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>, will usually denote a smooth bordered surface
oriented, connected (unless specitfied), genus g
n labeled boundaries 0,%,...,0,%
stable: 2—29g—n <0

. Mirzakhani-type recursions

I. From geometric to topological recursion

1. Asymptotic counts of multicurves



Recall from last week ...

We have two Teichmiuiller spaces

Ts(L)

Tom(1)

They coincide as topological spaces, but carry different geometry

{hyperbolic metrics}/Diffo

smooth manifold

hyperbolic length functions

hyperbolic Fenchel-Nielsen

Darboux coords. for wwp

fullimage in (R4 x R)

39g—34+n

{isotopy classes of metric ribbon graphs}

= subset of {measured foliations}

PL manifold

combinatorial length functions

combinatorial Fenchel-Nielsen

Darboux coords. for wk

image = (R x R)%9751"\ 7



Mirzakhani-type recursion



I.1 Mirzakhani-type recursions — Hyperbolic geometry

i [ homotopy class of P — % O P = 0;%
6, _
* Recal PE =) such that 3 — P stable 0o P = 0;%
n \
Py = U Py’ DLt _ {r homotopy class of P — X 01 P = 0;%
j=1 > | such that ¥ — P stable Oy 3P C %

e Define the functions

1
Bum(Ly, Lo, 0) = 2_Ll(F(L1 + Lo —{)+ F(Ly — Ly — ) — F(—L1+ Ly — {) — F(—=Ly — Ly — {))

Cnm(Ly, 4,0) = Lil(F(Ll —0—0)—F(-Ly — (- 1)) with F(z) =2 In(1 + e*/?)

Theorem (Mirzakhani, 07)
For 29 —2+n > 2
n ~ 1 ~
Vo € Tx 1= > Bu(l(0P)) + > > Cu(ls(0P))

m=2[plePgy™

/
NZE




I.1 Mirzakhani-type recursions — Hyperbolic geometry

Idea of the proof Let 0 € Ty

r € 01X ~ 7z geodesicissuing from z L 01X, stopped at first intersection point

o




I.1 Mirzakhani-type recursions — Hyperbolic geometry

Idea of the proof Let 0 € Ty

r € 01X ~ 7z geodesicissuing from z L 01X, stopped at first intersection point

~ [P,] € Py, determined by tubular neighboorhood of 9% U,

when the geodesic does not accumulate on a C ¥

7
=



I.1 Mirzakhani-type recursions — Hyperbolic geometry

(Birman-Series) The union of complete geodesics has Hausdorff dimension 1

— {x€dX | 7, accumulates on o C E} has Hausdorff dimension O

So we have an almost everywhere defined map  9;% --» Ps;

1= o o Llreas | [P]=(P))

[P]eP4,

Given [P], one can identify the set of points = € 91X intrinsically

and compute their measure by hyperbolic trigonometry




|.2 Mirzakhani-type recursions — Combinatorial geometry

e Define the functions
1

Bic(Ln, La,0) = 7= (ILa + Lo = 0 + [y — Lo — fly = [~ L + La — €)4)
/ 1 / S
OK(Ll,g,é): L—[L1—£—€]+ [33]4_ —maX(CE,O)
1

Theorem 1 (ABCGLW, 20)
For 29 —2+n > 2
1
VG € Tsomb 1 = Z Z Bk (ls(0P)) + 5 Ck (¢ (9P))

m=2[PlePy™ PlePy’

o Q Q . Q | g




|.2 Mirzakhani-type recursions — Combinatorial geometry

1st proof : flow the hyperbolic identity to the combinatorial one

SP

o Ts(L) - TSO(L) BT oo () = La(v)
& P B rescaling all edge uniformly for
B ) lengths by with G = Sp(O‘)
comb
o’ Tz(BL) ! T (BL)

1
BM(Ll,LQ,f) = —(F(Ll—i—LQ—E)—FF(Ll —L2—€>—F(—L1—|—L2—€)—F(—L1 —L2—€)>

2L,
1 / /
Cm(Ly, ¢, 0) = L_l(F(Ll — (=)= F(—Li —(—1")) with  F(z) = 2 In(1 + %/?)
1
By (L1, Ly, b)) = 2_Ll([L1 + Lo — {4 +[Ly — Lo — ]y — [~Ly + Lo — {]4)
1
Cx (L1, 0, 0") = Tl —€— am with  [z]4 = max(z,0)
1




