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How 2d topology arises from algebra



Let       be a vector space over      

I. How 2d topology arises from algebra — Airy structures

V

<latexit sha1_base64="FbSwyZluNFsdpYaliQbzfOZU6nY="></latexit>

C

<latexit sha1_base64="w3Uemqbpido47t/sJ7bweOXUwRg="></latexit>

Choose a basis of linear coordinates     (xi)i2I
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The Weyl algebra is the graded algebra of differential operators on    V
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W~
V = C[~]hxi, ~@xi i 2 Ii
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deg xi = deg ~@xi = 1
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deg ~ = 2
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An Airy structure is a linear map                          such thatL : V ! W~
V
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deg 1 condition :

ideal condition : [L(V ), L(V )] ⇢ ~W~
V · L(V )
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Li = ~@xi +O(2)
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Theorem 1 (Kontsevich, Soibelman 17)

There exists a unique                                  with                           such thatF =
X

g�0
n�1

~g�1

n!
Fg,n
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8i Li · eF = 0
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and                                F0,1 = 0, F0,2 = 0
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Fg,n 2 SymnV ⇤
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is called the partition function

(uniqueness)

(existence)
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Assume        has max. degree 2 Li
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X

a,b

Ci
a,b

⇣
Fg�1,n+1[a, b, i2, . . . , in] +

X

ItI0={i2,...,in}
h+h0=g

Fh,1+|J|[a, I]Fh0,1+|J 0|[b, I
0]
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i.e.           forms a Lie algebra represented by atmost quadratic diff. op

such that                        and  
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The ideal condition is hard to realise : exhibiting Airy structures in not obvious !

The ones we know come from

- cut and paste relations in 2d geometry

- conformal field theory (representation theory of VOAs)

- Lie algebraic techniques (classification for semisimple Lie algebras                          )Hadasz, Ruba (19)

In many applications, the interpretation of      and      as genus and #boundariesg
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n
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of a surface is not artificial :         “counts” such surfacesFg,n
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- maps (discretized surfaces), and so Feynman expansions of matrix integrals

- branched covers

- integrals over           ,            , …           Mg,n
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- Gromov-Witten invariants (integrals over                )Mg,n(X)
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Indirectly, applications to : knot theory, CFT, integrability, WKB expansions, etc.

Mrspin
g,n
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- branched covers of complex curves (Eynard-Orantin theory)
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II. Two examples — The 0th example
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In fact, the equation                   can be explicitly solved 
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<latexit sha1_base64="VfaE7w49ntFoqlX/cRx28CcNHM0="></latexit>

Then

is the number of terms resulting from the unfolding 
of the topological recursion, weighted by automorphisms

(~counts pairs of pants decomposition up to diffeo.)

L · eF = 0
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Let            be the monoidal category withBord2

<latexit sha1_base64="ZyLRI8D0dClBLrTpmBxeJvUpLGw="></latexit>

- objects : compact 1d smooth oriented manifolds

- morphisms : cobordisms

- monoidal structure : disjoint union

Let            be the category of finite dim. vector spaces, monoidal structure VectC
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⌦
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A 2d TQFT is a monoidal functor F : Bord2 ! VectC
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It gives  - a vector space 
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the unit object.

3.1.3. 2d TQFTs

A two-dimensional topological quantum field theory is a monoidal functor F :
Bord2 ! VectK. This axiomatization is due to Atiyah [4], and can be done in
any dimension d, using a category Bordd whose objects are (d� 1)-manifolds and
morphisms are equivalence classes of d-manifolds.

3.1.4. Frobenius algebras

A Frobenius algebra A is a finite-dimensional K-vector space equipped with the
structure of a commutative associative algebra µ : A ⌦ A ! A with a unit 1 :
K ! A, and a non-degenerate symmetric pairing b : A ⌦ A ! K such that the
product is invariant

8a1, a2, a3 2 A, b(µ(a1 ⌦ a2), a3) = b(a1, µ(a2 ⌦ a3)) .

3.2. Correspondence with Frobenius algebras

An important idea in the mathematical approach to quantum field theories is that
manifolds and their glueings give rise to algebraic structures, where algebraic re-
lations express di↵eomorphisms between manifolds. The following result has been
folklore knowledge, and it seems to have been written in detail for the first time
in [1]. The negatively oriented boundaries are drawn to the left, and the positively
oriented ones to the right.

Theorem 3.1. A 2d TQFT determines a Frobenius algebra structure on F(S1) =
A via the formulas

F
✓ ◆

= µ : A⌦A ! A

F
✓ ◆

= b : A⌦A ! K

F
⇣ ⌘

= 1 : K ! A

Conversely, for any Frobenius algebras, these formulas determine a unique 2d
TQFT.

Proof. Let Pm,n a morphism in Bord2 which corresponds to a sphere with m neg-
atively oriented boundaries and n positively oriented boundaries, and for which the
boundary are parametrized by the standard S1. We can always find an automor-
phism of P2,1 which exchanges the two negatively oriented boundaries, therefore µ
is commutative. If {i, j} ⇢ {1, 2, 3}, let µi,j be the map µ acting on the i-th and

- a product : V ⌦2 ! V

<latexit sha1_base64="yyTe3mkCdI5bUUpW2aZ7oxqUkl8="></latexit>

- a pairing 

- a unit 

: V ⌦2 ! C

<latexit sha1_base64="MFZkCAbNM+rSg7VQd6pJeu+O2hg="></latexit>

(Atiyah)

: C ! V
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F(S1) = V
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commutative and associative

symmetric and compatible :
b
�
µ(a1 ⌦ a2)⌦ a3

�
= b

�
a1 ⌦ µ(a2 ⌦ a3)

�

<latexit sha1_base64="hOpPvxvL4G0wbuP8PSplHVIWYCg="></latexit>

 

<latexit sha1_base64="FI2vQ3QO8wz4mx3IkX02l+34aPU="></latexit>

Frobenius algebra
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A 2d TQFT is a monoidal functor F : Bord2 ! VectC

<latexit sha1_base64="5fti0DaKvfmFDJ06EAp3BCEf45Y="></latexit>

(Atiyah, 81)

Theorem    (Kontsevich, Soibelman 17)Theorem    (Abrams 96)

This a 1:1 correspondence between 2d TQFTs and Frobenius algebras

We can compute the TQFT functor from the Frobenius algebra 
using some pair of pants decomposition of the cobordism
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amplitude

Fg,n =
X

�2Gg,n

X

�2I
E0(�)

�(`j)=ij

w(�, �)

|aut(�)|

=
X

�2Gg,n

F(⌃g,n)(ei1 ⌦ · · ·⌦ ein)

|aut(�)| = |Gg,n| F(⌃g,n)(ei1 ⌦ · · ·⌦ ein) .

