-adjoint.

EXERCISE 19.20. Show that the operator T, in Exercise 19.19 has the entirety of C as residual
spectrum.
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EXAMPLE 19.21. We saw in Example 19.8 that the operator

LQ(Rn) ) HQ(Rn) ;A> LQ(RH)

is closed; we claim that it is also self-adjoint. We’ve seen already that —A is symmetric when its
domain is taken to be .%(R"); since the latter is dense in H?(R"™), it is also symmetric on H?(R™).
We therefore need to show that H?(R") is also the domain of the adjoint —A*, i.e. that whenever
there exist f,g e L?(R") satisfying
(19.2) {g,hyrz = {f,—Ah>r2 for all h e H?(R™),
it follows that f € H2(R™). If (19.2) holds, then it holds in particular for all h € Cg°(R") and can
then be interpreted to mean that the equation —A f = ¢ holds in the sense of weak derivatives, and
therefore also as a relation between two tempered distributions. Both sides then have well-defined
Fourier transforms in .#/(R"), giving the relation

am?p*f = je S (R™),
and since f, g and their Fourier transforms are also L?-functions, we can interpret this as an equality
between two functions on R, understood to hold almost everywhere. It follows that

£l = [+ bPIF@E o = 1712 +

ﬁ”?”iz < 0,

so f € H*(R").

The next example should give you a big hint as to what the spectral theorem for unbounded
self-adjoint operators might look like.

ExAMPLE 19.22 (unbounded multiplication operators). Assume (X, u) is a semifinite measure
space and F': X — C is a measurable function that is not assumed bounded. In the Hilbert space
L?(X, ) of complex-valued L?-functions on (X, p1), define the subspace

Dp:={ue L*(X,n) | Fue L*(X,p)} € L*(X, p).

We leave it as an exercise to show that Dp is dense in L?(X, i), and Exercise 19.23 below shows
that the unbounded “multiplication” operator

L3(X, 1) o Dp -5 L2(X, 1) : u — Fu

is always closed. We claim that its adjoint is T with the same domain D(T}) = Dp, thus T is
self-adjoint whenever F' is real valued. The relation

(Fu,vyr2 = {u, Fvdr» for all u,v € Dp

is clear, so Tr is certainly symmetric if F' is real valued. What remains to be shown is that
whenever u,v € L2(X, i) satisfy

(u, Fwype = (v, wype2 for all w € Dp,
it follows that u € Dg. To see this, define for each N € N the characteristic function
XN = Xp-1([-N,N]) ¢ X — [0, 00),
so that xnF is bounded, and for all w € Dp, we then have
Oev Fu,wype = (uy Fxnw)re = (o, xnwyre = (vv, wrz,
which implies since Dr < L?(X, i) is dense that ynxFu = xnyv almost everywhere for all N € N.
By the monotone convergence theorem, we have |[xnv|z2 — |v]|z2 and |[xnFulr2 — |[Fulpe as
N — oo, thus |Fulz> = |Jullp2 < o0, and since |Ful,: = ||Flul|,, = |Full.2, it follows that
u € DF.
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EXERCISE 19.23. For the unbounded multiplication operator Tr in Example 19.22, show:

(a) T is closed.
(b) o(Tr) is the essential range of F' : X — C, just as in the bounded case (cf. Exercise 18.34).

19.4. Spectral representations. We will not discuss unbounded normal operators in this
course; the concept exists, but the issue of domains makes it tricky to make sense of conditions like
A*A = AA*. We nonetheless have some important things to say about unbounded self-adjoint
operators, and after Example 19.22, you can perhaps guess the statement of the main theorem.

DEFINITION 19.24. A spectral representation of an unbounded operator H > D 2, H on
a complex Hilbert space H consists of a semifinite measure space (X, 1), a measurable function
F: X — C, and a unitary isomorphism

H -5 LA(X, )
such that
U(D) =Dp :={ue L*(X,pu) | Fue L*(X,p)}
and UAU ! =: Tr is the “multiplication” operator

L2(X,p) o Dp -5 L2(X, 1) : u — Fu.

EXAMPLE 19.25. For the Laplace operator L2(R") o H2(R") =5 L2(R") considered in Exam-
ples 19.8 and 19.21, the Fourier transform .# : L2(R") — L?(R") defines a spectral representation,

F(-A)F* =T for F:R" - R:pw 4r?|p|%
where the multiplication operator has domain
F(H?*(R™)) = {ue L*(R™) | Ip|2u € LQ(R")}.
THEOREM 19.26 (Spectral theorem for unbounded self-adjoint operators). Fvery unbounded
self-adjoint operator H o D 2 H ona complex Hilbert space H admits a spectral representation,
identifying it unitarily with the multiplication operator L*(X, u) > Dp Ir, L?(X, ) determined by

some real-valued measurable function F: X — R on a semifinite measure space (X, u). Moreover,
we can arrange (X ) < oo if H is separable.

Maybe you can see now why it is necessary to be so nitpicky about domains: Theorem 19.26

clearly requires the operator H > D A H to be self-adjoint—not just symmetric—since by the
argument in Example 19.22, the multiplication operator with which we want to identify it is self-
adjoint. We’ve seen that there are also symmetric operators that are not self-adjoint, but for these,
the theorem cannot be true.

Let us take note of some things that follow from Theorem 19.26 in conjunction with Exer-
cise 19.23 that were not obvious up to this point:

COROLLARY 19.27. For any unbounded self-adjoint operator A, the spectrum o(A) is a nonempty
subset of R. O

COROLLARY 19.28. A self-adjoint operator is bounded if and only if its spectrum o(A) c R is
bounded. g

There is a cheap trick for reducing the proof of Theorem 19.26 to the spectral theorem
for bounded normal operators. This is the secret reason—aside from issues of elegance and
naturality—why we went through the effort of proving the main results of §18 for normal and
not just self-adjoint operators. We’ll need four lemmas, the last of which establishes the theorem.
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LEMMA 19.29. For any unbounded operator H > D 2, % on a complex Hilbert space, the
adjoint A* is closed.