|.2 Mirzakhani-type recursions — Combinatorial geometry

2nd proof (direct) Let G e Tomb

1
Write 1= 77 > Usle) Zzﬁ =) > (e

e=edge aE.Al [P]ePs, acQ~1([P])
around 01X

homotopy class of

where we recall Az =
a: [0,1] = X

a(0) € 812} & 73213

determined by the tubular neighborhood of 0:3 U «



|.2 Mirzakhani-type recursions — Combinatorial geometry

A% _ { homotopy class of

Q 1
a: 0,1 <= ¥ a(O)EE)lE} — Pr

| _ —ag,a f[P] e py™ Y
has fibers  Q ([P]) = { %Zg} @0, @'} ;f {P} . 7)];71 (m #2)
mEC 3 -
a | 05 P P
"X > ;D> -

From last time we know that the length of an arc is given by

l(a) = { lc(01%) [BK (Z@(f)@a)) — Ck (Z@(E?Qa))] if Q, € le],m (m £ 1)
%gﬁ(ﬁlz) Ck (Zﬁ(ﬁQa)) if Qa c Pé,l

[P] € Pg™ (m # 1)
if [P] € Py’

1
— a0, > 5@(04){



I.3 Mirzakhani-type recursions — Multicurve statistics

Let My (resp. Msy;) be the set of (primitive) multicurves on ¥

and ¢ : R—= R, suchthat ¢{¥¢) = O/ )

£— 00
We consider multiplicative statistics of lengths of multicurves

e hyperbolic world : o€ Ts Omslpl(o) = Z H p(ls(8))

o combinatorial world : G e T5omb Qi x[p](G) = Z H p(ls(8))



I.3 Mirzakhani-type recursions — Multicurve statistics

BIf|(Ly, Lo, £) = B(Ly, Lo, £) + £(¢)
C[fI(L1,0,0") = C(L1,£,0") + B(L1,6, ") f(£) + B(L1, 0, 0) f(¢') + f(£) f(¢')

Let us define

Theorem 2 (Andersen, B, Orantin 17)

For 29 —2+n>2 andany o €Ty

O sly Y > Buldl(%0P) Qs plelomp)+5 Y Cule)(B(OP)) Qs plel(ops-p)

2[PlePy™ [PlePy!

Theorem 3 (ABCGLW 20)

For 29 —2+4+n>2 andany G e 75°omb

Ox slp Z Z Bx[¢] (46(0P)) Ok - pl¢)(Gs_p) + % Z Cx[¢](bs(OP)) Qk s—prl¢](Gis_p)

PlePy™ [PlePy!



I.3 Mirzakhani-type recursions — Multicurve statistics

|dea of the proof same in hyperbolic or combinatorial setting

Qlel(o)= D 1] #(8) 15 (0ls—r)

YEMYE Bemo ()

=3 I ot Y Xarlols—p)

YEMYE BEmo(7) [PlePs_

[PlePs yEML_

use previous identity

and collect the weights

bl bl

A = Q(),g =1 2

@



From geometric recursion to topological recursion



II.1 From GR to TR — Hyperbolic

Geometric recursion produces, among others, Mod‘; -invariant functions on Tx;

o
Qs € C°(Te)™M° by inductionon 29 —2+n >0

Initial data
o
° QPvaceco(TP)MOdP %JCO(R?I—) e @
Qp,C symmetric in last two variables

* Qp e CO(Tp)Modr T= @

Recursion scheme

For disconnected surfaces  Qx,y..ux,(01,...,0k) = H Qs (04)

For connected, 2g —2+n > 2

m=2 [PlePy™ [PlePy’



II.1 From GR to TR — Hyperbolic

=Y Y BE0P) o p) g Y CEOP) rplos )

m=2[PlePy™ [PlePy?

Theorem 4 (Andersen, B, Orantin 17)

Assume Qp,Qr € O(1)
B(Lt, L3, 0) € O(E7F (1+[¢ = Ly = La1) ™)
(L1, 6,0)] € O((L4) 2 (L+ [0+ £ — La]4) ™)

