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Bayes setup and posterior

Let ϑ , a random element Θ ,

π(θ) a prior density.

The posterior distribution of ϑ is given by

IP (A
∣∣Y ) =

∫
A

exp
{
L(θ)

}
π(θ)dθ∫

Θ
exp
{
L(θ)

}
π(θ)dθ

Introduce the posterior moments

ϑ
def
= IE

(
ϑ
∣∣Y ),

S2 def
= Cov(ϑ

∣∣Y )
def
= IE

{
(ϑ− ϑ)(ϑ− ϑ)>

∣∣Y }.
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Some references

There is a number of papers in this direction recently appeared:

� [Ghosal et al., 2000, Ghosal and van der Vaart, 2007] for a general theory in the i.i.d.

case;

� [Ghosal, 1999], [Ghosal, 2000] for high dimensional linear models;

� [Boucheron and Gassiat, 2009], [Kim, 2006] for some special non-Gaussian models;

� [Shen, 2002], [Bickel and Kleijn, 2012], [Rivoirard and Rousseau, 2012], [Castillo, 2012],

[Castillo and Rousseau, 2013] for a semiparametric version of the BvM result for different

models;

� [Kleijn and van der Vaart, 2006], [Bunke and Milhaud, 1998], for the misspecified

parametric case,

� [Castillo and Rousseau, 2013],

� [Kleijn and van der Vaart, 2012] for a general framework for the BvM result in terms of a

stochastic LAN condition

Extensions to nonparametric models with infinite or growing parameter dimension p exist for

some special situations:

� [Freedman, 1999] and [Ghosal, 1999, Ghosal, 2000] for linear models

� [Bontemps, 2011] for Gaussian regression,

� [Castillo and Nickl, 2013] for the white noise case;
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Non-informative prior

Below π(θ) ≡ 1 , an improper non-informative prior.

Yields for any A ⊂ Θ

IP ◦(A) = IP (A
∣∣Y ) =

∫
A

exp
{
L(θ)

}
dθ∫

Θ
exp
{
L(θ)

}
dθ

.

Quasi-likelihood =⇒ quasi-posterior.

A general case with a continuous prior density π(θ) :

ϑ
∣∣Y ∝ exp

{
L(θ)

}
π(θ) = exp

{
Lπ(θ)

}
with

Lπ(θ)
def
= L(θ) + log π(θ).

So, the case of a general smooth prior can be reduced to the case of a non-informative prior by

changing the log-likelihood function.
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BvM Theorem. Posterior contraction

Theorem

Suppose the conditions of Theorem 19. Let also b(r) from (L) satisfies

r
2
b
2(r) ≥ x + 2p+ 4z2(B, x) + 8r b(r)%(r, x), r ≥ r0, (1)

with %(r, x) from (14). Then it holds on a random set Ω(x) of probability at least 1− 5e−x

IP
(
ϑ 6∈ Θ0(r0)

∣∣Y ) ≤ e−x.

The bound (1) is very similar to the bound for the MLE concentration. It can be spelled out as

the condition that

I r20 ≥ 2p+ x + 4z2(B, x) ,

I b(r0) ≈ 1 , and

I rb(r) grows with r .
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BvM Theorem. Posterior moments

Define

θ̆ = θ∗ +D−2
0 ∇L(θ∗) = θ∗ +D−1

0 ξ.

The Fisher result implies

‖D0(θ̃ − θ̆)‖ ≤ ♦(r0, x).

Theorem

On Ω(x)

‖D0(ϑ− θ̆)‖2 ≤ 4∆(r0, x) + 4e−x,∥∥IIp −D0S
2D0

∥∥
∞ ≤ 4∆(r0, x) + 4e−x.
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BvM Theorem. Near normality

θ̆ = θ∗ +D−2
0 ∇L(θ∗) = θ∗ +D−1

0 ξ.

Theorem

For any λ ∈ IRp with ‖λ‖2 ≤ p∣∣∣log IE
[
exp
{
λ>D0(ϑ− θ̆)

} ∣∣Y ]− ‖λ‖2/2∣∣∣ ≤ 2∆(r0, x) + 3e−x,

and for any measurable set A ⊂ IRp

IP
(
D0(ϑ− θ̆) ∈ A

∣∣Y ) ≥ exp
{
−2∆(r0, x)− 3e−x

}
IP
(
γ ∈ A

)
− e−x,

IP
(
D0(ϑ− θ̆) ∈ A

∣∣Y ) ≤ exp
{

2∆(r0, x) + 2e−x
}
IP
(
γ ∈ A

)
+ e−x.

Fisher and Wilks · 21. März 2014 · Seite 8 (78)



BvM Theorem. Discussion

I All statements of Theorem 1 require “∆(r0, x) is small”.

I The BvM result is stated under essentially the same list of conditions as the frequentist

results of Fisher and Wilks Theorems.

I The normal approximation of the posterior is entirely based on the smoothness properties

of the likelihood function

I No any asymptotic arguments like weak convergence or convergence in probability, or the

Central Limit Theorem.

I The results continue to hold if θ̆ is replaced by any efficient estimate θ̂ , e.g. by the MLE

θ̃ , satisfying ‖D0(θ̂ − θ̆)‖ ≤ r0 with a dominating probability.
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Steps: Local Gaussian approximation of the posterior

Remind D2
0 = −∇2IEL(θ∗) , ξ = D−1

0 ∇L(θ∗) , and

θ̆ = θ∗ +D−1
0 ξ = θ∗ +D−2

0 ∇L(θ∗)

Local approximation: on Ω(x) , for L(θ,θ∗) = ξ>D0(θ − θ∗)− 1
2
‖D0(θ − θ∗)‖2∣∣L(θ,θ∗)− L(θ,θ∗)

∣∣ ≤ ∆(r0, x), θ ∈ Θ0(r0). (2)

For any nonnegative function f , it holds∫
Θ0(r0)

exp
{
L(θ,θ∗)

}
f
(
D0(θ − θ̆)

)
dθ

≤ e∆(r0,x)

∫
Θ0(r0)

exp
{
L(θ,θ∗)

}
f
(
D0(θ − θ̆)

)
dθ.

∫
Θ0(r0)

exp
{
L(θ,θ∗)

}
f
(
D0(θ − θ̆)

)
dθ

≥ e−∆(r0,x)

∫
Θ0(r0)

exp
{
L(θ,θ∗)

}
f
(
D0(θ − θ̆)

)
dθ.
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Local Gaussian approximation of the posterior

The main benefit: L(θ,θ∗) is quadratic in θ and thus

expL(θ,θ∗) = exp
{
ξ>D0(θ − θ∗)− ‖D0(θ − θ∗)‖2/2

}
is proportional to the density of a Gaussian distribution.

More precisely, define

m(ξ)
def
= −‖ξ‖2/2 + log(detD0)− p log(

√
2π).

