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Exercise 4.1

Let ® C E be an irreducible reduced root system, let (., .) be a W (®)-invariant
scalar product on E. Let A C ® be a basis of .

Recall the length £(w) defined for w € W(®). Theorem 15 in par. 4 says (and
you may use this):
l(w) ={a € ®T | wa € 7}

(a) Show that A ={d& € ®|a € A} is a basis of the dual root system
® C E* (cf. Exercise 2.5).

(b) Let ¢: W(®) = Z>( denote the length function (with respect to A). Let
w € W(®), written (not necessarily reduced) as w = sq, - - - Sq, With
a; € A (not necessarily pairwise distinct). Show that (—1)" = (—1)4®),

(c) Show that there exists exactly one element wy € W(®) with wo(®T) =

[ 2

(d) What can you say about £(wg) ? Show that (wow) = (wy) — £(w) for
all w e W(®).

(e) Let wyg = 84y * * * Sq, (With a; € A) be a reduced expression of the

element wy € W(®) considered in (c¢). Show that each a € A occurs
among the «; at least once.

Exercise 4.2

Let ® C E be a root system, let a, 5 € ® be linearly independent and assume
that also o + 8 € ®. Define p, ¢ € Z as in Exercise 2.1. Show that

Bt+ap+a) q+1

(8, B) P
Hint: A case by case study.
Exercise 4.3
Let n > 2, let ey, . .., e, be the standard basis of E = R". Let

O={te; |1 <i<n}U{fe; £e;|1<i<j<n}

(thus @ consists of 2n + 2n(n — 1) = 2n? elements). Let A = {ay, . .., a,}
with
Qp =€ — €z, Q=€ — €3, ..., QAp_1=CEn_1 = €En, An=ECn.



(a) ® C E is a root system. It is denoted by B,,.
(b) A is a basis for ®.

(¢c) W(®) is isomorphic with the semidirect product of the symmetric group
Sy and (Z/2Z)", with (Z/2Z)™ normal in W ().



