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Claim 2 M is amenable.
Let # € S4 . Then o(BNS4) = BNsA

() oy and zNB = (BNSHnz e
U, since S7 is transitive. QED (Lemma 2.4.18)

Lemma 2.4.19. Let M, M be J-models. Then o : M —x, M cofinally iff
o: M —s, M and o takes Ony; to Onyy cofinally.

Proof: (—) is obvious. We prove (+<). The proof of o(S4) = Sf(y) goes

through as before. Thus if x € M, we have x € S? for some €. Let &€ < o(v).
Then x € Sf(y) = o(S4). QED (Lemma 2.4.19)

2.5 The X; projectum

2.5.1 Acceptability

We begin by defining a class of J—models which we call acceptable. Every
Jo 18 acceptable, and we shall see later that there are many other naturally
occurring acceptable structures. Accepability says essentially that if some-
thing dramatic happens to § at some later stage v of the construction, then
v is, in fact, collapsed to G at that stage:

Definition 2.5.1. Jg is acceptable iff for all § < v < a in Lm we have:

() facBandaeJA,\JA then < fin JA, .

(b) If x € Jﬁ‘? and 1 is a X; condition such that Jl‘ﬁ_w = ¥[8, x] but
J;q %¢[67$]7 tPteiéﬁln ']11/4+W' .
A J-model (J24, B) is acceptable iff JZ' is acceptable.

Note. "Acceptability’ referred originally only to property (a). Property (b)
was discovered later and was called "%, acceptability’.

In the following we shall always suppose M to be acceptable unless otherwise
stated. We recall that by Corollary 2.4.8 every & € M has a cardinal 7 = e
We call v a cardinal in M iff v =7 (i.e. no smaller ordinal is mappable onto
~vin M).

Lemma 2.5.1. Let M = (J2, B) be acceptable. Let v > w be a cardinal in
M. Then:
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(a) v € Lm*
(b) JA <x, JZ

a

(c) € J - MNP(x) C J2

Proof: We first prove (a). Suppose not. Then v = 4w, where § € Lm, 5 >
w. Then f € M maps 8 onto v where: f(2i) =14, f(2i+1)=8+1, f(§) =¢
for £ > w.

Contradiction! QED (a)

If (b) were false, there would be v such that v < v < «, and for some x € Jf
and some ¥; formula 1 we have:

Jf—i—w ): @/}[x}v*];‘ ): ﬂﬁ[fﬂ]

But then z € JE‘ for some 3 <« in Lm. Hence 5y <7 < .
Contradiction! QED (b)

To prove (c) suppose not. Then z is not finite. Let § = T in Jf. Then
B > w,B € Lm by (a). Let f € J,‘;‘ map [ onto x. Let u C z such that
u ¢ Z,‘;‘ Then v = f~Y'u ¢ Jff‘. Let v > v such that v € Jz,, \ JZ'. Then
v<T <8

Contradiction! QED (Lemma 2.5.1)

Remark We have stated and proven this lemma for M of type (1, 1), since
the extension to M of arbitrary type is self evident.

The most general form of GCH says that if P(z) exists and T > w, then

P(z) = (where " is the least cardinal > ).

As a corollary of Lemma 2.5.1 we have:

Corollary 2.5.2. Let M,~ be as above. Let a € M,a C J:;‘. Then:

(a) (J;‘, a) models the axiom of subsets and GCH.
(b) If v is a successor cardinal in M, then <J:Y4, a) models ZFC™.

(c) If v is a limit cardinal in M, then <J§4, a) models Zermelo set theory.

Proof: (a) follows easily from Lemma 2.5.1 (c). (c) follows from (a) and rud
closure of JWA. We prove (b). We know that J:;‘ is rud closed and that the
axiom of choice holds in the strong form: Az \/ v\ f f maps v onto . We
must prove the axiom of collection. Let R(z,y) be ;w(,]f) and let u € Jf
such that Az € u\/ yR(x,y).
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Claim \/v <yAz €u\y¢€ JIR(x,y). Suppose not.