PROOF. Suppose z,, € D(A*) is a sequence converging to x € H with A*x,, — y € H; then for
every z € D = D(A4),
(A*xy, 2y = {xpn, Az) — {x, A2),
and also

A%z, 2) = Y, 2),
implying (y, z) = {(x, Az) and thus x € D(A*), with A*2 = y. In other words, (z,y) belongs to the
graph of A* which is therefore closed. d

COROLLARY 19.30. Every densely-defined symmetric unbounded operator is closable. U
Indeed, the adjoint of a symmetric operator is always a closed extension of it. In particular:

COROLLARY 19.31. Every self-adjoint operator is closed. U

LEMMA 19.32. For a symmetric unbounded operator H > D A, H, if there exists a sequence
Zn € D with |z,|| =1 for all n and (A — A)x,, — 0 for some \ € C, then X is real.

ProoF. Let A = a +if € C for o, 8 € R with 8 # 0. Then for x € D, the result follows from
the estimate

[(A =Nz |* = {(A = a)z —ifz, (A - a)x — ifz)
= [(A = )z + B%|2]* = iBUA — )z, 2) + iz, (A — a))
= (A = )z + B|z|* = 7|« |*.
O

EXAMPLE 19.33. The operator T = i of Exercise 19.19, with domain Dy < L?([0, 1]) taken
to be the absolutely continuous functions that vanish at the end points and have derivatives in L?,
is symmetric but not self-adjoint, and by Exercise 19.20, its spectrum is the entirety of C, and is
all residual. This stands in contrast to the next lemma.

LEMMA 19.34. For a self-adjoint operator H D D A, H, the residual spectrum is empty.

PROOF. Suppose A € 0(A) is not an eigenvalue but the image of the operator A —\: D — H
is not dense. Then we find v # 0 € H with {(A — N)x,v) = 0 for all z € D, and we therefore have

(v, Az) = (v, \x) = Ow, ) for all x €D,

which implies v € D(A*) and A*v = \v. Since A* = A, we conclude \ is an eigenvalue of A, so
that Lemma 19.32 implies that it must be real, meaning X is also an eigenvalue of A, which is a
contradiction. g

Combining this result with Lemma 19.32 and Exercise 19.11 gives the following consequence,
this time without needing to assume the result of Theorem 19.26:

COROLLARY 19.35. For A self-adjoint, o(A) c R. O

Now we come to the main step:

LEMMA 19.36. Suppose H D D A, U is a closed and symmetric unbounded operator whose
spectrum contains neither X nor X\ for some A\ € C. Then A is self-adjoint and satisfies the
conclusions of Theorem 19.26.
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ProOF. Define the bounded linear operators
T, := —Ry(A) = (A -\ e Z(X), and T :=—Ry(A) = (A-))"'e2(X).

We claim that T} = T_ and TyT_ = T T, thus both are normal. Indeed, for z,y € H, we
have

<£C, T+y> = <(A - ;‘)T*Za T+y> = <T,QL‘, (A - )‘)T+y> = <T*$7 y>7
where we’ve used the assumption that A is symmetric and the fact that im(74) € D. This proves
T* =T._.
To establish commutativity, fix x € H, let y = T T_x and z = T_T, 2. Since im(T4+) € D, we

have (A—M\)y = T_z € D and thus Ay € D, so that A%y € H is well defined. For the same reasons,
A?z e H is well defined, and we now have

z=(A-N(A=Ny=(A%+ N> -2ReN)A)y
=(A-N(A—=Nz= (A% + \* —2(Re))A)z.
Since A — X and A — X are both injective by hypothesis, the operator A% + [\|> — 2(Re \)A must
also be injective, and we conclude y = z, completing the proof of the claim.
We can now extract from the spectral theorem for bounded normal operators a semifinite

measure space (X, ), which is finite if H is separable, along with a bounded measurable function
G : X — C and a unitary isomorphism U : H — L?(X, i) such that

UT,U ' =Tg:uw— Gu.

Since T is a bijection H — D, it does not have 0 as an eigenvalue, so the set G~1(0) = X has
measure zero in (X, p), and the function 1/G is therefore defined almost everywhere. Moreover,
im(T4) = D, so that

U(D) ={Gue L*(X,p) |ue L*(X,pu)} .
For u € U(D) ¢ L*(X, ), we then have

éu =U(A—-\NU tu=UAU tu — I,
implying
1
UAU ‘u = Fu where Fzza—i-)\.

The function F is well defined almost everywhere, which makes the multiplication operator T
well defined on U(D), the latter being the set of all functions u of the form Gv for v € L?(X, ),
which can also be characterized via the condition Fu e L?(X, ).

Finally, we observe that a multiplication operator T can only be symmetric if F = F almost
everywhere, so after modifying F' on a set of measure zero, we are free to assume that it is real
valued. This completes the construction of a spectral representation for A, and we conclude also
from Example 19.22 that A is self-adjoint. O

PrOOF OF THEOREM 19.26. Assuming A is self-adjoint, Corollary 19.31 implies that it is
closed, and Corollary 19.35 implies that neither ¢ nor —i is in its spectrum; the result then follows
immediately from Lemma 19.36. U
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19.5. Criteria for self-adjointness. Lemma 19.36 has some other useful applications, such
as a technical result that gives more practical methods for recognizing when an operator is self-
adjoint. The following result and the related Theorem 19.40 are each sometimes referred to as the
“basic criterion for self-adjointness”. Both are often applied specifically with A := +4, so that the
two operators under consideration are A + 7.

CoRrOLLARY 19.37. A closed symmetric operator H > D A K s self-adjoint if and only if
for some A € C\R, both of the operators A — X and A — X from D to H are surjective. O

Recall from Corollary 19.30 that every densely-defined symmetric operator is closable.

DEFINITION 19.38. A densely-defined symmetric unbounded operator H o D 2, H is called
essentially self-adjoint if its closure is self-adjoint.

EXERCISE 19.39. Show that if A is symmetric and closable, then its closure is also symmetric.

