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oriented, connected (unless specified), genus
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Geometry of the combinatorial Teichmüller space



I.1 Combinatorial Teichmüller space — Definitions

T comb
⌃ =
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isotopy class of proper embeddings of metric ribbon graphs

such that       retracts onto ⌃
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 A ribbon graph is a graph with 
- the data of a cyclic order at each vertex 
- vertices have valency  
- faces are labeled from 1 to n

  and labels agree

� 3
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Mcomb
⌃ =

T comb
⌃

Mod@⌃
=

[

G ribbon graph
type (g,n)

R
E(G)
+

Aut G
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Combinatorial moduli space

 pure mapping 
class group

Combinatorial Teichmüller space
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Figure 1: Two examples of combinatorial structures on a sphere with four boundary components.

Elements of Tcomb
⌃

(L) are called combinatorial structures and Mcomb
g,n (L) is the quotient of Tcomb

⌃
(L) by the pure

mapping class group of ⌃, which depends only on the genus and the number of boundary components of
the surface.

As a set, the space Tcomb
⌃

is given by the union of Tcomb
⌃

(L) over L 2 Rn

+. It is in fact nothing but the (geometric
realisation of the) metrised proper arc complex on ⌃ [33] and it is homeomorphic to the usual Teichmüller
space T⌃ parametrising hyperbolic metrics on ⌃ making the boundaries geodesic. Furthermore, it can be
seen as a certain subset of MF?

⌃
, the space of measured foliations on bordered surfaces introduced in [20].

Though the idea of describing Tcomb
⌃

via measured foliations is not new, it turns out to be key for many of
our results.

Many aspects of the geometry of hyperbolic structures have an analogue for combinatorial structures. First
of all, we can define the length of simple closed curves with respect to a combinatorial structure, and this
gives an alternative description of the topology on Tcomb

⌃
as follows. Let S⌃ the set of simple closed curves

– including boundary components – on ⌃. Our first result is Theorem 2.20 in the text, restated below.

Theorem A.1. The combinatorial length map `⇤ : Tcomb
⌃

! RS⌃
+ is a homeomorphism onto its image.

It is possible to cut combinatorial structures along simple closed curves, and it is possible to (self-)glue
combinatorial structures along boundary components of the same lengths, once a choice of marked points
on the boundary components which are being glued and the value of a generic twist ⌧ 2 R has been
chosen (Section 2.4). The main difference with the hyperbolic world is in the gluing: for some values of
the twist ⌧, it is not possible to glue the combinatorial structures; in the measured foliation description
this correspond to the creation of saddle connections that cannot be removed by Whitehead equivalences.
However, we show that the set of twists for which we cannot perform the gluing is a countable subset of R
with open dense complement. These notions are the fundamental necessary ingredients for the definition
of the combinatorial analogue of Fenchel–Nielsen coordinates (Section 2.5). We give here a concise form of
the stronger Theorem 2.41.

Theorem A.2. Given a seamed pants decomposition for a connected bordered surface ⌃ of genus g with n boundary
components, we have an open map

Tcomb
⌃

(L) �! R3g-3+n

+ ⇥R3g-3+n

G 7�!
�
`(G), ⌧(G)

�

that is a homeomorphism onto its image, which has a complement of zero measure.

R. Kaufmann pointed out to us that certain aspects of gluing combinatorial structures in terms of the arc
complex are discussed in his work with Livernet and Penner [25]. However, to the best of our knowledge,
the construction of combinatorial Fenchel–Nielsen coordinates and Theorem A.2 are new.
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I.1 Combinatorial Teichmüller space — Definitions

L1

L2 L3

(a) The 7 cells composing Mcomb
0,3 . The pictu-

re represents the cone R3
+ together with a slice

{ L1 + L2 + L3 = const }. The dotted lines are not
part of the space.

Z/6Z

Z/4Z

•

••

�

��

⇠=

•

•

�

�

•
•

R+⇥

(b) The two orbicells composing Mcomb
1,1 . On the right, the red point

has stabiliser Z/6Z, the orange point has stabiliser Z/4Z, and all
other points have stabiliser Z/2Z. The white points are not part of
the space.

Figure 2: The combinatorial moduli spaces of type (0, 3) and (1, 1).

There are at least two different ways to define the above homeomorphism. The first, originating from
Jenkins and Strebel [24, 39], relies on the geometry of meromorphic quadratic differentials. The second
one uses hyperbolic geometry and comes from Penner and Bowditch–Epstein [36, 7]. In the next section
we discuss the latter and its generalisation to combinatorial Teichmüller spaces, due to Luo and Mondello
[27, 33].

2.2 Combinatorial Teichmüller spaces

One can think of the combinatorial Teichmüller space as points in the combinatorial moduli space together
with a marking, the advantage being that there is now a well-defined notion of length of curves. We review
its known relation with hyperbolic surfaces via the spine construction. Although the topological proper-
ties of such spaces have already been studied in the literature, the main focus has been on the proper arc
complex description. Here we put forward an equivalent description via measured foliations which later
facilitates our constructions.

2.2.1 Primary definitions

Definition 2.8. A bordered surface ⌃ is a non-empty topological, compact, oriented surface with labelled
boundary components @1⌃, . . . ,@n⌃. We assume that each connected component has non-empty boundary
and is stable, i.e. its Euler characteristic is negative. If furthermore ⌃ is connected of genus g, we call (g,n)
the type of ⌃. We use P (resp. T ) to refer to bordered surfaces with the topology of a pair of pants (resp. of
a torus with one boundary component).
Denote by Mod⌃ the mapping class group of ⌃:

Mod⌃ = Diff+(⌃)/Diff+0 (⌃), (2.5)

where Diff+(⌃) is the group of orientation-preserving diffeomorphisms of the surface ⌃ and Diff+0 (⌃) de-
notes its subgroup consisting of those diffeomorphisms isotopic to the identity. The pure mapping class group
Mod@

⌃
is the subgroup of Mod⌃ consisting of mapping classes which preserve the labellings of boundary

component of ⌃.
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Examples of combinatorial moduli spaces

T comb
⌃ (L)
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Mcomb
⌃ (L)
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loci with fixed boundary lengths L = (L1, . . . , Ln) 2 Rn
+
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(g, n) = (0, 3)
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(g, n) = (1, 1)
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They are not smooth spaces, but rather polytopal complexes



I.1 Combinatorial Teichmüller space — Definitions

The combinatorial Teichmüller space has an equivalent description 
by measured foliations

MF?
⌃ =
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foliation with isolated singularities 
(F , µ)
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• •

Figure 6: Example of the spine construction. In red, the spine sp(�). In blue, the ribs emanating from two
vertices.

It is possible (although more difficult) to construct the inverse map and actually show that it is a homeo-
morphism, equivariant with respect to the action of Mod@

⌃
.

Theorem 2.14. [27, 33] The spine map sp : T⌃(L) ! Tcomb
⌃

(L) is a homeomorphism, equivariant under the action of
the pure mapping class group. ⌅

In [27, 33] the theorem is stated in terms of the proper arc complex, rather than the combinatorial Te-
ichmüller space, but their relation is recalled in Appendix A. As a direct consequence, we find that for each
fixed L 2 Rn

+, there is an orbifold homeomorphism Mg,n(L) ⇠= Mcomb
g,n (L) and thus with Mg,n (Theorem 2.7).

2.2.3 Relation with measured foliations

For a given metric ribbon graph, its geometric realisation is naturally endowed with a measured foliation,
as we now explain. We refer to [20, Section 5.1] for a complete discussion about measured foliations, but to
be self-contained we recall here the basic definitions.