Then

m(ξ) + L(θ,θ∗) = −‖D0(θ − θ̆)‖2/2 + log(detD0)− p log(
√

2π) (3)

is (conditionally on Y ) the log-density of the normal law N(θ̆, D−2
0 ) with the mean

θ̆ = D−1
0 ξ + θ∗ and the covariance matrix D−2

0 .
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Local Gaussian approximation of the posterior. Upper bound

Theorem

For any nonnegative function f(·) on IRp , it holds on Ω(r0, x)

IE◦
[
f
(
D0(ϑ− θ̆)

)
1Ir0
]
≤ exp

{
∆+(r0, x)

}
IEf(γ), (4)

where

∆+(r0, x) = 2∆(r0, x) + ν(r0),

ν(r0)
def
= − log IP ◦

(∥∥γ + ξ
∥∥ ≤ r0

)
.

If r20 ≥ z2(B, x) + p+ 2x , then on Ω(B, x) , it holds

ν(r0) ≤ 2e−x

∆+(r0, x) ≤ 2∆(r0, x) + 2e−x.
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Upper bound. Proof

We use that L(θ,θ∗) = ξ>D0(θ − θ∗)− ‖D0(θ − θ∗)‖2/2 is proportional to the

density of a Gaussian distribution. More precisely, define

m(ξ)
def
= −‖ξ‖2/2 + log(detD0)− p log(

√
2π).

Then

m(ξ) + L(θ,θ∗) = −‖D0(θ − θ̆)‖2/2 + log(detD0)− p log(
√

2π) (5)

is (conditionally on Y ) the log-density of the normal law with the mean θ̆ = D−1
0 ξ+ θ∗ and

the covariance matrix D−2
0 . Change of variables u = D0(θ − θ̆) implies by (5) for any

nonnegative function f that∫
Θ0(r0)

exp
{
L(θ,θ∗) +m(ξ)

}
f
(
D0(θ − θ̆)

)
dθ

≤ e∆(r0,x) exp
{
m(ξ)

}∫
exp
{
L(θ,θ∗)

}
f
(
D0(θ − θ̆)

)
dθ

= e∆(r0,x)

∫
φ(u) f(u) du = e∆(r0,x) IEf(γ). (6)
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Upper bound. Proof. Cont.

Similarly, for any nonnegative function f , it follows by change of variables u = D0(θ − θ̆)

and D0(θ − θ∗) = u+ ξ that

exp
{
m(ξ)

}∫
exp
{
L(θ,θ∗)

}
f
(
D0(θ − θ̆)

)
1I
{
‖D0(θ − θ∗)‖ ≤ r0

}
dθ

≥ exp{−∆(r0, x)}
∫
φ(u)f(u) 1I

{
‖u+ ξ‖ ≤ r0

}
du. (7)

A special case of (7) with f(u) ≡ 1 implies by definition of ν(r0) :

exp
{
m(ξ)

}∫
Θ0(r0)

exp{L(θ,θ∗)} dθ ≥ exp
{
−∆(r0, x)− ν(r0)

}
. (8)
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Upper bound. Proof. Cont.

Now we are prepared to finalize the proof. (6) and (8) imply on Ω(r0, x)∫
Θ0(r0)

exp
{
L(θ,θ∗)

}
f
(
D0(θ − θ̆)

)
dθ∫

exp
{
L(θ,θ∗)

}
dθ

≤ exp
{

2∆(r0, x) + ν(r0)
}
IEf(γ)

and (4) follows. As ‖ξ‖ ≤ z(B, x) on Ω(B, x) and r0 ≥ z(B, x) + z(p, x) ,

ν(r0) = − log IP ◦
(∥∥γ + ξ

∥∥ ≤ r0
)
≤ − log IP

(
‖γ‖ ≤ z(p, x)

)
≤ 2e−x,

Lemma

For each x and for γ ∼ N(0, IIp)

IP
(
‖γ‖ ≥ z(p, x)

)
≤ exp

(
−x
)
, IP

(
‖γ‖ ≤ z1(p, x)

)
≤ exp

(
−x
)
,

where

z2(p, x)
def
= p+

√
6.6px ∨ (6.6x), z21(p, x)

def
= p− 2

√
px.
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Steps: Tail posterior probability and contraction

The next important step in our analysis is to check that ϑ concentrates in a small vicinity

Θ0 = Θ0(r0) of the central point θ∗ with a properly selected r0 . The concentration

properties of the posterior will be described by using the random quantity

ρ(r0)
def
=

∫
Θ\Θ0

exp
{
L(θ)

}
dθ∫

Θ0
exp
{
L(θ)

}
dθ

.

Obviously IP
{
ϑ 6∈ Θ0(r0)

∣∣Y } ≤ ρ(r0) . Therefore, small values of ρ(r0) indicate a

small posterior probability of the set Θ \Θ0 . The proof only uses condition (L) and the fact

that there exists a random set Ω(x) of probability at least 1− e−x such that∣∣ζ(θ,θ∗)− ξ>D0(θ − θ∗)
∣∣ ≤ r %(r, x) (9)

for r = ‖D0(θ − θ∗)‖ ; cf. the proof of Theorem 19.

Let b0 = b(r0) and for the sequence bk = 2−kb0 , the radii r0 < r1 < . . . be defined by

the condition b(r) ≥ bk > 0 for rk ≤ r < rk+1 for all k ≥ 0 with b(r) from (L) .
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Tail posterior probability and contraction

Theorem

Suppose the conditions (L) , (ED0) , and (ED2) . If b(r) from (L) satisfies

r
2
b
2(r) ≥ x + 2p+ 4z2(B, x) + 8r b(r)%(r, x), r ≥ r0, (10)

then it holds on a set Ω(x) of probability at least 1− 4e−x

ρ(r0)
def
=

∫
Θ\Θ0

exp
{
L(θ)

}
dθ∫

Θ0
exp
{
L(θ)

}
dθ

≤ 2 exp{−x +∆+(r0, x)} (11)

with ∆+(r0, x) ≤ 2∆(r0, x) + 2e−x .

Suppose that b0 = b(r0) is close to one and %(r, x) small. Condition (10) requires that

r
2
0 > 4z2(B, x) + 2p+ x

and the value rb(r) grows with r .
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Tail posterior probability and contraction. Proof

Use the decomposition

L(θ,θ∗) = IEL(θ,θ∗) + (θ − θ∗)>∇ζ(θ∗) + ζ(θ,θ∗)− (θ − θ∗)>∇ζ(θ∗).

= IEL(θ,θ∗) + ξ>D0(θ − θ∗) + ζ(θ,θ∗)− ξ>D0(θ − θ∗)>.

Condition (L) for the expected negative log-likelihood implies

−IEL(θ,θ∗) ≥
∣∣D0(θ − θ∗)

∣∣2bk/2
for each k ≥ 0 and any θ ∈ Θ0(rk+1) \Θ0(rk) . The bound (9) implies on Ω(x)∣∣ζ(θ,θ∗)− ξ>D0(θ − θ∗)

∣∣ ≤ rk+1 %(rk+1, x), θ ∈ Θ0(rk+1) \Θ0(rk),

Represent

ρ(r0)
def
=

∫
Θ\Θ0

exp
{
L(θ)

}
dθ∫

Θ0
exp
{
L(θ)

}
dθ

=
exp
{
m(ξ)

} ∫
Θ\Θ0

exp
{
L(θ,θ∗)

}
dθ

exp
{
m(ξ)

} ∫
Θ0

exp
{
L(θ,θ∗)

}
dθ

.
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Tail posterior probability and contraction. Proof

By the change of variables γ = D0(θ − θ∗) , it follows for each k

exp
{
m(ξ)

}∫
Θ0(rk+1)\Θ0(rk)

exp
{
L(θ,θ∗)

}
dθ

≤ exp
{
rk+1 %(rk+1, x)− ‖ξ‖2/2

} 1

(2π)p/2

∫
‖γ‖≥rk

exp
{
−bk‖γ‖2

2
+ ξ>γ

}
dγ .