We now derive from Corollary 19.37 a weaker criterion that is somewhat easier to use in
practice.

THEOREM 19.40. A densely-defined symmetric operator H > D A, H is essentially self-
adjoint if and only if for some X € C\R, both of the operators A — X\ and A — X\ from D to H have
dense image.

PROOF. Suppose first that A is closed, in addition to being symmetric and densely defined.
Then for A := a + i with «, 8 € R and 8 # 0, the operator A’ := A — « with the same domain
is also closed and symmetric, and the calculation in the proof of Lemma 19.32 implies that for all
zeD,

(A= (@ +iB)z|* = (A Fip)z|? = |Az|? + 52|=[?,

which is bounded below by a constant times the square of the graph norm |z]ar := ||z| + | A’z||
on D, giving the estimate
(19.3) I(A" FiB)x| = cla]a

for some constant ¢ > 0. By Exercise 19.6, the graph norm on D is complete, and moreover, the
operators A" + i : D — H are bounded with respect to the graph norm, so the estimate (19.3)
implies via Exercise 17.25 that both have closed image.

With that understood, assume A is densely-defined and symmetric, but not necessarily closed.
By Exercise 19.39, its closure A is then also symmetric, so the previous paragraph implies that
im(A — \) and im(A — \) are closed in #H, and Corollary 19.37 tells us that A is then essentially
self-adjoint if and only if these images are also dense in A, which is true if and only if im(A—X) € H
and im(A — \) c H are dense. O

ExXAMPLE 19.41. A straightforward integration by parts shows that the operator
L2 (R") 5 y(Rn) ﬁ) L2 (R")

is symmetric for any j € {1,...,n}. We claim that the operator .7 (R"™) iy L?(R™) has dense
image for every A € C\R, so that Theorem 19.40 implies that i0; is essentially self-adjoint. Indeed,
if not, then there exists g # 0 € L2(R™) such that

(idjp — Xp,gyr2 =0 for all p e SL(R").
Taking Fourier transforms, this is equivalent to the condition

0= (-2mp;@ — AP, D1z = (~2mp; — N@.Pp:  forall  Pe.s(R).
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Since A\ ¢ R, the polynomial function p — —27p; — A is nowhere zero, and (—27p; + i)p can
therefore be an arbitrary function in the dense subspace .7 (R") c L?(R"™), so this implies § = 0
and thus g = 0 almost everywhere.

The next exercise is a brainteaser—I recommend thinking about it a bit before you continue
reading.

EXERCISE 19.42. What is the domain of the self-adjoint extension of the operator in Exam-
ple 19.417

The self-adjoint extension of L2(R") > .#(R") ~% L2(R™) is easy to characterize once you
notice the following detail: the Fourier transform provides us with an explicit spectral representa-
tion for it! Indeed, .# : L?(R") — L*(R™) identifies . (R™) ¢ L*(R™) with itself while turning id;
into the multiplication operator, .7 (i0;).#* = Tonp,,

T27rpj

LXR") o S (R") —2% L2(R™).

The self-adjoint extension of the multiplication operator has domain
{f e L*R") | p 2mp; f(p) is an L*-function on R"},
and applying Z* to this gives the domain
D = {feL*R") | f has a weak partial derivative ;f in L*(R™)}
for the self-adjoint extension of L*(R") > .7(R") %, L?(R™). If n = 1, then this domain

is precisely the Sobolev space H!(R), though for n > 1, it is a strictly larger dense subspace
of L?(R™).

19.6. Operators with compact resolvent. Before stating another theorem, let’s review
the essential reasons why the spectral theorem for unbounded self-adjoint operators holds. Self-

adjointness of H > D A H implies two important things: first, that A is symmetric, and second
that its spectrum is contained in R. This implies in particular that +i ¢ o(A), so that the bounded
linear operators T4 := R4;(A) are normal, and a spectral representation of T, then gives rise to
a spectral representation of A.

It’s worth asking: What happens if the normal operators Ty are not only bounded but also
compact?

DEFINITION 19.43. An unbounded operator H > D A, H is said to have compact resolvent
if there exists a number A € p(A) c C such that Ry(A) € £ (H) is a compact operator.

EXAMPLE 19.44. Suppose A is a closed operator of the form
LQ(T") 5 Hs(r]rn) L LQ(T")

with o(A) # C, whose dense domain is the Sobolev space H*(T") for some s > 0, and such that
the linear map A : H*(T") — L?(T") is bounded with respect to the H*-norm. (Note that this
doesn’t make it a continuous map with respect to the ambient L2-norm on H*(T™) < L*(T"), since
the H®-mnorm is strictly stronger.) Then for any A ¢ o(A), the bijection A — A : H*(T") — L?(T")
is also a bounded operator with respect to the H®-norm, so that by the inverse mapping theorem,
its inverse (A — A)~!: L?(T™) — H*(T") is bounded. The resolvent Ry(A) : L*(T") — L*(T") is
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then the composition of a bounded operator with the compact inclusion H*(T") — L?(T"),

Rx(4)

T

LQ(TTL) W HS(T") — LQ(Tn) s

and is thus compact.

We supplement Example 19.44 with the observation that if A is self-adjoint, then the condition
o(A) # C comes for free, since o(A) c R.

THEOREM 19.45. If H o D A5 s an unbounded self-adjoint operator with compact resol-
vent, then its spectrum consists of countably-many real eigenvalues {\,, € R},en such that |\,| — o
as n — o0, each with finite multiplicity, and H admits an orthonormal basis consisting of eigen-
vectors of A.

PRrOOF. Suppose p € C\o(A) such that
R,:=R,(A)e Z(H)

is compact. Since o(A) c R, the complex conjugate of 4 is also not in the spectrum, and the proof
of Lemma 19.36 then shows that R, commutes with R}, = R;i(A); in particular, R, is normal. The
spectral theorem for compact normal operators (Exercise 18.37(b)(v)) now gives an orthonormal
basis of H consisting of eigenvectors of R,,; moreover, by Theorem 18.22, o(R,,) is a discrete set
of eigenvalues {a,, € C},en, each with finite multiplicity, except possibly for 0 € o(R,,), which is
the only accumulation point of o(R,,). Since R, : H — D is a bijection by construction, it cannot
have 0 as an eigenvalue, and we conclude that all of its eigenvalues have finite multiplicity, and
they form a nonvanishing sequence that converges to 0.