Definition 2.15. Let ⌃ be a bordered surface, and F a foliation on ⌃ with isolated singularities. A transverse
invariant measure on F is a measure µ defined on each arc transverse to the foliation, invariant under iso-
topy of arcs through transverse arcs whose endpoints remain in the same leaf. If the arc passes through a
singularity, the transversality pertains to all points of the arc belonging to a regular leaf.

⇥ ⇥

(a) Internal regular point.

⇥ @⌃ ⇥

(b) Regular point at the boundary of
transverse type.

⇥ @⌃ ⇥

(c) Regular point at the boundary of
parallel type.

•⇥ •⇥

(d) Internal singular point.

•⇥ @⌃ •⇥

(e) Singular point at the boundary
of transverse type.

•⇥ @⌃ •⇥

(f) Singular point at the boundary
of parallel type.

Figure 7: Possible models for points in a foliation. The singular leaves are depicted in blue, while smooth
leaves in grey. Only singular points of low valency are depicted, but any higher valency is allowed.
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Figure 9: The geometric realisation of a metric ribbon graph (left) and the associated measured foliation.
The edges of the embedded graph are depicted in red, the singular leaves of the associated foliation in blue.

The above construction defines a map
F⇤ : T

comb
⌃

�! MF?
⌃

, (2.11)

whose image is the set of classes of measured foliations admitting a representative, with respect to White-
head equivalence, whose leaves are all transverse to the boundary of ⌃ (cf. Figure 7b and 7e), and there is
no singular leaf connecting two singular points – such singular leaf is called a saddle connection. Moreover,
the measured foliation can be used to give a hexagonal decomposition of the surface, and reconstruct the
embedded metric ribbon graph. To summarise, we have the following lemma.

Lemma 2.18. The map F⇤ is injective. Its image consists of measured foliations admitting a representative with
respect to Whitehead equivalence whose leaves are all transverse to the boundary of the surface and with no saddle
connections. ⌅

2.3 Length functions and topology

We introduce now combinatorial length functions for simple closed curves, and show that combinatorial
structures are (locally in Tcomb

⌃
) completely determined by the knowledge of finitely many of these lengths.

This gives an alternative description of the topology on Tcomb
⌃

.

2.3.1 Notations for curves

We denote by

• S⌃ the set of homotopy classes of simple closed curves in ⌃, and its subset S�
⌃

consisting of non
boundary parallel (also called essential) curves,

• M⌃ the set of multicurves, i.e. homotopy classes of finite unions of pairwise disjoint of essential
simple closed curves of ⌃,

• M 0
⌃

the set of primitive multicurves, i.e. those multicurves whose components are pairwise non-
homotopic.

From now on, curves are always considered up to homotopy. By convention M⌃ and M 0
⌃

contain the empty
multicurve, whereas S⌃ and S�

⌃
do not.

If ⌃ is a bordered surface and � 2 S�
⌃

(or more generally in M 0
⌃

), we can consider the closed surface ⌃�

defined as the result of cutting ⌃ along a chosen representative of �. The assumptions on � imply that
every connected component of ⌃� is stable. Among such connected components, there is one containing
@1⌃. We label the boundaries of such surface by putting the components of @⌃ first (in the order they appear
in ⌃), followed by those of � (in some order). For the connected components of ⌃� that do not contain @1⌃,
we label the boundaries by putting the components of � first (in some order), followed by those of @⌃ (in
the order they appear in ⌃). In the following we specify the choice of order only in case it has an actual
relevance in the argument.
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Figure 9: The geometric realisation of a metric ribbon graph (left) and the associated measured foliation.
The edges of the embedded graph are depicted in red, the singular leaves of the associated foliation in blue.

The above construction defines a map
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comb
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⌃

, (2.11)

whose image is the set of classes of measured foliations admitting a representative, with respect to White-
head equivalence, whose leaves are all transverse to the boundary of ⌃ (cf. Figure 7b and 7e), and there is
no singular leaf connecting two singular points – such singular leaf is called a saddle connection. Moreover,
the measured foliation can be used to give a hexagonal decomposition of the surface, and reconstruct the
embedded metric ribbon graph. To summarise, we have the following lemma.

Lemma 2.18. The map F⇤ is injective. Its image consists of measured foliations admitting a representative with
respect to Whitehead equivalence whose leaves are all transverse to the boundary of the surface and with no saddle
connections. ⌅
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relevance in the argument.
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I.1 Combinatorial Teichmüller space — Definitions

The combinatorial Teichmüller space has an equivalent description 
by measured foliations

T comb
⌃ ,! MF?

⌃
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homeomorphism onto its image

The image is the set of [measured foliations] where 
- leaves are transverse to 
- no saddle connections

@⌃
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• •

Figure 6: Example of the spine construction. In red, the spine sp(�). In blue, the ribs emanating from two
vertices.

It is possible (although more difficult) to construct the inverse map and actually show that it is a homeo-
morphism, equivariant with respect to the action of Mod@

⌃
.

Theorem 2.14. [27, 33] The spine map sp : T⌃(L) ! Tcomb
⌃

(L) is a homeomorphism, equivariant under the action of
the pure mapping class group. ⌅

In [27, 33] the theorem is stated in terms of the proper arc complex, rather than the combinatorial Te-
ichmüller space, but their relation is recalled in Appendix A. As a direct consequence, we find that for each
fixed L 2 Rn

+, there is an orbifold homeomorphism Mg,n(L) ⇠= Mcomb
g,n (L) and thus with Mg,n (Theorem 2.7).

2.2.3 Relation with measured foliations

For a given metric ribbon graph, its geometric realisation is naturally endowed with a measured foliation,
as we now explain. We refer to [20, Section 5.1] for a complete discussion about measured foliations, but to
be self-contained we recall here the basic definitions.

Definition 2.15. Let ⌃ be a bordered surface, and F a foliation on ⌃ with isolated singularities. A transverse
invariant measure on F is a measure µ defined on each arc transverse to the foliation, invariant under iso-
topy of arcs through transverse arcs whose endpoints remain in the same leaf. If the arc passes through a
singularity, the transversality pertains to all points of the arc belonging to a regular leaf.

⇥ ⇥

(a) Internal regular point.

⇥ @⌃ ⇥

(b) Regular point at the boundary of
transverse type.

⇥ @⌃ ⇥

(c) Regular point at the boundary of
parallel type.

•⇥ •⇥

(d) Internal singular point.

•⇥ @⌃ •⇥

(e) Singular point at the boundary
of transverse type.

•⇥ @⌃ •⇥

(f) Singular point at the boundary
of parallel type.

