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Abstract

In this paper we generalize a well-known isomorphism between the space of cusp forms of weight k for
a Fuchsian subgroup of the first kind I' C SL2(R) and the space of certain Maaf} forms of weight k for
I to an isomorphism between the space of Siegel cusp forms of weight k for a subgroup I' C Sp,, (R),
which is commensurable with the Siegel modular group Sp,,(Z), and a suitable space of Siegel-Maaf}
forms of weight k for I'.

1 Introduction

Let H := {z = z + iy € C|y > 0} denote the upper half-plane and I' C SLy(R) a Fuchsian subgroup of
the first kind, which acts by fractional linear transformations on H. Let Sg(I") denote the space of cusp
forms of weight & for T and let Hx(I") denote the space of real-analytic automorphic forms of weight k
for ', on which the Maafl Laplacian

0? 0? 0
Ay =12 == + = | —iky—
k=Y (8x2 + 8y2) lky@x
of weight k acts. Then, it is well-known that there is an isomorphism
k kY.
Si(T) = ker Ak+§ 1-— B} id (1.1)

of C-vector spaces, induced by the assignment f — y*/2f, where the right-hand side consists of the Maa8
forms in H(T") with eigenvalue k/2(1—k/2) of Aj. This identification of two types of automorphic forms
for T has various useful applications. For example, in the article [2], the isomorphism was crucial
in relating the sup-norm bound problem for cusp forms of weight k for I to bounds for the heat kernel
for Ay on the quotient space T'\H.

In this paper, we attempt a generalization of the isomorphism to the Siegel modular setting,
which, to our surprise, we could not find in the literature. Letting Sym,,(C) be the set of complex
symmetric (n X n)-matrices, we let H,, := {Z = X + Y € Sym,,(C)|Y > 0} denote the Siegel upper
half-space of degree n > 1 and we let I' C Sp,,(R) denote a subgroup acting by generalized fractional
linear transformations on H,,, which is commensurable with the Siegel modular group Sp,,(Z). Then, let
Si(T') denote the space of Siegel cusp forms of weight k and degree n for I and let H}(I') be the space
of real-analytic automorphic forms of weight k£ and degree n for I'; on which the Siegel-Maafl Laplacian

o\ o o\ o d
Ay = YV — | =— Y— | — ) —ikY — 1.2
k “( (( ax) 8X+< ay) ay) ik ax) (1.2)
of weight k acts. As the main result of this paper, we show in Corollary the isomorphism

SP(T) = ker (Ak + %k(n -k+ 1)id>, (1.3)
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of C-vector spaces, induced by the assignment f — det(Y)k/ 2f, thereby generalizing the isomorphism (1.1)
to the Siegel modular setting. The right-hand side of ((1.3)) now consists of the Siegel-Maaf} forms in H}}(I")
with eigenvalue nk(n — k + 1)/4) of Ag.

In case n = 1, the isomorphism is obtained as a by-product of the proof of the symmetry of
the Maaf} Laplacian Ay (see [4]). The most straightforward proof of the symmetry of Ay is obtained by
constructing a suitable SLy(R)-invariant differential form using the raising or the lowering operators on H,
and then integrating it over the quotient space I'\H (see [I], p. 135). Generalizations of all these operators
as well as their transformation behaviour under the action of the symplectic group Sp,,(R) to the Siegel
modular setting have been provided by Maa8 in [3]. However, in spite of all these crucial ingredients
being around for a long time, we could not find in the literature a precise proof of the symmetry of
the Siegel-Maafl Laplacian Ay of weight k. We provide a complete proof of the symmetry of Ag in
Theorem m where we construct the appropriate Sp,,(R)-invariant differential form on H,,, which, while
calculationally a bit cumbersome, is conceptually a rather straightforward piecing-together of Maaf’s
calculations. Our main result in Corollary [5.4]is then a consequence of Theorem

As indicated above, the generalization of the isomorphism (|1.1)) will perspectively allow us, among
others, to relate the sup-norm bound problem for Siegel cusp forms of weight & and degree n for I' to
bounds for the heat kernel for the Siegel-Maaf} Laplacian Ay on the quotient space I'\H,,.

This paper is organized as follows: In section 2, we provide a quick summary of the basics of the
Siegel upper half-space and Siegel modular forms. In the subsequent two sections 3 and 4, we introduce
and discuss the transformation behaviour of the relevant operators in the Siegel modular setting. This
material is already present in [3], but due to sub-optimal typesetting, at places, it is hard to decipher.
So we take this opportunity to redo these calculations along Maafl’s lines and present them here for the
reader’s convenience. However, no claim of originality is made here on this material. Finally in section 5,
piecing together Maafl’s results, we construct the appropriate Sp,,(R)-invariant differential form on H,,
to show the symmetry of the Siegel-Maafl Laplacian Ay, and then use it to show the generalization
of the isomorphism .

2 Basic notations and definitions

For n € Nyg and a commutative ring R, let M,,(R) denote the set of (n X n)-matrices with entries in R
and Sym,,(R) the set of symmetric matrices in M,,(R). The Siegel upper half-space H,, of degree n is
then defined by

H, ={Z=X+1iY € M,(C)|X,Y € Sym,(R) : ¥ > 0}.
The symplectic group Sp,,(R) of degree n is defined by
Spn(R) :={y € Man(R) [ 7' Jny = Ju},

where J,, € My, (R) is the skew-symmetric matrix

(0 1,
Jo = (_ o )

with 1,, denoting the identity matrix of M, (R). Writing an element v € Sp,,(R) in block form as
(A B
7=\c b
with A, B,C, D € M,,(R), we can recast the relation v'.J,,y = J,, as the set of relations

A'C=C'A, B'D=D'B, A'D-C'B=1,. (2.1)

Observing that with v € Sp,,(R), we also have ' € Sp, (R), the set of relations (2.1]) turns out to be
equivalent to the relations

AB' = BA', CD!'=DC', AD!- BC!'=1,.