Let v = 7 in M. For each v < v there is a partial map f € M of 3 onto v.
But then f € Jf since f Cv x € J;‘. Set f, — the <ja — least such f.
For z € w set:

h(z) = the least p such that \/y € J;?R(y,x).

Then sup h"’u = v by our assumption. Define a partial map k on u x 3 by:
k(7€) = fr(x)(§). Then k is onto v. But k € M, since k is Zl(Jf;‘). Clearly

uxfB=pF1inM,soy<f<~vin M.
Contradiction! QED (Corollary 2.5.2)

Corollary 2.5.3. Let M,~ be as above. Then
Jf = H,]YW =: U{u € Mlu is transitive N u <~y in M}.

Proof: Let u € M be transitive and © < v in M. It suffices to show that
uEJ;f‘. Let v=u <~vin M. Let f € M map v onto u. Set:

r={(&6) € V[f(€) € f(6)}-

Then r € J' by Lemma 2.5.1 (c), since v? € JZ'. Let 8 = 7t = the
least cardinal > v in M. then Jg‘ models ZFC™ and r,v € J/g‘. But then

f e Jg‘ C JZ, since f is defined by recursion on 7 : f(z) = f"r"{z} for
x € v. Hence u = rng(f) € Ji;‘. QED (Corollary 2.5.3)

Lemma 2.5.4. If 7 : M —x, M and M is acceptable, then so is M.

Proof: M is a J-model by §4. Let e.g. M = J(‘f,ﬂ = Jg‘. Then M has a
counterexample — i.e. there are 7 < @, 8 < 7,a such that card(7) > 3 in
J4w and either @ C Banda € J2  \ J& orelsea € JE‘, Ji ., E vla, B] and
JA = —wla, B], where 1 is ¥1. But then letting 7(3,7,@) = 3, v, a it follows
easily that 3,v,a is a counterexample in M.

Contradiction! QED (Lemma 2.5.4)

Lemma 2.5.5. If 7 : M —x, M cofinally and M is acceptable, then so is
M.

Proof: M is a J-model by §4. Let M = J4 M = Jg.

Case 1 a=w.
Then M = M = J4, 7 = id.
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Case 2 @ € Lm™.
Then “M is acceptable” is a I1; (M) condition. But then o € Lm* and
M must satisfy the same II; condition.

Case 3 a =/ +w,B3 € Lm.

Then o = 8+ w,8 € Lm and 8 = 7w(B). Then Jé‘ = W(ng) is

acceptable, so there can be no counterexample (4, v,a) € J 5A.

We show that there can be no counterexample of the form (0, 3,a). Let
& = card(B) in M. The statement card(B) < 7 is X1(M). Hence card(3) <
v = 7(¥) in M. Hence there is no counterexample (4, 3,a) with § > ~.
But since M is acceptable and 7 < 3 is a cardinal in M, the following II;
statements hold in M by Lemma 2.5.1

/\5<7/\aC6aGJWZ
N6 <FN\x € JHVyR(,6) = Vy e J2)

where R is ¥o(M).

But then the corresponding statements hold in M. Hence (4, 8, a) cannot be
a counterexample for § < . QED (Lemma 2.5.5)

2.5.2 The projectum

We now come to a central concept of fine structure theory.

Definition 2.5.2. Let M be acceptable. The X1 —projectum of M (in sym-
bols par) is the least p < Onyy, such that there is a X, (M) set a C p with
a¢ M.

Lemma 2.5.6. Let M = (J2, B), p= pyr. Then

(a) If p € M, then p is cardinal in M.

b) If D is £,(M) and D C J, then (JA, D) is amenable.
1 p p

(c) If u € J;;‘, there is no X, (M) partial map of u onto J;;‘.

