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Exercise 5.1
Let n > 2, let ey, . .., e, be the standard basis of £ = R". Let

O={£2¢; |1 <i<n}U{xe;te;|1<i<j<n}

(thus ® consists of 2n + 2n(n — 1) = 2n? elements). Let A = {aq, ..., a,}
with
a1 =e€1 —ey, Qy=€ —€3 ..., Qp 1=€, 1= €y Q=2
(a) ® C F is a root system. It is denoted by C,,.
(b) A is a basis for ®.
(c) W(B,)=ZW(C,).
(d) Cp = By if and only if n = 2.

Exercise 5.2

Let V be a finite dimensional real vector space. Let ® be a finite set and suppose
that for all & € ® we are given a hyperplane H,, in V. Forv € V. — H, we denote
by D, (v) the connected component of V' — H,, which contains v. Consider the
equivalence relation = on V' for which v = v’ if and only if for all « € ® we
have: v, v' € H, or [v, v' ¢ H, and D, (v) = D, (v")]. The equivalence classes
for this equivalence relation are called the sides of the hyperplane arrangement
H={H, | o € &}. For a side F' we call

Ly = ﬂ H,
H.,DF

the support of F (if F is not contained in any H, we put Ly = V'), and we call
dim(Lp) the dimension of F'.
Let F be a side.

(a) Letxz € F. Wehave F = Lp N ace Dy(z)and F = Ly N ace D, (x)
x¢Heq z¢He

(where (.) denotes the operation of taking the topological closure in the
topological vector space V).

(b) F is a convex open subset of L.

(c) The closure F of F in V is the union of F' and some sides of strictly
smaller dimension.

(d) Let also F’ denote a side. If F = F then F = F".



(e) Let ¥ C @ be a subset, put M = NgewH,. Then the following (i), (ii),
(iii) are equivalent: (i) There is a side F’ with M = Lg and F' N F # ().
(ii) There is a side F’ with M = Lp, and F’ C F. (iii) There is some
x € M N F with the following property: for all o € ® with € H, we
have M C H,.

Exercise 5.3

Let ® be a reduced root system, let A = {ay, ..., a,} be a basis for ®.
For 1 < i, j < n let my; = ord(sa,;5a;) be the order of the element s, 54, =
Sa; © 8a,; in W(®). We define the Cozeter matriz of ® to be the n x n-matrix
M = (mij)i<ij<n-

(a) M is symmetric, all diagonal entries are = 1, we have m;; € {2, 3, 4, 6}
for i # j.
(b) Up to reindexing, M does not depend on the choice of A.

(c) One can read off from M the number of the irreducible direct summands
of ®, and their ranks.

(d) @ is uniquely determined by M.