The group Sp,,(R) acts by the symplectic action
H,>Z—~Z=(AZ+B)(CZ+D)"" (v=(45)€Sp,(R)) (2.2)
on H,,. Using the equality
(AZ+ B)(CZ + D)™ ' =(CZ+ D) '(AZ + B), (2.3)
which follows from equation , we compute
(CZ + D) Im(y2)(CZ + D) = Im(Z),
from which we derive the important relation
Im(yZ) = (CZ + D) 'Im(Z)(CZ + D)~! (2.4)

giving rise to the determinant relation

~ det(Im(2))
det(Im(~v2)) = Tdet(CZ + DIE-

For the differential of the symplectic action , we compute using again equation
d(vZ)=AdZ(CZ+ D)™' —(AZ + B)(CZ+ D) 'CdZ(CZ + D)™*!
=(CZ+ D) " ((CZ+ D)'AdZ — (AZ + B)'CdZ)(CZ + D).
Using once again equation , this gives

d(yZ)=(CZ+ D) *dz (CZ + D)~ (2.5)
The arclength dst and the volume form dgu,, on H,, in terms of Z = (2, x)1<j<k<n € H, are given by
ds?2(Z2) =tr(Y'dzYy1d2) (Z =X +1iY),
/\ dx]}k A dijc
1<j<k<n

dpn(Z) = (2j,k = Tj 1k +1Yjk)-

det(Y)n+1

From equations (2.4)) and it is obvious that the arclength ds? and the volume form dpu,, on H,, given
by the above equations are invariant under the symplectic action. Corresponding to this metric, we have
the Laplace—Beltrami operator A on H,,, called the Siegel Laplacian, which is also invariant under the
symplectic action.

Definition 2.1. Let I' C Sp,,(R) be a subgroup commensurable with Sp, (Z), i.e., the intersection
I'NSp,,(Z) is a finite index subgroup of I as well as of Sp,,(Z). We let v; € Sp,,(Z) (j =1,...,h) denote
a set of representatives for the left cosets of 'NSp,,(Z) in Sp,,(Z). Then, a Siegel modular form of weight
k and degree n for I' is a function f: H,, — C satisfying the following conditions:

(i) f is holomorphic;
(i) f(vZ)=det(CZ + D)*f(Z) forally = (A B) e TI;
(iii) given Yy € Sym,,(R) with Yy > 0, the quantities det(C;Z + D;) =" f(v;Z) are bounded in the region

{Z=X+1iY € H, |Y > Yy} for the set of representatives v; = (éj gi) €Sp,(Z) (j=1,...,h).

Moreover, a Siegel modular form f as above is called a Siegel cusp form of weight k and degree n for T’
if condition (iii) above is strengthened to the condition

(iii”) given Yy € Sym,,(R) with Yy > 0, the quantities det(C;Z + D;)~* f(v;Z) become arbitrarily small
in the region {Z = X +iY € H,, |Y > Yy} for the set of representatives v; = (é; gé) € Sp,,(Z)
(j=1,...,h).

Remark 2.2. The sets of Siegel modular forms and Siegel cusp forms of weight k and degree n for I" have

the structure of C-vector spaces, which we denote by M7(T") and S;(T"), respectively, and which turn

out to be finite dimensional. Moreover, the space S}!(I') is equipped with the so-called Petersson inner
product given by

(f.g) = / AT Gal2) (g € D)),

making S (I') into a hermitian inner product space.



3 Siegel-Maaf} Laplacian of weight (a, ()

In this section, we will recall from [3] various differential operators acting on smooth complex valued
functions defined on H,,. In particular, we will define the Siegel-Maafl Laplacian of weight (¢, 8), where
a,f € R. Letting @ = k/2 and 8 = —k/2 will then lead us to the Siegel-Maafl Laplacian A mentioned
in formula in the introduction. We point out that the Siegel Laplacian A mentioned in the previous
section and the Siegel-Maaf3 Laplacian Ay are related by the formula

9]
A=A —iktr (Y —
k 1 I‘< 8X>

with the symmetric (n x n)-matrix 9/0X of partial derivatives being defined below.

Given Z = X +1iY € H,,, we start by introducing the following symmetric (n x n)-matrices of partial
derivatives:

0 > 146 0
ik 2 8xj7k7

) . 1 +6j7k 0
ik 2 8yj,k ’
(i) o 190 .9
W5z Talax oy )

(iv) =

where 9, is the Kornecker delta symbol.

Definition 3.1. Following Maafl [3], we define, using the above notations, for arbitrary real numbers
a,B € R, the following (n x n)-matrices of differential operators acting on smooth complex valued
functions on H,:

: . — 0
(i) Ko:=(Z-2) 8Z+a]1m

-, 0
ii Agi=(Z—-27)—= — ]lna
() Asi=(2-2) 2 5
(iﬁ) Qa’ﬁ = AB,(nJrl)/gKa + a(ﬁ - (7’1, + 1)/2)]1n,

(iV) QOC»B = Ka,(nJrl)/gAB + B(O{ — (n + 1)/2)]]-n-

Next, we want to expand Q, g and ﬁa,g in terms of Z,Z,0/0Z, and 0/0Z. For that we need the
following lemma.

