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 Problem

What is the minimal framework needed to define topological recursion ? 

The original work of Eynard emphasized the role of  “spectral curves” 

These are complex curves with extra data, and TR builds from it a sequence of 
multidifferentials {         :                        }  by induction on 2g - 2 + n !g,n

<latexit sha1_base64="mEd72SX82NQDB2VX3o5mwGEP8Ec="></latexit>

g 2 N, n 2 N⇤
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Bouchard-Klemm-Mariño-Pasquetti (07) proposed to see TR as 
the definition of the B-model amplitudes associated to the spectral curve 

TR solves many problems in enumerative geometry 

The enumerative information is stored in the periods of  !g,n

<latexit sha1_base64="mEd72SX82NQDB2VX3o5mwGEP8Ec="></latexit>

The link to enumerative geometry (for them, GW of toric CY3) is an instance of 
mirror symmetry 
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What is the minimal framework needed to define topological recursion ? 



 Problem

What is the minimal framework needed to define topological recursion ? 

Eynard and Orantin’s insights (07) were 

- promoting TR to an intrinsic construction from the geometry of spectral 
curves (independently of their origin from matrix models or mirrors of CY3, …) 

This perspective led to the discovery of many new applications of TR 

(Weil-Petersson volumes, intersection theory on          , CohFTs, 
Hitchin systems, WKB expansions, knot theory, special geometry, …) 

Mg,n
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- stressing its properties in greater generality 
(link to special geometry, holomorphic anomaly equations, symplectic invariance, …)



 Problem

What is the minimal framework needed to define topological recursion ? 

As of now, there are no satisfactory set of assumptions (nice, minimal, general 
enough) specifying for which spectral curves TR should be definable 

However, we expect that having it would 

- enlighten the profound algebraic nature of the ‘invariants’ that TR constructs 

- explain its properties (notably : symplectic invariance) by relating it to 

  deep (?) results in algebraic geometry 

- relate to a classification of 2d topological field theories 



C is a complex curve 

x meromorphic function            = {zeroes of dx} 

y meromorphic function 

 Definition

A spectral curve is a quadruple S = (C,x,y,       ) where !0,2
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!0,2 2 H
0(K⇥2

C (2�), C2)S2
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has biresidue 1 on the diagonal  �
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The output of TR will then be, for each  

!0,1 = ydx
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g 2 N, n 2 N⇤
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a
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C is smooth,     is finite and for each  

 Original setting (Eynard-Orantin, 07)

Assumptions

a
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a 2 a
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Definition By induction on 2g - 2 + n > 0

!g,n(z1, z2, . . . , zn| {z }
I

) =

<latexit sha1_base64="HPAyzTZKFdIjKlaK1HMCrds4OVA="></latexit>

X

a2a

Res
z=a

R z
a !0,2(·, z1)�

y(�a(z))� y(z)
�
dx(z)

✓
!g�1,n+1(z,�a(z), I) +

no !0,1X

h+h0=g
JtJ 0=I

!h,1+|J|(z, J)!h0,1+|J 0|(�a(z), J
0)

◆
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    is a simple zero of dxa
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dy(a) 6= 0
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  in a small neighborhood        of  Ua
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x�1(x(z)) \ Ua = {z,�a(z)}
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Symmetric in                  although the definition is not 

!g,n(z1, z2, . . . , zn| {z }
I

) =
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R z
a !0,2(·, z1)�

y(�a(z))� y(z)
�
dx(z)

✓
!g�1,n+1(z,�a(z), I) +
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!h,1+|J|(z, J)!h0,1+|J 0|(�a(z), J
0)

◆
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z1, . . . , zn
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Terms are in 1:1 correspondence with diffeo class. of embedded pairs of pants
P ,! ⌃g,n
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such that                         and  @1P = @1⌃g,n
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the geometric recursion developed in                                     achieves this goal 

such that                      and              is stable

Andersen B Orantin 17

Given a functor                                 + some functorial data satisfying axioms

1.  Geometric recursion valued in Fun(     )T⌃

I present it for  

E : Surf1 �! V

E(⌃) = C0(T⌃)

T⌃ = Teichmüller space = { hyperbolic metrics on
with geodesic boundaries

⌃ {/Di↵0(⌃,@⌃)

= moduli space of bordered Riemann surfaces
with fixed boundary lengths L 2 Rn

+

equipped with           = Weil-Petersson volume form 

P⌃ =
isotopy class of               with labeled boundariesP ,! ⌃

@1P = @1⌃ ⌃- P{ {

1 P1 2 1 0

3
⌃- P

1 P

⌃- P

µWP

1

m

P

⌃- P

=
�Fn

m=2 P
m
⌃

�
t P;

⌃

M⌃(L) = T⌃(L)/�
@
⌃

�(⌃g,n � P ) < 0
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!0,2 !g,n�1
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!g�1,n+1
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Otherwise, near    :

Insensitive to the invariant part of y under �a
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Other behavior for y ?

