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I will usually denote a smooth bordered surface
oriented, connected (unless specified), genus y
n labeled boundaries !4! ,...,!1,!
stable: 2! 2g! n< O

|. Mirzakhani-type recursions

Il. From geometric to topological recursion

I1l. Asymptotic counts of multicurves



Recall from last week E

We have two TeichmYller spaces

T (L)

T! comb (L)

They coincide as topological spaces, but carry different geometry

{hyperbolic metrics}/Diff

smooth manifold

hyperbolic length functions

hyperbolic Fenchel-Nielsen

Darboux coords. for

fullimagein (R+! R

Wwp

)39! 3+n

{isotopy classes of metric ribbon graphs}
= subset of {measured foliations}

PL manifold

combinatorial length functions

combinatorial Fenchel-Nielsen

Darboux coords. for wk

image = (R, ! R)3% 3"\ 7



Mirzakhani-type recursion



1.1 Mirzakhani-type recursions N Hyperbolic geometry

i | homotopy class of P <« X P = 15!
l,] —
* Recal i { suchthat | | P stable loP =13 }
n
PL = U Ps’ ph = homotopy class of P — ¥ 0P = 0;%
j=1 ' suchthat | | P stable 1,3P CH

e Define the functions

1
Bum(Li,L2,0) = E(F(Lﬂf L, -0+ F(Li—Ly—¥6) —F(-L1+ Ly —0) —F(-L1— Ly —0))

Cni(Ly, 0, 0) = Lil(F(L1 ) F(-Li—£—0))  with F(z)=21In(1+e/?)

Theorem (Mirzakhani, 07)

For 29 —2+n > 2

oeTs 1= Y BuG@P)+; Y Cull0P)

m=2[plepPy™

/
SO




1.1 Mirzakhani-type recursions N Hyperbolic geometry

ldea of the proof Let o! T,

r € 01X ~ 7z geodesicissuing from z L 0:2; stopped at first intersection point

o




1.1 Mirzakhani-type recursions N Hyperbolic geometry

ldea of the proof Let o! T,

r € 01X ~ 7z geodesicissuing from z L 0:2; stopped at first intersection point

~ [Py] € P{ determined by tubular neighboorhood of 14! ! "

when the geodesic does not accumulate on o C )

7
=



1.1 Mirzakhani-type recursions N Hyperbolic geometry

(Birman-Series) The union of complete geodesics has Hausdorff dimension 1

=t {zxedX | 7, accumulates on a C E} has Hausdorff dimension O

So we have an almost everywhere defined map 1% --» Ps,

1= o o Llreas | [P]=(P))

[P]ePL

Given [P], one can identify the set of points z ! !i¥intrinsically
and compute their measure by hyperbolic trigonometry




.2 Mirzakhani-type recursions N Combinatorial geometry

e Define the functions
1

Bk (L1, L2, 1) = Tl([L1+ Lo = !+ +[La—Lo—']s =[-La+Lo—])

1
OK(Ll,g, 6/) = L—l[Ll — ¥ — 6/]4_ [33]4_ — maX(CE, O)

Theorem 1 (ABCGLW, 20)
For 2g —2+mn > 2
n . 1 .
VG € T5omP 1= Z Z By (£g(OP)) + 5 Z Ck (¢ (OP))

m=2[PlePg™

% Q Q 1,y




.2 Mirzakhani-type recursions N Combinatorial geometry

1st proof : flow the hyperbolic identity to the combinatorial one

Sp COlle | 1 n n
o Te(L) - T (L) I @) ()
P 5 rescaling all edge uniformly for :
(I)B lengths by 3 with G = Sp( (7)
comb
P T (1L) - ! T2 (6L)

1
Bum(Li,L2,¢0) = E(F(Lﬂ' Lo -0+ F(Li—L,—¢) —F(-Li1+L,—0) —F(-L1 — Lz — )

CM(LLE,E/) _ L(F(Ll iy —El) B F(—Ll y —fl))

=T with  F(z) = 2 In(1 + ¢%/?)