Figure 7: Possible models for points in a foliation. The singular leaves are depicted in blue, while smooth
leaves in grey. Only singular points of low valency are depicted, but any higher valency is allowed.
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       is non-degenerate on cells corresponding to 
ribbon graphs with vertices of odd valency only

I.1 Combinatorial Teichmüller space — Definitions

  If             = {homotopy classes of simple closed curves}�
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we have a combinatorial length functions

- sum of edge lengths along the non-backtracking rep. on the graph

- intersection number with the measured foliation

`(�) : T comb
⌃ ! R+
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(continuous)

Kontsevich 2-form on T comb
⌃ (L)
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!K =
1

2

nX

i=1

X

e<e0

around @i⌃

d`e ^ d`e0
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defined on cells,            - invariantMod@⌃
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Lemma (Kontsevich, 91) !K
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2 S•
⌃
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reflected in their respective symplectic forms        and        

1 - 

I.1 Combinatorial Teichmüller space — Definitions

Kontsevich 2-form on T comb
⌃ (L)
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!K =
1

2

nX

i=1

X

e<e0

around @i⌃

d`e ^ d`e0
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defined on cells,            - invariantMod@⌃
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Mg,n
⇠= Mcomb

⌃ (L)
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Introduced by Kontsevich in his proof of Witten’s conjecture

8L 2 Rn
+
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Z

Mcomb
⌃ (L)

!^d⌃
K

d⌃!
=

Z

Mg,n

exp

✓
1

2

nX

i=1

L2
i i

◆
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2 -  

3 - matrix model representation         KdV hierarchy and Virasoro constraints 
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Although T comb
⌃ (L)
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T⌃(L)
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and             are homeomorphic, they carry different geometry

!K
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!WP
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V K
⌃ (L) :=
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Dijkgraaf, Vafa, Verlinde (91)



I.2 Combinatorial Teichmüller space — Cutting and gluing

  If     is an oriented simple closed curve, we can cut                    along  �
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and obtain 

G 2 T comb
⌃
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�
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G|⌃�� 2 T comb
⌃��
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The map `⇤ is clearly continuous, since the lengths of simple closed curves are linear combinations of
lengths of edges. The inverse map l⇤ is also continuous on the `⇤-image of each cell, since we realised
the edge lengths as piecewise linear (and thus continuous) functions of the length of locally finitely many
simple closed curves. This completes the proof.

2.4 Cutting and gluing

Before describing a combinatorial version of Fenchel–Nielsen coordinates, we need the notion of cutting a
combinatorial structure along an essential simple closed curve, and the reciprocal notion of gluing combi-
natorial structures along boundary components of the same length.

2.4.1 Basic definitions

CUTTING. Consider a bordered surface ⌃, fix G 2 Tcomb
⌃

and � an essential simple closed curve. We want
to define a combinatorial structure on the surface ⌃� obtained by cutting ⌃ along a chosen representative
of �. To this end, choose a representative (G, f), so that we have an induced structure of measured foliation
on ⌃. If necessary, perform a minimal sequence of local Whitehead moves in small disc neighbourhoods
of the vertices, in such a way that � is transversal to the resulting foliation. We then restrict the measured
foliation to ⌃�, which is induced from a unique metric ribbon graph G� with an embedding which up to
isotopy does not depend on the choices made. This defines a combinatorial structure G� 2 Tcomb

⌃�
.

Cutting also makes sense when � is a primitive multicurve, and it is equivalent to cutting along each com-
ponent of � in an arbitrary order. Note that the lengths of edges after cutting are again linear combinations
of the edge lengths which agree on the closure of the open cells. This shows that the cutting, viewed as a
map Tcomb

⌃
! Tcomb

⌃�
, is continuous. See Figure 14 and Figure 15 for a local illustration of the cutting, and

Appendix B for some global examples.

•

•

•

•

•

•

Figure 14: Cutting/gluing algorithm: the combinatorial structure G (in red) pictured with the singular
leaves (in blue), and the curve � (in green).

GLUING. Consider a bordered surface ⌃, possibly disconnected, with a choice of two boundary components
�- and �+. Let G 2 Tcomb

⌃
be such that `G(�-) = `G(�+). We want to define a combinatorial structure on the

surface obtained by topologically gluing �- and �+. Fix a representative (G, f), so that we have an induced
structure of a measured foliation F on ⌃. First, we observe that once we pick a point p- on �-, there is a
unique action of R on �- which preserves the induced measure and orientation on �-. We let p⌧

- be the
image of p- under the action of ⌧ 2 R. Pick now a point p+ on �+, and identify �- with �+ in a measure
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Figure 15: Cutting/gluing algorithm for vertices of higher valency. Two Whitehead moves are performed.

preserving way, such that p⌧

- is identified with p+ in an orientation reversing way. This means that we have
a unique measured foliation F⌧ induced on the glued surface, which we denote ⌃⌧.

2.4.2 Admissible gluings

What is not clear from the above construction is whether the measured foliation F⌧ is associated to a combi-
natorial structure on ⌃⌧. If this is true, we call such ⌧ an admissible twist. We refer to Figure 14 and Figure 15
– read from right to left – for a local illustration of the gluing, Appendix B for some global examples, and
Figure 16 for an example of F⌧ that is not associated to a combinatorial structure.

•

•

•

•

• •
p
⌧
-

p+

�- �+

⌃

•

•

•

•

⌃⌧

⌃̂
⌧

Figure 16: A glued measured foliation that is not dual to a combinatorial structure. Notice in grey ⌃̂⌧, that
is properly contained in ⌃⌧, and the presence of saddle connections on the boundary of ⌃̂⌧ that cannot be
removed by Whitehead moves.

Proposition 2.31. There exists a unique metric ribbon graph G⌧ and a unique marking f : ⌃⌧ ! |G⌧| up to isotopy,
such that the measured foliation induced on ⌃⌧ agrees with F⌧ if and only if F⌧ has a representative without saddle
connections, i.e. no leaf between two singularities.

Proof. Perform a maximal sequence of Whitehead moves, i.e. that reduces the connected components of the
the compact singular leaves to a graph with one vertex. Let ⇤(F⌧) be the set of leaves of F⌧, and define
⌃̂⌧ = { � 2 ⇤(F⌧) | � \ @⌃⌧ 6= ? } (cf. Figure 16). Then from Poincaré recurrence [20, Theorem 5.2] this is
nothing but the union of all leaves which go from boundary to boundary together with the finitely many
leaves which connect the boundary to a singular point of F⌧ (i.e. no leaves starting from the boundary
spiral in the surface). If ⌃̂⌧ = ⌃⌧, then F⌧ has no closed singular leaves and we see that the singular leaves
of F⌧ split the surface into hexagons, which in turn determines G⌧ uniquely and its marking up to isotopy.
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Figure 18: A combinatorial structure G glued to G⌧ and G⌧
0 for |⌧ - ⌧ 0| small. The singular leaves of G are

shown in blue. After gluing, they are prolonged with the purple leaves in G⌧, and with the light blue leaves
in G⌧

0 . The dotted lines indicate the identification of �- and �+ for ⌧ and ⌧ 0.

2.5 Combinatorial Fenchel–Nielsen coordinates

With the notions of cutting and gluing in the combinatorial spaces defined, we have available the key tools
to attempt a definition of Fenchel–Nielsen coordinates analogously to the hyperbolic case. In fact Fenchel–
Nielsen coordinates can be defined, the main difference with the hyperbolic case being that the image of
such a coordinate system does not cover the whole codomain. This is due to the fact that combinatorially
not all twists are allowed.

2.5.1 Seams and pants decompositions

We can now define global coordinates on the combinatorial Teichmüller space, analogous to the hyperbolic
Fenchel–Nielsen coordinates. Firstly, we need a technical ingredient, the pants seams, that allows us to
define a canonical way of gluing pairs of pants.

Definition 2.36. Consider a combinatorial marking (G, f) on a pair of pants P, with associated foliation
F. Define the combinatorial seam connecting two distinct boundary components � and � 0 of P to be the
quasitransverse arc connecting � and � 0, as indicated in Figure 19. In the cases 19c–19g, the seams are
smooth leaves, located at exactly the same distance from the adjacent singular leaves.

