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I. Mirzakhani-type recursions

III. Asymptotic counts of multicurves
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II. From geometric to topological recursion



 Recall from last week …

{hyperbolic metrics}/Diff0

hyperbolic Fenchel-Nielsen

They coincide as topological spaces, but carry different geometry
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= subset of {measured foliations}

smooth manifold PL manifold

hyperbolic length functions combinatorial length functions

{isotopy classes of metric ribbon graphs}
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We have two Teichmüller spaces
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Mirzakhani-type recursion



with 

Recall 

I.1 Mirzakhani-type recursions — Hyperbolic geometry
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Define the functions

Theorem (Mirzakhani, 07)   
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Idea of the proof

I.1 Mirzakhani-type recursions — Hyperbolic geometry
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geodesic issuing from               , stopped at first intersection point
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I.1 Mirzakhani-type recursions — Hyperbolic geometry
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I.1 Mirzakhani-type recursions — Hyperbolic geometry

(Birman-Series)   The union of complete geodesics has Hausdorff dimension 1
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I.2 Mirzakhani-type recursions — Combinatorial geometry
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Figure 13: The three cases examined in Lemma 2.30.

This lemma shows that we can reconstruct edge lengths from lengths of simple closed curves, which in
turn proves that Theorem 2.20 holds when restricted to the closure of a cell. To fully reconstruct the rib-
bon graph (i.e. determine in which cell we are) from just the lengths of simple closed curves, we use the
characterisations of small pairs of pants and their relation to edges in the embedded graph.

Proof of Theorem 2.20. We can now exhibit a global inverse on the image of the combinatorial length spec-
trum map `⇤ : Tcomb

⌃
! RS⌃

+ . We first consider the following composition:

RS⌃
+ (R3

+)
Pall

⌃ R
Aall

⌃

>0

� l�.

The first arrow associates to a length functional � 2 RS⌃
+ the functional on Pall

⌃
defined by [P] 7! ~�(@P),

where ~�(@P) is the ordered triples of boundary lengths. The second arrow associates to a functional ~� on
Pall
⌃

a functional on Aall
⌃

given by

↵ 7�!

8
<

:
�1(P↵)

⇣
BK(~�(P↵))- CK(~�(P↵))

⌘
if ↵ 2 Am

⌃,m0

1
2�1(P↵)CK(~�(P↵)) if ↵ 2 A?

⌃,m0

where [P↵] = Qm0(↵) and �1 is the first component of the triple~�. Note that these are exactly the expressions
appearing in Lemma 2.30.
Consider now the restriction to Im(`⇤). If � = `⇤(G) for some G 2 Tcomb

⌃
, we know from Lemma 2.26

and Remark 2.27 that l�, as a functional on Aall
⌃

, is supported on those oriented arcs ↵ homotopic to non-
singular oriented leaves in the foliation associated to G. These are in bijection with the oriented edges of
G. Forgetting about the orientation, consider the finite collection (↵1, . . . ,↵k) of all such arcs, choosing
representatives that are pairwise non-intersecting in ⌃. This defines a proper simplex in the arc complex
A⌃ (see Appendix A), and taking the dual we obtain a ribbon graph G with an embedding into ⌃. We can
equip it with a metric, assigning the length l�(↵i) to the edge dual to ↵i. This represents a point in Tcomb

⌃
,

so that we have a map
l⇤ : Im(`⇤) �! Tcomb

⌃
.

By construction, l⇤ � `⇤ = id. Thus, `⇤ is injective.
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Theorem 2 (Andersen, B, Orantin 17)

  Let us define   
B[f ](L1, L2, `) = B(L1, L2, `) + f(`)
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I.3 Mirzakhani-type recursions — Multicurve statistics
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I.3 Mirzakhani-type recursions — Multicurve statistics

Idea of the proof
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II 

From geometric recursion to topological recursion



              symmetric in last two variables

II.1 From GR to TR — Hyperbolic

Geometric recursion produces, among others,           -invariant functions onMod@⌃
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Recursion scheme
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Theorem 4 (Andersen, B, Orantin 17)
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Idea of the proof
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Mirzakhani’s theorem realizes the constant function 1 as an outcome of GR
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1