4. Intersection theory on the moduli space of curves

4.1. A quantum Airy structure on the loop space

4.1.1. Definition

We describe a quantum Airy structure on V = zC[[z2]]. We take as basis of V

⇠⇤
k
=

z2k+1

(2k + 1)!!
,

indexed by k 2 N. We also introduce

⇠k =
(2k + 1)!!

z2k+2
dz , (4.1)

and take ✓ 2 z�2C[[z2]].(dz)�1 which we decompose as

✓ =
X

r��1

✓r z
2r (dz)�1 ,

with the convention ✓r = 0 for r  �2.

Theorem 4.1. The following data

Ai

j,k
= Res 0

�
⇠⇤
i
· d⇠⇤

j
· d⇠⇤

k
· ✓
�
= �i,j,k,0✓�1 ,

Bi

j,k
= Res 0

�
⇠⇤
i
· d⇠⇤

j
· ⇠k · ✓

�
= (2k+1)!!

(2i+1)!!(2j+1)!! (2j + 1) ✓k�i�j ,

Ci

j,k
= Res 0

�
⇠⇤
i
· ⇠j · ⇠k · ✓

�
= (2k+1)!!(2j+1)!!

(2i+1)!! ✓k+j+1�i ,

Di = ✓�1

24 �i,0 +
✓0
8 �i,1 ,

(4.2)

defines a quantum Airy structure on V ⇠=
L

k�0 C.⇠⇤k. If we denote r0 = min{r �
�1 : ✓r 6= 0}, the Lie algebra structure it induces on V is isomorphic to a sub-Lie

algebra spanned by (Lk)k�r0 of the Lie algebra Witt+, which is spanned by (Lk)k2�1

with commutation relations

8k, ` 2 Z, [Lk,L`] = (k � `)Lk+` . (4.3)

F

<latexit sha1_base64="PrQiJ+QmL5s0q0eL2LVDQTAngpY="></latexit>

✓
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✓

<latexit sha1_base64="QSnJfZv6/jtas8eoDzrrn092jKY="></latexit>

By the Frobenius algebra axioms, the result is independent of the pair of pants 
(hence matches the TQFT axioms)

in in

in in
: V ⌦n ! C

<latexit sha1_base64="BflrRFmsYRSYy21W3Ivgn4Wc6JQ="></latexit>

where                           and 

=

✓ O

{c,c0} glued

b⇤c,c0

◆
�
✓ O

P=pair of pants

µ⇤
P

◆
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µ⇤ 2 (V ⇤)⌦3
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b⇤ : V ⇤ ⌦ V ⇤ ! C
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II. Two examples — 2d TQFT

Theorem    (Kontsevich, Soibelman 17)Lemma 2  (Andersen, B., Chekhov, Orantin 17)

Given a 2d TQFT, there is an Airy structure on F(S1) = V

<latexit sha1_base64="Adc1rCav2sYHdx/mMQHU20JetYc="></latexit>

whose partition function generate Fg,n = |Gg,n| · F(⌃g,n in)

<latexit sha1_base64="7IoLR2W/blzMGKTLBR79EQfyg7o="></latexit>

A : V ⌦3 ! C

<latexit sha1_base64="l2mlL2gE9KOp2vqfW/D7PKOZKFY="></latexit>

B : V ⌦2 ! V

<latexit sha1_base64="r1w/NeMVCVhqw3cmpeD9dI8BHWg="></latexit>

C : V ! V ⌦2

<latexit sha1_base64="dEx3DV3kMsVcz2BN0HPSytSBOPg="></latexit>

represents the product when using V
b'V ⇤

<latexit sha1_base64="bQ823s+Id/zHaSM1sgwQO3hRlPY="></latexit>
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an extension K̃. The final result however, is insensitive to this detail. In this case,
we have e⇤

i
= ei and

Ai

j,k
= Bi

j,k
= Ci

j,k
,

which is fully symmetric. The three relations (2.5) are then identical, and we just
need to check one of them. In the IHX representation, each vertex is an A and the
ordering of the edges at the vertices is irrelevant. When we permute the indices i and
j, the H-graph is sent to itself, while the I- and X-graph are swapped. Therefore,
(2.5) is satisfied in a rather simple way. Then, by full symmetry of B, we have
fk

i,j
= 0: the underlying Lie algebra is abelian. As a consequence, the first term in

(2.4) involving D is automatically symmetric, and as Ai

j,k
= Ci

j,k
(2.4) is satisfied

for any D 2 HomK(A,K).
For 2g � 2 + n = 1, there is a single graph in Gg,n, and it has trivial automor-

phism group. By construction, F0,3 = A = F(⌃0,3) represents the product, and we
choose Di = F(⌃1,1)(ei) so that (3.1) holds for (g, n) = (1, 1). It is more explic-
itly computed by decomposing the torus with one boundary as a self-glued pair of
pants.

The rules given above then give F(⌃1,1)(ei) =  (eiH) with H =
P

j2I
ej · ej .

Now consider 2g� 2+ n � 2. To any � 2 Gg,n, we can associate a pair of pants
decomposition P� of ⌃g,n as in the picture below. A coloring of � is the assignment
of an element of the basis to each edge/leaf, and since A, B and C are equal when
written in the orthonormal basis, the contribution of each trivalent vertex v to the
weight is always the product of all the vectors carried by edges incident to that
vertex – when represented as an element of A⌦3 ! K. Moreover, summing over the
colors of the edges amounts to perform a pairing because

8x, y 2 A,
X

a

 (xea) (eay) =  (xy) ,

when we use the orthonormal basis (ei)i2I . And, when � has a loop, there is a self-
glued pair of pants, which we can consider as a torus with one boundary, having
by definition a contribution Di if the loop is color by i.Comparing with the TQFT rules, we find that the sum over all colorings of � which
assigns the colors (i1, . . . , in) to the n-leaves coincide with the TQFT amplitude
computed from the pair of pants decomposition P�, evaluated at ei1⌦· · ·⌦ein . Since
this amplitude does not depend on the pair of pants decomposition, the number
of graphs (weighted by automorphisms) factorizes in the computation of the TR

D = F

<latexit sha1_base64="jedZZChAv9Tx/jjuC1K1ClZwX/I="></latexit>

✓

<latexit sha1_base64="QSnJfZv6/jtas8eoDzrrn092jKY="></latexit>

✓

<latexit sha1_base64="QSnJfZv6/jtas8eoDzrrn092jKY="></latexit>

: V ! C

<latexit sha1_base64="4J5iSwrYtmRYQIMA61yAjppVD8E="></latexit>

Proved by comparison of TQFT rules with TR

The underlying Lie algebra is abelian because the product is symmetric



and  with 

II. Two examples — Virasoro constraints

The interesting examples of Airy structures have infinite-dimensional V

<latexit sha1_base64="FbSwyZluNFsdpYaliQbzfOZU6nY="></latexit>

Take V = zC[[z2]]