A notion of pants seams connecting a boundary component of P to itself can be found in [20, Section 6.3]. We
remark that the combinatorial seam realises the minimum among lengths of all essential arcs connecting
one boundary component to another (the length can be zero). For a point (L1,L2,L3) 2 R3

+
⇠= Tcomb

P
, the

length of the seam connecting @1P and @2P is given by the formula

`comb(L1,L2,L3) =


L3 - L1 - L2

2

�

+

, (2.16)

while the length of a seam connecting @1P to itself is given by

`comb(L1,L2,L3) =


L2 + L3 - L1

2

�

+

+


L2 - L1 - L3

2

�

+

+


L3 - L1 - L2

2

�

+

= max
�
L2 + L3 - L1

2
,L2 - L1,L3 - L1, 0

� (2.17)
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0 . The dotted lines indicate the identification of �- and �+ for ⌧ and ⌧ 0.
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F. Define the combinatorial seam connecting two distinct boundary components � and � 0 of P to be the
quasitransverse arc connecting � and � 0, as indicated in Figure 19. In the cases 19c–19g, the seams are
smooth leaves, located at exactly the same distance from the adjacent singular leaves.
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Figure 25: Change in the coordinate system of ⌃.
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Figure 26: Change in the coordinate system of T .

ONE-HOLED TORUS. For a one-holed torus T , consider the global coordinates (`, ⌧) 2 TT (L) relative to
(P,S) of Figure 26. Then the change of coordinate system to (P 0,S 0) is given by by Equation (5.12) and

cosh
�
⌧

0(`,⌧)
2

�
= cosh

�
`

2

�
vuut cosh2(⌧2 )

�
cosh(L2 ) + cosh(`)

�
- 2 sinh2( `2 )

cosh2(⌧2 )
�
cosh(L2 ) + cosh(`)

�
+ sinh2( `2 )(cosh(L2 )- 1)

(5.21)

with sgn(⌧ 0) = - sgn(⌧).

Using the convergence under the rescaling flow of hyperbolic length and twist parameters to the combina-
torial analogues, we can calculate a “tropicalisation” of Okai’s formulae.

Proposition 5.8.

SPHERE WITH FOUR BOUNDARY COMPONENTS. For a four-holed sphere X, consider the global coordinates (`, ⌧) 2
Tcomb
X

(L1,L2,L3,L4) relative to the system of curves (P,S) of Figure 25. Then the change of coordinate system to
(P 0,S 0) is given by Equation (2.29) and

|⌧ 0(`, ⌧)| =
1
2

����2|⌧|+ `+M1,4(`) +M2,3(`)- ` 0(`, ⌧)-M1,2(`
0)-M3,4(`

0)

���� (5.22)

with sgn(⌧ 0) = - sgn(⌧). We recall here that Mi,j(`) = max
�

0,Li - `,Lj - `, Li+Lj-`

2

 
.

TORUS WITH ONE BOUNDARY COMPONENT. For a one-holed torus T , consider the global coordinates (`, ⌧) 2
Tcomb
T

(L) relative to the system of curves (P,S) of Figure 26. Then the change of coordinate system to (P 0,S 0) is
given by Equation (2.31) and

|⌧ 0(`, ⌧)| =
���`-

⇥
L

2 - ` 0(`, ⌧)
⇤
+

��� (5.23)

with sgn(⌧ 0) = - sgn(⌧).
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Combinatorial (9g - 9 + 3n)-theorem (ABCGLW, 20)

For each      in the pair of pants decomposition, define�i
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Figure 20: The curves � and ⌘ (we omit the subscript).

simplex. Every codimension one simplex containing G is contained in two top-dimensional simplices and
therefore �L(G) is in the interior of the image of the simplex. Thus, �L is open.
Finally, notice that by gluing one curve at a time and using Proposition 2.31 and Lemma 2.35 for each L and
`, we can see that the image is dense and its complement has zero measure.

2.6 A combinatorial (9g- 9 + 3n)-theorem

In this paragraph we establish a combinatorial analogue of the hyperbolic (9g-9+3n)-theorem (see e.g. [19,
Theorem 10.7]), that is, any combinatorial structure can be reconstructed from the data of the combinatorial
lengths of (9g - 9 + 3n) simple closed curves. Partial computations in this direction were done in [20,
Exposé 6]). These results are used in Section 5.1.2 to compare the hyperbolic and combinatorial twists, and
in Section 5.2 to prove that combinatorial Fenchel–Nielsen coordinates transform in a piecewise linear way
under a change of pants decompositions.

Let ⌃ be of type (g,n) and fix a seamed pants decomposition (P,S), with P = (�1, . . . ,�3g-3+n). The union
of the pair of pants in the decomposition that are adjacent to �i is a surface of type (0, 4) or (1, 1), and we
choose ↵i 2 S crossing �i in ⌃i. We choose some order on the boundaries such that ↵i connects @1X to @2X
and @4X is in the same pair of pants as @1X. We now define two other homotopy classes of curves in ⌃i (see
Figure 20).

• If ⌃i has type (0, 4), we let �i be the curve determined by a tubular neighbourhood of ↵i union the
boundary component it connects. If ⌃i has type (1, 1), we let �i be the curve ↵i.

• Let ⌘i be the image of �i after a positive Dehn twist along �i.

In the (0, 4) case there are two possible choices of ↵i as above but both choices give the same (�i,⌘i).

Theorem 2.42. Let ⌃ be a bordered surface of type (g,n) and (P,S) a seamed pants decomposition. The following
map is continuous and injective:

Tcomb
⌃

(L) �! R9g-9+3n
+

G 7�!
�
`G(�), `G(�), `G(⌘)

�
.

(2.28)

As a preparation to the proof, we present in Lemmata 2.43 and 2.45 closed formulae for `G(�i) and `G(⌘i)
in the (0, 4) and (1, 1) cases respectively. For this purpose we can work locally on G|⌃i with a fixed seamed
pants decomposition, which we denote by `i = `G(�i), ` 0i = `G(�i) and ` 00

i
= `G(⌘i).
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I.1 Combinatorial Teichmüller space — FN coordinates

Theorem 4  

!K =
3g�3+nX

i=1

d`i ^ d⌧i
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For any seamed pair of pants decomposition in each open cell

Compute the vector field        in terms of edge lengths along       (sliding)

Idea of the proof

Check it is the hamiltonian vector field for

@⌧i

<latexit sha1_base64="lc77HtQQDfvS3/HGrZPh6XYXAaU="></latexit>

`i

<latexit sha1_base64="L47XV3vGr78KvPO2+SrMT4+sSZw="></latexit>

combinatorial analog of Wolpert’s formula (83) 
for Weil-Petersson symplectic form wrt. hyperbolic length/twists
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II 

Flowing from hyperbolic to combinatorial



II.1 Flowing from hyperbolic to combinatorial — Identification

For              , the Teichmüller space of the bordered surface L 2 R+
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The spine of a hyperbolic metric      is the locus of points in �
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equidistant from two boundaries

Lemma (Luo 07, Mondello 09)
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⌃

� 7�! sp�(⌃)
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II.1 Flowing from hyperbolic to combinatorial — Identification



pointwise in

As metric spaces                                              in Gromov-Hausdorff sense    

Combinatorial geometry is hyperbolic geometry with large boundary lengths

Bowditch-Epstein flow (88)

T⌃(L)

<latexit sha1_base64="zJRUVhhoT30fSzzM1nASvozLtBw="></latexit>

T comb
⌃ (L)

<latexit sha1_base64="Oe+TWfPl0rkpVtbYbPduQM6sZok="></latexit>

T comb
⌃ (�L)

<latexit sha1_base64="PWI1C0fwTxujuOUhDMCl0RYxX/k="></latexit>

T⌃(�L)