Now observe:

1 1
Rv=av < v=alp—Av < avzuv—Av & Av= (u—a>v,

thus the eigenspace ker(a— R,,) is also an eigenspace of A, namely ker(A — A) with X := p— %, and
A must be real by Lemma 19.32 since A is symmetric. Writing A, := g — 1/«,,, the convergence
ap, — 0 then implies [A,| — . O

EXAMPLE 19.46. The discussion of the Laplacian —A on L?(f2) at the beginning of this section
can now be placed into a wider context. Assuming Q — R"™ is a bounded open subset, we recall
from Theorem 17.18 that —A defines a Banach space isomorphism H}(Q) — H1(Q2), and since
L?(Q) is dense in H 1(£2), the subspace

D:={feHy(Q) | Af e L*()} < Hy(Q) < L*()

is dense in H}(Q), and therefore also in L?(Q) since HJ (£2) contains C§° () and the latter is dense
in L?(Q). The unbounded operator

L2(Q) oD =5 L3(Q)

is then symmetric and bijective, and the composition of its inverse with the inclusion D — L?(€)
can be written as the composition of three bounded operators, one of which is compact,

L2(Q) —— H1(Q) 2275 HI(Q) —— L2(Q) .

W
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This defines a compact resolvent Ro(—A) € Z(L?(2)), and it also shows that the inverse of
—A : D — L?(Q) is bounded, implying via the closed graph theorem that the unbounded operator

L%(Q) > D =5 L2(Q) is closed, and moreover, 0 ¢ o(—A). This operator then satisfies the
hypotheses of Lemma 19.36 and is therefore self-adjoint. Feeding the compact resolvent Ro(—A)
into Theorem 19.45 thus produces eigenfunctions of —A that live in D < L?(Q) and form an
orthonormal basis of L2(f2).

ExXaAMPLE 19.47. Here is a variation on Example 19.46 in which the orthonormal basis of
eigenfunctions can be seen explicitly. The operator
L2(T™) o H2(T") =5 L3(T")
has smooth eigenfunctions fi : T" — C defined by
fr(x) := ¥k keZ",

with —Afy, = 47%|k|?e2™**_ We cannot invert —A in this case to find a compact resolvent, since
0 € o(—A), but for any A ¢ o(—A), A + A defines a bounded operator H?(T") — L?(T™), so that
Ry\(—A) is the composition of its bounded inverse with the compact inclusion H?(T") — L?(T"),
and is therefore compact.

EXAMPLE 19.48. Way back in §1.4, we studied the boundary value problem
L(t) + P(t)z(t) = f(1),
z(0) =z(1) =0

for functions z : [0,1] - R, where P, f : [0,1] — R are given continuous functions. Using the fact
that invertibility is an open condition on bounded linear maps, we showed that this problem has
a unique solution of class C? for any given f and P if P is sufficiently C°-small.

Spectral theory allows us to say something about this problem without assuming P to be
C%-small. Let us allow solutions to be complez-valued functions z : [0,1] — C, so that C*([0,1])
and L?([0,1]) become complex vector spaces, and define the domain

D := {z € C'([0,1]) | @ is absolutely continuous and & € L*([0,1])},

with the usual understanding that as the derivative of an absolutely continuous function, & is
defined almost everywhere. Assuming P is still real-valued, but allowing it to be any function of
class L? on [0, 1], not necessarily continuous, the unbounded operator

(19.4)

L([0,1]) 2D -5 L*([0,1]) : & > & + Px

can be shown to be self-adjoint, and we claim that it has compact resolvent. To see this, pick any
A € C\R, so that self-adjointness implies A ¢ o(T'), and A\—T : D — L?([0,1]) is therefore bijective.
Define a norm on D c L%([0,1]) by

lzlp == llzler + 2] 2
This norm makes D into a Banach space so that A — T : D — L2([0,1]) becomes a bounded
operator. Moreover, the inclusion D — L2([0,1]) is compact with respect to the norm | - |p,

because any sequence xy, € D satisfying a uniform bound ||z |p < C is also uniformly C'-bounded,
so that the Arzela-Ascoli theorem gives a C°-convergent subsequence, which then also converges
in L2.

Applying Theorem 19.45, we now obtain an orthonormal basis of L?([0, 1]) consisting of eigen-
functions x) € D with eigenvalues A € R that are solutions to the problem

Ex(t) +[P(t) = Al2a(t) =0,
l‘,\(O) = :C)\(].) = 0.
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For any A € R outside the discrete set of eigenvalues, we can instead say that the problem
L(t) + [P(t) — A =(t) = f(1),
2(0) =2z(1) =0

has a unique solution x € D for every f € L*([0,1]). Moreover, if P and f in this problem are both
continuous, then one deduces from the differential equation that z : [0,1] — C if of class C2.

EXERCISE 19.49. Prove that the operator in Example 19.48 really is self-adjoint.
Hint: Interpret the condition defining the domain of its adjoint in terms of weak derivatives.

REMARK 19.50. Similarly to Remark 19.16, the domain D in Example 19.48 is secretly the
Sobolev space W22((0,1)).