(d) p € Lim*

Proof:

(a) Suppose not. Then there are f € M, v < p such that f maps 7 onto p.
Let a C p be ¥;(M) such that a ¢ M. Set @ = f~'”a. Then a is ¥1(M)
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and a C 7. Hence a € M. But then a = f”a € M by rud closure.
Contradiction! QED (a)

(b) Suppose not. Let u € J/‘;‘ such that D Nu ¢ J;;‘. We first note:

Claim DNu ¢ M.
If p = « this is trivial, so let p < . Then p is a cardinal by (a) and
by Lemma 2.5.1 we know that P(u) N M C J/f‘. QED (Claim)

By Corollary 2.5.2 there is f € J;;‘ mapping a v < p onto u. Then d =
f~(DNu)is 2 (M) andd C v < p. Henced € M. Hence DNu = f"d € M
by rud closure. QED (b)

(c) Suppose not. Let f ba a counterexample. Set a = {z € u|z € dom(f) A
x ¢ f(x)}. Then ais X;(M), a C uw € M. Hence a € JbA by (b). Let
a= f(z). Then z € f(z) <> x ¢ f(x).

Contradiction! QED (c)

(d) If not, then p = 4w where 5 € Lim. But then there is a X, (M) partial
map of 5 onto p, violating (c). QED (Lemma 2.5.6)

Remark We have again stated and proven the theorem for the special case
M = (JZ, B), since the general case is then obvious. We shall continue
this practice for the rest of the book. A good parameter is a p € M which
witnesses that p = pjs is the projectum — i.e. there is B C M which is
%1(M) in p with BN H) ¢ M. But by §3 any p € M has the form p = f(a)
where f is a X1 (M) function and a is a finite set of ordinals. Hence a is good
if p is. For technical reasons we shall restrict ourselves to good parameters
which are finite sets of ordinals:

Definition 2.5.3. P = Py =: The set of p € [Ony/]<¥ which are good
parameters.

Lemma 2.5.7. Ifpe€ P, thenp\ py € P.

Proof: It suffices to show that if ¥ = min(p) and v < p, then p’ = p\(v+1) €
P. Let B be ¥1(M) in p such that BN H) ¢ M. Let B(x) <+ B'(z,p)
where B is ¥1(M).

Set:
B*(z) +: \/z\/l/(x = (z,v) A B'(z,p' U{v})).

Then B* N H, ¢ M, since otherwise

BNH,={z|(z,v) e B"NH,} € M.
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Contradiction! QED (Lemma 2.5.7)

For any p € [Ony/]<¥ we define the standard code TP determined by p as:

Definition 2.5.4.

. M
TP =Ty = (i, 2)| Far pil, p} N H,, b
where (p;|i < w) is a fixed recursive enumeration of the ¥;—fomulae.

Lemma 2.5.8. pc€ P« TP ¢ M.
Proof:

(«+-) TP =T N H) for a T which is $1(M) in p.
(—) Let B be ¥;(M) in p such that BN Hé” ¢ M. Then for some i:
B(x) <> (i,z) € TP
for z € HIJ)‘/[. Hence TP ¢ M. QED (Lemma 2.5.8)

A parameter p is very good if every element of M is ¥ definable from

parameters in ppr U {p}. R is the set of very good parameters lying in
[Onps]<v.

Definition 2.5.5. R = Rj); =: the set of r € [Onp/|<* such that M =
hat(par U {r}).

Note. This is the same as saying M = hy(par Ur), since
hipUr)=h"(w x [pUr]<¥).

But pUr =pU(r\ p). Hence:

Lemma 2.5.9. Ifr € R, then r\ p € R. We also note:

Lemma 2.5.10. R C P.

Proof: Let r € R. We must find B C M such that B is £;(M) in r and
BNH) ¢ M. Set:

B ={(i,)|\/yy =n(i, (z,7) A li,z) & y}.
Ifb=0B OHIJJ\/[ € M, then b = h(i, (z,r)) for some i. Then (i,z) € b <
(i,x) ¢ b.
Contradiction! QED (Lemma 2.5.10)

However, R can be empty.
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Lemma 2.5.11. There is a function h" uniformly ¥1(M) in r such that
whenever r € Ry, then M = h™ pyy.