Lemma 3.2. Let C, D: H,, — M,,(C) be smooth matriz valued functions depending on Z and Z. Then,
the following matriz operator identities hold:

(i) Assuming that 0C/0Z =0 and 0D/0Z = 0, we have
0

v 240 = (€2+0) ) + s 1t

(ii) Assuming that 0C/0Z =0 and OD/0Z = 0, we have

o _ o\ 1
— (CZ + D)t = Z+D)— — 1.
8Z(C + D) ((C + )6Z> +2(n+ )C

Proof. Since part (ii) follows from part (i) by conjugation, we prove only (i). Let ® be a matrix depending
on Z and Z such that the product (CZ + D)!® makes sense. Then, writing the (j, k)-th entry of the
matrix /0Z(CZ + D)'® as the sum

J.k I,m=1



and noting that 0Z/0z;; = (1—6;,)E;;+ E j, where E; ;, € M,,(C) is the matrix with its (j, k)-th entry
being 1 and the remaining entries being 0, elementary calculations lead us to the operator identity

0

37 (CZ 4+ D) = ((CZ+D) 882> +%(n+l)0t,

which is what we needed to prove. O

Corollary 3.3. For Z € H,,, the following operator identities hold:

(i) ;Z(Z—Z):<(Z—Z)88Z> +%(n+1)1m
.0 — oo\ 1
(ii) aZ(Z_Z):<(Z_Z)8Z> — 5+ 1L,

Proof. As 0Z/0Z = 0, we can choose C' = 1, and D = —Z in Lemma (i), from which the first
claimed formula follows. The second formula follows analogously. O

Using the above corollary, one can expand €1, g and ﬁa,g as

Qa,ﬁ:(Z—Z>(( _);Z> 3%+a(z_7)667_6(2_7)8%’
Qs = (2 = )<(Z );Z> 8%%(2—*)8%—6(2—7)6%_

Then, €, g and ﬁaﬁ are related by the identity

Qa,g = (Z —7)((Z _7)—19(1,&)15.

Definition 3.4. The operator A, g := —tr(Qq,p) = —tr(ﬁaﬁ) is called the Siegel-Maafl Laplacian of
weight (o, B).

4 Transformation behaviour of Maaf} operators

Recall that the symplectic action of v = ( ) € Sp,,(R) on the point Z € H,, is given by
Z =(AZ+B)(CZ+ D) =(CZ+ D) *(AZ + B)';

to avoid cumbersome notation, we will use in this paper sometimes the shorthand Z7 := vZ. In this
section, we will then study the transformation behaviour of the Maafl operators mtroduced in Defini-
tion by expressing the operators K A7 97 obtained by replacing Z, Z by Z7, Z" in K,, Ag, Q4 8,
respectlvely7 as they operate on meOth complex valued functions defined on H,,.

We begin by investigating how the matrix differential operators 9/0Z and 9/0Z transform under the
symplectic action of v on Z. From equation (2.5)), we know that the differential dZ transforms like

dZ" =(CZ+ D) 'dz(CZ+ D)~ !

Therefore, as the differential of a smooth function ¢: H,, — C depending only on Z is given by dy =
tr(0p/0Z dZ), we have

dp 1 ¢
57 =(CZ+ D)™t 577 (CZ+D)™?
i.e., the operator 9/0Z transforms as
0 =(CZ+D)|(CZ+D)— o \' (4.1)
ozy 0z '



By conjugation, the operator 9/0Z transforms as

) _ _ o \*
Al (CZ + D) ((cz + D) az) . (4.2)

Next we need to know how to differentiate det(Z — Z) and det(C'Z 4 D) with respect to Z, which we
carry out in the next two lemmas.

Lemma 4.1. The matriz identity

ddet(Z—-2) — =1
TS —det(Z - 2)(2 - 7)

holds.

Proof. Since Y = 3-(Z — Z) € Sym,,(R), it can be diagonalized with orthogonal matrices. Thus, let ¥ =
U'AU, where A € M,,(R) is a diagonal matrix with diagonal entries equal to the eigenvalues Aq,..., A\,
of Y and U € O, (R). Therefore, differentiating det(Y") with respect to the entries of Y = (y; 1)1<j,k<n,
we have

211 \
Odet(Y) _ _i= = det(Y) tr <A1 oA )
(’“)ijC 8yj1k 8yj1k

Now writing tr(A=! 9A/dy; ) as tr(Y ~' Y /9y, 1) and using the fact that

oY
9y, . (1 =0 1) Ejse + B 5,
we obtain
O det(Y
37() = det(Y)(2 = 8;) (Y1)
Yik

Now since ((1 + 6;4)/2)(2 — ;) = 1, we have ddet(Y)/9Y = det(Y)Y . This is equivalent to the
identity

ddet(Z—-2) - =\
—y = det(Z - 2)(Z - Z)7 1,

which is what we needed to prove. O

Lemma 4.2. Let v = (4 5) € Sp,(R). Then, the matriz identity

0det(CZ + D)

57 =det(CZ + D)(CZ + D)™'C = det(CZ + D)C'(CZ + D)~*

holds.