If y = 0 near    : ill-defined.a
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a
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Definition only depends on local information near   sa
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            :                   for 2g - 2 + n > 0!g,n = 0
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:        not symmetric!0,3
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For each           , 

C is smooth,     is finite Assumptions a
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a 2 a
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    is a simple zero of dxa
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dy(a) 6= 0
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(EO 07)

: application in the works of Chekhov, Do, Norbury, …sa = 1
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y ⇠ ca · (x� x(a))sa/2�1 mod C(x)
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: majority of applications



Can one find a good definition of TR for more general spectral curves ? 

A good definition of TR means : 

-          defined by recursion on 2g - 2 + n > 0 

-  Terms are in 1:1 correspondence with diffeo. class of embedded stable surfaces

!g,n

<latexit sha1_base64="mEd72SX82NQDB2VX3o5mwGEP8Ec="></latexit>

   such that ⌃0 ,! ⌃g,n
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@1⌃
0 = @1⌃g,n
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   -                            is symmetric in z1, . . . , zn

<latexit sha1_base64="Da6uYpRGCMJcoIk60dny+JRycw4="></latexit>

!g,n(z1, . . . , zn)
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- it reduces to EO definition when C is smooth, dx has simple zeroes at which dy ≠ 0

1. Higher order ramification points 

2. Singular curves 

3. Airy structures from W-algebras : 
correspondence with TR and investigation of symmetry

   and |�(⌃0)| < 2g � 2 + n

<latexit sha1_base64="CPvy5TMNrjSFeksRfVFsZfZBvB0="></latexit>



1. Higher order ramification points



1. Higher order ramification points

For each           , 

C is smooth,     is finite Assumptions a

<latexit sha1_base64="sHr7d3zObk3nZRtR5gVQM6CHRKY="></latexit>

a 2 a
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    is a simple zero of order             of dx a
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Bouchard, Hutchinson, Loliencar, Meiers, Rupert (12) proposed 
a definition for higher order ramifications

ra � 1
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dy(a) 6= 0
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ra � 2
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fa(z) := x�1(x(z)) \ Ua = {z,�a(z), . . . ,�
ra�1
a (z)}
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f0a(z) := fa(z) \ {z}

<latexit sha1_base64="tDPp6zGj4QR7z2x7fy9TZhd4SH4="></latexit>

Ua
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1. Higher order ramification points

fa(z) := x�1(x(z)) \ Ua = {z,�a(z), . . . ,�
ra�1
a (z)}
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f0a(z) := fa(z) \ {z}
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Ua
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K(m)
a (z1, z, Z) = �

R z
a !0,2(z1, ·)Q

z02Z

�
y(z0)� y(z)

�
dx(z)

<latexit sha1_base64="4ktirNM/CosYZteEBNJtnZdHf9o="></latexit>

Recursion kernel

Known from induction : 

!g,n(z1, z2, . . . , zn| {z }
I

) =

<latexit sha1_base64="HPAyzTZKFdIjKlaK1HMCrds4OVA="></latexit>

Recursion formula :

X

a2a

Res
z=a

✓ X

Z✓f0a(z)

K(|Z|+1)
a (z1, z, Z)⌦g,|Z|,I(z, Z; I)

◆

<latexit sha1_base64="XMpBQZrKMBunzV2NZVwCdSbtT74="></latexit>

⌦g,m,n(Z; I) :=

no !0,1X

L`Z
tL2LIL=I

m+
P

L(gL�1)=g

Y

L2L

!gL,|L|+|IL|(Z, IL)

<latexit sha1_base64="GOo4DoWygJjfGIU5ymA2v2MG/C4="></latexit>



A left        corresponds by convention to       

For each stable connected component that remains after excision

1. Higher order ramification points

Terms are in 1:1 correspondence 
with [⌃0

0,1+m+m0 ,! ⌃g,n]

<latexit sha1_base64="HlQc4yjI/D3p3YaIOES3zhRQ+tA="></latexit>

Label the       by the elements of 

and its weight is

L = {z0}, IL = {zi}, gL = 0

<latexit sha1_base64="bkxOD2YN+TA7BU4+GWpko8yfU34="></latexit>

!0,2(z
0, zi)
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To evaluate their contribution :

; 6= L ✓ Z

<latexit sha1_base64="TR5VJ7GR7EmamR4O2q0UiYVbXDw="></latexit>

Z ✓ f0a(z) = {�a(z), . . . ,�
ra�1
a (z)}

<latexit sha1_base64="PAnbSTKxTQtzDM6l1SYNyBeX0gk="></latexit>

labeled by IL ✓ I = {z2, . . . , zn}

<latexit sha1_base64="WncWD9eg0H4lbbfjvVI3FqWECDY="></latexit>

with 
labeled by 

the weight is !gL,|L|+|IL|(L, IL)

<latexit sha1_base64="YJCA7pnIanZn2NgH8xdG9cICjoE="></latexit>

1

{zi1 }

{zim0 }

IL1 = ;

IL2

L1

L2

L3

...