2L1

�
F (L1 + L2 � `) + F (L1 � L2 � `)� F (�L1 + L2 � `)� F (�L1 � L2 � `)

�
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1
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�
F (L1 � `� `0)� F (�L1 � `� `0)

�
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F (x) = 2 ln(1 + ex/2)
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⌦P = 1
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⌦T (�) =
X

�2ST

CM

�
`�(@T ), `�(�), `�(�)

�
= 1
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topological recursion for the Weil-Petersson volumes

V WP
g,n (L) =

Z

M⌃(L)
dµWP(�)

<latexit sha1_base64="zXEJoBD7cQwsEKo5CCHosH/9tPo="></latexit>

(Mirzakhani, 07)



II.2 From GR to TR — Combinatorial

Theorem 5 (ABCGLW, 20)

Assume

|C(L1, `, `
0)| 2 O

�
(` `0)�2+ (1 + [`+ `

0 � L1]+)
�1�
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|B(L1, L2, `)| 2 O
�
`
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�1�
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⌦P ,⌦T 2 O(1)

<latexit sha1_base64="t9ueKsRoiAEUod5WGKtwWkPftcU="></latexit>

Then,                                     and are well-defined

and the integrals satisfy the recursion on 

+
1

2

Z

R2
+

d` d`0 C(L1, `, `
0)

✓
V ⌦g,n�1(`, `

0, L2, . . . , Ln) +
X

h+h0=g
JtJ 0={L2,...,Ln}

V ⌦h,1+|J|(`, J)V ⌦h0,1+|J 0|(`
0, J 0)

◆
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V ⌦g,n(L1, . . . , Ln) =
nX

m=2

Z
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d` `B(L1, Lm, `)V ⌦g,n�1(`, L2, . . . , cLm, . . . , Ln)
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2g � 2 + n � 2

<latexit sha1_base64="LF8oVpneUTbPuykmJTQEMtKh4sA="></latexit>

⌦⌃(G) =
nX

m=2

X

[P ]2P1,m
⌃

B
�
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G(@P )

�
⌦⌃�P (G|⌃�P ) +

1

2

X

[P ]2P1,1
⌃

C
�
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G(@P )

�
⌦⌃�P (G|⌃�P )
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The same can be done in the combinatorial setting

⌦⌃ 2 C0(T comb
⌃ )Mod@

⌃
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V ⌦g,n(L) =

Z

Mcomb
⌃ (L)

⌦⌃(G) dµK(G)
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II.2 From GR to TR — Combinatorial

Particularities of the proof

also holds
���� 2 S⌃ | `G(�)  �

 ��  Csys(G) �
6g�2+2n
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Again
Z

Mcomb
⌃ (L)

X

[P ]2O

· · · =
Z

T comb
⌃ (L)/Stab([P0])

· · ·
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Combinatorial Wolpert formula (last week)

dµK =
Y

i

d`i d⌧i
Y

↵2⇡0(@P\⌃̊)

d`↵ d⌧↵

<latexit sha1_base64="amwZ07vUgzkRUYdTwJWMjYgc2Dk="></latexit>

The twist values avoid a negligible set (creation of saddle connections), 
but it is irrelevant as we integrate

T comb
⌃ (L)/Stab([P0]) '

[

`

Mcomb
⌃�P0

((`↵)↵, (Li)i)⇥
�
(`↵, ⌧↵)↵

 �
⌧↵ ! ⌧↵ + `↵
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�6
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II.2 From GR to TR — Combinatorial

1 - Mg,n
⇠= Mcomb

⌃ (L)

<latexit sha1_base64="5/0XDhO2p9J+S60UBjrPAkLAg18="></latexit>

A geometric proof of Witten conjecture/Kontsevich theorem

8L 2 Rn
+

<latexit sha1_base64="rPIW89u0CVbllOYS2sD5lYLd7s8="></latexit>

2 -  !K =
1

2

nX

i=1

X

e<e0

around @iG

d`e ^ d`e0
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The class of                                                    identifies with 
1

2

nX

i=1

L2
i i
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3 - Boundary contributions can be ignored (Zvonkine, 06), so that  