Proof: Let x € M. Since x € h(p U {r}) there is an f which is (M)
in r such that x = f(&,...,&,). But p is closed under Godel pairs, so
x=f(<&,...,& =), where

—

2= f1(€) & \/ &1, a6 =< €= Az = [(E)).

—

f"is X1(M) in r. Hence x = h(i, ({€),r)) for some i < w. Set
z=h"(6) < \[EVi<w® =) Az=h(i(r)).

Then z = h"({i, (£))). QED (Lemma 2.5.11)

Lemma 2.5.11 explains why we called TP a code: If r € R, then T" gives com-
plete information about M. Thus the relation €= {{x,7)|h"(v) € h"(7)}
is rud in 77, since v €' 7 < (i, (v, 7)) € T" for some ¢ < w. Similarly, if
M = (J&, B), then A, = {v|W"(v) € A;} and B} = {v|h"(v) € B;} are rud
in 7" (as is, indeed, R’ whenever R is a relation which is X1 (M) in p). Note,
too, that if B ¢ H) is X, (M), then B is rud in T". However, if p € P'\ R!,
then TP does not completely code M.

Definition 2.5.6. Let p € [Ony/|<“. Let M = <J“Y, B).

(&7

The reduct of M by p is defined to be

MP =: (J‘LY

PpM?

).

Thus MP is an acceptable model which — if p € Rj; — incorporates complete
information about M.

The downward extension of embeddings lemma says:
Lemma 2.5.12. Let m : N —x, MP where N is a J-model and p €
[ODM]<w.
(a) There are unique M,P such that M is acceptable, p € Ryp, N = M.
(b) There is a unique @ O 7 such that 7@ : M —x, M and 7 (p) = p.

(C) 7~T3M—>El M.
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Proof: We first prove the existence claim. We then prove the uniqueness
claimed in (a) and (b).

Let e.g. M = (J4, B), MP = <JA T),N (JZ T). Set: p=sup7'p, M =
MP|p = < A T) where T = T N JA Set X = rng(m), ¥ = hp(X U {p}).
Then 7 : N —5, M cofinally by §4.

(1) YNM=X i
Proof: Let y € YN M. Since X is closed under ordered pairs, we have
y = f(x,p) where z € X and f is 31(M). Then

y=[flz,p) ©Fumeilly,2),p]

& (i, (y,x) € T.
Since X <y, M, there is y € X such that (i,(y,z)) € T. Hence
y = f(z,p) € X. QED (1)

Now let @ : M&Y, where M is transitive. Clearly p € Y, so let
7(p) = p. Then:

(2) #: M —s, M, #|N =7, #(p) = p
But then:

(3) M = hy(N U{p}).
Proof: Let y € M. Then 7(y) € Y = hy" (wz(Xz{p})), since X
is closed under ordered pairs. Hence 7(y) = ha(i, (m(x),p)) for an
x € M. Hence y = hqz(i, (z,D). QED (3)

(4) P = pyp- _ _
Proof: It suffices to find a X1 (M) set b such that b C N and b ¢ M.

Set
b={{i,z) cwx NIy (y=hy(i(z,p))
A x) & y)}
If b € M, then b = hy;(i, (z,p)) for some z € N. Hence

(i,2) € b4> (i,z) ¢ .
Contradiction! QED (4)

(5) T ={{i,z) € w x N| =57 @ili, (. p)]}-
Proof: T C wx N, since T C w x M. But for (i,x) € wx N we have:
(i) e T < (i,m(x)) €T
< M = pil((z),p)]
© M [= il (z,p)] by (2)
QED (5)
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(6)

(7)

(8)

P = Par

Proof: By (4) we need only prove p < p37. It suffices to show that if
b C N is ¥,(M), then <JA b) is amenable. By (3) bis ¥1(M) in z,p
where z € N.

Hence - B
b= {Z|M ): 902[<Zux>7p]} =
= {z|(i,z,z) € T}
Hence b is rud in T where N = (Jg, T) is amenable. QED (6)

But then M = hy;(p U {p}) by (3) and the fact that h x(p) = Jg.
Hence ’

D € Ryr.

