WINTERSEMESTER 2015/16 - NICHTLINEARE PARTIELLE
DIFFERENTIALGLEICHUNGEN

Homework #7 due 12/04/2015

Problem 1. Consider the biharmonic operator P(z, D) = A? = AA in a smooth domain
Q) together with the boundary conditions

Blu:u, Bgu:@, BgZA, B4:£A
on on

a.) Show that exactly two scalar boundary conditions are needed in order to obtain a
well-posed boundary value problem.

b.) Which pairs of boundary conditions satisfy the Lopatinskii condition and which do
not 7

Problem 2. Let P(x,§) be a scalar operator of order m on a smooth domain Q C R?
and suppose d > 3. Then for all x € 9Q and £ L n(z), £ # 0 we have the factorization
Po(z, & +iAn(z)) = Pi(x,§,\)P_(x,&, \) where the polynomial P, has only roots with
positive real part in A and the polynomial P_ has only roots with negative real part in
A. (One can show that the the polynomials P, and P_ can be chosen to have smooth
coefficients.) Let By, ..., B; be [ scalar boundary conditions where | = deg P_.

a.) Using the fact that the zeros of P are continuous functions of (z,¢), show that [ is
independent of (z,£). Here the condition d > 3 is important.

b.) Show that the Lopatinskii condition of Definition 2.5.8 is equivalent to the following
condition. The polynomials

Bj(w, € +idn(x)), j=1,2,.,1

are a basis of C[\]/P_(z,&,\) for all & L n(z), & # 0. Here C[)\] denotes the ring of
polynomials with complex coefficients in A and C[\|/P-(x,&, \) is the quotient ring of
C[A] by the ideal generated by P_(z,&, A).

Problem 3. Consider the boundary value problem

P = |Vt

nxv=g in 0f).

—f inQCR?,

Here u = ZJ} is a vector-valued function with four components, v is a vector-valued
function with three components, and the function w is scalar-valued.

a.) Use the Divergence Theorem (Gauss’s Theorem) to find an integration by parts formula
for the curl operator. To be more precise, the task is to express the integral

/Q(va)-qu
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where v and ¢ are smooth vector-valued function with three components each, by integrals
which do not contain any derivative of v.

b.) Define an unbounded operator & : Ly(Q)* — Ly(2)* with
P(P)={uec H'(Q)* : nxv=0in 00}

and Pu = P(0)u. Find the (Hilbert space) adjoint £* in the sense of unbounded
operators. Recall that

D) ={y € Ly(V)* : urs (Pu,y) is a bounded linear functional on 2(2)} .
c.) Suppose that  is simply connected. Find ker 7" and coker T where T is the operator
is the continuous linear operator 7 : H*'(Q)* — H*(Q)* x HY/***(9Q)? defined by

Tu = (P(@)u,n X v’m> :

d.) Use your answer of c.) to describe the solvability of the boundary value problem above.
In particular, answer the following question. Is the boundary value problem solvable for
all f € Ly(Q)* and g € H'/?(0Q)® ? Is the solution unique ? What regularity does the
solution posses ? If the data are more regular, say f € H*(Q)* and g € HF/2(9Q)?
where k is a positive integer, what can you say about the solution ?