<latexit sha1_base64="E8tOnS0icstywy9ohBelbIV5Lyc="></latexit>

sp

<latexit sha1_base64="cuzuraRxCWZomy9bHELFarnKncs="></latexit>

sp�1

<latexit sha1_base64="xf+Rgwr3ZBJWJlGwiDWeptnBi3I="></latexit>

rescaling all edge 
lengths by �

<latexit sha1_base64="20TrZJm4S/W+FmYoNGhZcATVywI="></latexit>

��

<latexit sha1_base64="MzaxFpjBVwIefJ0hDT3jAwvOnis="></latexit>

�

<latexit sha1_base64="00af3ueD0wesZW/b2cO45AX2ewo="></latexit>

��

<latexit sha1_base64="uqOyqhFfWb6fRe+m8WbVO3WAyqE="></latexit>

⇢�

<latexit sha1_base64="+ZyhLcRnRYC4PSSTcg+Hjb/N5Rg="></latexit>

II.2 Flowing from hyperbolic to combinatorial — Convergence

Theorem (Mondello 09, Do 10)
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for any simple closed curve     and                    with                       

II.2 Flowing from hyperbolic to combinatorial — Convergence

Lemma 5  (ABCGLW, 20)

For any           , there is                   such that for ✏ > 0
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Idea of the proof

(Do, 10) Upper bound OK, and lower bound              
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II.2 Flowing from hyperbolic to combinatorial — Convergence

Proposition 6  (ABCGLW, 20)

For each seamed pair of pants decomposition and compact K ⇢ T comb
⌃
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Idea of the proof

Use hyp. (9g - 9 + 3n)-theorem to write            in terms of hyp. lengths for⌧i(�
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Example: flip in torus 

II.3 Flowing from hyperbolic to combinatorial — PL structure

Corollary 7  (ABCGLW, 20)

                  admits a piecewise linear structure (given by comb. FN coordinates)T comb
⌃ (L)
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(Okai, 92)

For        with             , they get tropicalized.��
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Figure 25: Change in the coordinate system of ⌃.
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Figure 26: Change in the coordinate system of T .

ONE-HOLED TORUS. For a one-holed torus T , consider the global coordinates (`, ⌧) 2 TT (L) relative to
(P,S) of Figure 26. Then the change of coordinate system to (P 0,S 0) is given by by Equation (5.12) and

cosh
�
⌧

0(`,⌧)
2

�
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�
`

2

�
vuut cosh2(⌧2 )

�
cosh(L2 ) + cosh(`)

�
- 2 sinh2( `2 )

cosh2(⌧2 )
�
cosh(L2 ) + cosh(`)

�
+ sinh2( `2 )(cosh(L2 )- 1)

(5.21)

with sgn(⌧ 0) = - sgn(⌧).

Using the convergence under the rescaling flow of hyperbolic length and twist parameters to the combina-
torial analogues, we can calculate a “tropicalisation” of Okai’s formulae.

Proposition 5.8.

SPHERE WITH FOUR BOUNDARY COMPONENTS. For a four-holed sphere X, consider the global coordinates (`, ⌧) 2
Tcomb
X

(L1,L2,L3,L4) relative to the system of curves (P,S) of Figure 25. Then the change of coordinate system to
(P 0,S 0) is given by Equation (2.29) and
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1
2

����2|⌧|+ `+M1,4(`) +M2,3(`)- ` 0(`, ⌧)-M1,2(`
0)-M3,4(`

0)

���� (5.22)

with sgn(⌧ 0) = - sgn(⌧). We recall here that Mi,j(`) = max
�

0,Li - `,Lj - `, Li+Lj-`

2

 
.

TORUS WITH ONE BOUNDARY COMPONENT. For a one-holed torus T , consider the global coordinates (`, ⌧) 2
Tcomb
T

(L) relative to the system of curves (P,S) of Figure 26. Then the change of coordinate system to (P 0,S 0) is
given by Equation (2.31) and

|⌧ 0(`, ⌧)| =
���`-

⇥
L
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⇤
+

��� (5.23)

with sgn(⌧ 0) = - sgn(⌧).
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hyperbolic
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(character variety perspective for comb. ??)



2. integrating it (using Wolpert comb. formula) gives a recursion for

III 

McShane, Mirzakhani, multicurves

Summary 

1. there is an analogue of Mirzakhani-McShane identity on T comb
⌃
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(geometric proof of Witten’s conjecture - Virasoro part)

3. this generalises to statistics of multicurves wrt. hyp. or comb. lengths
and fits in a general formalism geometric recursion / topological recursion

Andersen, B., Orantin (17)



  from              , shoot a geodesic     orthogonally to the boundary

III.1 McShane-type identities (hyperbolic)

          Mirzakhani (07) established a partitition of unity on T⌃(L)
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                generalizing a identity of McShane (91) for the punctured torus

                Strategy  in a hyperbolic surface            with 
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and stop it at the first intersection with itself or with

               apart from rare pathological cases, it determines an embedded pair of pants  
               with geodesic boundaries and bounding 

October 27, 2017 18:5 WSPC/INSTRUCTION FILE CoursToulouse

42

o
0
1

r
0

a0
bm = a

b1

r

o
0
2

o1

o2

p1

p2

I(Q)

o
0
1

r
0

a0

b1

r

o
0
2

o1

o2

p1

p2

a

I1(Q)

I2(Q)

October 27, 2017 18:5 WSPC/INSTRUCTION FILE CoursToulouse

42

o
0
1

r
0

a0
bm = a

b1

r

o
0
2

o1

o2

p1

p2

I(Q)

o
0
1

r
0

a0

b1

r

o
0
2

o1

o2

p1

p2

a

I1(Q)

I2(Q)

@⌃

<latexit sha1_base64="ioQlv2hIq0FMELF8TPFljKCj0Rc="></latexit>

@1⌃

<latexit sha1_base64="l0ECBwSD1jZsmbJGHsM7Ytt9fDw="></latexit>

Pp

<latexit sha1_base64="HGItFwNWg/sEJMgcdGi4JHOFfDw="></latexit>

               write      1 =
1

`�(@1⌃)

X

[P ]2P⌃

`�
�
{p 2 @1⌃ | [Pp] = [P ]}

�

<latexit sha1_base64="NzQZs72sntKiBWVdF3tQk64VeZE="></latexit>

2g � 2 + n � 2

<latexit sha1_base64="MhuxigG5FjreBEGx4DdHL+GZhLk="></latexit>



Theorem (Mirzakhani, 07)

with 

For                           and any 

such that

III.1 McShane-type identities (hyperbolic)

P⌃ =

✓ n[

m=2

Pm
⌃

◆
[ P;