<latexit sha1_base64="bWXY1oLjjOSuzy92/fLQGj6vik4="></latexit>

ek =
z2k+1

2k + 1

<latexit sha1_base64="z8KXVnYZCamMUmV6xT/Xf7QhQ0Q="></latexit>

with basis                       , and define e⇤k =
(2k + 1)dz

z2k+2

<latexit sha1_base64="lPMWx5HpVVnL/kt8ns8nnf98ZwQ="></latexit>

Take                                   

Bi
j,k = Res

z=0

�
ei · dej · e⇤k · ✓

�
= 2k+1

(2i+1)(2j+1) (2j + 1) ✓k�i�j

<latexit sha1_base64="uQeCq84V+EPlsrK4PLFUv/T1hms="></latexit>

Ai
j,k = Res

z=0

�
ei · dej · dek · ✓

�
= ✓�1 �i,j,k,0

<latexit sha1_base64="TNUuQXXHmt2NGm9JWT7epsowEaI="></latexit>

✓ =
X

s��1

✓s z
2s(dz)�1

<latexit sha1_base64="KjRBYLP+CxYTY3bGfEUiVFF3gt4="></latexit>

Ci
j,k = Res

z=0

�
ei · e⇤j · e⇤k · ✓

�
= (2j+1)(2k+1)

2i+1 ✓k+j+1�i

<latexit sha1_base64="R5YMjMf37vRBbCFJC6cZfT4JVhk="></latexit>

Di = ✓0
8 �i,0 +

✓�1

24 �i,1

<latexit sha1_base64="ms2oqIqSVB8eMxfXWu4zcmHkvng="></latexit>

{
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Lemma 3 (Kontsevich, Soibelman 17 ; Andersen, B., Chekhov, Orantin 17 )

Introduce                                   

k 2 N

<latexit sha1_base64="uPWmNzz5ktLkg/DRZuGp+qwY8sw="></latexit>

These (A,B,C,D) define a quadratic Airy structure based on a Lie algebra isomorphic to                              

spanC(Li)i�s⇤

<latexit sha1_base64="mwS3DDgaVXzndAMBDeIF9tOMfNE="></latexit>

[Li,Lj ] = (i� j)Li+j

<latexit sha1_base64="nlU8lTgoO3J2Do2C94HT4P/NmHc="></latexit>

s⇤ = min{s | ✓s 6= 0}

<latexit sha1_base64="LmyX3o+OI0syacAk6nGwmaI9SEM="></latexit>



Witten's conjecture (Kontsevich + Dijkgraaf-Verlinde-Verlinde theorem, 91)

II. Two examples — Applications

Intersection theory on Mg,n

<latexit sha1_base64="n4LEHp2aYFH2Kby4DPDlXOEIc3E="></latexit>

moduli space of compact Riemann surfaces     
of genus g with marked points

C

<latexit sha1_base64="z/M+h0u12sxAPA5g01b5eRQLvV0="></latexit>

p1, . . . , pn
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Mg,n =
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Mg,n
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Deligne-Mumford compactification by allowing stable (nodal) curves

 i = c1(T
⇤
pi
C) 2 H

2(Mg,n;Q)

<latexit sha1_base64="FeYnV4MKc+HchfbtSnnwzM3cbXA="></latexit>

For                                   ✓ = z�2dz

<latexit sha1_base64="g889aRdW4Gh0TXjBaDQ/yEH+KP4="></latexit>

Fg,n[k1, . . . , kn] =

✓Z

Mg,n

nY

i=1

 ki
i

◆ nY

i=1

(2ki � 1)!!

<latexit sha1_base64="zsLhgkUoIIA2IgJYe9wvLMXfQQw="></latexit>

i.e. Virasoro constraints for    - class intersection  

<latexit sha1_base64="DJDqnKpdKySXWBDsk3w/PKC2hEk="></latexit>

Wait until Part IV for a geometric explanation



Mirzakhani's recursion (07)

II. Two examples — Applications

Weil-Petersson volumes 

moduli space of bordered Riemann surfaces     
of genus g with n boundaries of lengths 

Weil-Petersson volume form

For                                   

Wait until Part IV for a geometric explanation (due to Mirzakhani)

Mg,n(L) =

<latexit sha1_base64="MYp9/n95ssTWo89wu0RuxS8luac="></latexit>

L 2 Rn
+

<latexit sha1_base64="wsjF+zBFfZle36HQi8gpvG9Qphw="></latexit>

µWP
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✓ =
2⇡

z sin(2⇡z)dz
=

X

s��1

⇣(2s+ 2)(22s+3 � 4)z2s(dz)�1

<latexit sha1_base64="nX389pFEHJGGFLFQg+h82w0vdSQ="></latexit>

we have

Z

Mg,n(L)
dµWP =

X

k1,...,kn�0

Fg,n[k1, . . . , kn]
nY

i=1

L2ki
i

2ki!

<latexit sha1_base64="rVSAPsczyee1ZgpdFmv1aaWwkZM="></latexit>



This amounts to 

II. Two examples — New Airy structures from old ones

Operations on Airy structures

acts by conjugation onU = exp
�~
2

X

a,b

�a,b@xa@xb

�

<latexit sha1_base64="o2UxMbxP9RzAtb/LoaUh3dtsJzg="></latexit>

W~
V
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xi ! xi +
X

a

�i,a ~@xa
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Lemma 3 still applies when de⇤i ! de⇤i +
X

a�0

�i,a dea
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hence preserves the notion of Airy structure

Direct sums of Airy structures are Airy structures
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Lemma 3 has a generalisation to V = zV0[[z
2]]
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where        is a Frobenius algebra V0

<latexit sha1_base64="tE/gFtZDbLKdKopIbgqH6Od35QM="></latexit>

(coupling of the Virasoro example with the 2d TQFT example)



II. Two examples — Abstract loop equations

Back to general    . ✓

<latexit sha1_base64="0XF3QdHomk7zQ+AL/aXQchTtcCs="></latexit>

Let us define the involution                    and the multidifferentials

!g,n(z1, . . . , zn) =
X

k1,...,kn�0

Fg,n[k1, . . . , kn]
nY

i=1

(2k + 1)dzi

z2ki+2
i
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2g � 2 + n > 0
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!0,1(z) = �1

✓
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For any g, n
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abstract loop equations

�(z) = �z
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(B., Eynard, Orantin 13)