By (6) we then conclude:

N =M.

This proves the existence assertions. We now prove the uniqueness
assertion of (a). Let MP = N where p € Ry,

We claim: M = M, p="p.

Since the Skolem function is uniformly ¥ there is a j < w such that

hyy (i, (. 0)) € hy (i, {y, D) <
& M oi[(z,y),p] ¢ (. () €T
< hyz(i, (2, p)) € hyr(i, (y, p))
Similarly: R B
€ A< hyz(i, (x,p) € A
(u (x,p)) € B & hyr(i, (7)) € B

where M = (J4 4 ,B), M = (J2,B). Then there is an isomorphism o :

(o7

M & M defined by a(hM( (x,p)) ~ hyz(i, (x,p)) for x € N. Clearly
o(p) = p. Hence o = id, M, M,p =P, since M, M are transitive.

We now prove (b). Let # D 7 such that # : M —x, M and 7 (p) = p.
If z € N and hy;(i, (x,p)) is defined, it follows that:

7 (har (i, (2, D)) = hae (i, (m (), p)) = 7(ham (@, (2,P)))-

Hence 7 = . QED (Lemma 2.5.12)

If we make the further assumption that p € Rj; we get a stronger result:

Lemma 2.5.13. Let M, N, M, 7,7, p,p be as above where p € Ry and 7 :
N —s, MP for anl < w. Thenfr:ﬂ—ml+1 M.



92 CHAPTER 2. BASIC FINE STRUCTURE THEORY

Proof: For [ = 0 it is proven, so let [ > 1 and let it hold at I. Let R be
Y11(M) if 1 is even and II;,1 (M) if I is odd. Let R have the same definition

over M. It suffices to show:
R(Z) +» R(7(%)) for x1,...,2, € M.

But:
R(Z) < Qiyn € M ...Quy, € MR/(¢, %)

and

R(Z) & Quyr € M...Quy € MR (7, %)

where Q1 ... Q) is a string of alternating quantifiers, R’ is X1 (M), and R is

¥1(M) by the same definition. Set

D =:{{(i,z) € wx J,f‘\hM(i, (x,p)) is defined}
D= {(i,z) € wx Jﬁz\hﬁ(i, (x,p)) is defined}.

Then D is ¥1(M) in p and D is ¥ (M) in p by the same definition. Then
D is rud in 7%, and D is rud in TPM by the same definition, since for some
7 < w we have:

(i,z) € D «> (j,x) € TV, x € D < (j, x) GTPM.

Define k on D

Set:

Then: as before, P is rud in T}, and D is rud in T2 by the same definition.
Now let x; = k(z;) for ¢ = 1,...,n. Then 7(x;) = k(n(2;)). But since 7 is
Y —preserving, we have:

E(f) “ Qrw € D... Quuy; € ﬁ?(u_f, 5)
Qi €D ... .Quu; € DP(’LE,W(Z))
< R(7(T))

QED (Lemma 2.5.13)
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2.5.3 Soundness and iterated projecta

The reduct of an acceptable structure is itself acceptable, so we can take
its reduct etc., yielding a sequence of reducts and nonincreasing projecta
(phylm < w). this is the classical method of doing fine structure theory,
which was used to analyse the constructible hierarchy, yielding such results
as the [ principles and the covering lemma. In this section we expound
the basic elements of this classical theory. As we shall see, however, it only
works well when our acceptable structures have a property called soundness.
In this book we shall often have to deal with unsound structures, and will,
therefore, take recourse to a further elaboration of fine structure theory,
which is developed in §2.6.

It is easily seen that:

Lemma 2.5.14. Let p € Ry Let B be X,(M). Then BN J;‘ is rud in
parameters over MP.

Proof: Let B be ¥ in 7, where r = hps(7, (v,p)) and v < p. Then B is ¥
in v, p. Let:

where (p;|i < w) is our canonical enumeration of ¥; formulae. Then:
x € B« (i,(z,v)) € TP
QED(Lemma 2.5.14)

It follows easily that:

Corollary 2.5.15. Let p,q € Ry Let D C J;;‘. Then D is X, (MP) iff it is
(M),

Assuming that Rj; # (0, there is then a uniquely defined second projectum
defined by:

Definition 2.5.7. p3, ~: pyw for p € Ryy.