⌃

<latexit sha1_base64="h9MAHM+M2IciDLCPB7JO5Uo5YYI="></latexit>

P;
⌃ =

<latexit sha1_base64="FiMk/UqYhdW0bttueqe2M4/H0K8="></latexit>

homotopy class of                P ,! ⌃

<latexit sha1_base64="l29wq6G69pbp1wF6EsQJlHGfEgQ=">AAADH3icZVLLbtNAFJ24PEp4pbBBYmPIhoUVxShV20WkSmxYhkfaSrEVzYxv4lHmYc2M01Yj91+Q2MJvsENs+xX8AuPEQjiczZw55947vteXFJwZOxzedoK9O3fv3d9/0H346PGTp72DZ2dGlZrClCqu9AXBBjiTMLXMcrgoNGBBOJyT1bvaP1+DNkzJz/a6gFTgpWQLRrH10rz3YhImuVIrzZa5xVqryzD5xJYCz3v94WC4Qf g/iRvSRw0m84PO7yRTtBQgLeXYmFk8LGzqsLaMcqi6SWmgwHSFlzADufTN5akjmABve6VdHKeOyaK0IGkVenQTDRIuqRICy8wlWmSwwCW3lSuKdrqjfjQMdFvMga/BVmHrIULGRCmZqauIEEMxh2zsGzuMDNXjrLQ091rqBLY55gvsK0qlhadK2lZ1LEwdFPmz9kxNzLUg9WlzEdWmVYqb9kdxbOHKx1W7xWjWlhZ4ZZWOiMYrsBGpE/6dRpZVLqnf0MJl1Y75EUzjqqIeXFgLOzG+rcxPbBanziVrWv9AvziySl5tywJ3/djfWmbV3azIyQbhlhyNGnIS/12Rs7eDeDQ4/DDqnx43y7KPXqLX6A2K0RE6Re/RBE0RRTfoK/qGvgdfgh/Bz+DXNjToNDnPUQvB7R/LrgmS</latexit>

@1P = @1⌃

<latexit sha1_base64="RrDx2SWiWUipCU3q2HtEw+WjwKM="></latexit>

@2P = @m⌃

<latexit sha1_base64="Jym7v/ZMQiq5LTRqa7/W68JPd9o="></latexit>

⌃� P

<latexit sha1_base64="/fyEHb1qT1lA9QsESPbxavkR7qo=">AAADD3icZVLLbtNAFJ24PEp4tbBkY8iGhYniKlXbRaRKbFiGR9qK2KrmcZNYmYc1Mw6tRv6ISmzhN9ghtnwCX8EvMJNYCIezmTPn3HvH9/qSkhfGDga/OtHOrdt37u7e695/8PDR4739J2dGVZrChCqu9AXBBnghYWILy+Gi1IAF4XBOlq+Df74CbQolP9jrEnKB57KYFRRbL33M3hdzgeNX8fhyrzfoD9aI/ydpQ3qowfhyv/ M7Y4pWAqSlHBszTQelzR3WtqAc6m5WGSgxXeI5TEHOfTOL3BFMgLe9ys6Oc1fIsrIgaR17dDMNEj5RJQSWzGVaMJjhitvalWU73VE/igJ0W1wAX4Gt49ZDhIyIUpKpq4QQQzEHNvKNHSaG6hGrLF14LXcC2wXmM+wrSqWFp0raVnUsTAhK/Bk8E4i5FiScdiGSYFqluGl/FMcWrnxcvV2MsrY0w0urdEI0XoJNSEj4dxqM1S4Lb2jhWL1lvgPTuKoMg4uDsBXj22J+YtM0dy5b0fAD/aLIOnu+KQvc9VJ/a5l1d70iJ2vEG3I0bMhJ+ndFzg766bB/+HbYOz1ulmUXPUMv0EuUoiN0it6gMZogiiT6jL6gr9FN9C36Hv3YhEadJucpaiH6+QeI9AKs</latexit>

stable              {

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

Pm
⌃ =

<latexit sha1_base64="FmimKiWuEblsueYLHSDdJh/+oF4="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

such that
homotopy class of                P ,! ⌃

<latexit sha1_base64="l29wq6G69pbp1wF6EsQJlHGfEgQ=">AAADH3icZVLLbtNAFJ24PEp4pbBBYmPIhoUVxShV20WkSmxYhkfaSrEVzYxv4lHmYc2M01Yj91+Q2MJvsENs+xX8AuPEQjiczZw55947vteXFJwZOxzedoK9O3fv3d9/0H346PGTp72DZ2dGlZrClCqu9AXBBjiTMLXMcrgoNGBBOJyT1bvaP1+DNkzJz/a6gFTgpWQLRrH10rz3YhImuVIrzZa5xVqryzD5xJYCz3v94WC4Qf g/iRvSRw0m84PO7yRTtBQgLeXYmFk8LGzqsLaMcqi6SWmgwHSFlzADufTN5akjmABve6VdHKeOyaK0IGkVenQTDRIuqRICy8wlWmSwwCW3lSuKdrqjfjQMdFvMga/BVmHrIULGRCmZqauIEEMxh2zsGzuMDNXjrLQ091rqBLY55gvsK0qlhadK2lZ1LEwdFPmz9kxNzLUg9WlzEdWmVYqb9kdxbOHKx1W7xWjWlhZ4ZZWOiMYrsBGpE/6dRpZVLqnf0MJl1Y75EUzjqqIeXFgLOzG+rcxPbBanziVrWv9AvziySl5tywJ3/djfWmbV3azIyQbhlhyNGnIS/12Rs7eDeDQ4/DDqnx43y7KPXqLX6A2K0RE6Re/RBE0RRTfoK/qGvgdfgh/Bz+DXNjToNDnPUQvB7R/LrgmS</latexit>

@1P = @1⌃

<latexit sha1_base64="RrDx2SWiWUipCU3q2HtEw+WjwKM="></latexit>

⌃� P

<latexit sha1_base64="/fyEHb1qT1lA9QsESPbxavkR7qo=">AAADD3icZVLLbtNAFJ24PEp4tbBkY8iGhYniKlXbRaRKbFiGR9qK2KrmcZNYmYc1Mw6tRv6ISmzhN9ghtnwCX8EvMJNYCIezmTPn3HvH9/qSkhfGDga/OtHOrdt37u7e695/8PDR4739J2dGVZrChCqu9AXBBnghYWILy+Gi1IAF4XBOlq+Df74CbQolP9jrEnKB57KYFRRbL33M3hdzgeNX8fhyrzfoD9aI/ydpQ3qowfhyv/ M7Y4pWAqSlHBszTQelzR3WtqAc6m5WGSgxXeI5TEHOfTOL3BFMgLe9ys6Oc1fIsrIgaR17dDMNEj5RJQSWzGVaMJjhitvalWU73VE/igJ0W1wAX4Gt49ZDhIyIUpKpq4QQQzEHNvKNHSaG6hGrLF14LXcC2wXmM+wrSqWFp0raVnUsTAhK/Bk8E4i5FiScdiGSYFqluGl/FMcWrnxcvV2MsrY0w0urdEI0XoJNSEj4dxqM1S4Lb2jhWL1lvgPTuKoMg4uDsBXj22J+YtM0dy5b0fAD/aLIOnu+KQvc9VJ/a5l1d70iJ2vEG3I0bMhJ+ndFzg766bB/+HbYOz1ulmUXPUMv0EuUoiN0it6gMZogiiT6jL6gr9FN9C36Hv3YhEadJucpaiH6+QeI9AKs</latexit>

stable              
{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

@2,3P ⇢ ⌃̊

<latexit sha1_base64="2aDguqi1B7yqkk5n4i5Zx8i00wU="></latexit>

BM(L1, L2, `) =
1

2L1

�
F (L1 + L2 � `) + F (L1 � L2 � `)� F (�L1 + L2 � `)� F (�L1 � L2 � `)

�

<latexit sha1_base64="L3BvB+mN9ZcG99jsSFL1Oby2rSQ="></latexit>

CM(L1, `, `
0) =

1

L1

�
F (L1 � `� `0)� F (�L1 � `� `0)

�

<latexit sha1_base64="1utfsW/1rPnKJ7+0YYC0zjuU7b0="></latexit>

2g � 2 + n � 2

<latexit sha1_base64="MhuxigG5FjreBEGx4DdHL+GZhLk="></latexit>

� 2 T⌃

<latexit sha1_base64="tFeIVUUHwTYW4LHXOx0xsmY7/mg="></latexit>

1 =
nX

m=2

X

[P ]2Pm
⌃

BM(~̀�(@P )) +
1

2

X

[P ]2P;
⌃

CM(~̀�(@P ))

<latexit sha1_base64="aEDRfG9Cw115WqjJU/7AwJLtwBA="></latexit>

F (x) = 2 ln(1 + ex/2)

<latexit sha1_base64="oNxtGS7ue8lYcbphBxAGUss3vsA="></latexit>

(a)

(b) Topological recursion for the WP volumes (using Wolpert’s formula)



iff                    

        Assume                            and a combinatorial structure      on   

III.2 McShane-type identities (combinatorial)

          We can apply the same strategy in the combinatorial setting
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Figure 9: The geometric realisation of a metric ribbon graph (left) and the associated measured foliation.
The edges of the embedded graph are depicted in red, the singular leaves of the associated foliation in blue.