Next,

1

(2π)p/2

∫
‖γ‖≥rk

exp
(
−bk‖γ‖2

2
+ ξ>γ

)
dγ

≤ b
−p/2
k exp

(‖ξ‖2
2bk

)
IP ◦
(
‖γ + b

−1/2
k ξ‖ ≥ b

1/2
k rk

)
≤ b

−p/2
k exp

(‖ξ‖2
bk
− 1

4
bkr

2
k +

p

2

)
. (12)

Here we have used the bound for a standard normal vector γ and u = b
−1/2
k ξ ∈ IRp . (8)

and (12) imply (11).
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Tail posterior probability and contraction. Proof

Now the bound ‖ξ‖ ≤ z(B, x) holding with a dominating probability and (10) imply

∞∑
k=0

exp
{
m(ξ)

}∫
Θ0(rk+1)\Θ0(rk)

exp
{
L(θ,θ∗)

}
dθ

≤
∞∑
k=0

exp
(‖ξ‖2

bk
− 1

4
bkr

2
k +

p

2
log
(
e/bk

)
+ rk+1 %(rk+1, x)

)

≤
∞∑
k=0

exp(−x/bk) ≤ 2e−x

and (11) follows in view of b log(e/b) ≤ 1 for b ≤ 1 .
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Local Gaussian approximation of the posterior. Lower bound

Theorem

Suppose (2) for r = r0 and (11). Then for any nonnegative function f(·) on IRp , it holds on

Ω(x)

IE◦
{
f
(
D0(ϑ− θ̆)

)
1Ir0
}
≥ exp

{
−∆−(r0, x)

}
IE
{
f(γ) 1I

(
‖γ + ξ‖ ≤ r0

)}
,

where

∆−(r0, x) = ∆+(r0, x) + ρ(r0).
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Lower bound. Proof

On the set Ω(x) , it holds by (6) with f(·) = 1 :∫
exp
{
L(θ,θ∗)

}
dθ ≤

∫
Θ0

exp
{
L(θ,θ∗)

}
dθ +

∫
Θ\Θ0

exp
{
L(θ,θ∗)

}
dθ

≤
{

1 + ρ(r0)
}∫

Θ0

exp
{
L(θ,θ∗)

}
dθ

≤
{

1 + ρ(r0)
}

exp
{
∆(r0, x)−m(ξ) + ν(r0)

}
≤ exp

{
∆(r0, x)−m(ξ) + ν(r0) + ρ(r0)

}
.

This and the bound (7) imply

exp
{
m(ξ)

} ∫
Θ0(r0)

exp
{
L(θ,θ∗)

}
f
(
D0(θ − θ̆)

)
dθ

exp
{
m(ξ)

} ∫
exp
{
L(θ,θ∗)

}
dθ

≥
exp
{
−∆(r0, x)

} ∫
φ(u)f(u) 1I

{
‖u+ ξ‖ ≤ r0

}
du

exp
{
∆(r0, x) + ν(r0) + ρ(r0)

}
≥ exp

{
−∆−(r0, x)

}
IE
[
f(γ) 1I

{
‖γ + ξ‖ ≤ r0

}]
.
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Credible sets. Construction

Define C◦(A) =
{
θ : D0(θ − θ̆) ∈ A

}
. Then

IP
(
C◦(A)

∣∣Y ) ≈ IP (γ ∈ A)± C∆(r0, x).

Unfortunately, the quantities θ̆ and D2
0 are unknown and cannot be used for building the

elliptic credible sets.

A natural question: empirical counterparts.

Theorem

Let a vector θ̂ and a symmetric matrix D̂ fulfill

‖D0(θ̂ − θ̆)‖ ≤ β, D̂2 ≤ a2D2
0, tr

(
D−1

0 D̂2D−1
0 − IIp

)2 ≤ ε2.
Then with τ = 1

2

√
a2β2 + ε2 , it holds on a random set Ω(x) of probability 1− 5e−x

IP
(
D̂(ϑ− θ̂) ∈ A

∣∣Y ) ≥ exp
(
−2∆(r0, x)− 3e−x

){
IP
(
γ ∈ A

)
− τ
}
− e−x,

IP
(
D̂(ϑ− θ̂) ∈ A

∣∣Y ) ≤ exp
(
2∆(r0, x) + 2e−x

){
IP
(
γ ∈ A

)
+ τ
}

+ e−x.
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Credible sets. Cont.

Denote U = D̂D−1
0 and η = D0(ϑ− θ̆) , and β = D0(θ̂ − θ̆) . Then

IP
(
D̂(ϑ− θ̂) ∈ A

∣∣Y ) = IP
(
U(η − β) ∈ A

∣∣Y ) ≈ IP (U(γ − β) ∈ A
∣∣Y ).

Now the result follows from Theorem 1 and

Lemma

Let IP0 = N(0, IIp) and IP1 = N(β, (U>U)−1) some non-degenerated matrix U . If

‖U>U − IIp‖∞ ≤ ε ≤ 1/2,

then K(IP0, IP1) = −IE0 log dIP1
dIP0

fulfills

2K(IP0, IP1) ≤ tr(U>U − IIp)2 + (1 + ε)‖β‖2 ≤ ε2 p+ (1 + ε)‖β‖2.

For any measurable set A ⊂ IRp , it holds with γ ∼ N(0, IIp)∣∣IP0(A)− IP1(A)
∣∣ =

∣∣IP (γ ∈ A)− IP (U(γ − β) ∈ A
)∣∣ ≤√K(IP0, IP1)/2.
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Proof

It holds

2 log
dIP1

dIP0
(γ) = log det(U>U)− (γ − β)>U>U(γ − β) + ‖γ‖2

with γ standard normal and

2K(IP0, IP1) = −2IE0 log
dIP1

dIP0
= − log det(U>U) + tr(U>U − IIp) + β>U>Uβ.

Let aj be the j th eigenvalue of U>U − IIp . ‖U>U − IIp‖∞ ≤ ε ≤ 1/2 yields

|aj | ≤ 1/2 and

2K(IP0, IP1) = β>U>Uβ +

p∑
j=1

{
aj − log(1 + aj)

}
≤ (1 + ε)‖β‖2 +

p∑
j=1

a2j

≤ (1 + ε)‖β‖2 + tr(U>U − IIp)2 ≤ (1 + ε)‖β‖2 + ε2 p.

This implies by Pinsker’s inequality

sup
A
|IP0(A)− IP1(A)| ≤

√
K(IP0, IP1)/2.
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Credible set as frequentist CS

Define

C(Aα) =
{
θ : D̂(θ − θ̂) ∈ Aα

}
,

where D̂2 ≈ D2
0 and θ̂ ≈ θ̆ = θ∗ +D−1

0 ξ ≈ θ̃ . Then

IP ◦
{
C(Aα)

}
≈ IP (γ ∈ Aα)± C∆(r0, x).