4 - The combinatorial Mirzakhani identity realises the constant function 1 on T comb
⌃

<latexit sha1_base64="6v2bKJvLfdlnVlmQVDclZMDtptQ="></latexit>

as an outcome of geometric recursion

=)
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topological recursion for V K
g,n(L)

<latexit sha1_base64="ko07ileRh3YpL/+O6O+xQ2cNSAI="></latexit>

5 - Thanks to combinatorial FN coord. and analog of Wolpert formula

V K
g,n(L) =

Z
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g,n (L)

!^(3g�3+n)
K
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=

Z
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exp

✓
1

2
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i i

◆
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we have                                            , set of metric ribbon graphs with integer edge length

II.3 From GR to TR — Combinatorial, discrete integration

For L 2 Zn
+

<latexit sha1_base64="8UOXmMAk9azWh5AIi+ottGM41ME="></latexit>

such that

Mcomb,Z
⌃ (L) ⇢ Mcomb

⌃ (L)
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P
i Li 2 2Z+

<latexit sha1_base64="67YhfLHKtqse+8a07ix+NWyZTeQ="></latexit>

so we can define discrete integration
V Z
g,n(L) =

X

G2Mcomb,Z
⌃ (L)

⌦⌃(G)

|AutG|
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of a function ⌦⌃ 2 Fun(Mcomb
⌃ )
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Theorem 6 (ABCGLW, 20)

If        is the outcome of GR for initial data  ⌦⌃

<latexit sha1_base64="MDXdXOQ1bW4RzAUPeMAVq0HA9BI="></latexit>

(⌦P , B, C,⌦T )
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⇢
B(L1, L2, `) = 0 if L1 + L2 < `
C(L1, `, `0) = 0 if L1 < `+ `0
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such that

then               satisfies topological recursion for initial data V Z
g,n(L)

<latexit sha1_base64="Q1TxhzcN4YYRc7gnOrLnRpAX3R4="></latexit>

(⌦Z
P , B

Z, CZ,⌦Z
T )

<latexit sha1_base64="ZEDUmDaeYXIqec5evyyR2GcTQYQ="></latexit>

where  for                      we setX 2 C0(TS)

<latexit sha1_base64="rDIjzLI/RA/h8/6En+ZoK75SNfs="></latexit>

XZ = X · 1T comb,Z
S

<latexit sha1_base64="GlbqUVxQ7XJtVLOZoeAb3UMTISs="></latexit>

and replace integrals with sums over Z+

<latexit sha1_base64="w2Znrc931F+atOe9eAUwjhmTl3c="></latexit>

Remark : the GR sum is finite due to the support condition



II.3 From GR to TR — Combinatorial, discrete integration

Idea of the proof

Last week we have seen that for a seamed pair of pants decomposition

the combinatorial Fenchel-Nielsen coordinates give

T comb
⌃ (L) �! (R+ ⇥R)3g�3+n

G 7�! (`G(�i), ⌧G(�i)
�
i

<latexit sha1_base64="CsP9X1r7XBq5DUezu8DiaYwwXyU="></latexit>

whose image is the complement of 
a negligible set Z
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Discrete integration over the twist could hit Z
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But one proves that any twist on small pairs of pants is well-defined
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under the support condition, the fiber has full cardinality     (or       )  `
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` `0
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II.3 From GR to TR — Combinatorial, discrete integration

New proof of Norbury’s TR for the number of integer points

The combinatorial Mirzakhani identity realises the constant function 1 on 

as an outcome of geometric recursion

BK(L1, L2, `) =
1

2L1

�
[L1 + L2 � `]+ + [L1 � L2 � `]+ � [�L1 + L2 � `]+

�
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1
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[L1 � `� `0]+
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[x]+ = max(x, 0)

<latexit sha1_base64="ZCKF72PuRBlA7xqEF6TY+ILhm1w="></latexit>

with

The support condition holds

T comb
⌃
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=)
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Topological recursion for
��Mcomb,Z

⌃

�� =
X

G2Mcomb,Z
⌃

1

|Aut(G)|
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(Norbury, 10)