The above construction defines a map
F⇤ : T

comb
⌃

�! MF?
⌃

, (2.11)

whose image is the set of classes of measured foliations admitting a representative, with respect to White-
head equivalence, whose leaves are all transverse to the boundary of ⌃ (cf. Figure 7b and 7e), and there is
no singular leaf connecting two singular points – such singular leaf is called a saddle connection. Moreover,
the measured foliation can be used to give a hexagonal decomposition of the surface, and reconstruct the
embedded metric ribbon graph. To summarise, we have the following lemma.

Lemma 2.18. The map F⇤ is injective. Its image consists of measured foliations admitting a representative with
respect to Whitehead equivalence whose leaves are all transverse to the boundary of the surface and with no saddle
connections. ⌅

2.3 Length functions and topology

We introduce now combinatorial length functions for simple closed curves, and show that combinatorial
structures are (locally in Tcomb

⌃
) completely determined by the knowledge of finitely many of these lengths.

This gives an alternative description of the topology on Tcomb
⌃

.

2.3.1 Notations for curves

We denote by

• S⌃ the set of homotopy classes of simple closed curves in ⌃, and its subset S�
⌃

consisting of non
boundary parallel (also called essential) curves,

• M⌃ the set of multicurves, i.e. homotopy classes of finite unions of pairwise disjoint of essential
simple closed curves of ⌃,

• M 0
⌃

the set of primitive multicurves, i.e. those multicurves whose components are pairwise non-
homotopic.

From now on, curves are always considered up to homotopy. By convention M⌃ and M 0
⌃

contain the empty
multicurve, whereas S⌃ and S�

⌃
do not.

If ⌃ is a bordered surface and � 2 S�
⌃

(or more generally in M 0
⌃

), we can consider the closed surface ⌃�

defined as the result of cutting ⌃ along a chosen representative of �. The assumptions on � imply that
every connected component of ⌃� is stable. Among such connected components, there is one containing
@1⌃. We label the boundaries of such surface by putting the components of @⌃ first (in the order they appear
in ⌃), followed by those of � (in some order). For the connected components of ⌃� that do not contain @1⌃,
we label the boundaries by putting the components of � first (in some order), followed by those of @⌃ (in
the order they appear in ⌃). In the following we specify the choice of order only in case it has an actual
relevance in the argument.
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• M 0
⌃
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homotopic.

From now on, curves are always considered up to homotopy. By convention M⌃ and M 0
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contain the empty
multicurve, whereas S⌃ and S�

⌃
do not.

If ⌃ is a bordered surface and � 2 S�
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(or more generally in M 0
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), we can consider the closed surface ⌃�

defined as the result of cutting ⌃ along a chosen representative of �. The assumptions on � imply that
every connected component of ⌃� is stable. Among such connected components, there is one containing
@1⌃. We label the boundaries of such surface by putting the components of @⌃ first (in the order they appear
in ⌃), followed by those of � (in some order). For the connected components of ⌃� that do not contain @1⌃,
we label the boundaries by putting the components of � first (in some order), followed by those of @⌃ (in
the order they appear in ⌃). In the following we specify the choice of order only in case it has an actual
relevance in the argument.
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III.2 McShane-type identities (combinatorial)

Proposition 8  (ABCGLW 20)
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(a)

(b) Topological recursion for Kontsevich volumes (using Wolpert comb. formula)

geometric proof of the Virasoro part of Witten’s conjecture 
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(a) and (b) can also be proved by flowing Mirzakhani’s results from hyp. to comb. 
thanks to uniform control on lengths



 hyperbolic world :         

III.3 Counting multicurves
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  We consider multiplicative statistics of lengths of multicurves   
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  We can generalize Mirzakhani identity, to compute these functions by recursion

Using Wolpert formulas, this implies topological recursion for integrals 
over the moduli spaces

fits in a general theory : geometric recursion =)
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III.3 Counting multicurves

Theorem 9 (Andersen, B, Orantin 17)

  Let us define   
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exists and satisfies topological recursion                          

Theorem 9’ (ABCGLW 20) For                          2g � 2 + n � 2
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III.3 Counting multicurves

Idea of the proof of (a)
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IV 

Thurston volume of unit balls



                be the set of measured foliations where        is a union of sing. leaves 

Thurston measure of             

            It admits a piecewise linear integral structure and 

  Let 

IV.1 Thurston volume of unit balls — Definitions
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Moments on 
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Hyperbolic Combinatorial



Open problem : compute explicitly               and 

Finer upper bound 

      is finite for             and infinite for 

Known results for punctured hyperbolic surfaces      

IV.2 Thurston volume of unit balls — Hyperbolic case
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Relation to Masur-Veech volumes
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Mirzakhani (08) 
Delecroix, Goujard 
Zograf, Zorich (19)

(sums over stable graphs, 2 topological recursions, intersection theory on          ) 

Problem : compute explicitly               and                             ? 

There are by now many ways to compute the Masur-Veech volumes

IV.2 Thurston volume of unit balls — Hyperbolic case
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Let                     and assume the underlying ribbon graph      is trivalent

IV.3 Thurston volume of unit balls — Combinatorial case

The combinatorial setting is easier as one can make explicit computations

Bcomb
⌃ (G) =

X

i

1

di

1Q
r2RG,i

`G(r)
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where          is a set of (6g - 6 + 2n) 
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•• •• •

Figure 3: The geometric realisation of a graph � (left), of a metric ribbon graph G (center), and the local
picture around a vertex of |G| (right). In red we draw G embedded into |G| and the segments along which
the stripes are glued are depicted in blue.

To describe the combinatorial Teichmüller space it is convenient to introduce some explicit geometric struc-
tures associated with a metric ribbon graph.

Definition 2.9. The geometric realisation of a graph � is the 1-dimensional CW-complex

|� | =
G

e2E

[0, 1]
.

⇠

obtained by identifying endpoints corresponding to the same vertex in � .

Definition 2.10. The geometric realisation of a metric ribbon graph G of type (g,n) is the oriented, compact,
genus g surface with n boundary components

|G| =
⌦
(u, t,~e) 2 [-1, 1]⇥R ⇥ ~E

��� t 2 [0, `G(e)]
↵.

⇠

where the equivalence relation ⇠ is given by

(u, t,~e) ⇠ (u, `G(e)- t, i(~e)) for u 2 [-1, 1], ~e 2 ~E, t 2 [0, `G(e)]

and
(u, `G(e),~e) ⇠ (-u, 0, s(~e)) for u 2 [0, 1], ~e 2 ~E.