BK(Ll,Lz,!): i<[L1+ Lz—!]+ +[L1—L2—!]+ —[—L1+ Lz—!]+)

2L
CK(Ll,E,E’):Lil[Ll—E—Z’]+ with  [z]. = max(x,0)
Bum " (#P) ' By ‘'s(#P)
F(gx) — %1n(1+e5$/2) Xy == i ©°

Cu(t s #P) I Ck(*c(#P))



.2 Mirzakhani-type recursions N Combinatorial geometry

2nd proof (direct) Let G! T,°0mP

Write 1= 1 | !G(e) = 1 | !G(#) = | | !G(#)

| "o | mo
61! e=edge e’ 1T AL [P]! PL 11 Q! I(P])

around ! !

Oé(O) clql } r'Q

homotopy class of

1
a:[0,1]4 ! i

where we recall A} =

determined by the tubular neighborhood of ;! '™




.2 Mirzakhani-type recursions N Combinatorial geometry

A!1 — { homotopy class of

Q
o [0,1]4 O‘<0)€!1!}!' Pl

' " : " 1,m
has fibers Q' Y([P]) = E: z}' lo,! ) :]1: {g}" ;%’1 (m # 2)

From last time we know that the length of an arc is given by

= lethl) B Rs(Q) Y CRe(Q)” i Qut P (m# )
3la(t! ) Ck Fs(#Q:) fQ " P
== ! | lc(#) = BK;i'B(" P); f [P]! P™ (m = 1)

1a("11) Ck H"P) if [P]! Pl

11Q (P



.3 Mirzakhani-type recursions N Multicurve statistics

Let M, (resp. M| ) be the set of (primitive) multicurves on !

and ! : R! R:; such that !(")”": o("* )

We consider multiplicative statistics of lengths of multicurves
e hyperbolic world : 11T, Om x[](0) = | L (#(3))
LIM}! " (1)

« combinatorial world : G! TgomP Lk PG = ' ("a(#))
LIM! " #o(!)



.3 Mirzakhani-type recursions N Multicurve statistics

B[f J(L1,L2,!)= B(Lyg, Lo, )+ f(!)
Let us define
CIFI(L1,!, 1) = C(Ly, !, 1)+ B(Ly, !, 1) (1) + B(Ly, ! D)E(Y)+ £ ()Y

Theorem 2 (Andersen, B, Orantin 17)

For 2g —2+n>2 andany o! T

I n |

| | ’ # 1 ! " #
b [P1C7) = Bull] & (%) 'wmy-p[ 1" - p)+ 5 Cull 18 () ' my-pl 1" p)
m=2 [pj p-m [P]t P
Theorem 3 (ABCGLW 20)
For 29 —2+n>2 andany G! T,
| n | 1 !

. ! " # e #
L [P I(G) = B[] #($P) 'k 1, I(Gy-p)+ = Ckl'] #%($P) 'k, P 1I(G) - p)
2

m=2 ppptm P PH?



.3 Mirzakhani-type recursions N Multicurve statistics

|Idea of the proof same in hyperbolic or combinatorial setting
Qult1(") = L (H(SNA (1)
MY T () use previous identity
= > ]I et(v) > Xur(ols-p)
yEMY BEmo(7) [PlePs
= - A4é

PlPrIIM!.

and collect the weights




From geometric recursion to topological recursion



1.1 From GR to TR N Hyperbolic

Geometric recursion produces, among others, Modi -invariant functions on T

1,1 Co(T, )'\’IOOIE by inductionon 29! 2+ n> 0

Initial data

e !1p,B,C! COTp)Modr = CO(R?) " @
' p,C symmetric in last two variables
o |11 COTy)Modr T = @

Recursion scheme

k
For disconnected surfaces Qs u..ux, (01,...,0%) = H Qs (0;)
1=1

For connected, 29! 2+ n" 2

Qe(o)=» > B/ (aP))QE_p(alz_pH% Y C(6 (0P)) Qs_p(ojs_p)

m=2 [P]Epll'm [P]Epll'l



1.1 From GR to TR N Hyperbolic

Qe(o)=>» » B(f (8P))Qg_p(a|g_p)—|—% Y C(6 (0P)) Qs_p(ojn_p)

m=2 [P]Ep!l’m [P]Gpil'l

Theorem 4 (Andersen, B, Orantin 17)

Assume !p,! 1! O(1)
B(LyLz, )} O 2 (L+[1" Ly" Lal)"
IC(L1, 1, 1)L O (1) 2 @+t + 1" La] )™