19.7. Functional calculus. Now that we have spectral representations for unbounded self-

adjoint operators
HoD A,
it will not surprise you to learn that one can also develop a functional calculus. Writing A =
U 'TpU and D = U~ Y(Dp) for a unitary operator U : H — L?*(X,u) and a measurable function
F: X — o(A) c R on a semifinite measure space (X, u), we can define
f(A) :=U'T}orU € L(H) for fePB(a(A)),

where #(0(A)) is again the space of bounded Borel-measurable functions 0(A) — C. Note: f(A)is
a bounded operator H — H, since f is a bounded function. It is straightforward to verify from this
definition that the map f — f(A) has most of the properties that one expects from a functional
calculus, but there is one important exception: If A is not bounded, then neither is its spectrum
o0(A) € R, which means that the function f(\) := X does not belong to %(c(A)). This should not
be surprising, since A also does not belong to .Z(#), so the condition “f(A) = A for f(A) = X\’
has no place in a functional calculus that turns bounded functions into bounded operators. The
following exercise demonstrates what can be proved instead:

EXERCISE 19.51. Consider the multiplication operator
L2(X,p) o Dp 25 L2(X, 1)t u > Fu
introduced in Example 19.22, with F': X — C assumed to be a measurable function taking values
in o(Tr). Show that if we define f(Tr) := Tor € L(H) for f € B(c(TF)), then for any sequence
fn € B(c(Tr)) that converges pointwise to the function f(\) := A and satisfies | f,,| < |f| for all n,
we have s
foTe)u 25 Tpuw  forall  we Dp.

The exercise produces item (iii) in the following theorem, whose proof is a straightforward
adaptation of arguments we have already carried out in the bounded case.

THEOREM 19.52. For any unbounded self-adjoint operator H > D A, H, there exists a linear

map
PB(o(A)) > ZL(H): [~ f(A)
satisfying the following conditions:
(i) (f9)(A) = f(A)g(A) and f(A) = f(A)* for all f,g€ B(o(A));
(i) For f=1, f(A) =1€ L(H);
(iii) For any sequence f, € B(c(A)) converging pointwise to the function f(\) := X and
satisfying | fn| < |f] for all n,
fn(A)x — Ax for every x € D.
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(iv) For every f € CP(a(A)), o(f(A)) = f(oc(A)) < C, and for f € B(c(A)), x € D and
A e R, Az = Az implies f(A)x = f(N\)x;

(v) If f € B(c(A)) takes nonnegative real values, then {x, f(A)x) = 0 for all x € H;

(vi) |f(A)] = |flco forall f € CP(o(A)), and for any sequence f,, € B(c(A)) that is pointwise
convergent f, — f and satisfies a uniform bound |f,| < C for all n,

fn(A)z — f(A)x for every x € H.
O

REMARK 19.53. If A is unbounded then o(A) c R is not a bounded set, and continuous func-
tions on o(A) need not be bounded. For this reason, we’ve written CP(o(A)) in Theorem 19.52
so that we are only considering bounded functions. A similar issue is that for f € CP(o(A4)),
f(e(A)) € C may fail to be compact, in which case it cannot be identical to o(f(A4)) in prop-
erty (iv); however, it is easy to check that replacing f(o(A)) by its closure repairs this problem.

The uniqueness of the functional calculus is less obvious than in the bounded case, because
when o(A) is unbounded, #(0(A)) does not contain the polynomial functions. The online math-
ematical community seems to feel unanimously that the functional calculus és unique and no one
wants to take the trouble of writing down a complete proof. I decided not to include the word
“unique,” because we don’t really need it in the following.

EXERCISE 19.54. Use the functional calculus to show that the formula
_ 1
 dist(\, 0(A))

also holds when A is an unbounded self-adjoint operator and A € p(A).

[RACA)|

The following application of the functional calculus is made possible by the fact that self-
adjoint operators A have spectrum contained in R, so that the function \ — e is always bounded
on o(A).

COROLLARY 19.55. Ewvery unbounded self-adjoint operator H > D A H gives rise to a family
of unitary operators

(U(t) = e e Z(H)}

teR
with the following properties:
(1) U(0) = 1;
(2) U(s +1t) =U(s)U(t) for all s,t € R;
(8) For every x € H, the function R — H : ¢t — U(t)x is continuous.
]

REMARK 19.56. In the setting of Corollary 19.55, the domain D < H is precisely the set of all
x € H such that

1, .
; (eanm _ x)
has a well-defined limit in H as ¢ — 0, and this limit is then iAz. In other words, the equation
d .
—eit iy =iAx
dt t=0

holds for x € D, and D is precisely the space of all x € H for which the left hand side is well
defined. To see this, one can work directly in a spectral representation, so that without loss of
generality, X = L?(X,u), D = Dr and A = Tr for some measure space (X, ) and measurable
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function F' : X — 0(A) € R. Then e®4 is the multiplication operator T,:r, and the limit in
question becomes the L2-limit as t — 0 of functions of the form

1 .
?(eZtFu - U) € LQ(Xa :u’)7

for u € L?(X,u). These functions converge pointwise to iF'u, so if there is also L2-convergence,
it implies that iFu is in L?(X, ) and thus u € Dp. Conversely, if we assume u € Dg, then since
le”s — 1] < |s| for all s € R, we can feed the estimate

1, tF
E(eth _ 1)‘ < |—t| = |F|
2l
into the dominated convergence theorem, i.e. it gives us the estimate
2
1, . ,
‘ﬂawu—urﬂFu < (IF| + [iF|)? Jul? = 4|Ful?,

where the right hand side is an integrable function, so dominated convergence gives
2
dp = 0.

1 .
hmJ, ‘—(e’tFu—u)—iFu
t—0 Jx |

19.8. Self-adjoint generators of unitary transformations. To wrap up our survey on
unbounded operators, I'd like to describe a beautiful converse of Corollary 19.55 that is of funda-
mental significance in quantum mechanics. From a purely mathematical perspective, the theorem
also makes the following point: even if you are only interested in bounded (and in particular
unitary) operators, you may sometimes be forced to deal with unbounded self-adjoint operators.