We can then define:

R%, =: The set of a € [Ony]<* such that

ac€ Ry and aNp € Rypa\p)-
If R?V[ # () we can define the second reduct:

M = (M*)*" for a € R3,.
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But then we can define the third projectum:
p® = puza for a € R2,.

Carrying this on, we get R%;, M™% for a € R, and p"*1, as long as RY, # (.
We shall call M weakly n—sound if RY, # 0.

The formal definitions are as follows:

Definition 2.5.8. Let M = (JZ, B) be acceptable.
By induction on n we define:

e The set R}, of very good n—parameters.
o If R, # (), we define the n + 1st projectum p’]{jl.

e For all a € R}, the n—th reduct M™*.
We inductively verify:
*If D C J and a,b € R, then D is X, (M™*) iff it is 3, (M™?).

Case 1 n =0. Then R’ =: [Onp]<%, p® = Onyy, M%* = M.

Case 2 n=m+ 1. If R™ = (), then R" = () and p" is undefined. Now let
R™ # (). Since (*) holds at m, we can define

e p" =: ppym.a whenever a € R™.
e R™ =: the set of a € [a|<* such that a € R™ and a N p™ € Rym.a.
o M™% =: (M™*)*"™ for a € R".

Note. It follows inductively that a \ p" € R™ whenever a € R™.

We now verify (*). It suffices to prove the direction (—). We first note that

M™® has the form <J/‘;‘1, T), where T is the restriction of a X, (M"™%) set T”
to J/ﬁl. But then 77 is X, (M™?) by the induction hypothesis. Hence T is

rudimentary in parameters over M™? = (Mm,b)bmp" by Lemma 2.5.14.
Hence, if D C Jp‘% is X; (M™9), it is also X, (M™P). QED

This concludes the definition and the verification of (*). Note that R}, =
Ry, pt = p}w, and MY = M® for a € Ryy.
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We say that M is weakly n—sound iff R}, # (0. It is weakly sound iff it is
weakly n—sound for n < w. A stronger notion is that of full soundness:

Definition 2.5.9. M is n—sound (or fully n— sound) iff it is weakly n—sound
and for all i < n we have: If a € R?, then Pyjia = Rpjia.

Thus Ry = Py, Ryji.e = Pppie for a € Py ete. If M is n—sound we write
P}, for Ry, (i < n), since then: a € P! & (a~p' € P'AaNp' € Rypianyi
for i < n).

There is an alternative, but equivalent, definition of soundness in terms of
standard parameters. in order to formulate this we first define:

Definition 2.5.10. Let a,b € [On]<¥.

a <y szVu(a\u:b\uAueb\a).
Lemma 2.5.16. <, is a well ordering of [On]<¥.
Proof: It suffices to show that every non empty A C [On]<* has a unique

<,—minimal element. Suppose not. We derive a contradiction by defining
an infinite descending chain of ordinals (u;|i < w) with the properties:

o {1, ...,pun} <ibforallbe A
e There is b € A such that b\ p, = {po,. .., tn}-
() ¢ A, since otherwise () would be the unique minimal element, so set:

to = min{max(b)|b € A}. Given p, we know that {po,...,un} ¢ A, since
it would otherwise be the <,—minimal element. Set:

fnt1 = min{max(b N p,)|b € ANb\ un = {poy .-, pn}}
QED (Lemma 2.5.16)

Definition 2.5.11. The first standard parameter pys is defined by:
py =: The <,—least element of Pjy.

Lemma 2.5.17. Py; = Ry iff py € R

Proof: (—) is trivial. We prove (+—). Suppose not. Then there is r € P\ R.
Hence p <, r, where p = pjs. Hence in M the statement:
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(1) Vg <«rr=h((v.q)
holds for some i < w, v < pp. Form M" and let M,7, 7 be such that
M = M",7 € Ry, m: M —x, M, and 7(7) = r. The statement (1)
then holds of ¥ in M.