Then, ! 1 1 COT, )M and Vyn(L) = 1, (1) dpwe (1) are well-defined
M (L)

and the integrals satisfy the recursionon 2g! 2+ n" 2

I N

VI g’n(Ll ..... Ln): d'l B(Ll,Lm,I)VI g’n! 1(|,L2 ..... L#m ..... Ln)
m=2 R+
1. | | | i | | )
3 did!'C(Ly, !, 1Y) VIEgne (1,1 Loy ..o Lp)+ V! hae 3 (LI VE e o (1 3Y)
+ h+h'=g



1.1 From GR to TR N Hyperbolic

These terms are in bijection with the finite set P;'/ Mod{

[P]1!' Pl/Mod; characterized by the topology of X — P



1.1 From GR to TR N Hyperbolic

|ldea of the proof

o | || S! | "! (! ) " #”! ! Csys:(! ) #6g! oren
allows proving the sums are absolutely convergenton sys ! ! " T
e Let [Po]! P} Mod; .[Po] £ Mod; / Stab([Po]) = O
1f " Mod, " (F (#Po)) = 1 1) (#Po)
Qs tp) (12— () = Un—p, (f(0)15—p,)
. L) % - ' $, %
=1 X " #P) Vivp($y-p) duwe ($) = X *1 (#Po) 11w po ()1 py)
M1 (L) ppo T (L)/ Stab([ Po])

e Take a seamed pair of pants decomposition of ! containing Pg

duwe =  d!;d"| (Wolpert formula)

T, (L)/Stab([Po]) ! My p((1+ ), Lyt pg)"



1.1 From GR to TR N Hyperbolic

MirzakhaniOs theorem realizes the constant function 1 as an outcome of GR

! p — 1
1
Bm(L1,L2,¢) = Il(F('—l"r L, -0+ F(Li—Ly—¥¢) —F(-L1+ L, —0) —F(—L1— L, —0))
(L, 0.0) = 7 (F(Ly— 0~ ) = F(~=Ly — 0~ ) with F(z) =2 In(1+¢7?)
1

()= > Cu("(#T),"5(3),"5($)) =1

YEST

=! topological recursion for the Weil-Petersson volumes  (Mirzakhani, 07)

ng,\ép (L) = duwp (o)
M (L)



1.2 From GR to TR N Combinatorial

The same can be done in the combinatorial setting

PlePy™

1
Z Z f@ 8P Qg_p(G|E p 5 Z C g@(ap)) QE P(G|E P)
P ]Epl 1

Theorem 5 (ABCGLW, 20)

Assume !p,! 1! O(1)
B(LyLz, )} O 2 (L+[1" Ly" Lal)"
IC(L1, 1, 1)L O (1) 2 @+t + 1" La] )™

Then, O ! CO(T!CO”“b)'V"’Oli and V! 4,(L)= 1 (G)dpk (G) are well-defined

M ?:omb (L)

and the integrals satisfy the recursionon 2g! 2+ n" 2

I N

VI g’n(Ll ..... Ln): d'l B(Ll,Lm,I)VI g’n! 1(|,L2 ..... L#m ..... Ln)
m=2 R+
1. | | | # | | )
5 did'C(Ly, !, 1) VIgne1(t,! Lo, .o Lp)+ Ve o (L)Y pege (034
5 h+h'=g



1.2 From GR to TR N Combinatorial

Particularities of the proof

o {veSs | ls(7) < B} < Cyss) 8% °*"  also holds

* Again aa& 4 ¢
M fomb (L) [P]' O T!Comlo (L)/ Stab([ Po])

e Combinatorial Wolpert formula (last week)

duk = d!; d";

T (L) /Stab([Po]) = | ME™B, ((Ca)as (Li)i) X

The twist values avoid a negligible set (creation of saddle connections),
but it Is Irrelevant as we integrate



1.2 From GR to TR N Combinatorial

A geometric proof of Witten conjecture/Kontsevich theorem

1-IL" RY Mgn =2 MM (L)

Nn | !ﬂ
d'e! d"« identifies with % Liz!i

=1 e<e =1
around !; G

1!
2- Theclassof | ¢ = 5

3 - Boundary contributions can be ignored ( Zvonkine, 06), so that

! (39" 3+n) 5 1#n P
* K —_ 2n
= exp = Lo
v (L) (391 3+, 200

VE (L)=

4 - The combinatorial Mirzakhani identity realises the constant function 1 on T,°°™

as an outcome of geometric recursion

5 - Thanks to combinatorial FN coord. and analog of Wolpert formula
=1 topological recursion for V(L)