Let us first discuss the bounded analogue of Corollary 19.55. For A € .Z(#), we can define
e € Z(H) without the aid of any functional calculus, because the power series

1 1 .
A _ L2, 1ys
e .—]l+A+2!A +3!A + ...
converges absolutely. We made use of this in §18.10 for proving that any operator that commutes
with a normal operator also commutes with its adjoint. The relation
pA+B _ pAB _ B, A
also holds whenever A and B commute, which makes e~ the inverse of e”, and as a consequence,
e is unitary whenever A is self-adjoint. Moreover, for any A € .Z(#) the map

R— ZL(H):t > e

is continuous with respect to the operator norm on .Z(H): indeed, since e(totH)4 — ¢
suffices to observe that

tertA’ it

lime*4 =1

t—0 ’

which holds because

S S &S EAln
tA _ < il n _ . - A - . el L lltAl
(195) It =11 < 3 Al = Al Y, I g 3 A g

n=1 """ n=0 n=0

The bounded analogue of Corollary 19.55 follows easily from these properties:

THEOREM 19.57. Every bounded self-adjoint operator A € ZL(H) gives rise to a family of
unitary operators
{U(t):=¢" e .i”(’H)}teR
with the following properties:

(1) U(0) = 1;
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(2) U(s+t) =U(s)U(t) for all s,t € R;
(8) The map R — L(H) : t — U(t) is continuous.
g

The following may seem at first like a nitpicky observation, but it is important: The estimate
(19.5), showing that ¢t — U(t) is a continuous map R — .Z(#), is heavily dependent on the fact
that A has a finite norm. It is not a coincidence that in Corollary 19.55, we did not claim that
t — U(t) is continuous with respect to the operator norm, but instead a weaker condition.

DEFINITION 19.58. Given a Banach space X, the strong operator topology** on .Z(X) is
the locally convex topology generated by the collection of seminorms

{IAllz == 1Az ]} e x -

In other words, a sequence A,, € £ (X) converges to A € Z(X) in the strong operator topology
if and only if A,z — Ax for every x € X; similarly, amap R — £(X) : t — A(t) is called strongly
continuous if and only if the map

R—-X:t— A(t)x

is continuous for every x € X. This is the notion of continuity that appears in Corollary 19.55.
It is true if R —» Z(X) : t — A(t) is also continuous in the operator norm, but the converse is
false; in general, there are also strongly continuous maps R — Z(X) that are not continuous in
the operator norm. We will see in fact that in familiar Hilbert spaces such as L?(R"), there are
simple and natural examples.

Before we get to that, let’s discuss the converse of Theorem 19.57:

THEOREM 19.59. Suppose R — Z(H) : t — U(t) is a continuous (in the operator norm,)
family of unitary operators such that U(0) = 1 and U(s +t) = U(s)U(t) for all s,t € R. Then
there exists a unique bounded self-adjoint operator A€ £ (H) such that U(t) = e for all t € R.

In other words, bounded self-adjoint operators are the “infinitesimal generators” of continuous
1-parameter groups of unitary transformations. There is a simple proof of this theorem that uses
some elementary ideas from the theory of smooth manifolds. We will sketch the finite-dimensional
version, and then comment briefly on how it generalizes to infinite dimensions. The basic idea is
a geometric observation: the space of unitary operators is a smooth submanifold of £ (), and its
tangent space at 1 € Z(H) is the space of anti-self-adjoint operators, which becomes the space of
self-adjoint operators after multiplying by 4.

PRrROOF OF THEOREM 19.59 WHEN dimH < o0. We assume H = C" with the standard Her-
mitian inner product, so .Z(H) is the space of matrices C"*™. Some of the objects appearing in
the following are naturally complex vector spaces, but we shall regard them as real vector spaces
for the purposes of discussing smooth maps and smooth submanifolds.

Let ¥ < C™*™ denote the real subspace consisting of self-adjoint (i.e. Hermitian) matrices;
note that this is only a real (not a complex) subspace, and ¥ is a complementary real subspace,
namely the space of anti-self-adjoint matrices, satisfying

C™" =¥ @ix.
The unitary group U(n) < C"*" is the level set F~!(1) for the smooth map
C I N A A*A,

ps you might guess, there is also a weak operator topology, which is related to the weak topology on X.
This is why the use of the word “strong” makes sense, even though it is actually a weaker topology than the usual
Banach space topology on .Z(X).
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The derivative of this map at 1 is the real-linear map
dF(1):C"*" - % : B+~ B+ B¥,
which is surjective, so by the implicit function theorem, a neighborhood of 1 in U(n) c C"*" is a
smooth submanifold, and its tangent space at 1 is
Ty U(n) = kerdF (1) = iX < C™*"™.
We observe next that restricting the matrix exponential to 1% ¢ C"*™ gives a smooth map
i% -2 GL(n,C) : A > ?

whose image lies in U(n), and the derivative d®(0) : i3 — C™*™ of this map at 0 € iX is just
the inclusion i¥ — C™*"  which is an isomorphism onto T3 U(n). Applying the inverse function
theorem for smooth maps between manifolds, we conclude that there exist open neighborhoods
O ciXof 0 and U € U(n) of 1 such that the map

XD 0 —-UcUn),

A e

is a smooth bijection with a smooth inverse, i.e. a diffeomorphism.
For the continuous family U(¢) € U(n), we can now fix ¢ > 0 such that U(t) € U for all
t € (—¢,¢), and find a unique continuous path A(t) € 1O < 3 with A(0) = 0 such that

U(t) = 40, for te (—e e).
Fix tg € (0, €), and notice that for all N € N, we have
Ulto/N) = eiA(to/N) _ eiA(tO)/N’

since U(to/N)N = Ul(tg) and e8P = (e!P)N for every B € . This proves A(tg/N) = A(tg)/N for
every N € N, and by taking U(ty/N) to any power k € {—N, ..., N}, one similarly finds

A(kto/N) = %A(to).

This shows that the functions ¢t — A(tgt) and t — tA(tp) match on a dense subset of the interval
[—1,1], and since both are continuous, it follows that they are identical. The conclusion is that
the formula U () = €4 holds for some A € ¥ with ¢ in a sufficiently small neighborhood of 0.

In particular, we now see that the map ¢t +— U(¢) is smooth near ¢ = 0. One then uses the
relation U(s +t) = U(s)U(t) to deduce that ¢t — U(t) is in fact smooth everywhere, and it satisfies
the differential equation

d d

Ut) = —U(t +s)

. Us)U®)| = U0)U(t) = iAU(¢).