C(Aα) is completely data-based, can be constructed by Bayesian simulations and

IP ◦
{
C(Aα)

}
≈ α !

Question: can one use C(Aα) as a frequentist confidence set?

The construction of C(Aα) perfectly matches the usual frequentist asymptotic CS.

� Under PA C(Aα) is an asymptotic α -CS.

� If PA-PW, the CS C(Aα) can be totally wrong, cf. [Cox, 1993] or

[Kleijn and van der Vaart, 2012].
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Model and problem

Data Y with DGP Y ∼ IP .

SPA: IP ∈ (IPθ,η) , probably misspecified.

θ , target, dim(θ) = p , η , nuisance, dim(η) = q , p∗ = p+ q .

Goal: inference on θ .

Examples in mind:

� an inverse problem with error in operator;

Y = Aθ + ε , observed Y and Â , operator A as nuisance;

� transformation models ΛY = f(X) + ε : the transfer Λ or regression function f as

nuisance;

� Hidden Markov Chains Yt ∼ Pf(Xt,θ) : the whole hidden path Xt as nuisance.

� Error-in-variable regression Yi = f(Xi) + εi , Zi = Xi + ξi : the whole unobserved

design X as nuisance.
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Profile MLE (pMLE)

SPA : Y ∼ IP ∈
(
IPθ,η, θ ∈ Θ,η ∈ H

)
Log-likelihood: L(θ,η) =

dIPθ,η
dµ0

(Y )

Profile MLE: θ̃ = argmax
θ

max
η

L(θ,η) = argmax
θ

L̆(θ), L̆(θ) = max
η

L(θ,η).

Murphy, van der Vaart (2000), Kosorok (2005, 2008): Under PA IP = IPθ∗,η∗ , the pMLE θ̃ is

� root-n consistent and normal

� semiparametrically efficient

� 2L̆(θ̃)− 2L̆(θ∗)
w−→ χ2

p , where p = dim(Θ) .

Limitations:

� hard optimization problem, often unfeasible

� SPA is crucial but questionable

� large sample asymptotics
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Linear modeling

(θ,η) -setup:

Y = Ψ>θ∗ + Φ>η∗ + ε,

where Ψ is p× n matrix of essential factors ψ1, . . . ,ψp , Φ is q × n -matrix of nuisance

factors φ1, . . . ,φq .

υ -setup:

Y = Υ>υ∗ + ε

with p∗ factors (ψj), (φm) , and the target of estimation is a linear mapping θ∗ = Pυ∗ for

a given projector P : IRp
∗
→ IRp .
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Linear models: Profile estimation

υ -setup:

Y = Υ>υ∗ + ε = Ψ>θ∗ + Φ>η∗ + ε, IEε = 0,Var(ε) = σ2In.

Target: θ∗ = Pυ∗ .

Profile qMLE 1: θ̃ = P υ̃ = P
(
ΥΥ>

)−1
ΥY = SY , S = P

(
ΥΥ>

)−1
Υ.

Profile qMLE 2: θ̃
def
= argmax

θ
L̆(θ), L̆(θ)

def
= sup

υ: Pυ=θ
L(υ).

Theorem

IEθ̃ = θ∗,

Var(θ̃) = SVar(ε)S> = σ2SS> = σ2P
(
ΥΥ>

)−1
P>.
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Linear models: Profile MLE. (θ,η) -setup

Model:

Y = Ψ>θ∗ + Φ>η∗ + ε IEε = 0, Var(ε) = σ2In.

Theorem

The profile MLE θ̃ reads as

θ̃ =
(
Ψ̆ Ψ̆>

)−1
Ψ̆Y ,

Ψ̆ = Ψ − ΨΠη = Ψ − ΨΦ>
(
ΦΦ>

)−1
Φ.
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Linear models: Semiparametric efficiency bound

Model:

Y = Υ>υ∗ + ε = Ψ>θ∗ + Φ>η∗ + ε IEε = 0, Var(ε) = σ2In.

Theorem (Gauss-Markov)

1. θ̃ = SY with S = P
(
ΥΥ>

)−1
Υ fulfills

IEθ̃ = θ∗ = Pυ∗,

IE‖θ̃ − θ∗‖2 = Var(θ̃) = σ2P
(
ΥΥ>

)−1
P> = σ2(Ψ̆ Ψ̆>)−1

,

Ψ̆ = Ψ − ΨΠη

Πη = Φ>
(
ΦΦ>

)−1
Φ.

2. This risk is minimal in the class of all unbiased linear estimates of θ∗ .
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Linear models: Fisher and Wilks Theorems

Model:

Y = Ψ>θ∗ + Φ>η∗ + ε IEε = 0, Var(ε) = σ2In.

Define

D̆2
0 = σ−2Ψ̆ Ψ̆>, Ψ̆ = Ψ − ΨΠη.

Theorem

Let the matrix D̆2
0 be non-degenerated. It holds

2
{
L̆(θ̃)− L̆(θ∗)

}
= ‖D̆0

(
θ̃ − θ∗

)
‖2 = ‖ξ̆‖2,

ξ̆ = D̆0

(
θ̃ − θ∗

)
, IEξ̆ = 0, Var(ξ̆) = Ip .

If ε ∼ N(0, σ2In) , then ξ̆ is standard normal in IRp and

2
{
L̆(θ̃)− L̆(θ∗)

}
∼ χ2

p .
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General semiparametric setup

SPA

Y ∼ IP ∈
(
IPθ,η, θ ∈ Θ,η ∈ H

)
Log-likelihood:

L(θ,η) =
dIPθ,η
dµ0

(Y )

Profile MLE:

θ̃ = argmax
θ

max
η

L(θ,η) = argmax
θ

L̆(θ),

L̆(θ) = max
η

L(θ,η).

υ -setup: υ = (θ,η) , L(υ) = L(θ,η) ,

υ̃ = argmax
υ

L(υ), θ̃ = P υ̃
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Full dimensional expansion. Main definitions

For L(υ) = L(θ,η) , define

υ∗
def
= argmax

υ∈Υ
IEL(υ),

θ∗
def
= argmax

θ
max
η

IEL(θ,η) = Pυ∗.

Also

D
2
0

def
= −∇2IEL(υ∗),

ξ
def
= D

−1
0 ∇L(υ∗),

V
2
0 = Var

{
∇L(υ∗)

}
(= D

2
0 under PA)

and

Υ◦(r)
def
=
{
υ : ‖D0(υ − υ∗)‖ ≤ r

}
.
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Main steps

� Concentration and large deviations: fix r0 ensuring

IP
(
υ̃ 6∈ Υ◦(r0)

)
≤ e−x,

where Υ◦(r)
def
=
{
θ : ‖D0(υ − υ∗)‖ ≤ r

}
.

� Local quadratic approximation of the expected log-likelihood:

sup
υ∈Υ◦(r)

2IEL(υ∗)− 2IEL(υ)

‖D0(υ − υ∗)‖2 ≤ δ(r).