1.3 From GR to TR N Combinatorial, discrete integration

For L! Z} suchthat ;Li! 2Z.

we have M ©™4(L) 1 M ™ (L) , set of metric ribbon graphs with integer edge length

so we can define discrete integration : 1 (G)

VZ (L) =
g.n
of a function !, ! Fun(M M) o1 7 |Aut G|

Theorem 6 (ABCGLW, 20)

If !, is the outcome of GR for initial data (! p,B,C,! 1)

B(Li,Lp,)=0 if Ly+Ly<!
C(Ly,!,!1)=0 if Ly<!+1!

such that
then ng,n(L) satisfies topological recursion for initial data (! §,B4,C%,! %)

where for X | C%(Ts) weset X“ = X &l com 2

S

and replace integrals with sums over Z.

Remark : the GR sum is finite due to the support condition



1.3 From GR to TR N Combinatorial, discrete integration

|ldea of the proof

Last week we have seen that for a seamed pair of pants decomposition

the combinatorial Fenchel-Nielsen coordinates give
T.combLy (R+ # R)39 3" whose image is the complement of

G S (le("i).#s("i) . anegligible set Z

Discrete integration over the twist could hit Z

But one proves that any twist on small pairs of pants is well-defined

' under the support condition, the fiber has full cardinality !(or 1)



1.3 From GR to TR N Combinatorial, discrete integration

New proof of NorburyOs TR for the number of integer points (Norbury, 10)

The combinatorial Mirzakhani identity realises the constant function 1 on T,

as an outcome of geometric recursion

Bk (L1,L2,!)= Tll([Ll"' Lo =1+ +[L1—Lo—!] —[-L1+ La—1!]+)

1
Cc(L1,0,0) = —[L1 — 0 — ¢, with  [z], = max(z,0)
Ly

The support condition holds

I I 1
=1 Topological recursion for 'M M4l = |Aut( G)|

b ,Z
G! M ©m




Asymptotic count of multicurves



11.1 Asymptotic count of multicurves N Thurston volume of unit ball

Let MF, ! MF|

be the set of measured foliations where !'! is a union of sing. leaves

It admits a piecewise linear integral structure and dimMF, =6g! 6+2n

{Integral points of MF, } = M, = {multicurves}

. AT K¥FIM, | .. .
Thurston measure of A! MF, Uth (A) = L'![n Een If exists
Hyperbolic Combinatorial

Length functions

! MF " Ry

™1 MF, " R,

Vol. of unit balls

B (1)=pm {"! 1

BF°™(G) = pm {lc! 1}

Moments on
TeichmYller

VBgn (L) = | ' d(li\;vp (! )"B! (!)

Hs

' ) #
VEBER® (L) = duk (G) By (G)
M g™ (L)




111.2 Asymptotic count of multicurves N wrt hyperbolic length

Known results for punctured hyperbolic surfaces |

e B, : T, !' R; Iscontinuous, proper, and

1 1 . .
Cym - — | By(#)! cyn . Mirzakhani (07)
I vgz Lo ( )Un(!a( ))! J ,ygz (")
lo(7)<e lo(7)<e

=1 V°Bgn(0) isfinite for s < 2 and infinite for s> 2

* Finer upper bound = VZBg,n (0) is finite Arana-Herrera, Athreya (19)

e Relation to Masur-Veech volumes

QT, ' Mk, ! MF, “n T, I MF, Bonahon (96)
UMy Uth ! HTth Hwp ! Hrh Mirzakhani (08)
Delecroix, Goujard, Zograf, Zorich (19)

Monin-Telpukhovskiy (19)
Arana-Herrera (19)

MMy -Q(Elj,n
249! 2+n 3(6g! 6+2n) a(4g! 4+ n)!