Proof. For 1 < j,k < n, let u;: H,, — C be smooth scalar valued functions; then, U = (u; 1)1<j,k<n
becomes a smooth matrix valued function on H,. Moreover, let ¢: M, (C) — C be a smooth scalar
valued function. Then, differentiating the function ¢ o U: H,, — C with respect to the entries z;  of Z,
we have

dp(U(Z) = 0p Oum (&p)t <8U> = ((@)t au)
0z; ), l’;laum 0z, lz U ) i\ 0z )i Z oU ) 0z 1 ) mm

,m=1 m=1

Thus, the chain rule of differentiation in this case takes the form

‘W:H((g;ﬁ)tfzjk)




Note that since we do not assume U to be symmetric beforehand, in this case we have (0/0U); , = 0/0u;

instead of (0/0U);k = ((1 + 9;%)/2)0/0uj k.
Now putting ¢(Z) = det(Z) and U(Z) = CZ + D, by the above formula, we have

0det(CZ+D) _((0det(CZ+ D) “9(CZ+ D)
0z; ), B 0(CZ + D) 0z; . ’

We already derived a formula for differentiating the determinant of a symmetric matrix by its entries.
The structure of symmetry actually complicates the calculation as its entries are no longer independent.
For a square matrix U, not assumed to be symmetric beforehand, the calculation can be simplified by
considering the cofactor expansion of a determinant. Let U = (Uj;)i1<;1<n be the cofactor matrix of U.
Then, we have

8det Z
Uj Uy = Uj, k-
2,69, 7>
ou J’kl -

Here we exploit the property that since we delete the j-th row (and the I-th column) to build the
cofactor u;;, it must be independent of u; ;. This does not hold for a symmetric matrix. Now, since
U=l =1/det(U) Ut we have

0 det(U)

77 _ —t
g = U =det(U)U™",

Thus, going back to our initial calculation, we arrive at

9dUCZ+ D) _ yoycz + Dyt (02 + D)~ 2EEHD)
6zj7k 8ij
. ICZ+ D),
= Z+D Z 4+ D)L 2o T me
det(CZ + )l%;l(c +D); 5,

Now, entrywise partial differentiation with respect to entries z; of Z followed by an elementary calcu-
lation with taking care of the ensuing Kronecker delta symbols leads us to the matrix identity

Z+D
% =det(CZ + D)(CZ + D)™ 'C = det(CZ + D)C'(CZ 4+ D)~*
which is what we needed to prove. O

Lemmas [f.T]and [£.2] prepare the groundwork for calculating the transformation behaviour of the Maafl
operators, which we undertake one by one in the subsequent three propositions.

Proposition 4.3. Let vy = (é g) € Sp,,(R) and ¢: H,, — C be a smooth function. Then, the operator
K7 obtained by replacing Z € H,, in K, by Z7 = ~Z is related to the operator K, by the identity

K7 (det(CZ + D)*det(CZ + D)’ p(2))
= det(CZ 4 D)*det(CZ + D)?(CZ + D) 'K ,p(Z)(CZ + D)".

Proof. From the definition of K, we have

K7 (det(CZ + D)*det(CZ + D) p(Z))

- ((z7 - 7”)% +al ) det(CZ + D) det(CZ + D)Pp(2).

Then, expanding 9/90Z7 by means of equation (4.1)) gives

K2 (det(CZ + D)*det(CZ + D)Pp(Z)) = adet(CZ + D)* det(CZ + D)’ o(Z)1,

0

+(CZ+ D) Y (Z— Z)aZ

(det(CZ + D)™ det(CZ + D)’ p(Z))(CZ + D). (4.3)



Now, focusing on the second line of the above equality and using Lemma [£.2] we get

aiZ (det(CZ + D)™ det(CZ + D)%(Z))

= det(CZ + D)*det(CZ + D)? <a<p(Z)Ct(CZ + D)+ g—; )

Multiplying the above equation from the left by (Z — Z) gives

(Z - 2) 8% (det(CZ + D)*det(CZ + D)’ p(Z))

= det(CZ + D)* det(CZ + D)” (aso(Z)(ZCt ~ZCY(CZ+ D)™ + (2 - 7) Z—g ) .

Now writing (ZC* — ZC') = (CZ + D)! — (CZ + D)! and using the definition of K, on the right-hand
side of the above equation, we have

(Z-72) a% (det(CZ + D)*det(CZ + D) p(Z))
= det(CZ + D)* det(CZ + D)? (Kap(Z) — ap(Z)(CZ + D)'(CZ + D) ™).

Therefore, multiplying on the left by (CZ + D)™t and on the right by (CZ + D), we obtain

(CZ+D) Y (Z-72) a% (det(CZ + D)™ det(CZ + D)Pp(2))(CZ + D)
= det(CZ + D)*det(CZ + D)’ ((CZ + D) "Kop(Z)(CZ + D)" — ap(Z)1,,).
Combining the last equality with equation 7 leads to the identity
K (det(CZ + D)*det(CZ + D) ¢(2))
= det(CZ 4 D)* det(CZ 4+ D)?(CZ + D) "' K,p(Z)(CZ + D),
which is what we had set out to prove. O

Proposition 4.4. Let v = (é EB,) € Sp,,(R) and ¢: H,, — C be a smooth function. Then, the operator
Ag obtained by replacing Z € H,, in Ag by Z¥ = vZ is related to the operator Ag by the identity

A} (det(CZ + D)™ det(CZ + D)’ o(Z))
= det(CZ + D)*det(CZ + D)?(CZ + D)~ Agp(Z)(CZ + D).