Let § € M, T = hyz(i,q) where ¢ <. 7. Set ¢ = 7(q). Then r = h(i,q) in
M, where g <, r. Hence q € Py;. But then ¢ € Ry by the minimality of r.
This impossible however, since

q e 7'M = har(par Ur) # M.
Contradiction! QED (Lemma 2.5.17)

Definition 2.5.12. The n-th standard parameter py; is defined by induction
on n as follows:

Case 1 n=0. p° = 0.

Case 2 n=m+ 1. If p"" € R™
P =p"Upymaem

Note. that we always have: p” N p"*t! = () by <, minimality and Lemma
2.5.7.

If p™ ¢ R™, then p" is undefined. By Lemma 2.5.17 it follows easily that:

Corollary 2.5.18. M is n—sound iff ply; is defined and ph, € RY,.

This is the definition of soundness usually found in the literature.

Note. That the sequences of projecta p™ will stabilize at some n, since it
is monotony non increasing. If it stabilizes at n, we have R"*" = R™ and
Pth = P for h < w.

By iterated application of Lemma 2.5.13 we get:

Lemma 2.5.19. Let a € R, and let 7 : N —x, M"™. Then there are M,a

and ™ D 7 such that M = M, a € Rer, m: M —s, .., M and 7(a) = a.

We also have:

Lemma 2.5.20. Let a € R}y;. There is an M —definable partial map of p"
onto M which is M —definable in the parameter a.
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Proof: By induction on n. The case n = 0 is trivial. Now let n = m + 1.
Let f be a partial map of p™ onto M which is definable in a \ p™. Let
N = M™\" b =anp™ Then N = hy(p" U {b}) = hn"(w x (p" x {b})).
Set:

g(<i,v )~ hy(i, (v,b)) for v < p™.

Then N = ¢"p". Hence M = fg"p", where fg is M—definable in a. QED

We have now developend the "classical" fine structure theory which was used
to analyze L. Its applicability to L is given by:

Lemma 2.5.21. Fvery J, is acceptable and sound.

Unfortunately, in this book we shall sometimes have to deal with acceptable
structures which are not sound and can even fail to be weakly 1-sound. This
means that the structure is not coded by any of its reducts. How can we
deal with it? It can be claimed that the totality of reducts contains full
information about the structure, but this totality is a very unwieldy object.
In §2.6 we shall develop methods to "tame the wilderness".

We now turn to the proof of Lemma 2.5.21:

We first show:

(A) If J, is acceptable, then it is sound.
Proof: By induction on n we show that J, is n—sound. The case n =0

is trivial. Now let n = m + 1. Let p = p};. Let ¢ = pyrm» = The
<,—least ¢ € Pyrm.p.

Claim g € Rym.».

Suppose not. Let X = hymp(p" Ugq). Let 7 : Ni<i> X, where N is
transitive. Then 7 : N —s, M" and there are M,p,m D 7 such that
M™ =M™, e R, ™ M —yx, M, and 7(p) = p. Then M = J5
for some @ < a by the condensation lemma for L.

Let A be ¥1(M™P) in ¢ such that AN p}, ¢ M™P Then ANpl, ¢ M.

Let A be X1(N) in § = 7~ 1(q) by the same definition. Then AN p" =
AN p"is Jg definable in g. Hence @ = a, M = M, since otherwise
Anp™ € M. But then 7 = idand N = M’ = M™. But by definition:
N = hpymp(p™ Uq). Hence q € Rpynp. QED

By induction on « we then prove:

(B) J, is acceptable.
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Proof: The case o = w is trivial. The case o € Lim* is also trivial.
There remains the case o = § 4+ w, where § is a limit ordinal. By the
induction hypothesis Jg is acceptable, hence sound.

We first verify (a) in the definition of acceptability. Since Jg is accept-
able, it suffices to show that if v < f and a € J, \ Jg with a C 7,
then:

Claim E < ~vin J,.