Then, Q5 € C%(T5)M°% and V(L) = / Qs(0) dpwp (o) are well-defined
Ms (L)

and the integrals satisfy the recursion on 2g —2+n > 2

VQyn(Ly,...,Ly) = Z/ A0l B(L1, Ly, ) VQy 16, Ly, ..., Ly, ..., Ly)
R

+ / dede’ C(Ly, 0,0 (VQg,n_l(z, 0 Lo,...,Ly) + S VU 141516 T) Vs 1415 (£ J’))
R

2
+ h+h'=g
JUJ/:{LQ ..... L,}

DO | —



II.1 From GR to TR — Hyperbolic

n

—

VQyn(L,...,Ly) = / d00B(Ly, L, 0) VQqn_1(6, Lo, ..., Ly, ..., L)
2 /Ry

m_
—I_ /
2 R

d¢dl’ C(Ly,0,0") (VQg,n_l(e, 0 Lo, ..., Ly) + 3 V Qi) (b T) Vg (£ J’))

h+h'=g
JuJ'={Ls,....L,}

o, % \ . & o3
D) &
> . '

These terms are in bijection with the finite set P& /ModS

2
+

[P]] € P& /Mod%  characterized by the topology of ¥ — P
P



II.1 From GR to TR — Hyperbolic

Idea of the proof

o {reSs | Lo(y) B} < Oy 8270127

allows proving the sums are absolutely convergent on {sys, > €} C T

¢ Let [Py € Ps Mod%.[Py] = ModZ /Stab([P,]) = ©

Vf € Mods, lo(f(OP))) = Lp-1(0) (OP)
Qs 1Py (O15—(Py)) = Qs—p, (f(0)1m—p,)

— /MZ(L) ( Z X(Zg(ﬁp)) QZ—P(0|E—P))dMWP(U) = X(Za(é’PO)) Qs—py(015-p,)

[P]eO LE(L)/Stab([Po])

e Take a seamed pair of pants decomposition of ¥ containing P

dpwp = | [ dt; dr; (Wolpert formula)



II.1 From GR to TR — Hyperbolic

Mirzakhani’s theorem realizes the constant function 1 as an outcome of GR
Qp =1

1
Bu(Ly, Lo, b)) = f(F(L1 +Ly—0)+ F(Ly — Ly — ) — F(—Li+ Ly — ¢) — F(—=Ly — Ly — {))
1

Cot(Ly, 0, 0) = Lil(F(L1 L) F(-Li——¢))  with F(z)=21In(1+e"/?)

Qr(o) = > Cu(lo(0T),45(7), 4o (y)) =1

YEST

—> topological recursion for the Weil-Petersson volumes  (Mirzakhani, 07)

V@ = [ duwe(o)
Ms (L)



II.2 From GR to TR — Combinatorial

The same can be done in the combinatorial setting

Z Z KG OP)) Q- p(Gjs—p) +— Z C( 5@(5’P)) Qs p(Gn_p)
PlePy™ [PlePy

Theorem 5 (ABCGLW, 20)

Assume Qp,Qr € O(1)
B(Lt, L3, 0) € O(E7F (1+[¢ = Ly = La1) ™)
(L1, 6,0)] € O((L4) 2 (L+ [0+ £ — La]4) ™)

Then, Oy € C’O(7'2‘330““]3)MOdg and VQ,,(L) :/ ( )QE(G) duk(G) are well-defined
Mcomb L

and the integrals satisfy the recursion on 2g —2+n > 2

VQyn(Ly,...,Ly) = Z/ A0l B(L1, Ly, ) VQy 16, Ly, ..., Ly, ..., Ly)
R

1
+—/ dede’ C(Ly, ¢, 0 (VQg,n_l(e, ¢ Lo,...,Ly) + > Va1 T) V1410 (2 J’))
R2

2
h+h'=g
JuJ'={La,...,L,}



II.2 From GR to TR — Combinatorial

Particularities of the proof

{veSs | lo(7) < B} < Cuyse) B °T*"  also holds

e Again /
Mcomb(L) Z

[fz‘fomb(L)/Stab([Po])

e Combinatorial Wolpert formula (last week)

dux = |[de;dr; || drodr,

ozEm)(GPﬂf])

T2 (L)/Stab([Po]) ~ | JME™B ((€a)ar (Li)e) X { (Lo 7)o} /70 — 70+ Lo
14

The twist values avoid a negligible set (creation of saddle connections),
but it is irrelevant as we integrate



II.2 From GR to TR — Combinatorial

A geometric proof of Witten conjecture/Kontsevich theorem

1- VLeR? Mg, = MP™(L)

2 - The class of wi = Z Z d/. A d¢. identifies with %ZL?%

e<e’ 1=1
around 0;G

3 - Boundary contributions can be ignored (Zvonkine, 06), so that

« w/\(39—3—|—n)
V(L :/ B :/ exp( L%Z)
ain) Meombry (39 —3+n) Sz, Z

4 - The combinatorial Mirzakhani identity realises the constant function 1 on 75°™"

as an outcome of geometric recursion

5 - Thanks to combinatorial FN coord. and analog of Wolpert formula

—> topological recursion for Vglfn(L)