!g,n(z, z2, . . . , zn) + !g,n(�(z), z2, . . . , zn)
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holomorphic at z = 0
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!g�1,n+1(z,�(z), z2, . . . , zn) +
X

ItI0={z2,...,zn}
h+h0=g

!h,1+|Z|(z, I)!h0,1+|I0|(�(z), I
0)
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equivalent to

by definition

= O
�
z
2s⇤(dz)2

�
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nY

i=1

e⇤ki
(zi)
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!0,2(z1, z2) =
dz1dz2

(z1 � z2)2
+

X

a,b�0

�a,b dea(z1)deb(z2)
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X

i�s⇤

(dz)2

z2i+1
Li · eF = 0
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orthonormal and 

II. Two examples — Abstract loop equations

More generally, there is a notion of abstract loop equations associated to the data of

S

<latexit sha1_base64="Cq/W4ky2DjOGf+KJBXhsuAAeus8="></latexit>

smooth complex curve

x, y
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meromorphic function on       such that S
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!0,2
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symmetric bidifferential on        double pole with coef. 1 on the diagonalS2
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dx
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has finitely many zeroes, that are simple and not zeroes of dy
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Frobenius algebra V0 =
M

dx(↵)=0

C.e↵
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µ(e↵ ⌦ e�) = �↵,�e
↵
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!0,1 = ydx
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x = x(↵) + z2
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Locally near      :↵
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local involution �↵(z) = �z
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!g�1,n+1(z,�↵(z), z2, . . . , zn) +
X

ItI0={z2,...,zn}
h+h0=g

!h,1+|Z|(z, I)!h0,1+|I0|(�↵(z), I
0) = O

�
y(z)(dz)2

�
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!g,n(z, z2, . . . , zn) + !g,n(�↵(z), z2, . . . , zn) = O(dz)
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8g, n,↵
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I
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II. Two examples — Abstract loop equations

Their set of solutions can be completely described (B., Shadrin, 15)

and it encodes the partition function of an Airy structure on 

!g�1,n+1(z,�↵(z), z2, . . . , zn) +
X

ItI0={z2,...,zn}
h+h0=g

!h,1+|Z|(z, I)!h0,1+|I0|(�↵(z), I
0) = O

�
y(z)(dz)2

�
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!g,n(z, z2, . . . , zn) + !g,n(�↵(z), z2, . . . , zn) = O(dz)

<latexit sha1_base64="V0jZsT2O3ccT+5K9XpTUf/Rv4ak="></latexit>

8g, n,↵
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There is a unique solution such that

!g,n(z1, . . . , zn) =
X

↵

Res
z=↵

✓Z z

↵
!0,2(·, z1)

◆
!g,n(z, z2, . . . , zn)
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V = zV0[[z
2]]
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In particular this justifies existence and symmetry of the solution



II. Two examples — Comments

The ideal (here Lie) condition can be checked by direct computation                

but this looks ad hoc !                

There are two conceptual ways to find this Airy structure

- it can be obtained from free field representation of the Virasoro algebra at c = 1

Other (higher order) Airy structures can be found from the free field rep. VOAs

W (glr)

<latexit sha1_base64="nZl5JVAyLcTsQ4EOmwKGB0CE+As="></latexit>

(Milanov 16 ; B., Bouchard, Chidambaram, Creutzig, Noshchenko 18 ; 
B., Kramer, Schüler 20)

super-Virasoro (Bouchard, Ciosmak, Hadasz, Osuga, Ruba, Sulkowski 19)

- historically, Eynard-Orantin theory preexisted

correspond to higher zeroes of       and      possibly singulardx
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S
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correspond to       = super-Riemann surfaceS
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III 

Topological expansions in hermitian matrix models



III  Topological expansions in matrix models — Schwinger-Dyson equations

Consider the probability measure on the space of hermitian matrices       of size 

dµ(M) =
dM

ZN
eN TrV (M)
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: polynomial going to         at infinity�1
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Define the correlators Wn(x1, . . . , xn) = Cumulantµ

✓
Tr

1

x1 �M
, . . . ,Tr

1

xn �M

◆
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By integration by parts, one can prove

or equivalently

µ
h�
Tr 1

x�M

�2 � Tr N V 0(M)
x�M

i
= 0
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W2(x, x) +W1(x)
2 �N V 0(x)W1(x) = �N

⇥
V 0(x)W1(x)]+
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Likewise, for each n � 1
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there is a quadratic functional relation for Wn+1, . . . ,W1
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Schwinger-Dyson equations



(Mhaskar, Saff, Totik,Anderson-Guionnet-Zeitouni …)

III Topological expansions in matrix models — Large N expansion

As               , the (random) spectral measure of      converges to 
some deterministic     (almost surely and in expectation)

M

<latexit sha1_base64="0LWh+7/MqbqGTrA3Atgg2QfCPJw="></latexit>

N ! 1

<latexit sha1_base64="lYm+pO8veVr6enwhbmUanufPKw0="></latexit>

�

<latexit sha1_base64="ZX850Jg2O+AA/8TZdbt74TTN3Wk="></latexit>

 

<latexit sha1_base64="FI2vQ3QO8wz4mx3IkX02l+34aPU="></latexit>

W0,1(x) = lim
N!1

µ
⇥
1
N Tr 1

x�M

⇤
=

Z
d�(⇠)

x� ⇠

<latexit sha1_base64="YARM6Jhbr76sTuPtZWZQV/8t7gQ="></latexit>

exists, holomorphic in 

 

<latexit sha1_base64="FI2vQ3QO8wz4mx3IkX02l+34aPU="></latexit>

x 2 C \ supp�

<latexit sha1_base64="f46BQbPYam9Lq17nbHwZDDJDoxc="></latexit>

we have a spectral curve P (x, y) = y2 � V 0(x)y + Pol(x) = 0

<latexit sha1_base64="FdFoFzBb/nq6TgN/mY6tmJ9TuHM="></latexit>

on which                continues analytically to a meromorphic function 

S :

<latexit sha1_base64="fFpxiYmRF5qiZQVrWjL0/GxxMx8="></latexit>

(Tutte 60s, Brezin-Itzykson-Parisi-Zuber 81, …)

Exploiting the Schwinger-Dyson equations and large deviation theory

one can prove the existence of an asymptotic expansion Wn ⇠
X

g�0

N2�2g�n Wg,n

<latexit sha1_base64="muy1gUm+17qIM8Dfbv9c8GIZwk8="></latexit>

when supp� = [a, b]

<latexit sha1_base64="tub121CVYn29OzgXA1mnnL68yb4="></latexit>

(t’Hooft 74, BIPZ 81, Pastur-Shcherbina 01, B. Guionnet 11)