� Local linear approximation of the stochastic component: on Ω(x) , for

ζ(υ)
def
= L(υ)− IEL(υ)

sup
υ∈Υ◦(r)

∣∣D−1
0

{
∇ζ(υ)−∇ζ(υ∗)

}∣∣ ≤ %(r, x).

� Overall error of the Fisher expansion r0
{
δ(r0) + %(r0, x)

}
,

of the Wilks r20
{
δ(r0) + %(r0, x)

}
.
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Full dimensional Fisher and Wilks expansions

υ̃
def
= argmax

υ∈Υ
L(υ), υ∗

def
= argmax

υ∈Υ
IEL(υ),

D
2
0

def
= −∇2IEL(υ∗), ξ

def
= D

−1
0 ∇L(υ∗).

Theorem

On a set Ω(x) with IP
(
Ω(x)

)
≥ 1− Ce−x∥∥D0(υ̃ − υ∗)− ξ

∥∥ ≤ ♦(r0, x),

∣∣L(υ̃)− L(υ∗)− ‖ξ‖
2

2

∣∣ ≤ ∆(r0, x).

Here ♦(r0, x) and ∆(r0, x) are explicit error terms.

The vector ξ fulfills

IP (‖ξ‖ ≥ z(B, x)) ≤ 2e−x,

where B = Var(ξ) = D−1
0 V2

0D
−1
0 , so that z2(B, x) � p∗ + x .

Fisher and Wilks · 21. März 2014 · Seite 38 (78)



Inference on θ∗

Problems: the value of ‖ξ‖2 is of order of the full dimension p∗ .

Corollaries for θ̃ = P υ̃ ?

Consider the block representation:

D
2
0 =

(
D2

0 A

A> H2
0

)
, ∇ = ∇L(υ∗) =

(
∇θL(θ∗,η∗)

∇ηL(θ∗,η∗)

)
=

(
∇θ
∇η

)
,

Define D̆−2
0 as the left upper block of D−2

0 :

D̆2
0 = D2

0 −AH−2
0 A>

and

ξ̆
def
= D̆−1

0

(
∇θ −AH−2

0 ∇η
)
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Inference on θ∗

D
2
0 =

(
D2

0 A

A> H2
0

)
, ∇ = ∇L(υ∗) =

(
∇θ
∇η

)
,

D̆2
0 = D2

0 −AH−2
0 A> ξ̆

def
= D̆−1

0 ∇̆θ = D̆−1
0

(
∇θ −AH−2

0 ∇η
)

Theorem

On a set Ω(x) with IP
(
Ω(x)

)
≥ 1− Ce−x∥∥D̆0(θ̃ − θ∗)− ξ̆

∥∥ ≤ ♦(r0, x),

∣∣L̆(θ̃)− L̆(θ∗)− ‖ξ̆‖
2

2

∣∣ ≤ ∆(r0, x) ≤ C p♦(r0, x).

Here ♦(x) and ∆(x) are explicit error terms. The vector ξ̆ fulfills

IP (‖ξ̆‖ ≥ z(B̆, x)) ≤ 2e−x,

where B̆ = Var(ξ̆) = D̆−1
0 Var(∇̆)D̆−1

0 , so that z2(B̆, x) � p+ x .
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Concentration and large deviation for the PMLE θ̃

Steps:

� Concentration of υ̃ on Υ◦(r0) for r20 � p∗ + x ;

� Full dimensional Fisher expansion: on Ω(x)∥∥D0(υ̃ − υ∗)− ξ
∥∥ ≤ ♦(r0, x);

� Fisher expansion for θ̃ : on Ω(x)∥∥D̆0(θ̃ − θ∗)− ξ̆
∥∥ ≤ ♦(r0, x);

� A deviation bound

IP (‖ξ̆‖ ≥ z(B̆, x)) ≤ 2e−x

Imply concentration of θ̃ on Θ0(r̆0) for r̆0 = z(B̆, x) +♦(r0, x) :

IP
{∥∥D̆0(θ̃ − θ∗)

∥∥ ≥ z(B̆, x) +♦(r0, x)
}
≤ 3e−x.
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Tail posterior probability and contraction
Credible sets

2 Semiparametric estimation
Motivation
Linear models
General semiparametric setup

3 Penalized MLE and effective dimension
Curse of dimension
Effective dimension
Fisher and Wilks expansions
Concentration and large deviations
A bound for the norm of a vector stochastic process

4 Confidence estimation using bootstrap
Likelihood-based confidence set
Multipier bootstrap
Conditions

Fisher and Wilks · 21. März 2014 · Seite 42 (78)



I.i.d. case. Dimensional asymptotics p = pn →∞

Let p = pn →∞ . We know

♦n(x) ≤ C

√
(pn + x)2

n
, ∆n(x) ≤ C

√
(pn + x)3

n
, ‖ξn‖

2 ≤ pn + Cx.

� pn/n→ 0 : Consistency:

‖
√
Fθ∗(θ̃n − θ∗)‖ = n−1/2{‖ξn‖ ± ♦n(x)

}
≤
√
pn + Cx

n
± C

pn + x

n

� p2n/n→ 0 – Fisher expansion, root-n normality;

√
nFθ∗(θ̃n − θ∗) = ξn ±♦n(x), expansion of the MLE√

2L(θ̃,θ∗) = ‖ξn‖ ± 3♦n(x), square-root excess

p−1/2
n L(θ̃,θ∗) = p−1/2

n

∥∥ξn∥∥2/2± C♦n(x), likelihood ratio tests, model selection

� p3n/n→ 0 – Wilks approximation, BvM Theorem.
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Penalization

Let pen(θ) be a penalty function on Θ .

Large pen(θ) ⇐⇒ rough θ .

Small pen(θ) ⇐⇒ smooth θ .

Structural assumption – the true value θ∗ is smooth – pen(θ0) is (relatively) small.

A penalized (quasi) MLE approach leads to maximizing the penalized log-likelihood:

θ̃ = argmax
θ∈Θ

{
L(θ)− pen(θ)

}
.

New target:

θ∗pen = argmax
θ∈Θ

{
IEL(θ)− pen(θ)

}
.

In general, θ∗ 6= θ∗pen : “modeling bias” issue.
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Quadratic penalization

Important special case – a quadratic penalty pen(θ) = ‖Gθ‖2/2 for a given symmetric

matrix G2 . Denote

LG(θ)
def
= L(θ)− ‖Gθ‖2/2,

θ̃G
def
= argmax

θ∈Θ
LG(θ).

The use of a penalty changes the target of estimation which is now defined as

θ∗G
def
= argmax

θ∈Θ
IELG(θ).

In general θ∗ 6= θ∗G .

The modeling bias can be measured by ‖Gθ∗‖2 , yielding the “bias-variance” trade-off:

IE‖ξG‖
2 � ‖Gθ∗‖2
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Effective dimension

Let V 2
0 = Var

{
∇L(θ∗G)

}
.

Typically V 2
0 measures the variability of the process L(·) and LG(·) .

Let also D2
G be a penalized information matrix

D2
G = −∇2IELG(θ∗G) = D2

0 +G2

with D2
0 = −∇2IEL(θ∗G) .

