SOMMERSEMESTER 2016 - HOHERE ANALYSIS II
LINEARE PARTIELLE DIFFERENTIALGLEICHUNGEN

Homework #10 Solutions

Problem 1. The Sobolev space H*(R) for s € R is defined as
H*R?) = {ue S (R) : (1+[¢*)"%0 € Ly(RY)}

with norm
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a.) Prove that @ € L;(R?) implies u € C(R?).

Proof. Suppose that {z;} C R? is a sequence converging to z € R?. Then
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where we used the triangle inequality and the Lebesgue dominated convergence theorem.
O

b.) Prove that u € H*(R?) for some s > d/2 implies that u € C(R?) and the estimate
supga |u| < C||ul| gs(rey. This statement is know as Sobolev imbedding theorem.

Proof. Note that

jul(z)| !
sup |u(z)| = sup ——
z€R zER (271')

[ it df\ < il e
R

Furthermore, by Hélder’s inequality
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The last integral is convergent if s > d/2. This can be shown by introducing polar
(spherical) coordinates in R%. O

Problem 2. Suppose that € is bounded and open and that p; < uo,... are the
eigenvalues of the Dirichlet Laplacian.
a.) Prove that

= m{ [ 1vuP ds s ue @), fullue = 1}
Q

1



2 SUMMER SEMESTER 2016 - LINEAR PDE

Proof. Let u € H'(Q) such that |w|lLy) = 1. According to Theorem 6.12, there exists an
orthonormal basis ( in Ly(€2) of eigenfunctions u;, € H*(Q) for k = 1,2, ... to the Dirichlet
Laplacian —A : HY(Q) — H1(Q). There exist numbers ay, as, ... € R such that
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and
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The eigenfunctions satisfy the identity
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Hence, the functions wuy/,/fx are an orthonormal set in H 1(Q) and one can show that
they form an orthonormal basis. Then there exist number (1, 35, ... € R such that
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Hence, 3 = /oy for [ = 1,2, ... and the series >~ iya? is convergent. Using Parseval’s
identity gives
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and since the eigenvalues are increasing we know that the sum on the right-hand side is

greater or equal to yy because of (1). On the other hand, if u = u, then [, |[Vu|dz =
1. U

b.) Denote Sy, = span|uy, ..., ux] where the u; € Hl(Q) is the eigenfunction of the Dirichlet
Laplacian corresponding to the eigenvalue u; for j = 1,..,k and by Si- its orthogonal
complement in H'(Q). Prove that

i+1 = min {/ |VU|2dx U E Sk;La ||u||L2(Q) = 1}
Q
for k=1,2,...

Proof. Now u = Z;’;kﬂ au; with Z;’ikﬂ ozjz- = 1. Then, using the same approach as in
the first part of the problem
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and equality holds for u = ug 1. O
Problem 3. Prove the monotonicity of the Dirichlet Laplacian with respect to the

domain. More precicely, if D is a second open and bounded set and D C €2 show that
we(Q) < pg(D) for k=1,2,....



Proof. Using problem 2 we know that

w1 (D) = min{/ \Vul>dz : ue HY(D), [ullzop) = 1}
D
and

(1 (€2) = min {/ |VU|2 dr : u € ﬁ[l(Q)> 1wl L) = 1} :
Q

Note that every function u € H 1(D) can be extended to ©\ D by zero and becomes then
a function in H'(€2). Using this extension we have the inclusion

{u € H'(D), ull ooy = 1} < {” € H'(), llulza(e) = 1}

and £1(2) < py (D) follows.
From problem 2 we recall that

(D) = min{ [ [Vultde - w e 5D ol =1}
D

for k = 1,2, ... where Si(D) = span|uy, ...., ug], the linear span of the first k eigenfunctions
of the Dirichlet Laplacian in D. Extending those function by zero to all of €2, they can
be considered as eigenfunctions of the Dirichlet-Laplacian in 2. However, there is no
guarantee that for example the function us is the eigenfunction corresponding to the
eigenvalue f5(€2), it may belong to a bigger eigenvalue. This argument gives the desired
conclusion. OJ