Proof. Since K3 = —Ag, the required identity follows from Proposition by complex conjugation. [

Proposition 4.5. Let vy = (é g) € Sp,,(R) and ¢: H,, — C be a smooth function. Then, the operator
QZ@B obtained by replacing Z € H,, in Q5 by Z7 = ~vZ is related to the operator Q0 g by the identity

Q7 4(det(CZ + D)™ det(CZ + D)’ p(2))
=det(CZ + D)*det(CZ 4+ D)?(CZ + D)~ 'Qu sp(Z)(CZ + D)". (4.4)

Proof. To prove the proposition, we first need to calculate

0 o —
7 (K2 (det(CZ + D)*det(CZ + D)’ p(2))),
which, upon expanding 9/ 07" by means of equation (4.2]) and using Proposition becomes

(CZ+ D) ((CZ + D) a% ) (det(CZ + D)*det(CZ + D)?(CZ + D) 'K.(Z)(CZ + D)").



Using Lemma [4.2] the above expression becomes

det(CZ + D)*det(CZ + D)? (5(02 + D)CY(CZ + D) 'Ko0(Z)(CZ + D)

_ _ o \'
+(CZ + D) ((CZ + D) 57 ) ((CZ+ D) "Kap(2)(CZ + D)t)>.
Now, using Lemma [3.2] (ii), we have

A o\, t t
((cz +D)— ) ((CZ + D) "' Kap(2)(CZ + DY)
_ a% (Kup(2))(CZ + D) — %(n 1+ 1)CH(CZ + D) Kap(Z)(CZ + DY,

and thus arrive from the above calculation at

= (K2 (det(CZ + D)*det(CZ + D)’ p(2)))

= det(CZ + D)* det(CZ + D)? ((5 —(n+1)/2)(CZ+ D)C*(CZ + D) *x

x Kop(2)(CZ + D)' + (CZ + D) (% (Kap(2))(CZ + D)t> .

Then, multiplying both sides from the left by (Z7 — Zv) and using
(2" -Z"Y=(CZ+ D) YZ-Z)(CZ+D)™*

on the right-hand side, we get

(27 -2")

o (K2 (det(CZ + D)*det(CZ + D) p(2)))
= det(CZ + D)*det(CZ + D)? ((ﬁ —(n+1)/2)(CZ+ D) "(Z—-Z)C'(CZ+ D) *'x

x Kop(Z)(CZ + D) +(CZ+ D) "(Z - Z) a% (Kap(2))(CZ + D)t) .

Next, writing the expression (Z — Z)C* on the right-hand side of the above equation as (CZ + D)' —
(CZ + D)t we can rewrite the above equation as

— (K2 (det(CZ + D)*det(CZ + D)’ p(Z))) = det(CZ + D)* det(CZ + D) x

X ((6 —(n+1)/2)((CZ+ D) "Kap(Z)(CZ + D) — (CZ + D) " Kop(Z)(CZ + D))

- 0
+(CZ+D)"YZ-2Z) 7 (Kap(2))(CZ + D)t>.
Now shifting the first term on the right-hand side to the left and using the transformation behaviour of
K, derived in Proposition [I.3] we arrive at

((z7 _7 % —(B-(n+ 1)/2)11n> (K2(det(CZ + D)* det(CZ + D)P(2)))
= det(CZ 4 D)*det(CZ + D)?(CZ 4+ D)~! ((Z —Z) 3% —(B—-(n+ 1)/2)Iln> X
x Kop(Z)(CZ + D),
which, by Definition and the transformation behaviour of Ag given in Proposition gives
A)(ni1)2 K2 (det(CZ + D)* det(CZ + D) (2))
= det(CZ + D)*det(CZ + D)?(CZ + D) ""As_(n11)/2Kap(Z)(CZ + D),

which, by definition of Ql g, yields the desired identity. O



Remark 4.6. Let v = (é B) € Sp,,(R) and ¢: H,, — C be a smooth function. Taking traces on both
sides of equation (4.4]) leads to the following transformation behaviour of the Siegel-Maafl Laplacian A, g

A} 4(det(CZ + D)™ det(CZ + D)’ p(Z)) = det(CZ + D)* det(CZ + D)’ Aq 3p(Z).
Now, if the smooth function ¢ satisfies the functional equation
©(Z7) = det(CZ + D)* det(CZ + D)’ p(2),
the transformation behaviour of A, s leads to the identity
A} 5p(27) = det(CZ + D)* det(CZ + D)’ Aq pp(Z).

Definition 4.7. Let I' C Sp,,(R) be a subgroup commensurable with Sp,,(Z), i.e., the intersection
I'NSp,,(Z) is a finite index subgroup of I" as well as of Sp,,(Z). We let v; € Sp,,(Z) (j = 1,...,h) denote
a set of representatives for the left cosets of I' N Sp,,(Z) in Sp,,(Z). We then let V! 5(T') denote the space
of all functions ¢: H,, — C satisfying the following conditions:

(i) ¢ is real-analytic;
(i) p(vZ) = det(CZ + D)*det(CZ 4+ D)Pp(Z) for all y = (4 B) € T;
(iii) given Yy € Sym,, (R) with Yy > 0, there exist M € Ry and N € N such that the inequalities
|det(C;Z + D;)~*det(C;Z + Dy) Po(v; Z)| < M tr(Y)N
hold in the region {Z = X +4iY € H,, | Y > Y} for the set of representatives v; = (éj gi ) € Sp,(Z)
(j=1,...,h).
Remark 4.8. For ¢ € V] 5(I'), we set

loll? = / det(Y) ] o(2)]? dpn(2),
T\H,,

whenever it is defined. In this way we obtain the Hilbert space

a,8(D) = {p e Vy5(T) |l < oo}
equipped with the inner product
wt) = [ ) UL Gn(2) (0 € (D))
T\H,,

We note that in order to enable ||¢|| < oo, the exponent N € N in part (iii) of Definition [4.7 has to be 0.
Moreover, we note that Remark shows that the Siegel-Maafl Laplacian A, g acts on the Hilbert space

as(L)-

Definition 4.9. Let I' C Sp, (R) be a subgroup commensurable with Sp,,(Z). The elements of the
Hilbert space H;, 5(I') are called automorphic forms of weight («, 3) and degree n for I'. Moreover, if
¢ € Hi, 5(I') is an eigenform of A, g, it is called a Siegel-Maaf form of weight (c, B) and degree n for I'.