The effective dimension pG is defined as the trace of the matrix BG
def
= D−1

G V 2
0 D
−1
G :

pG
def
= tr

(
BG
)

= IE‖ξG‖
2

for ξG = D−1
G ∇L(θ∗G) .
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Examples of computing the effective dimension

Let

V 2
0 = D2

0 = σ2IIp,

G2 = diag
{
g21 ≥ g22 ≥ . . . g2p

}

Then

D2
G = D2

0 +G2 = diag
{
σ2 + g21 , . . . , σ

2 + g2p
}
,

BG = diag
{

(1 + σ−2g21)−1, . . . , (1 + σ−2g2p)−1}.
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Block penalization

G is of a block structure: G = diag{0, G1} .

The first block of dimension p0 corresponds to the unconstrained part of the parameter vector

the second block of dimension p1 corresponds to the low energy component.

Assume for simplicity that G1 = gIIp1 . Then

pG = trBG = p0 + p1/
(
1 + σ−2g2

)
.

The impact of G1 in the effective dimension is inessential if g2/σ2 � p1/p0 .
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A Sobolev smoothness constraint

For β > 1/2 ,

G2 = diag{g21 , . . . , g2p}

gj = Ljβ

The value β is usually considered as the Sobolev smoothness parameter.

It holds

pG =

p∑
j=1

1

1 + L2j2β/σ2
.

Define also the index pe as the largest j satisfying Ljβ ≤ σ .

β > 1/2 yields pG ≤ C(β)pe for some constant C(β) depending on β only.
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Fisher and Wilks expansions “non-penalized”

θ̃
def
= argmax

θ∈Θ
L(θ), θ∗

def
= argmax

θ∈Θ
IEL(θ)

Theorem

On a set Ω(x) with IP
(
Ω(x)

)
≥ 1− Ce−x∥∥D0(θ̃ − θ∗)− ξ

∥∥ ≤ ♦(x),

∣∣L(θ̃)− L(θ∗)− ‖ξ‖
2

2

∣∣ ≤ ∆(x)

with

D2
0

def
= −∇2IEL(θ∗), ξ

def
= D−1

0 ∇L(θ∗).
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Fisher and Wilks expansions “penalized”

θ̃G
def
= argmax

θ∈Θ
LG(θ), θ∗G

def
= argmax

θ∈Θ
IELG(θ)

Theorem

On a set Ω(x) with IP
(
Ω(x)

)
≥ 1− Ce−x∥∥DG(θ̃G − θ∗G)− ξG

∥∥ ≤ ♦G(x),

∣∣LG(θ̃G)− LG(θ∗G)− ‖ξG‖
2

2

∣∣ ≤ ∆G(x)

with

D2
G

def
= −∇2IELG(θ∗G) = −∇2IEL(θ∗G) +G2,

ξG
def
= D−1

G ∇LG(θ∗).
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Concentration and large deviations “non-penalized”

(L) For each r , there exists b(r) > 0 such that rb(r)→∞ as r→∞ and

−2IEL(θ,θ∗)

‖D0(θ − θ∗)‖2 ≥ b(r), ∀θ ∈ Θ0(r) =
{
θ : ‖D0(θ − θ∗)‖ ≤ r

}
.

Theorem

Suppose (ED0) and (ED2) , (L0) , (L) , and (I) . Let b(r) in (L) satisfy

b(r) r ≥ 2z(B, x) + 2%(r, x), r > r0,

where B = D−1
0 V 2

0 D0 and

%(r, x)
def
= 6ν0 zH

(
x + log(2r/r0)

)
ω. (13)

Then

IP
(
θ̃ 6∈ Θ0(r0)

)
≤ 3e−x.
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Concentration and large deviations “penalized”

(LG) For each r , there exists bG(r) > 0 such that rbG(r)→∞ as r→∞ and

−2IELG(θ,θ∗G)

‖DG(θ − θ∗G)‖2 ≥ bG(r), ∀θ ∈ Θ0,G(r) =
{
θ : ‖DG(θ − θ∗G)‖ ≤ r

}
.

Theorem

Let bG(r) in (LG) satisfy

bG(r) r ≥ 2z(BG, x) + 2%(r, x), r > r0,

where BG = D−1
G V 2

0 DG

%(r, x)
def
= 6ν0 zH

(
x + log(2r/r0)

)
ω. (14)

Then

IP
(
θ̃G 6∈ Θ0,G(r0)

)
≤ 3e−x.
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A bound for the norm of a vector stochastic process “non-penalized”

Let a vector process Y(υ) fulfill on Υ◦(r)
def
= {υ : ‖υ‖ ≤ r}

sup
γ1,γ2∈IRp : ‖γ1‖=‖γ2‖=1

log IE exp

{
λγ>1 ∇Y(υ)γ2

}
≤ ν20λ

2

2
.

Theorem

Suppose (ED2) . It holds on a random set Ω(r, x)

sup
υ∈Υ◦(r)

‖Y(υ)‖ ≤ 6ν0 zH(x) r,

where the function zH(x) is given by

zH(x) = H1 +
√

2x + g
−1(g−2

x + 1)H2,

with H2 = 4p and H1 = 2p1/2 .
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A bound for the norm of a vector stochastic process “penalized”

Let a vector process Y(υ) fulfill on Υ◦(r)
def
= {υ : ‖B−1/2

G υ‖ ≤ r}

sup
γ1,γ2∈IRp : ‖γ1‖=‖γ2‖=1

log IE exp

{
λγ>1 ∇Y(υ)γ2

}
≤ ν20λ

2

2
.

Theorem

Suppose (ED2) . It holds on a random set Ω(r, x)

sup
υ∈Υ◦(r)

‖B1/2
G Y(υ)‖ ≤ 6ν0 zH(x) r,

where the function zH(x) is given by

zH(x) = H1 +
√

2x + g
−1(g−2

x + 1)H2,

with

H1 = H1(BG) = 1 + 2
√

tr
(
BG log(BG)

)
, H2 = H2(B) = 1 +

8

3
tr
(
B

1/2
G

)
.
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Local linear approximation of the gradient “non-penalized”

On Ω(r, x) , for each θ ∈ Θ0(r)∥∥D−1
0

{
∇IEL(θ)−∇IEL(θ∗)

}
+D0(θ − θ∗)

∥∥ ≤ δ(r)r,

‖D−1
0

{
∇ζ(θ)−∇ζ(θ∗)

}
‖ ≤ 6ν0 zH(x)ω r

Theorem

Suppose (L0) and (ED2) on Θ0(r) for a fixed r . Then on Ω(r, x)

sup
θ∈Θ0(r)

∥∥D−1
0

{
∇L(θ)−∇L(θ∗)

}
+D0(θ − θ∗)

∥∥ ≤ ♦(r, x),

where

♦(r, x)
def
=
{
δ(r) + 6ν0 zH(x)ω

}
r.

The dimension p enters only via the entropy H in zH(x) .
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Local linear approximation of the gradient “penalized”

On Ω(r, x) , for each θ ∈ Θ0,G(r)∥∥D−1
G

{
∇IELG(θ)−∇IELG(θ∗G)

}
+DG(θ − θ∗G)

∥∥ ≤ δG(r)r,

‖D−1
G

{
∇ζ(θ)−∇ζ(θ∗G)

}
‖ ≤ 6ν0 zH(x)ω r

Theorem

Suppose (L0G) and (ED2G) on Θ0,G(r) for a fixed r . Then on Ω(r, x)

sup
θ∈Θ0,G(r)

∥∥D−1
G

{
∇LG(θ)−∇LG(θ∗G)

}
+DG(θ − θ∗G)

∥∥ ≤ ♦G(r, x),

where

♦G(r, x)
def
=
{
δG(r) + 6ν0 zH(x)ω

}
r.