B E ( s=0

The latter is also satisfied by ¢t — e***, and it follows that for any x € C", the function z(¢) :=
U(t)r — etz € C™ satisfies 2(t) = iAz(t) and thus

%Hz(ﬁ)”2 = (GAz(t), 2(t)) + (2(t),i1Az(t))y = —i(Az(t), 2(t)) + i{z(t), Az(t)) = 0.

Since z(0) = 0, we conclude z(t) = 0 for all ¢, and thus U(t)x = e*4x. a

s=0
1At

REMARK 19.60. The fundamental ingredients used in the proof of Theorem 19.59 were as
follows:
e The product rule for vector-valued functions, used in the last step to differentiate |z(t)|?;
e The concept of a smooth submanifold of a vector space;
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e The implicit function theorem, namely for showing that a regular level set is a smooth
submanifold;

e The inverse function theorem, for showing that a map between two smooth submanifolds
is a local diffeomorphism.

The quick way to make Theorem 19.59 also work in infinite dimensions is to say the following: all
four of those ingredients have well-behaved generalizations to the setting of infinite-dimensional
Banach spaces. One starts by defining the notion of differentiability for maps f : U/ — Y where
X,Y are Banach spaces and U4 < X is an open subset; the derivative at a point x € U/, when it
exists, is then required to be a bounded linear operator df (z) € Z(X,Y). Since Z(X,Y) is also a
Banach space, one can also discuss the differentiability of a derivative df : U — Z(X,Y), and in
this way, one inductively obtains a notion of smoothness for maps &/ — Y. The notion of a smooth
Banach manifold then makes sense: it is a space M endowed with local “coordinate charts” that
identify small open subsets of M with open subsets of a Banach space, such that the resulting
“coordinate transformations” are all smooth bijections between open subsets of Banach spaces.

The implicit and inverse function theorems in this setting are not so different from the finite-
dimensional case, with one caveat: for showing that a level set f~!(y) < U is a smooth submanifold,
it is not enough to know that df (z) : X — Y is surjective at every point x € f!(y). One also needs
to know that it admits a bounded right-inverse, or equivalently, that its kernel is complemented. If
you look at standard ways of deducing the finite-dimensional implicit function theorem from the
inverse function theorem, you’ll notice that this assumption is always used, and it’s not an issue in
finite dimensions since all subspaces are complemented, but we’ve seen that in infinite-dimensional
Banach spaces, closed complements do not come for free. In the case of interest for Theorem 19.59,
the surjective operator in question is

Z(H) > X :Bw— B+ B*,

where #H is a Hilbert space and ¥ ¢ Z(H) is the real-linear subspace consisting of self-adjoint
operators, which is a closed subspace. Its kernel is thus the space i¥ ¢ £ (H) of anti-self-adjoint
operators, which is also a closed subspace, and has ¥ as a closed complement, so the extra condition
needed for the implicit function theorem is easily verified.

The inverse function theorem works in the Banach space setting for essentially the same reason
as in finite dimensions: it is a consequence of the Banach fixed point theorem (also known as the
contraction mapping principle). If you work through a standard proof in finite dimensions, but
take care to avoid using any choices of finite-dimensional coordinates at every step, then you’ll
find that it generalizes to the infinite-dimensional case without much effort. The Picard-Lindelf
theorem similarly generalizes to apply to ODEs for functions taking values in a Banach space;
we could have used this to simplify the last step by arguing that U(t) and e*4* must be identical
because they satisfy the same initial value problem.

The standard reference for the details on differential calculus in Banach spaces is [Lan93,
Chapters XIII-TV], as well as the first two chapters of [Lan99] for the basic notions of smooth
Banach manifolds.

Theorem 19.59 is an elegant result, but now I can tell you the bad news, which will force un-
bounded operators back into the picture. Some of the most natural examples arising of 1-parameter
groups of unitary transformations U (t) € .Z(H) are strongly continuous, but not continuous in the
operator norm.

ExXaAMPLE 19.61. Let eq,...,e, € R™ denote the standard basis. For each j = 1,....n, we
define the family of spatial translation operators U;(t) := T,

2@ EY 2R, (U0 ) (@) = f(x + te)).



19. UNBOUNDED OPERATORS 235

We saw in Theorem 8.4 that the map R® — L?(R") : v + 7, f is continuous for every f € L?(R"),
thus U;(¢) is a strongly continuous family. However, one can easily cook up examples to show that

U;(t) f —
o 150 = Sl
20 | fllze
need not become arbitrarily small as t — 0, so U(t) does not, converge to U(0) = 1 in the operator

norm.

To understand better what is happening in Example 19.61, we can use an explicit spectral
representation of the operators U;(t), given by the Fourier transform: for f € /(R™), a change of
variables gives

10 = [ e f ot te)do = 20t [ o2 fa)do = 27 ),

n

thus

yU](t)y* = TQQT\'L'pjt,
and by density, this formula is valid on all of L?(R"). Now compare: We saw in Example 19.41
that the unbounded operator

LXR") > #(R") % L2(R")
is essentially self-adjoint, and the Fourier transform also gives an explicit spectral representation
for its self-adjoint extension, with
F(i0;)F* =T_onp,.
Using the functional calculus for unbounded self-adjoint operators, we obtain from this the formula
Uj(t) _ eit(fiﬁj) —. et(“j’

so that we can interpret the unbounded self-adjoint operator —id; as the infinitesimal generator
of the translations in the e; direction. In this special case, we have obtained a converse of Corol-
lary 19.55, and it turns out that this can always be done. The difference from Theorem 19.59
is that if the family of unitary operators is strongly but not norm continuous, then the resulting
self-adjoint generator will be unbounded:

THEOREM 19.62 (Stone’s theorem). Suppose R — ZL(H) : t — U(t) is a strongly continuous
family of unitary operators such that U(0) = 1 and U(s +t) = U(s)U(t) for all s,t € R. Then

there exists a unique densely-defined self-adjoint operator H > D A U such that U(t) = e for
all t e R.