Corollary 4.10. Let I' C Sp,(R) be a subgroup commensurable with Sp,,(Z) and ¢ € H, 5(I'). Then,
we have for ally = (4 B) el

() KJo(Z7) =det(CZ + D)*det(CZ + D)?(CZ + D) 'K,(Z)(CZ + D),
(i) ALp(Z27) = det(CZ + D)*det(CZ + D)?(CZ + D) "Asp(Z)(CZ + D),

(i) Q) 50(Z27) = det(CZ + D)* det(CZ + D)*(CZ + D) ™'Qa p(Z)(CZ + D)".

Proof. The proof is an immediate consequence of Propositions [.3HL.5] and the definition of the Hilbert
space H;, 5(I). O
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5 Symmetry of the Siegel-Maafl Laplacian of weight (o, )

Let dZ := (dz;x)1<jk<n denote the (n x n)-matrix consisting of differential forms of degree 1 and let
[dZ] := A <j<p<n dzjx denote the differential form of degree n(n +1)/2 at Z € H,. We introduce an
(n x n)-matrix {dZ} consisting of differential forms of degree (n(n +1)/2 — 1), namely

where w; 1, is defined by

@jk = Ejk /\ dzin (1<j<k<n)
1<i<m<n
(Lm)#(5.k)
in case j < k and w, , = wy; in case j > k with the sign ¢;, = £1 determined by dz; x A @,k = [dZ].
It is easy to see that

dZ A {47} = %m +1)[dZ]L.

€ Sp,(R). Since we have dZ? = (CZ + D)~'dZ(CZ + D)~! and [dZ"] =

Let now v = (4 5)
+t1[dZ], we derive from the relation

det(CZ + D)~
477 AAZY} = Ln+ D[AZL,
that the matrix {dZ} has the transformation behaviour
{dZ7} = det(CZ 4+ D)~"*V(CZ + D){dZ}(CZ + D)'.

Next we shall use these differential forms to show that the Siegel-Maaf} Laplacian A, g acts as a symmetric
operator on the Hilbert space H, 5(I').

Theorem 5.1. Let I' C Sp,(R) be a subgroup commensurable with Sp,,(Z) and let p,vp € H, 5(T') be
compactly supported. Then, we have the formula

(~Bagpb) = [ det(Y)™H tr (Appl 2)850(2)) dpal2) + 0Bl — (n-+ 1)/2)(,0).
P\H,
In particular, this formula establishes the relation
<Aa,5§07 1/’) = <§07 Aoé,[ﬂ/}%

which shows that the Siegel-Maaf Laplacian A, g acts as a symmetric operator on the Hilbert space
n (1.
oz,,B(

Proof. We start by considering the differential form
w(Z) = det(Z — Z)* TP~ Z) b (App(2)(Z — Z){dZ}) A [dZ).
Let v = (é g) € I'. Then, the transformation formulas
(a) det(Z7 —Z")oth-(n+D)
=det(CZ 4 D)~ (@+B=(ntD) det(CZ + D)~ (@8- (nt1) et (7 — Z)o+B-(n+D)
(b) P(Z7) = det(CZ + D)? det(CZ + D)*(Z),
() tr(A)p(27)(27 - Z"){dzZ"))
= det(CZ + D)*~ ") det(CZ + D)’ tr (Asp(2)(Z — Z){dZ}),
(d) [dZ"] = det(CZ + D)~ ("*V[dZ]

11



show that w(Z7) = w(Z) for all v € T, i.e., w(Z) is a I'-invariant differential form on H,,, and hence
can be considered as a differential form on the quotient space I'\H,,. Since the automorphic forms ¢, v
are real-analytic, the differential form w is a smooth differential form. Therefore, by Stokes’ theorem, we

have
/dw(Z): / w(2).

I\H, OT\H,,

As p,1) are compactly supported, the integral on the right-hand side of the above equation vanishes,
which gives

/ dw(Z) = 0. (5.1)
M\Hn
As we shall see, by explicitly computing dw(Z), the vanishing of the above integral will lead to the formula
claimed in the theorem.

For the computation of dw(Z), we set p := det(Z—2)* T8~V Z), P := Agp(Z), and Q := (Z—Z).
Then, we obtain

w(Z) = pr(PQ{AZY A[AZ] = > ppjx e {dZ}i; A[dZ].
j.k,l=1

Taking exterior derivatives on both sides leads to

n

0 140 -
dw(Z)= ) 5, (PPikar) da; A — Y i A [dZ]
Gokd=1""1J

~ 1+4,; 0

= > —5 25, epiran)d2) A 1dZ]

= 2

Jik,1=1 J

- > () eneannznz. (5.2)
oz L 7> )

Jiksl=1 ’

Now a term by term differentiation in the last expression on the right-hand side of the above equation
allows us to write it as the sum of the three traces

3 (57), Grsao=u(g5re)son(gzre)sou(rze). 9
which we calculate one by one next.
(i) We begin by considering
o _ o
0z 0Z
which, by Lemma calculates to