The geometric realisation of the underlying graph can be seen as a subset of |G|, and the inclusion is a
deformation retract; see Figure 3 for an example.

Definition 2.11. A combinatorial marking of a bordered surface ⌃ is an ordered pair (G, f) where G is a metric
ribbon graph and f : ⌃ ! |G| is a homeomorphism respecting the labellings of boundaries of G and ⌃. The
combinatorial Teichmüller space is defined as

Tcomb
⌃

=
⌦
(G, f)

��� (G, f) is a combinatorial marking on ⌃
↵.

⇠ . (2.6)

Here, (G, f) ⇠ (G 0, f 0) if and only if there exists a metric ribbon graph isomorphism ' : G ! G 0 such that
' � f is isotopic to f 0. We call combinatorial structures and denote by G = [G, f] the points in Tcomb

⌃
.

Notice that, for a fixed G 2 Tcomb
⌃

and for each boundary component @m⌃, there exists a homotopy between
@m⌃ and a unique face of the embedded graph. Thus, we can talk about the length (with respect to G) of
the boundary @m⌃, denoted by `G(@m⌃). In particular, we can define the perimeter map p : Tcomb

⌃
! Rn

+ by
setting

p(G) =
�
`G(@1⌃), . . . , `G(@n⌃)

�
. (2.7)

We also set Tcomb
⌃

(L) = p-1(L).
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is the euclidean volume of a union of polytopes in 
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Lemma 10

di 2 N⇤
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in particular

IV.3 Thurston volume of unit balls — Combinatorial case

Example
(g, n) = (1, 1)
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•

•

`B `C

`A

•

•

⇢1
•

•

⇢2

Figure 3: The top-dimensional cell of Mcomb
1,1 (L) parametrised by edge lengths (`A, `B, `C), together with two

essential simple loops ⇢1 and ⇢2.

Bcomb
1,1 (`A, `B, `C) =

1
2

1
(`A + `B)(`A + `C)

+
1
2

1
(`A + `B)(`B + `C)

+
1
2

1
(`A + `C)(`B + `C)

=
L

2
1

(`A + `B)(`B + `C)(`C + `A)
.

Besides

Bcomb,•
1,1 (`A, `B, `C) =

ˆ
R3

>0

dxAdxBdxC 1xA(`B+`C)+xB(`C+`A)+xC(`A+`B)61

=
1

6(`A + `B)(`B + `C)(`C + `A)
=

2!
3!

Bcomb
1,1 (`A, `B, `C)

L

as expected from Lemma 2.2.
Let us go now integrate over the moduli space (see Equation (2.5)). We recall that #Aut(G) = 6, and the
Kontsevich measure on ZG(L) cell is dµK = d`Ad`B. Expressing `C = L

2 - `A - `B and performing the
change of variable (`A, `B) = L

2 (a,b), we can compute
ˆ
Mcomb

1,1 (L)
Bcomb

1,1 dµK =
1
6

ˆ
0<`A,`B<L/2
`A+`B<L/2

L

2
d`Ad`B

(`A + `B)(
L
2 - `A)(

L
2 - `B)

=
1
6

ˆ
0<a,b<1
a+b<1

dadb
(a+ b)(1 - a)(1 - b)

= -
1
3

ˆ 1

0

ln(a)
1 - a2 da

=
Li2(1)- Li2(-1)

6
=

⇡
2

24
.

As expected, this value coincides with
´
M1,1(L)

B1,1dµWP = ⇡2

24 found e.g. in [1]. We study further the integral
of the (Bcomb

1,1 )s in Appendix A.
For L 2 2Z+, we can also consider the sum of Bcomb

1,1 over integral points as in Equation (2.6):

X

G2Mcomb,Z
1,1 (L)

Bcomb
1,1 (G)

#Aut(G)
=

1
6

X

`A,`B,`C>1
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L

2
1

(`A + `B)(`B + `C)(`C + `A)
+

1
4

X

`U,`V>1
`U+`V=L/2

L

2
1

(`U + `V)`U`V
.
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  is independent of 

IV.3 Thurston volume of unit balls — Combinatorial case

In general, there is less integrability than in the hyperbolic case 
(absence of collar lemma)

Theorem 12   (B, Charbonnier, Delecroix, Giacchetto, Wheeler, to appear)
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Lemma 11    V 1Bg,n(L) = V 1Bcomb
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  so Masur-Veech volumes can be approached as well from combinatorial geometry

  (bypassing horocyclic foliation and hyp. geodesic dynamics)

(proof : because both can be computed)



, LHS infinite       anomalous scaling of                   for large length

Fatou lemma

  By Mondello (09)

  By Lemma 5

IV.4 Thurston volume of unit balls — Comparison hyp./comb.
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  uniform cv. on thick parts of  T comb
⌃

<latexit sha1_base64="iYFqiwD6308TaaG3INAGnZQ45n8="></latexit>

lim
�!1

�6g�6+2n⇢⇤�B⌃ = Bcomb
⌃

<latexit sha1_base64="AsCgc3E2d2EsXp+j2EHXUvG8dSw="></latexit>

J� :=
1

�6g�6+2n

⇢⇤�dµWP

dµK

<latexit sha1_base64="i7/JHzSgn+weXZhjpRwQWRQKtMQ="></latexit>

lim
�!1

J� = 1

<latexit sha1_base64="+0O12c3QTE/eNa2AgegmQ9pjK4k="></latexit>

V sBcomb
g,n (L)  lim inf

�!1

V sBg,n(�L)

�(6g�6+2n)(s�1)

<latexit sha1_base64="+GJG/tNPS5Yi+bm6sDm3DZPZF5o="></latexit>

=)

<latexit sha1_base64="N+6PtAkXpmcOzy9RKUnuyiakz3s="></latexit>

  For 

L

<latexit sha1_base64="Y8pxQnEAqFdwRt2z/2+79HEVuy8="></latexit>

�

<latexit sha1_base64="20TrZJm4S/W+FmYoNGhZcATVywI="></latexit>

s = 1

<latexit sha1_base64="xVWwyrq9F6T4nkovcA2BGsKMgBY="></latexit>

  By Lemma 10, for          , both sides are equal (independent of      thus    )

s � s⇤g,n

<latexit sha1_base64="bTZxIvcPACl7n9A3peEePsyxnLI="></latexit>

=)

<latexit sha1_base64="N+6PtAkXpmcOzy9RKUnuyiakz3s="></latexit>

V sBg,n(L)

<latexit sha1_base64="Kk7mCZlZtuyACKgeB2CAV6Zhglo="></latexit>

Miss a uniform ‘integrable’ bound on      to study equality for s < s⇤g,n

<latexit sha1_base64="Kw3LFoy+OzAf0UYh3MGn7Gh9pM0="></latexit>

J�

<latexit sha1_base64="0mLlCFEuwWB4nR20MAlvd1hGCZ4="></latexit>

Jacobian



�Thank�you�for�your�attention�!

based on 

Topological recursion for Masur-Veech volumes 
with J.E. Andersen, S. Charbonnier, V. Delecroix, A. Giacchetto, D. Lewanski, C. Wheeler 
math.GT/1905.10352 

On the Kontsevich geometry of the combinatorial Teichmüller space 
with J.E. Andersen, S. Charbonnier, A. Giacchetto, D. Lewanski, C. Wheeler 
to appear 

Around the combinatorial unit ball of measured foliations on bordered surfaces 
with S. Charbonnier, V. Delecroix, A. Giacchetto, C. Wheeler 
to appear

A. Giacchetto