The effective dimension pG enters only via the entropy H in zH(x) .
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I.i.d. case. Dimensional asymptotics p = pn →∞

Let p = pn →∞ . We know

♦n(x) ≤ C

√
(pn + x)2

n
, ∆n(x) ≤ C

√
(pn + x)3

n
, ‖ξn‖

2 ≤ pn + Cx.

� pn/n→ 0 : Consistency:

‖
√
Fθ∗(θ̃n − θ∗)‖ = n−1/2{‖ξn‖ ± ♦n(x)

}
≤ C

√
pn + x

n
± C

pn + x

n

� p2n/n→ 0 – Fisher expansion, root-n normality;

√
nFθ∗(θ̃n − θ∗) = ξn ±♦n(x), Expansion of the MLE√

2L(θ̃,θ∗) = ‖ξn‖ ± 3♦n(x), square-root maximum likelihood

p−1/2
n L(θ̃,θ∗) = p−1/2

n

∥∥ξn∥∥2/2± C♦n(x), likelihood ratio tests, model selection

� p3n/n→ 0 – Wilks approximation, BvM Theorem.
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I.i.d. case. Dimensional asymptotics p = pn →∞ under penalization

Let p = pn →∞ . We know

♦G(x) ≤ C

√
(pG + x)2

n
, ∆G(x) ≤ C

√
(pG + x)3

n
, ‖ξG‖

2 ≤ pG + Cx.

� pG/n→ 0 : Consistency: with FG = Fθ∗
G

+ n−1G2

‖
√
FG(θ̃G − θ∗G)‖ = n−1/2{‖ξG‖ ± ♦G(x)

}
≤ C

√
pG + x

n
± C

pG + x

n

� p2G/n→ 0 – Fisher expansion, root-n normality;

√
nFG(θ̃G − θ∗G) = ξG ±♦G(x), Expansion of the MLE√

2LG(θ̃G,θ
∗
G) = ‖ξG‖ ± 3♦G(x), square-root maximum likelihood

p
−1/2
G LG(θ̃G,θ

∗
G) = p

−1/2
G

∥∥ξG∥∥2/2± C♦G(x), likelihood ratio tests, model selection

� p3G/n→ 0 – Wilks approximation, BvM Theorem.
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Likelihood-based confidence set

The 1− α confidence set for θ∗ :

E(zα)
def
= {θ : L(θ̃)− L(θ) ≤ zα},

IP (θ∗ /∈ E(zα)) ≤ α.

For the known L(θ) and α the set is determined by the critical value zα , the 1−α quantile

of the excess L(θ̃,θ∗) .

For L(θ) = −‖Y − Ψ>θ‖2/2 , E(z) is an ellipsoid:

E(z) = {θ : ‖Ψ>(θ − θ̃)‖2 ≤ 2z}.
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Likelihood-based confidence set

I Under PA, in the asymptotic setup, zα is close to 1− α quantiles of χ2
p due to the Wilks

phenomenon:

L(θ̃,θ∗) ≈ ‖ξn‖
2/2, ξn

w−→ N(0, Ip), n→∞.

I But the speed of convergence is slow and under PA-PW the limit distribution is non-pivotal,

i.e. depends on IP .

I The non-asymptotic Wilks result cannot help directly, since the deviation bound for ‖ξ‖2 is

also non-pivotal and is too rough for a sharp confidence set∣∣∣L(θ̃,θ∗)− ‖ξ‖2/2
∣∣∣ ≤ ∆(x),

IP
(
‖ξ‖2 ≥ C(p+ 6x)

)
≤ 2e−x.
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Multipier bootstrap

The idea is to mimic the distribution of L(θ̃)− L(θ∗) using multiplier bootstrap.

Below `i(θ) is the log-density of Yi : `i(θ) = log dPi(θ)
dµ0

(Yi) and

L(θ) =

n∑
i=1

`i(θ).

� Take an i.i.d. sample u1, . . . , un independent of the data Y , IE(ui) = Var(ui) = 1

(e.g. ui ∼ exp(1) or N(1, 1) ).

� Bootstrap the likelihood function:

L
ab
(θ) = L

ab
(θ,u)

def
=

n∑
i=1

`i(θ)ui

ab
denotes the conditional probability with the fixed sample Y .
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Multipier bootstrap

“Y world” “bootstrap world”

MLE

θ̃
def
= argmaxθ L(θ) θ̃

ab
def
= argmaxθ L

ab
(θ)

target

θ∗
def
= argmaxθ IEL(θ) θ̃

def
= argmaxθ IE

ab
L
ab
(θ)

likelihood ratio

L(θ̃)− L(θ∗) L
ab
(θ̃

ab
)− L

ab
(θ̃)

� The bootstrap side is fully computable!

� The true point in bootstrap world is exactly qMLE θ̃ .

� The “bootstrap world” is built inside of the parametric model, which may be wrong.
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Multipier bootstrap

Questions to be addressed:

� Bootstrap consistency in non-asymptotic form

� Error of coverage probability

� Size of the bootstrap-based confidence set

Key ingredients:

� Fisher and Wilks expansions in real and bootstrap worlds;

� Closeness of distributions of the of approximating terms ‖ξ‖2 and ‖ξ
ab
‖2 ;

� Closeness of the local metrics on the parameter space:

D2
0 ≈ D2

0 ⇔ ∇2
θIEL(θ∗) ≈ ∇2

θIE
ab
L
ab
(θ̃);

� Use of the truncated moment-generating function to get a sharp bound for

L(‖ξ‖2) ≈ L(‖ξ
ab
‖2
∣∣Y ).
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Bootstrap Wilks Theorem

Theorem

It holds with IP
ab
− probability ≥ 1− C e−x .∣∣∣L ab

(θ̃
ab
, θ̃)− ‖ξ

ab
‖2/2

∣∣∣ ≤ ∆ ab
(x),

where the following terms are IP− random

ξ
abdef

= D−1
0 ∇θL

ab
(θ̃), D2

0
def
= −∇2

θIE
ab
L
ab
(θ̃).
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Approximating scheme

Two Wilks results lead to the following scheme:

L(θ̃,θ∗) ≈ ‖ξ‖2/2

≈

L
ab
(θ̃

ab
, θ̃) ≈ ‖ξ

ab
‖2/2.

The Wilks theorems results are valid on two different probability spaces. The approximation

≈ connects two “worlds” in distribution:

L(‖ξ‖2) ≈ L(‖ξ
ab
‖2
∣∣Y ).