Suppose not. Since P(Jg) N J, = Def(Jg), we show that a is Jg—
definable in a parameter r. We may assume w.l.o.g. that r € [5]<¥.
We may also assume that a is X,(Jg) in r for sufficiently large n.
There is then, no partial map f € Def(Jg) mapping v onto 3. Hence,
by Lemma 2.5.20 we have v < p" = pgﬁ for all n < w.

Pick n big enough that a is ¥,(Jg) in r. Set: p = p™ Ur (where
p" =pj,). Thenp € R". Let M = Js, N = M"™. Let X =
hn(yUq) where ¢ = pN p". Let 7 : N <~ X, where N is transitive.
Then ™ : N —yx, N and hence there are M, p, # D 7 such that
M = N,pe R, m: M —y,,, M, n(p) = p". Hence M = Jz
for § < B. Moreover, a is X, (M) in p. Hence 8 = 3, since otherwise
a € Def(J5) C Jg. But then 7 = id, N = N = hyn(yUgq). Hence

v > pn = ot
Contradiction! QED (Claim)

This proves (a). We now prove (b) in the definition of "acceptable". Most
of the proof will be a straightforward imitation of the proof of (a). Assume
Jo = Y[z, 7], but Jg (= [z, ], where € J, v < and ¢ is ¥1. As before

we claim:

Claim 3 < 7 in J,.

Suppose not. Then v < 8. Let ¢» = \/ yp where ¢ is 3. Let J, |
o(y,x,7v). Then y = f(z, 2,7, J3) where f is rud and z € Jz. But

']Oé ': (p[f(Z,:L‘,")/,JB),.’L’,B]

reduces to:
JOé ): QOI[Z,.Z',’)’, J,B}
where ¢’ is ¥. But then
Jﬁ U {J,B} ): ‘10/[27'1‘771 Jﬁ)

As we have seen in §2.3, this reduces to:

Js = X[z 2,7]
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where x is a first order formula. Note that this reduction is uniform.
Hence if v < v < 8, z € J, and J, E x[z,2,7], it follows that
Jy+w = ¥[x,7]. This means that J, E —x/[z,7] for v < v < 8, where
X = x(vo,v1,v,) and X' = \/vgx. We know that v < ry, for all n.
Choose n such that x' is X,,. Let M = Jg, N : M™P when p = py.
Let X = hy(y+1U{z}) and let 7 : N <~ X, where N is transitive.
As before, there are M,p, 7 D 7 such that M p= N, 7 : M —y, M,
and 7(p) = p. Let M = Jz. Then Jz |= X'(z,7). Hence 8 = 8 and
7 =id. Hence N = hy(y+1U{z}). Hence v > p"*! = py.

Contradiction! QED (Lemma 2.5.21)

M = J2 is a constructible extension of N = Jé‘ iff <oaand ACN.

Or methods have some application to constructible extensions. By a slight
modification of the proof of (A) we get:

Lemma 2.5.22. If M = Jg} 18 an acceptable constructible extension of N =
Jg‘, then:

(a) If plt; > B, then M is n-sound.

(b) If pift < B < phy, and M =: M™Pis, then M = hyz(B U q) whenever
qc PM

The proof of (B) then gives us:

Lemma 2.5.23. If N = Jg‘ is sound and acceptable, and A C N, then
M = J§+w 18 acceptable.

The verifications are left to the reader.

2.6 X*—theory

There is an alternative to the Levy hierarchy of relations on an acceptable
structure M = (JZ', B) which — at first sight — seems more natural. g, we
recall, consists of the relation on M which are ¥y definable in the predicates
of M. ¥; then consists of relations of the form \/ yR(y,Z) where R is Xo.

Call these levels Zéo) and Ego). Our next level in the new hierarchy, call it

—.

E(()l), consists of relations which are "¥ in Zgo) " —ie. Xo((M, A)) where
Ay, ..., Ay are Ego). Egl) then consists of relations of the form \/ yR(y, Z)