II.3 From GR to TR — Combinatorial, discrete integration

For L€ Z? suchthat ) ;L; €27,

we have M™% (L) ¢ MP™P(L) , set of metric ribbon graphs with integer edge length

so we can define discrete integration Qs (G

g,n
of a function Qy;, € Fun(ME™P) GeM™PZ (L) Aut G

Theorem 6 (ABCGLW, 20)

It Qs is the outcome of GR for initial data (Q2p, B, C, Q7)

suchthat { o0 52 L

then V7, (L) satisfies topological recursion for initial data (2%, BZ,C%, Q%)
where for X € CY(75) weset X4 = X - 1 com.z

and replace integrals with sums over Z,

Remark : the GR sum is finite due to the support condition



II.3 From GR to TR — Combinatorial, discrete integration

Idea of the proof

Last week we have seen that for a seamed pair of pants decomposition

the combinatorial Fenchel-Nielsen coordinates give
TLomb(L)  — (Ry x R)3973t"  whose image is the complement of

G —  (le(71), 6(W)), a negligible set Z

Discrete integration over the twist could hit Z

But one proves that any twist on small pairs of pants is well-defined

~> under the support condition, the fiber has full cardinality ¢ (or ¢¢")



II.3 From GR to TR — Combinatorial, discrete integration

New proof of Norbury’s TR for the number of integer points (Norbury, 10)

omb

The combinatorial Mirzakhani identity realises the constant function 1 on 75,

as an outcome of geometric recursion

1
Bk (L1, L2, 0) = —([Ll + Lo — L]y +[L1 — Lo — ]y — [~L1 + Lo — f]+)
20,4

1
CK(Ll,K,K/) = —[Ll —{— f’]_|_ with [ZC]_|_ = max(x, 0)
Ly

The support condition holds

coIn 1
—> Topological recursion for |M§; b’Z’: Z [Aut(G)|

comb,”Z
GeMS



Asymptotic count of multicurves



l1l.1 Asymptotic count of multicurves — Thurston volume of unit ball

Let MFy C MF%

be the set of measured foliations where 9 is a union of sing. leaves

It admits a piecewise linear integral structure and dim MFy, = 6g — 6 + 2n

{Integral points of MFyx}= My = {multicurves}

Thurston measure of A ¢ MFs

uth(A) = lim

k— o0

|A M /C_lME‘

Y if exists

Hyperbolic

Combinatorial

Length functions

EXMFE—)R+

TLomb 5 MFy, — R4,

Vol. of unit balls

Bs:(0) = prn({€o < 1})

B (6) = ({6 < 1))

Moments on
Teichmuller

V°Bgn(L) = /M d(ﬂé\;VPw)(@E(U))S

dux (G)(B=(G))

mb
comb (L)

V@M (L) = /
M

S




l1l.2 Asymptotic count of multicurves — wrt hyperbolic length

Known results for punctured hyperbolic surfaces ¥

e By : Ty — R, iscontinuous, proper, and

1 1 .
c < Bx(o) <cyn — Mirzakhani (07)
’ vgz lo ()| In(ts(7))) ’ ,ygz lo(7)
£y (v)<e £y (v)<e

— V*®By,(0) isfinite for s <2 and infinite for s > 2

e Finer upper bound = VZ@g,n(O) is finite Arana-Herrera, Athreya (19)

e Relation to Masur-Veech volumes

QT -—» MFg xMFy <Z- 7Ty x MFy Bonahon (96)

5% UTh & UTh UwWP & UTh Mirzakhani (08)

Delecroix, Goujard, Zograf, Zorich (19)
Monin-Telpukhovskiy (19)
Arana-Herrera (19)

_ v (Qg.n)
- 249-24n . (69 — 6+ 2n) - (49 — 4+ n)!