VIBgn(0) =

Open problem : compute explicitly B: (! ) and 'VSBg,n(L) ci1



111.2 Asymptotic count of multicurves -- wrt

f ! :R! Ry suchthat!(") = O(* )

consider multiplicative statistics of lengths of multicurves

LT, v V1Y) = | | (#(%$)) (only primitive multicurves)
LIM] " #())

1 5(") = 1!6! : = v v sl = e st () (all multicurves)

M

This is related to the counting function by Laplace transform

s- dte' St ;;#! M, ] () t$;;= ' [#s](9)
R:

After integration and s! Othis relates to the Thurston volume by integration

S! (6g! 6+2n)

s. dte’ St | ﬁg! M, | ()" tcyﬁdu\/vp(#) #

B (#)d #
y . s 0 (6% 6+ 2n) L  (#) duwe (#)



111.2 Asymptotic count of multicurves -- wrt hyperbolic

Taking as initial data

I sl

Bum[! sl(L1,L2,") = Bm(L1,L2,") + rarsr

B |_ J1 1) e s By (Ly,! 1)e s Y Y
Cull sl(L1,", ") = Cu(Ly,", ")+ Bulatl)e © o Bullal De” o e r e

. s- dte’ S ;;#! M, ] () t$;;: v [#s](9)
R,

IS computed by geometric recursion (Theorem 3)

~—

. . ”
e s dte' s gs! M, | ()"t ﬁdpwp (#)
R. M (L)

IS computed by topological recursion (Theorem 4)

e The s! O limit of TR can be studied by the change of integration variable ! !" /s

and recalling lilmoxm(!'/s) = Xk (M)



111.2 Asymptotic count of multicurves -- wrt hyperbolic

Theorem 7 (ABCDGLW, 19 | ABCGLW 20)

The hyperbolic GR for initial data
 Bi[!1l(L1,L2,") = B (Ly, Ly, ")+ %

non'y — n on' B L 1 : B L ’!"’! e . L
Cull al(L1," ") = Cu(Ly,", ")+ Belipptle o Bxlbut e oy oo e

produces a function ! Eyﬁ’ [l ]! CoT, )'V'Odi whose integral on (M (L), duwp )
IS computed by TR and satisfies

VBgn(L)

i, Va1 11(L) = (63! 6+2n)!

Lroor o f8n

Independent of L



111.3 Asymptotic count of multicurves -- wrt combinatorial

The same reasoning can be done for the counting wrt combinatorial length

: : 0 comb
I st ﬁl I M, | /ﬁ # VB! (L)
S .. dte v som (L) . _ | G( dl»lK (G) A (69$ 6 + 2n)! gbg! 6+2n

Theorem 7bis (ABCDGLW, 19 | ABCGLW 20)

The combinatorial GR for initial data

Bi[! 1](L1,L2,") = Bk (L1,L2,") + 7

nm on' n on' B L I I : B L ,!",! e F Lo
Cull al(L1," ") = Cu(Ly,", ")+ Belipptle o Bxlbulne oo e

produces a function !, «[! {]! CO(T!CO”‘b)MOdi whose integral on (M €™ (L), dpk)

IS computed by TR and satisfies

| Vi | ) comb(L)
LIITT(])+ Kgn[ (L) = (6g! 6+ 2n)!

iIndependent of L



111.3 Asymptotic count of multicurves -- wrt combinatorial

Same TR formula (though different GR -- hyperbolic or combinatorial)
=t VBgn(L)= VB{I™ (L) independent of L

This allows computing them as the constant term of a family of functions
(polynomials) satisfying TR

The Masur-Veech volumes are insensitive to
the model used for TeichmYller space

Theorem 8 (B, Charbonnier, Delecroix, Giacchetto, Wheeler, to appear)

3 4 5 l 6
comb e | 2 2 4 4 1
A Bgn (L) isfinite : 37 2 2% 2)
2 4
iff S<Syn! 2 ?
4 1
2 3 1+ 3(2g! 1)
1
13 1+ 3(2g' 3)




IV.4 Thurston volume of unit balls N Comparison hyp./comb.

Sp
o Ts(L) - TLomb(r) G
pg Jacobian __
L ' 7 1 6g! 6+2n dpk
o TL T BTG

lim !69#6+2n";$B! — B|comb
i . .

T comb
|
I .

e BylLemma5 uniform cv. on thick parts of

e ByMondello (09) lim J, =1

VSBgn (! L)
| (6g# 6+2 n)(s# 1)

Fatou lemma =! VSBEMP (L) I [iminf
g.n N

e Fors! sy,,LHSinfinite = anomalous scaling of V°Bgy (L) for large length

e ByLemma 10, for s =1, both sides are equal (independent of L thus !)

Miss a uniform OintegrableO bound od: to study equality fors <sj ,



5IBOL ZPV GPS ZPV
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