(det(Z — Z)* TP~y 7)),

0 (B (4 D) det(Z = )0 (7 -2 () - den(z - o) P,

Now multiplying both sides of the above equation on the right by P Q = Agp(Z)(Z — Z) and taking the
trace gives

(55 PQ) = det(z - 240 (@4 5~ (04 1)t (2 - 2) BDASH2NZ - D)

vu( B w2z -D)).
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which, upon rearranging the terms inside the traces on the right-hand side by cyclically permuting them,
becomes

tr ( ggpcz)_dew z)"er (”“>(<a+ﬂ (n+ 1)) r (Aap(2)$(2))

+tr (AW(Z)(Z ~7) azg(ZZ) )

N————

(5.4)

(ii) Next, we consider the second trace

pir (5 PQ) = det(z = 2702y (- Ase(2)(2 - D))

in equation (5.3), which, again through rearrangement of the terms inside the trace by a cyclical permu-
tation, takes the form

0 = —(n 0 —
ptr <az PQ) =det(Z — Z)* T+ ((Z ~7) — DAY )w(Z)). (5.5)
(iii) Finally, we consider the third trace

(P57 @) = ez - 252y (aaet2) 5y (2-2)) 1)

in equation (5.3). By the first operator identity in Corollary we have the matrix identity

which gives, upon rearrangement of the scalar quantities, the identity
t 9 Z\a+B—(n+1) 1 "
tr| P 27 Q) =det(Z - 2) i(n +1)tr (ABL/D(Z)’L/J(Z)). (5.6)
Now, adding up equations ([5.4)—(5.6)), it follows from equation (5.3) that
1

Jik,l=1

( 8% >l7j(ppj,k Qi) = det(Z — Z)o+BA—(n+D) ((a + 8= (n+1)/2)tr (Agp(Z)

=Y
N

v (a2 -2 252 ) i ((2-2) gy Mael202)) ).

Rearranging terms on the right-hand side of the last expression, leads to

j,gjzl ( a% )lyj(ppj”“ Gr1) = det(Z — Z)*+= (tr (AW(Z) ((Z ~2) a% + Bﬂn)w(z))

+ tr ((Z - 2) 8% +(a—(n+ 1)/2)1n)Aggp(Z)¢(Z)>.

Identifying the operator (Z — Z)d/dZ + 1, on the right-hand side of the above equation as —Ap and
the operator (Z — 2)0/0Z + (o — (n+1)/2)1, as Ko_(n41)/2, We can rewrite the right-hand side of the
above equation as

det(Z — Z)* A=) ( —tr (App(2) Agh(Z)) + tr (Ko (ny1) /2 Aﬁw(z)@(z)))
which, by definition of ﬁa,g, is equal to

det(Z = Z)"+4~ 04 (b1 (90,5 = Bla — (1 + 1)/2)L) p(2)0(Z) — tr (Asp(2)R58(2)) ).
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In total, we get

> < 8% )l (PP ana) = det(Z — Z)* - (4D ( = Bap U2V — 1 (Mgl Z) Mg Z)

jikl=1 \d

—nBla—(n+1)/2)o(2)$(2)).

n
Thus, substituting > (0/90Z); ;(ppjk qr1) back into equation (5.2), we arrive at
Jik,l=1

Aw(Z) = det(Z — Z)**P( = Aa s o(2)B(Z) — tr (App(2)Ks0(2))

[dZ] A [dZ]

~ nfla— (n+1)/2) £(2)0(2)) wt(Z — 2

Now, noting that the volume form

det(Z — Z)cwﬁm
det(Z — Z)n+1

is just a constant multiple of det(Y)**#du,(Z), it follows readily from the vanishing result (5.1]) that
(—Bapp, ) = / det(Y)* 7 tr (Asp(Z2)As(2)) dpin(Z) +nf(a — (n +1)/2) (. ),
I\H,

which is the claimed formula.

Using the latter formula, we compute
(0, =Aa,pt) = (Ao, p)
/ det(Y)* 7 tr (As9(2)As9(2)) dun(Z) +nBla — (n +1)/2) (), ¢)

\Hy
- / det(Y)* tr (Asp(ZVR5D(Z)) din(Z) + nBla — (n+1)/2){p, )
'\Hp,

= <_A04,BQO7 ¢>7

which proves the claimed symmetry of the Siegel-Maafl Laplacian A, g.

Corollary 5.2. Let I' C Sp,(R) be a subgroup commensurable with Sp,,(Z) and let ¢ € H], 5(I') be a
Siegel-Maaf form of weight (o, 8) and degree n for T'. Then, if ¢ is an eigenform of Ay g with eigenvalue
A, we have A € R and A > nB(a — (n+1)/2).

Furthermore, ¢ has eigenvalue X\ = B(a — (n +1)/2) if and only if o(Z) = det(Y) P f(Z), where
f:H, — C is a holomorphic function satisfying

f(vZ) = det(CZ + D)*~Pf(Z)

for all v = (é g) € I'. Moreover, if B < 0, then f is a Siegel cusp form of weight o — B and degree n
forT.

Proof. Since ¢ € Hj, 5(I) is an eigenform of A, g with eigenvalue A, i.e., we have (Aq 5+ Aid)p = 0, we
compute using Theorem [5.1]

Mo, 9) = (=Aa,p, ¥)

[ et e (A5p( D)) din(2) + 0t~ (0 4+ 1)/2) 6.0
I\H,

14



This immediately implies that A € R. Furthermore, since tr(|Agzp(Z)[?) > 0, we conclude that
A>nf(a—(n+1)/2).