Then, !g,n(x1, . . . , xn) =

✓
Wg,n(x1, . . . , xn) +

�g,0�n,2
(x1 � x2)2

◆ nY

i=1

dxi

<latexit sha1_base64="odpJ5ACoftKxQrzdLoDowp1caf4="></latexit>

continues analytically to a meromorphic multidifferential on Sn

<latexit sha1_base64="hNep4UmVz3vAAy//llzcCo90pdA="></latexit>

(Eynard 04)

with poles at                only (for                         )  dxi = 0

<latexit sha1_base64="4Iw1YZhpZSKmWuQwvn6aXwC0Uj4="></latexit>

2g � 2 + n > 0

<latexit sha1_base64="aWX7Kh1Ifq3NyznLIKpT05WnabI="></latexit>



Schwinger-Dyson equations themselves

III Topological expansions in matrix models —  Large N expansion

Inserting                                       in the Schwinger-Dyson equations

(information near              , degree 1 condition fails)

Wn ⇠
X

g�0

N2�2g�n Wg,n

<latexit sha1_base64="muy1gUm+17qIM8Dfbv9c8GIZwk8="></latexit>

The assumption supp� = [a, b]

<latexit sha1_base64="tub121CVYn29OzgXA1mnnL68yb4="></latexit>

xi = 1

<latexit sha1_base64="oIFfZNJAMCMu1YqSOgWWRu6oLkg="></latexit>

(information near              ) dx = 0

<latexit sha1_base64="OHS5Fh2Re9r0dtpfSF0GFZXozLE="></latexit>

and using analytic continuation implies abstract loop equations for (!g,n)g,n

<latexit sha1_base64="L9iN5dO/w/rnB8ZQWZfZTwIzXFo="></latexit>

(B., Eynard, Orantin 13)

are not Airy structure constraints/abstract loop equations

implies S ' P1

<latexit sha1_base64="XaL4f5v/537hIVtbxHy0jm4NEBg="></latexit>

hence automatically !g,n(z1, . . . , zn) =
X

↵

Res
z=↵

✓Z z

↵
!0,2(·, z1)

◆
!g,n(z, z2, . . . , zn)

<latexit sha1_base64="8N2/weW+j56mIvtNFZQjzzLRsaE="></latexit>

a

<latexit sha1_base64="408Be2fN6F6Q7i7yKrVG3O/wLwo="></latexit>

a

<latexit sha1_base64="408Be2fN6F6Q7i7yKrVG3O/wLwo="></latexit>

b

<latexit sha1_base64="0RgdizATZUTa6nUrC+HhKWsKqKg="></latexit>

b

<latexit sha1_base64="0RgdizATZUTa6nUrC+HhKWsKqKg="></latexit>

S =

<latexit sha1_base64="YZK2Jqd+qHlEJu3/Qh+IGACWrhw="></latexit>

x�!

<latexit sha1_base64="AdWgPkvPSlXyF0tNYzy9Ug51HOE="></latexit>

a

<latexit sha1_base64="408Be2fN6F6Q7i7yKrVG3O/wLwo="></latexit>

b

<latexit sha1_base64="0RgdizATZUTa6nUrC+HhKWsKqKg="></latexit>

(Cauchy formula)

=)

<latexit sha1_base64="ycEPVP5YKIYBJScg5Bv87lZ4Fqg="></latexit>

!g,n

<latexit sha1_base64="kE97bSXUHgXT1MXVHrh1MooGD6k="></latexit>

computed 

by topological recursion

(Eynard 05)



for all            , the projection property holds and we have TR

III Topological expansions in matrix models — Generalisations

The same strategy applies to many other random hermitian matrix models

existence of asymptotic expansions (B., Guionnet, Kozlowski, 15)Wn ⇠
X

g�0

N2�2g�n Wg,n

<latexit sha1_base64="muy1gUm+17qIM8Dfbv9c8GIZwk8="></latexit>

SD implies abstract loop equations (B., Eynard, Orantin 13, B. 14)

If p � 3

<latexit sha1_base64="dvFZqeyztPeYmo6Fbj4KkODiIRE="></latexit>

Otherwise, it does not and other solutions appear : blobbed TR

Blobbed TR appears in random colored tensor models 
and random spectral triples models

(B. Shadrin 15)

(Eynard, Dartois, Bonzom, …)

(Azarfar's thesis, …)

dµ(M) =
dM

ZN
exp

✓ X

p�1
m1,...,mp�1

N2�p t(p)m1,...,mp

pY

l=1

TrMml

◆

<latexit sha1_base64="9Bf/sVem9SycAKnGO+2AEJGAzUk="></latexit>

t(p) = 0

<latexit sha1_base64="1BCLGjNbYtPtjVEI2RI3yBxbQEA="></latexit>



V 

From geometric to topological recursion



An E-valued functorial assignment  is the data of                     for all objects

Assume we have a functor                         

IV From geometric to topological recursion — General setting 

We would like to lift TR to a natural construction associated to surfaces

Surf

<latexit sha1_base64="Ru1PEW4kYdFrTRN0EwwiOGB/C70="></latexit>

Let             be the category with

- objects : compact smooth oriented stable surfaces with labeled boundaries

- morphisms : isotopy classes of orientation- and label-preserving diffeo.

Let        be  a category of topological vector spacesV

<latexit sha1_base64="crDxdXleWKalmuhBqON680J2URg="></latexit>

E : Surf ! V

<latexit sha1_base64="cZkUy9uxQ17xGMpg2r1ezosP3+Y="></latexit>

⌦⌃ 2 E(⌃)

<latexit sha1_base64="tpQ1RWU5LGk69GMKQUOxPfn0RKs="></latexit>

⌃

<latexit sha1_base64="JvtOw0pW3LRCIQQPIwjh0ZRWlV8="></latexit>

such that, for any                      we have  f : ⌃ ! ⌃0

<latexit sha1_base64="KhQ0Y/y18eGXpqsWzrqYrFqZbj8="></latexit>

E(f)(⌦⌃) = ⌦⌃0

<latexit sha1_base64="tusyUBDAXDryFV/gSoJi7eNp6h8="></latexit>

In particular        is                                         -invariant⌦⌃

<latexit sha1_base64="4meT/Iw6jBXhi0tUpLyC9eVoh8c="></latexit>

Mod@⌃ := Di↵@
⌃/(Di↵@

⌃)0

<latexit sha1_base64="+Yf5ZQVANu+5yBV54JOtzgiJjvs="></latexit>

Geometric recursion constructs such functorial assignments by induction on ��⌃

<latexit sha1_base64="6Al3U2WfngMHpNVWvkldpRz5r0I="></latexit>

(Andersen, B., Orantin, 17)



IV From geometric to topological recursion — Teichmüller setting

E(⌃) = C0(T⌃)