III 

Asymptotic count of multicurves



                be the set of measured foliations where        is a union of sing. leaves 

Thurston measure of             

            It admits a piecewise linear integral structure and 

  Let 

III.1 Asymptotic count of multicurves — Thurston volume of unit ball

MF⌃ ⇢ MF?
⌃
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@⌃
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|A \ k�1M⌃|
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           if exists  A ⇢ MF⌃
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{Integral points of          } =         = {multicurves}MF⌃
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dimMF⌃ = 6g � 6 + 2n

<latexit sha1_base64="yZ1lZ0Kdu4b0gpStJxAujFxWOZE="></latexit>

Moments on 
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Length functions T⌃ ⇥MF⌃ ! R+
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V sBg,n(L) :=

Z
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dµWP(�)

�
B⌃(�)

�s
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g,n (L) :=

Z
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dµK(G)
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B⌃(G)

�s
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Hyperbolic Combinatorial



Open problem : compute explicitly               and 

Finer upper bound 

      is finite for             and infinite for 

Known results for punctured hyperbolic surfaces      

B⌃ : T⌃ ! R+

<latexit sha1_base64="CFhvEWWk5TT1fmPU37MbgPQJ2Q4="></latexit>

is continuous, proper, and 

c0g,n
Y

�2S⌃
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Mirzakhani (07)
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s < 2
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s > 2
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<latexit sha1_base64="N+6PtAkXpmcOzy9RKUnuyiakz3s="></latexit>
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Mirzakhani (08)
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V sBg,n(L)
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Relation to Masur-Veech volumes

V 1Bg,n(0) =
µMV

�
Q1

g,n

�

24g�2+n · (6g � 6 + 2n) · (4g � 4 + n)!
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Delecroix, Goujard, Zograf, Zorich (19)
Monin-Telpukhovskiy (19)

Arana-Herrera (19)

III.2 Asymptotic count of multicurves — wrt hyperbolic length



III.2  Asymptotic count of multicurves -- wrt

  If                         such that      ' : R ! R+
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� 2 T⌃
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  consider multiplicative statistics of lengths of multicurves   
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`!1
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Z
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This is related to the counting function by Laplace transform  

s

Z
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dt e�st
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⇠
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After integration and           this relates to the Thurston volume by integrations ! 0
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III.2  Asymptotic count of multicurves -- wrt hyperbolic

s

Z

R+

dt e�st
���� 2 M⌃ | `�(�)  t

 �� = ⌦M,⌃['s](�)
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is computed by geometric recursion (Theorem 3)
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Z
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dt e�st
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���� 2 M⌃ | `�(�)  t
 �� dµWP(�)
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is computed by topological recursion (Theorem 4)

(
BM['s](L1, L2, `) = BM(L1, L2, `) +

e�s`

1�e�s`
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BM(L1,`,`

0) e�s`
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e�s`0

1�e�s`0
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Taking as initial data

The             limit of TR can be studied by the change of integration variable s ! 0
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and recalling



III.2  Asymptotic count of multicurves -- wrt hyperbolic

Theorem 7 (ABCDGLW, 19 | ABCGLW 20)

produces a function

 independent of L

The hyperbolic GR for initial data
(

BK['1](L1, L2, `) = BK(L1, L2, `) +
e�`

1�e�`

CK['1](L1, `, `0) = CK(L1, `, `0) +
BK(L1,`,`

0) e�`
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0,`) e�`0
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whose integral on (M⌃(L), dµWP)
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is computed by TR and satisfies 
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⌃
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III.3  Asymptotic count of multicurves -- wrt combinatorial

Theorem 7bis (ABCDGLW, 19 | ABCGLW 20)
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The same reasoning can be done for the counting wrt combinatorial length
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III.3  Asymptotic count of multicurves -- wrt combinatorial

Same TR formula (though different GR -- hyperbolic or combinatorial)
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The Masur-Veech volumes are insensitive to 
the model used for Teichmüller space

This allows computing them as the constant term of a family of functions 
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Theorem 8   (B, Charbonnier, Delecroix, Giacchetto, Wheeler, to appear)
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, LHS infinite       anomalous scaling of                   for large length

Fatou lemma

  By Mondello (09)

  By Lemma 5

IV.4 Thurston volume of unit balls — Comparison hyp./comb.
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