To prove the second part of the corollary, we observe that the above equation shows that the equality
A =nf(a— (n+1)/2) is equivalent to

[ det(v) % i (s (2)P) dua(2) =0
I\H,

Since tr(|Agp(Z)[?) > 0, the above integral vanishes if and only if tr(|Agp(Z)|?) = 0. Now, as the matrix
—, Oy
App(Z2)=(Z2—-27) = — Z)1,
29(2) = (2~ 2) 5% - Bp(2)
is similar to the complex symmetric matrix

S(Z) = 2iy1/? % Y2 _ Bu(Z)1,,

as we have the relation Agp(Z) = YZQS(Z)Y_lﬂ, the matrix |[Agp(Z)|* becomes similar to the positive
semidefinite hermitian matrix S(Z)S(Z), which is diagonalizable with non-negative real eigenvalues.
Therefore, the condition tr(S(Z2)S(Z)) = tr(|Agp(Z)|*) = 0 is equivalent to the vanishing of all the

eigenvalues of S(Z)S(Z), which is equivalent to the vanishing of S(Z) and hence of Agp(Z). All in all,
this proves that the equality A = nf8(a — (n + 1)/2) is equivalent to the vanishing condition Agp = 0.

Continuing, we now set f(Z) := det(Y)?y(Z), and compute

of _1 0det(Y) dp
= = fBdet(Y)P Y=L o(Z) + det(V)? == .
97 B det(Y) 57 w()+e()aZ
Since we have
Odet(Y) 1/ 0 .0 _ i 0det(Y) i 4
e —2<8X+28Y)det(Y)—28Y —2det(Y)Y ,

the above equality becomes

of if _ dp
—L = 2 det(Y)PY 1p(Z) + det(Y)? ==
57 26() w()+e()8z

_ i sy—1( _ -
= 4 det(V)Y ( B(p(Z)]ln—FQZYaZ)

~ Laetrv((z-2) 2 gaon, )

- f% det(Y)PY 1Ay (2).

In total, this shows that 8f/0Z = 0, i.e., the function f is holomorphic, if and only if Agp(Z) = 0,
which, by the previous argument, is equivalent to ¢ € H, B(P) being a Siegel-Maafl form with eigenvalue
A=fla—(n+1)/2).

Furthermore, as the function ¢ € H]; 5(I') has the transformation behaviour

©(vZ) = det(CZ 4+ D)*det(CZ + D)’ p(Z)

for all v = (A 5) €T, the function f(Z) = det(Y)?¢(Z) = det(Im(Z))?¢(Z) has the transformation
behaviour

f(vZ) = det(Im(v2))’ o(vZ)
€ m B B
- <|djt(thi—Z)D))|2) det(CZ + D)* det(CZ + D)’ (Z)
= det(CZ + D)* " det(Im(2)) ()

= det(CZ + D)*"P f(2Z),
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as claimed.

Finally, letting v; = (’éj gi ) €Sp,(Z) (j =1,...,h) be a set of representatives for the left cosets of
I' N Sp,,(Z) in Sp,,(Z), Remark 4.8 shows that given Yy € Sym,,(R) with Y > 0, the quantities

|det(C;Z + D;)~* det(C;Z + D) Po(v;Z)|

have to be bounded in the region {Z = X +Y € H,, |Y > Yy}. Therefore, if 8 < 0, this implies that
given Yy € Sym,, (R) with Yy > 0, the quantities

|det(C;Z + D)~ =P f(7;2)| = |det(C; Z + D;)~* det(C; Z + D;) = det(Im(v;2))? ¢(1; Z)|

will become arbitrarily small in the region {Z = X +4Y € H,,|Y > Yy}. In other words, f is indeed a
Siegel cusp form of weight o — 8 and degree n for I'.

With all this, the proof of the corollary is complete. O

Remark 5.3. For T' C Sp,(R) a subgroup commensurable with Sp,,(Z) and o = k/2, § = —k/2 with
k € Nso, we denote the Hilbert space H;, 4(I') simply by Hj/(I'). Similarly, we write for the operator
Qa5 simply €, which becomes

Qk(ZZ)<(ZZ);'Z> S Z-T bz

a\" o a\" o 0
—‘Y<(Yax) <9)(+<Y6Y) ay)“’“yax

Finally, we write for the operator A, g simply Aj; and call it the Siegel-Maafl Laplacian of weight k; it

is given as
o \" o o\ o )

We note that the transformation behaviour of a Siegel-Maafl form ¢ of weight k£ and degree n for I" takes
the form

 (det(CZ + D)\ "/
‘P(“YZ)—<th(OZ+D)> (),

where y = (A 5) €T

In the last corollary, we summarize the main results about Siegel-Maaf forms of weight k and degree n
for T'.

Corollary 5.4. Let I' C Sp,(R) be a subgroup commensurable with Sp,(Z) and let ¢ € H}(T) be a
Siegel-Maaj$ form of weight k and degree n for I'. Then, if © is an eigenform of Ay with eigenvalue X,
we have A € R and
k
A> %(n —k+1),

with equality attained if and only if the function ¢ is of the form ¢(Z) = det(Y)*/2f(Z) for some Siegel
cusp form f € SP(T') of weight k and degree n for I'. In other words, there is an isomorphism

Sp(T) = ker (Ak + nzk(n —k+ 1)id)

of C-vector spaces, induced by the assignment f — det(Y)*/2f.

Proof. The proof is an immediate consequence of Corollray by setting & = k/2 and 8 = —k/2. O
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