<latexit sha1_base64="GRw4SJc9hgqbkyYOtZK3ztGDTT8="></latexit>

T⌃ =

<latexit sha1_base64="68tMyWIQDssHrVjX49ha4ytEmbg="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

hyperbolic metrics on 
such that        is geodesic 

⌃

<latexit sha1_base64="t4nZcNrC/LlUq/+sjjdJdFmCy4c="></latexit>

@⌃

<latexit sha1_base64="MH2uXRy6vMBagLLCOMEhdnjJe1Y="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

(Di↵@
⌃)0

<latexit sha1_base64="h5htlwy1M4BbzfXwnfw2d0Sx/qs="></latexit>

M⌃ = T⌃/Mod@⌃

<latexit sha1_base64="NwOO1nE58MlyPcXs3uAIMyPh+eo="></latexit>

with topology of convergence on all compacts

Teichmüller space Moduli space

E-valued functorial assignments give continuous functions on the moduli space 

<latexit sha1_base64="FI2vQ3QO8wz4mx3IkX02l+34aPU="></latexit>

such that

P⌃ =

✓ n[

m=2

Pm
⌃

◆
[ P;

⌃

<latexit sha1_base64="h9MAHM+M2IciDLCPB7JO5Uo5YYI="></latexit>

P;
⌃ =

<latexit sha1_base64="FiMk/UqYhdW0bttueqe2M4/H0K8="></latexit>

homotopy class of                P ,! ⌃

<latexit sha1_base64="l29wq6G69pbp1wF6EsQJlHGfEgQ=">AAADH3icZVLLbtNAFJ24PEp4pbBBYmPIhoUVxShV20WkSmxYhkfaSrEVzYxv4lHmYc2M01Yj91+Q2MJvsENs+xX8AuPEQjiczZw55947vteXFJwZOxzedoK9O3fv3d9/0H346PGTp72DZ2dGlZrClCqu9AXBBjiTMLXMcrgoNGBBOJyT1bvaP1+DNkzJz/a6gFTgpWQLRrH10rz3YhImuVIrzZa5xVqryzD5xJYCz3v94WC4Qf g/iRvSRw0m84PO7yRTtBQgLeXYmFk8LGzqsLaMcqi6SWmgwHSFlzADufTN5akjmABve6VdHKeOyaK0IGkVenQTDRIuqRICy8wlWmSwwCW3lSuKdrqjfjQMdFvMga/BVmHrIULGRCmZqauIEEMxh2zsGzuMDNXjrLQ091rqBLY55gvsK0qlhadK2lZ1LEwdFPmz9kxNzLUg9WlzEdWmVYqb9kdxbOHKx1W7xWjWlhZ4ZZWOiMYrsBGpE/6dRpZVLqnf0MJl1Y75EUzjqqIeXFgLOzG+rcxPbBanziVrWv9AvziySl5tywJ3/djfWmbV3azIyQbhlhyNGnIS/12Rs7eDeDQ4/DDqnx43y7KPXqLX6A2K0RE6Re/RBE0RRTfoK/qGvgdfgh/Bz+DXNjToNDnPUQvB7R/LrgmS</latexit>

@1P = @1⌃

<latexit sha1_base64="RrDx2SWiWUipCU3q2HtEw+WjwKM="></latexit>

@2P = @m⌃

<latexit sha1_base64="Jym7v/ZMQiq5LTRqa7/W68JPd9o="></latexit>

⌃� P

<latexit sha1_base64="/fyEHb1qT1lA9QsESPbxavkR7qo=">AAADD3icZVLLbtNAFJ24PEp4tbBkY8iGhYniKlXbRaRKbFiGR9qK2KrmcZNYmYc1Mw6tRv6ISmzhN9ghtnwCX8EvMJNYCIezmTPn3HvH9/qSkhfGDga/OtHOrdt37u7e695/8PDR4739J2dGVZrChCqu9AXBBnghYWILy+Gi1IAF4XBOlq+Df74CbQolP9jrEnKB57KYFRRbL33M3hdzgeNX8fhyrzfoD9aI/ydpQ3qowfhyv/ M7Y4pWAqSlHBszTQelzR3WtqAc6m5WGSgxXeI5TEHOfTOL3BFMgLe9ys6Oc1fIsrIgaR17dDMNEj5RJQSWzGVaMJjhitvalWU73VE/igJ0W1wAX4Gt49ZDhIyIUpKpq4QQQzEHNvKNHSaG6hGrLF14LXcC2wXmM+wrSqWFp0raVnUsTAhK/Bk8E4i5FiScdiGSYFqluGl/FMcWrnxcvV2MsrY0w0urdEI0XoJNSEj4dxqM1S4Lb2jhWL1lvgPTuKoMg4uDsBXj22J+YtM0dy5b0fAD/aLIOnu+KQvc9VJ/a5l1d70iJ2vEG3I0bMhJ+ndFzg766bB/+HbYOz1ulmUXPUMv0EuUoiN0it6gMZogiiT6jL6gr9FN9C36Hv3YhEadJucpaiH6+QeI9AKs</latexit>

stable              {

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

Pm
⌃ =

<latexit sha1_base64="FmimKiWuEblsueYLHSDdJh/+oF4="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

such that
homotopy class of                P ,! ⌃

<latexit sha1_base64="l29wq6G69pbp1wF6EsQJlHGfEgQ=">AAADH3icZVLLbtNAFJ24PEp4pbBBYmPIhoUVxShV20WkSmxYhkfaSrEVzYxv4lHmYc2M01Yj91+Q2MJvsENs+xX8AuPEQjiczZw55947vteXFJwZOxzedoK9O3fv3d9/0H346PGTp72DZ2dGlZrClCqu9AXBBjiTMLXMcrgoNGBBOJyT1bvaP1+DNkzJz/a6gFTgpWQLRrH10rz3YhImuVIrzZa5xVqryzD5xJYCz3v94WC4Qf g/iRvSRw0m84PO7yRTtBQgLeXYmFk8LGzqsLaMcqi6SWmgwHSFlzADufTN5akjmABve6VdHKeOyaK0IGkVenQTDRIuqRICy8wlWmSwwCW3lSuKdrqjfjQMdFvMga/BVmHrIULGRCmZqauIEEMxh2zsGzuMDNXjrLQ091rqBLY55gvsK0qlhadK2lZ1LEwdFPmz9kxNzLUg9WlzEdWmVYqb9kdxbOHKx1W7xWjWlhZ4ZZWOiMYrsBGpE/6dRpZVLqnf0MJl1Y75EUzjqqIeXFgLOzG+rcxPbBanziVrWv9AvziySl5tywJ3/djfWmbV3azIyQbhlhyNGnIS/12Rs7eDeDQ4/DDqnx43y7KPXqLX6A2K0RE6Re/RBE0RRTfoK/qGvgdfgh/Bz+DXNjToNDnPUQvB7R/LrgmS</latexit>