— Vl@g,nm)

Open problem : compute explicitly Bx(c) and (VSQ%g,n(L))S#l



l1l.2 Asymptotic count of multicurves -- wrt

If ¢ : R =R, suchthat (/) = O ™)

£— 00

consider multiplicative statistics of lengths of multicurves

o€ Ts Om sl Z H (¢ (only primitive multicurves)

yEM d€mo(7y)

—s¥
¢ — sl '
ps(f) = T omst ™7 Ovsles] (o) = E e () (all multicurves)
YyEMs

This is related to the counting function by Laplace transform

S/R dte™ [{y e Mz | £ls(y) <t}| = Quzles)(o)

After integration and s — 0 this relates to the Thurston volume by integration

—(6g—6+2n)
S dt 6_8t</ v € My lo(y) <t d,uwp(a)) ~ / Bs: (o) dpuwp (o)
/[R+ M (L) A | () =] s=0 (69 — 6 +2n)! [ g (1)




l1l.2 Asymptotic count of multicurves -- wrt hyperbolic

Taking as initial data

BM[SOS](Ll’L%g) — BM(L17L27€) + 1328—282
Onilos] (L1, €,0) = Cap(Ly, £, ¢) + Bt e™™ | Bu(ly,lh0e™™ | e e~

1—e—st 1—e—st’ l—e=st 1 _e—st/

o[ et {reMs | t() < 0} = Dusle(o)

is computed by geometric recursion (Theorem 3)

. S/Rerte_St(/Mz(L)nyEMg | ea(wgt}\duwp(a))

is computed by topological recursion (Theorem 4)

e The s — 0 limit of TR can be studied by the change of integration variable ¢ +— ¢/s

—

and recalling li_r>r(l) Xnm(l/s) = Xk (0)



l1l.2 Asymptotic count of multicurves -- wrt hyperbolic

Theorem 7 (ABCDGLW, 19 | ABCGLW 20)

The hyperbolic GR for initial data

BK[Spl](LhLQ)E) — BK(Ll,LQ,E) -+ 1i;£—£
/ — / ¢! . Y
CK[Spl](Llaga g/) — CK(Ll,g,El) —+ By (L1,6,0)) e ‘ + Bk (L1,4°,4) e + - et e ¢

1—e—* 1—e—¥¢ “e— T 1_o—¢

Modg

produces a function Q]I“{y% [p1] € C°(Tx) whose integral on (Mx(L),duwp)

is computed by TR and satisfies

VB, n(L)

lim VO, [pa)(L) = (69 — 6 1 2n)!

L0+ 99T

independent of L



lIl.3 Asymptotic count of multicurves -- wrt combinatorial

The same reasoning can be done for the counting wrt combinatorial length

V@comb(L)
dt e~ 5t e M lg(y) <tild
s/{m " </M§Omb<L) X = lety H da )> s—0 (6g — 6 + 2n)! s09—0+2n

Theorem 7bis (ABCDGLW, 19 | ABCGLW 20)

The combinatorial GR for initial data

BK[901](L1,L2,€) — BK(Ll,LQ,g) —+ 1E;£_£
N —4 / —¢! _ Y
Cxlp1](L1,2,0) = Cx (L1, £,0) + B (L1t e™ | BK(Ll,e_,@e L. ¢ -t

L=t 1—e —e— ¢ 1

Mod?2

produces a function Qg k[p1] € C°(TS™P)Meds \Whose integral on (M$™P(L), duk)

is computed by TR and satisfies

lim VO o] (L) = B ()
Lm0+ RenlPURE T G 6 1 2n)!

independent of L



lIl.3 Asymptotic count of multicurves -- wrt combinatorial

Same TR formula (though ditferent GR -- hyperbolic or combinatorial)

—  VByn(L) = VB (L)

independent of L

This allows computing them as the constant term of a family of functions

(polynomials) satistying TR

The Masur-Veech volumes are insensitive to

the model used for Teichmuller space

Theorem 8

VEBEMP(L) s finite

iff s<s;,n§2

(B, Charbonnier, Delecroix, Giacchetto, Wheeler, to appear)

4 5 > 6
4 1
2 2 | 31 3=
4
1] 2 4
4
2 | 3 1+ 531
> 3




IV.4 Thurston volume of unit balls — Comparison hyp./comb.

Sp

o Ts(L) - TSmb(L) G
pg " Jacobian )
—[ ®pg T 1 prdpwp
o - B [369—6+2n
o TmpL) ——— Tz (BL)  BG
SP
e Bylemmab Bh—{go 569_6+2nP;@2 = BL™P yniform cv. on thick parts of 7o

e By Mondello (09) Bh—{go Js =1

.. VB, (BL)
spcomb g,n
Fatou lemma — V @g’n (L) < 11511_1>1£f 5(69—6+2n)(s—1)

e For s>s,,,LHSinfinite = anomalous scaling of V°3, (L) for large length

e Bylemma 10, for s =1, both sides are equal (independent of L thus )

Miss a uniform ‘integrable’ bound on Jjs to study equality for s <s, ,



Thavk vou For vour attention |
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