REMARK 19.63. In light of Theorems 19.57 and 19.59, the self-adjoint operator A appearing
in Stone’s theorem will be bounded if and only if the given family of unitary operators U(¢) defines
a continuous map R — Z(H) with respect to the operator norm.

Before proving Stone’s theorem, let us briefly comment on its physical meaning. In quantum
mechanics, the possible states of a physical system are elements in a Hilbert space, and symmetries
of the system are therefore defined via transformations that preserve the structure of the Hilbert
space, i.e. unitary transformations. For instance, the unitarity of the operators in Example 19.61
expresses the fact the laws of physics are invariant under spatial translations. By a basic principle
known as Noether’s theorem—which is valid in classical as well as quantum mechanics—there
is a correspondence between symmetries and conserved quantities: every l-parameter group of
symmetries of a physical system gives rise to a measurable quantity that depends on the state of the
system and remains constant as the state evolves in time. This is, however, a rather “classical” way
to express things: in quantum mechanics, measurable quantities—also known as “observables”™—do
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not have precise values, but every state in H determines a probability distribution for the possible
values of each observable in that state. In particular, each observable is represented by a self-
adjoint operator on H, whose eigenvectors (if any exist) are interpreted as the states in which
the observable has a precise value, namely the eigenvalue. Stone’s theorem gives us a recipe to
find the self-adjoint operator associated to each conserved quantity, e.g. in classical mechanics, the
conserved quantity associated to spatial translation symmetry is momentum, and for this reason,
Example 19.61 reveals —id; to be (up to issues of normalization) the self-adjoint operator that
represents momentum in quantum mechanics.

PRrROOF OF THEOREM 19.62. The uniqueness of A follows from Remark 19.56, which shows
how to recover both A and its domain from the family U(t): the domain will have to be

{xe?—[ Ult)r —x

and for x in this subspace, A will be given by

lim

t—0

exists in H} ,

Ar = —i lim M
t—0 t

€H.

We prove existence via a series of three claims.
Claim 1: There exists a dense subspace Dy < H and an unbounded symmetric operator

H > Dy 5 H such that
(19.6) A = —ilim 2T =2

for all x € Dy,
t—0 t

and moreover,
A(D()) C D() and U(t) (D()) C D() for all t e R.
One can define Dy using an idea similar to mollification: given any x € H, we use the action of
U(t) to define a “smoothening” of = so that the limit on the right hand side of (19.6) is guaranteed
to exist. Indeed, given z € H and ¢ € CF°(R), let

Ty 1= JT o(s)U(s)xds € H.

—0
Note that since U(t) is a strongly continuous family, the integrand in this definition is a continuous
function valued in H, and Riemann integrals for such functions can be defined in the same way as
for functions valued in finite-dimensional vector spaces.’> Since U(s)z is close to = near s = 0, an
approximate identity p; : R — [0, 00) with shrinking support gives rise to a convergent sequence

Tp, > xinH as j — oo,

thus the space Dy < H of all finite linear combinations of elements of the form z, for x € H and
v € C(R) is dense in H. Now compute:

A=t ([0 wts v ads— [ pleiepeds)

t t\J_, .
([ wemveas- [ peues)
= J_jj MU(S)SC ds — _jj - ()U(s)xds =ax_p as t—0.

455 precise definition of the notion of Riemann integration used here can be found in [Lan93, §XIII.1]. Defining
Lebesgue integration for functions valued in general Banach spaces is harder, and unnecessary for our purposes, but
it can also be done, and is done in Chapter VI of [Lan93].
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The convergence of the integrals in the last step follows because for ¢ € C§(R), the convergence
of the difference quotients to —¢’ is uniform and everything has compact support. This formula
shows that if A : Dy — H is defined via (19.6), then Az, also belongs to Dy for every « € H and
¢ € C°(R); similarly, acting on z, by U(t) just translates the parametrization of ¢, thus A and
U(t) both preserve Dy. One now uses the unitarity of U(t) to verify that A is symmetric.

Claim 2: The operator H D Dy A, U defined above is essentially self-adjoint.

By the basic criterion, Theorem 19.40, it will suffice to show that for every A € C\R, the
image of A — X : Dy — H is dense. Indeed, if it isn’t, then there exists v # 0 € H such that
{(A =Nz, vy =0 for all z € Dy. Since x € Dy, we can use the formula for A from Claim 1 and the
fact that U(t) preserves Dy to compute

%U(ﬁ)x = %U(t + s)z - = di,ls
so that the complex-valued function f(t) := (U(t)z,v) satisfies

f'(t) = GAU (t)z, vy = GAU (t)x, v) = —iNf(t).
It follows that f(t) = f(0)e ® for all ¢ € R, and this has to be a globally bounded function since
the unitarity of U(t) implies

U(s)U(t)x =AU (t)x,

s=0

FOL< U@ ] - loll < =] - vl
Since A ¢ R, the only way for f(¢) to be bounded is if f(0) = 0, which means {z,v) = 0 for all
x € Dy, contradicting the fact that Dy is dense.

We conclude that the closure of H > Dy A Hisa self-adjoint operator H > D A, H,
defined on a dense domain D c H that contains Dy. By Corollary 19.55, this gives rise to a
strongly continuous family of unitary operators e*At.

Claim 3: U(t) = €'t for all t € R.

(H)z—z
t

Fix x € Dy, so we know g — Az as t — 0, and thus by the calculation in Claim 2,

d .
%U(t):r =4AU(t)x

for all t € R. Since Dy < D, the same calculation works for e*4* due to Remark 19.56, implying
ez e D for all t € R and
Eemt:c =iAetr.
The path z(t) := U(t)x — e*4*x € D < H thus satisfies the differential equation
2(t) = iAz(t),

which implies

%IIZ@)II2 = (Az(t), 2()) + 2(1), iAz(t)) = —iCAz(t), 2(1)) + i(=(t), Az(t)) = 0.

Since z(0) = 0, we conclude z(t) = 0 for all ¢, and thus U(t)z = ¢"*“x. This is true for all z in a
dense subspace of #, so it implies U(t) = e"4. O

The end.
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