@1P = @1⌃

<latexit sha1_base64="RrDx2SWiWUipCU3q2HtEw+WjwKM="></latexit>

⌃� P

<latexit sha1_base64="/fyEHb1qT1lA9QsESPbxavkR7qo=">AAADD3icZVLLbtNAFJ24PEp4tbBkY8iGhYniKlXbRaRKbFiGR9qK2KrmcZNYmYc1Mw6tRv6ISmzhN9ghtnwCX8EvMJNYCIezmTPn3HvH9/qSkhfGDga/OtHOrdt37u7e695/8PDR4739J2dGVZrChCqu9AXBBnghYWILy+Gi1IAF4XBOlq+Df74CbQolP9jrEnKB57KYFRRbL33M3hdzgeNX8fhyrzfoD9aI/ydpQ3qowfhyv/ M7Y4pWAqSlHBszTQelzR3WtqAc6m5WGSgxXeI5TEHOfTOL3BFMgLe9ys6Oc1fIsrIgaR17dDMNEj5RJQSWzGVaMJjhitvalWU73VE/igJ0W1wAX4Gt49ZDhIyIUpKpq4QQQzEHNvKNHSaG6hGrLF14LXcC2wXmM+wrSqWFp0raVnUsTAhK/Bk8E4i5FiScdiGSYFqluGl/FMcWrnxcvV2MsrY0w0urdEI0XoJNSEj4dxqM1S4Lb2jhWL1lvgPTuKoMg4uDsBXj22J+YtM0dy5b0fAD/aLIOnu+KQvc9VJ/a5l1d70iJ2vEG3I0bMhJ+ndFzg766bB/+HbYOz1ulmUXPUMv0EuUoiN0it6gMZogiiT6jL6gr9FN9C36Hv3YhEadJucpaiH6+QeI9AKs</latexit>

stable              
{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

@2,3P ⇢ ⌃̊

<latexit sha1_base64="2aDguqi1B7yqkk5n4i5Zx8i00wU="></latexit>

Let us look at 

Its orbit set                              is finite and corresponds to the terms in TRP⌃ = P⌃/Mod@⌃

<latexit sha1_base64="B5QRvA0kgfN5FFI6iBDIJS77XKA="></latexit>



and

with          symmetric in their last 2 variables

Initial data

IV From geometric to topological recursion — Teichmüller setting

and note that                  (boundary lengths) TP ⇠= R3
+

<latexit sha1_base64="nCvauZk8bFJQeySMYcfHNboLuW8="></latexit>

A,B,C 2 C0(R3
+)

<latexit sha1_base64="gR5n3ncKnuRbJSzAS3WMhHjRjkk="></latexit>

D 2 C0(TT )SL2(Z)

<latexit sha1_base64="im9lv+JWUJ8srswJViiH1rXghbs="></latexit>

   pair of pants
T =

<latexit sha1_base64="BoSXYKdIigIaW+/iGX0osYgQgQ0="></latexit>

P =

<latexit sha1_base64="cLhDXs65XZHQNgiPQTxGqy98Ohk="></latexit>

   torus with 1 boundary

A,C

<latexit sha1_base64="T33/l+546cIn/ZKN7vnpyFMSJFg="></latexit>

� = �1

<latexit sha1_base64="5y5pk4f2QxchN2GEZ7Ax+xscsL4="></latexit>

⌦P = A
�
~̀(@P )

�

<latexit sha1_base64="XTFsqEr3IDzKwymKJdd6vDLn9Eg="></latexit>

⌦T = D

<latexit sha1_base64="gvK+lqwGj0BNV+OjFlxO2qQHi4s="></latexit>

GR construction

Disconnected ⌦⌃1t···t⌃k(�1, . . . ,�k) =
kY

i=1

⌦⌃i(�i)

<latexit sha1_base64="gwtwgswKf3JT6Z1WGFberU8px4c="></latexit>

�  �2

<latexit sha1_base64="Waf3gs6i+67mxxwo2ARzjxXe9/c="></latexit>

by induction

⌦⌃(�) =
nX

m=2

X

[P ]2Pm
⌃

B
�
~̀
�(@P )

�
⌦⌃�P (�|⌃�P ) +

1
2

X

[P ]2P;
⌃

C
�
~̀
�(@P )

�
⌦⌃�P (�|⌃�P )

<latexit sha1_base64="0yYySRuVzh+KV8+VzW+rQP3XfSA="></latexit>

countably many terms, permuted by  

<latexit sha1_base64="FI2vQ3QO8wz4mx3IkX02l+34aPU="></latexit>

Mod@⌃

<latexit sha1_base64="R9IWilcdXI9jnlI3375kDEEVIvQ="></latexit>

@1⌃

@m⌃
⌃� P

P

@1⌃

⌃� P

P

@1⌃

⌃� P

@I⌃

@I0⌃

h

h0

P



IV From geometric to topological recursion — Teichmüller setting

and� = �1

<latexit sha1_base64="5y5pk4f2QxchN2GEZ7Ax+xscsL4="></latexit>

⌦P = A
�
~̀(@P )

�

<latexit sha1_base64="XTFsqEr3IDzKwymKJdd6vDLn9Eg="></latexit>

⌦T = D

<latexit sha1_base64="gvK+lqwGj0BNV+OjFlxO2qQHi4s="></latexit>

Disconnected ⌦⌃1t···t⌃k(�1, . . . ,�k) =
kY

i=1

⌦⌃i(�i)

<latexit sha1_base64="gwtwgswKf3JT6Z1WGFberU8px4c="></latexit>

�  �2

<latexit sha1_base64="Waf3gs6i+67mxxwo2ARzjxXe9/c="></latexit>

by induction
⌦⌃(�) =

nX

m=2

X

[P ]2Pm
⌃

B
�
~̀
�(@P )

�
⌦⌃�P (�|⌃�P ) +

1
2

X

[P ]2P;
⌃

C
�
~̀
�(@P )

�
⌦⌃�P (�|⌃�P )

<latexit sha1_base64="0yYySRuVzh+KV8+VzW+rQP3XfSA="></latexit>

Theorem 4    (Andersen, B., Orantin, 17)

If  A,B,C,D satisfy some decay conditions, then       

   is a well-defined functorial assignment  (absolute convergence) ⌦⌃

<latexit sha1_base64="4meT/Iw6jBXhi0tUpLyC9eVoh8c="></latexit>

V ⌦g,n(L) =

Z

Mg,n(L)
⌦⌃g,ndµWP

<latexit sha1_base64="NYu7nV7Ih+yPTX/C95X/Hwa6d38="></latexit>

   is a well-defined continuous function of L 2 Rn
+

<latexit sha1_base64="wsjF+zBFfZle36HQi8gpvG9Qphw="></latexit>

   and it safisfies topological recursion in the form :