Leading to

L
{
L(θ̃,θ∗)

}
≈ L

{
L
ab
(θ̃

ab
, θ̃)

∣∣Y }.
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Local approximation of the Hessian matrix

Theorem

Let the conditions (ED2) , (ED3) and (L0) be fulfilled, then it holds with probability

≥ 1− 2e−x

sup
γ1,2∈IR

p,

‖γ1,2‖=1

sup
θ∈Θ0(r0)

∣∣∣γ>1 D−1
0 D2(θ)D−1

0 γ2 − 1
∣∣∣ ≤ C

√
(p+ x)3/n,

where

D2(θ)
def
= −

n∑
i=1

∇2
θ`i(θ), D2

0
def
= −

n∑
i=1

IE∇2
θ`i(θ

∗).

This result implies that on the set Ω(x) of a dominating probability 1− C ex

‖D−1
0 D2

0D
−1
0 − Ip‖∞ ≤ C

√
(p+ x)3/n.
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Closeness of the quadratic forms

Lemma

It holds with IP
ab
− probability ≥ 1− 2e−x

sup
θ1,θ2∈Θ

ab
0(r0)

‖ξ
ab
(θ1)− ξ

ab
(θ2)‖ ≤ C(p+ x)/

√
n.

Moreover ∣∣∣‖ξ ab(θ̃)‖2 − ‖ξ
ab
(θ∗)‖2

∣∣∣ ≤ C
√

(p+ x)3/n,

where

ξ
ab
(θ)

def
= D−1

0 {∇θL
ab
(θ)−∇θIE

ab
L
ab
(θ)} ,

Θ
ab
0(r0)

def
=
{
θ : ‖D0(θ − θ̃)‖ ≤ r0

}
.
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Approximating terms

Remind the definition:

Normalized score functions:

ξ = D−1
0 ∇θL(θ∗) = D−1

0

n∑
i=1

∇θ`i(θ∗),

ξ
ab

= D−1
0 ∇θL

ab
(θ̃) = D−1

0

n∑
i=1

∇θ`i(θ̃)(ui − 1).

Fisher Information matrices

D2
0 = −

n∑
i=1

IE∇2
θ`i(θ

∗) deterministic,

D2
0 = −

n∑
i=1

∇2
θ`i(θ̃) IP − random.
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Approximating terms

Due to the previous results one can make the following substitution: on a set of probability

≥ 1− Ce−x :

D2
0 ≈ D2

0, ‖ξ
ab
(θ̃)‖2 ≈ ‖ξ

ab
(θ∗)‖2, ξ

ab
(θ̃) ≈ ξ

ab
(θ∗).

ξ
ab
(θ̃) ≈ ξ

ab
(θ∗) ≈ D−1

0

n∑
i=1

∇θ`i(θ∗)(ui − 1),

ξ
def
= D−1

0

n∑
i=1

∇θ`i(θ∗).
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Asymptotic result

Multiplier CLT [van der Vaart and Wellner, 1996]

In the i.i.d. case with the true parametric model it holds

V −1
0

n∑
i=1

∇θ`i(θ∗)(ui − 1)
L
ab

−→ N(0, Ip),

for almost every i.i.d. sequence u1, u2 . . . s.t. IE
ab
ui = 1,Var

ab
ui = 1 , with

V 2
0

def
= Var

{
∇θL(θ∗)

}
= D2

0 for the true parametric model.

Therefore, in the i.i.d. parametric case the approximating vectors ξ and ξ
ab
≈ ξ

ab
(θ∗) have

the same limit distributions.

Fisher and Wilks · 21. März 2014 · Seite 72 (78)



Closeness of the truncated moment-generating functions

Introduce for ε ∼ N(0, Ip) , fixed Γ0 = C
√
p and arbitrary γ ∈ IRp , ‖γ‖ = 1 :

h(µ, t)
def
= exp(µt/2)IP

(
‖ε+

√
µtγ‖ ≤ µ−1/2Γ0

)
.

Theorem

It holds with probability ≥ 1− Ce−x

sup
µ∈(0,1)

∣∣∣∣IE ab
h(µ, ‖ξ

ab
‖2)

IEh(µ, ‖ξ‖2)
− 1

∣∣∣∣ ≤ C

√
(p+ x)3

n
.
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Idea of the proof:

Get to the linear exponent w.r.t. ξ by

exp
(
µ‖ξ‖2/2

)
IP
(
‖ε+ µ1/2ξ‖ ≤ µ−1/2Γ0

∣∣ ξ)
=

1

(2πµ)p/2

∫
‖γ‖≤Γ0

exp

(
γ>ξ − 1

2µ
‖γ‖2

)
dγ.

Use the Taylor expansion of log IE exp
(
λγ>ξ

)
w.r.t. |λ| ≤ Γ0 = C

√
p .
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A cumulative bound

Let z
ab
α denote the upper α -quantile of L

ab
(θ̃

ab
, θ̃) .

Theorem

It holds with probability ≥ 1− Ce−y

IP
(
L(θ̃,θ∗) > z

ab
α +∆cum

)
− α ≤ αδF ,

IP
(
L(θ̃,θ∗) > z

ab
α −∆cum

)
− α ≥ −αδF ,

where

∆cum, δF .

√
(p+ y)3

n
.
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Squared modelling bias and a size of the confidence set

Compare the approximating terms IE‖ξ‖2 and IE
ab
‖ξ

ab
‖2 :

IE‖ξ‖2 = tr
(
D−1

0 V 2
0 D
−1
0

)
, IE

ab
‖ξ

ab
‖2 = tr

(
D−1

0 V
2
0D
−1
0

)
.

V 2
0

def
= Var∇θL(θ∗)

=
n∑
i=1

IE
[
∇θ`i(θ∗)∇θ`i(θ∗)>

]
−

n∑
i=1

IE [∇θ`i(θ∗)] IE [∇θ`i(θ∗)]>,

V2
0

def
= Var

ab
∇θL

ab
(θ̃)

=
n∑
i=1

∇θ`i(θ̃)∇θ`i(θ̃)>.

The relation of the blue matrices in spectral norm is ≤ C
√

(p+ x)3/n . The magenta matrix

adds the modelling bias, bounded by condition (SmB) .
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Additional conditions for the bootstrap statements

(ED3) It holds for all θ ∈ Θ0(r) , r ≤ r0 and for j = 1, 2, 3 and |λ| ≤ g

sup
γj∈IR

p,

‖γj‖≤1

log IE exp

{
λ

ω1
γ>3 ∇θ

[
γ>1 D

−1
0 ∇

2
θζ(θ)D−1

0 γ2

]}
≤ ν20λ

2

2
.

(SmB) There exists a constant δ2ξ .
√
p/n3 such that it holds for all

i = 1, . . . , n ∥∥∥∥D−1
0 IE∇θ log

dPi(θ
∗)

dµ0
(Yi)

∥∥∥∥ ≤ δξ
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Additional conditions for the bootstrap statements

(SD0) There exists a constant δv ≥ 0 such that it holds for all i = 1, . . . , n with

dominating probability∥∥∥H−1
0

{
∇θ`i(θ∗)∇θ`i(θ∗)> − IE

[
∇θ`i(θ∗)∇θ`i(θ∗)>

]}
H−1

0

∥∥∥ ≤ δv,
where

H2
0

def
=

n∑
i=1

IE
{
∇θ`i(θ∗)∇θ`i(θ∗)>

}
.

(Condition for the non-commutative Bernstein inequality by [Koltchinskii et al., 2011])
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