V ⌦g,n(L1, . . . , Ln) =
nX

m=2

Z

R+

d` `B(L1, Lm, `)V ⌦g,n�1(`, L2, . . . , cLm, . . . , Ln)

<latexit sha1_base64="oYW/8NBR2CwPJt+wsDIl9ggyx5o="></latexit>

+ 1
2

Z

R2
+

d`d`0 ``0 C(L1, `, `
0)

✓
V ⌦g�1,n+1(`, `

0, L2, . . . , Ln) +
X

ItI0={L2,...,Ln}
h+h0=g

V ⌦h,1+|I|(`, I)V ⌦h0,1+|I0|(`
0, I 0)

◆

<latexit sha1_base64="pK4CVRxgD7dYtlDCxG7Q2xXKQAE="></latexit>

   with base cases                                             and V ⌦0,3(L1, L2, L3) = A(L1, L2, L3)

<latexit sha1_base64="pWAe3dJenLIz8wuZQI1k5JBYCP0="></latexit>

V ⌦1,1(L) =
R
M1,1(L) D dµWP

<latexit sha1_base64="CRxGXg3LvaR3/qkIQ6I+FoG9Hmo="></latexit>



for any       and  

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>
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with 

BM(L1, L2, `) =
1

2L1

�
F (L1 + L2 � `) + F (L1 � L2 � `)� F (�L1 + L2 � `)� F (�L1 � L2 � `)

�

<latexit sha1_base64="L3BvB+mN9ZcG99jsSFL1Oby2rSQ="></latexit>

CM(L1, `, `
0) =

1

L1

�
F (L1 � `� `0)� F (�L1 � `� `0)

�

<latexit sha1_base64="1utfsW/1rPnKJ7+0YYC0zjuU7b0="></latexit>

F (x) = 2 ln(1 + ex/2)

<latexit sha1_base64="oNxtGS7ue8lYcbphBxAGUss3vsA="></latexit>

Take 

AM(L1, L2, L3) = 1

<latexit sha1_base64="WkEnJPbFeY+Ds5gIpCIGe/txUqo="></latexit>

DM,T (�) =
X

�=simple
closed curve

CM

�
`�(@T ), `�(�), `�(�)

�

<latexit sha1_base64="xGBSplYePmMa34+Y81CXOOz4S7s="></latexit>

Theorem 4    (Mirzakhani, 07)

⌦⌃(�) = 1

<latexit sha1_base64="a4mV75yJ4AGtLZfg9uQsHH6JmiY="></latexit>

� 2 T⌃

<latexit sha1_base64="/hmEVTxf5EVddJTaNyf10rjhEpY="></latexit>

⌃

<latexit sha1_base64="JvtOw0pW3LRCIQQPIwjh0ZRWlV8="></latexit>

As a consequence,                          satisfies the topological recursion    
R
Mg,n(L) dµWP

<latexit sha1_base64="wULFrosTvStxF4SbXofjCqWoGCk="></latexit>

In fact, the integral operators with kernels B and C preserve the space of even polynomials

A(L1, L2, L3) =
X

i,j,k�0

Ai
j,k ei(L1)ej(L2)ek(L3)

<latexit sha1_base64="JLNN1ywyVRVZWGhW1Ccyp3kUwtI="></latexit>

Z

R+

d` `B(L1, L2, `) ek(`) =
X

i,j�0

Bi
j,k ei(L1)ej(L2)

<latexit sha1_base64="+niYOqSYvZHP2s0/eSQ42qQWSBA="></latexit>

Z

R2
+

d`d`0 ``0 C(L1, `, `
0) ej(`)ek(`

0) =
X

i�0

Ci
j,k ei(L1)

<latexit sha1_base64="mh08PI60lR7VWp6IR4NbZFEDfYc="></latexit>

V ⌦1,1(L) =
X

i�0

Di ei(L)

<latexit sha1_base64="o2Yp56ZHFV1ffTfjTS392I0ImkQ="></latexit>

ei(L) =
L2i

(2i)!

<latexit sha1_base64="Y/azDBF3fn1t1hTbLNen6t7NbGw="></latexit>

with the basis

yields the Airy structure we’ve seen before …
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The same thing can be carried on the combinatorial Teichmüller space

T comb
⌃ =

<latexit sha1_base64="vTTl4oh7PdqZPyj8XyZHhNPFVxM="></latexit>

isotopy class of proper embeddings of metric ribbon graphs

such that       retracts onto ⌃

<latexit sha1_base64="JvtOw0pW3LRCIQQPIwjh0ZRWlV8="></latexit>

f(G)

<latexit sha1_base64="Co+2kDBKOYq4xxxccJMWpwvfaAU="></latexit>

G
f
,!⌃

<latexit sha1_base64="du2f+/9AvskUB5aXecU7XTY+B70="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

  and labels agree

In his proof of Witten’s conjecture, Kontsevich constructed a volume form dµK

<latexit sha1_base64="z1+K3sx+u5ImnW0VreuoCnMqo6M="></latexit>

Mcomb
⌃ =

T comb
⌃

Mod@⌃
=

[

G ribbon graph
type (g,n)

R
E(G)
+

Aut G

<latexit sha1_base64="a+oKH7c8UPBr3Tj0elhdX1GJOM8="></latexit>

on the combinatorial Teichmüller space

so that 
Z

Mcomb
g,n (L)

dµK =

Z

Mg,n

exp

✓
1

2

nX

i=1

L2
i  i

◆

<latexit sha1_base64="tOSLEQWjWHZGIwCMDF4nBwTfCC4="></latexit>

and used matrix model techniques to conclude

There is an analogue of Mirzakhani’s theorem in the combinatorial case

Its integration produces the Virasoro constraint/Airy structure for     -intersections

 

<latexit sha1_base64="FI2vQ3QO8wz4mx3IkX02l+34aPU="></latexit>

geometric proof of Witten’s conjecture

 

<latexit sha1_base64="DJDqnKpdKySXWBDsk3w/PKC2hEk="></latexit>

(Andersen, B., Charbonnier, Giacchetto, Lewanski, Wheeler, to appear)



�Thank�you�for�your�attention�!

A. Giacchetto

Airy structures partition function
computed by topological recursion

Abstract loop 
equations

2d TQFT
(exact factorization)

geometric recursion
(non local factorization)

Schwinger-Dyson equations matrix models and the like
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on 

theory 
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moduli space

H
⇤(Mg,n)
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spectral curves