IL3

m



1. Higher order ramification points

For each          ,  

C is smooth,     is finite Assumptions a
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a 2 a
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    is a simple zero of order             of dx a
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ra � 1
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ra � 2
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Bouchard-Eynard (13)  give an argument to prove symmetry of          in that case!g,n
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by deforming to a regular curve. It applies when

with 

dy(a) 6= 0

<latexit sha1_base64="Y8epHzC9BGrAsVNcyZai4oZ+T78="></latexit>

Theorem 1  (Bouchard, B., Chidambaram, Creutzig, Noshchenko 18)

!g,n
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is symmetric if and only if    

ra = ±1 mod sa
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or               (in which case contributions from         vanish)

sa 2 {1, . . . , ra + 1}
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sa < 0
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Res
z=a
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and 

y ⇠ ca · (x� x(a))sa/ra�1 mod C(x)
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sa = ra ± 1

<latexit sha1_base64="kIDyFVpLRDvBTfRUXB09QQFx9i0="></latexit>



2. Singular spectral curves



2. Singular spectral curves

Let C is be singular curve (with zeroes of dx at singular points)

Ua
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x
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Examples   nodal curve, with a zero of dx at the node
 reducible curve, such as (y2 � x)2 = 0
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dY

µ=1

(yrµ � xsµ�rµ) = 0

<latexit sha1_base64="sihbDRyGm4DD9/UuxnpfCPnp/H8="></latexit>

Locally around each          ,     admit 
a ramification profile 
 

a 2 a

<latexit sha1_base64="6rZ136QOG21sqvE4qaPk9Ktc1Ak="></latexit>



<latexit sha1_base64="8KN2FTVP6BMav0QACuTlKbT83qM="></latexit>

(rµ)
da
µ=1

<latexit sha1_base64="UM3KZhZe5pphS8LJD6K4T4SgsBQ="></latexit>

Here  
 

(r1, r2, r3) = (4, 3, 1)

<latexit sha1_base64="WlEJYZDm+QrCt1ssiHLDjQnJigg="></latexit>

x

<latexit sha1_base64="PgBOGSv9Zh+hbNxOxuMUSneRw8A="></latexit>



2. Singular spectral curves

Ua

<latexit sha1_base64="brlPBnFh0n/ufM1e/bHfnHiZ9s0="></latexit>

x

<latexit sha1_base64="PgBOGSv9Zh+hbNxOxuMUSneRw8A="></latexit>

In a normalisation                    , let                be the set of zeroes of       ⇡ : C̃ ! C

<latexit sha1_base64="PrFl/AFZpYdhdpGxtRp0h8RcAVE="></latexit>

⇡

<latexit sha1_base64="3tCB+rUtdDJQpwi4MfGwQJopwh8="></latexit>

µ1

<latexit sha1_base64="rWdqwa883nCcxf47Q2Eorz9//8U="></latexit>

µ2

<latexit sha1_base64="lAUitjzEGnzkpVZoxwYcqtCp3fE="></latexit>

Let     is singular curve (with zeroes of dx at singular points)

µ3

<latexit sha1_base64="rTvbP0avfmj36PIfdB/x3TMYXUI="></latexit>

Ũa

<latexit sha1_base64="lCxHYDYTEa4E5/5QxepL+GbCgbI="></latexit>

x̃

<latexit sha1_base64="4tSLhEcS433fQ6EZgvuWKci4Nos="></latexit>

dx̃

<latexit sha1_base64="XLogSKSK7Te6mvtX4Hq5zSUMIqo="></latexit>

ãa ⇢ Ũa

<latexit sha1_base64="5JlJPFFasQTzwOIgQouALuhH8jY="></latexit>

For            , we denote rµ � 1

<latexit sha1_base64="GjvtdcdTN6+v1dkpAv11Bww96To="></latexit>

µ 2 ãa

<latexit sha1_base64="Pt/LTgMdeXh90mM6GIrMmG5t+bU="></latexit>

the order of the zero of       at µ

<latexit sha1_base64="hlo8xX8To8Hzvhbn8+Kjf4WhZgE="></latexit>

dx̃

<latexit sha1_base64="XLogSKSK7Te6mvtX4Hq5zSUMIqo="></latexit>

(rµ � 1)

<latexit sha1_base64="eRt6Dndp2qmM1gyEXYEZtTkapHs="></latexit>

C

<latexit sha1_base64="1MfYJNTqhg/wr008HPRHDEP1skY="></latexit>

To define TR, we will rather work on the normalisation



2. Singular spectral curves

Definition A singular spectral curve is the data of  

where                     is a normalisation of complex curves 

x,y are meromorphic functions on  

⇡ : C̃ ! C

<latexit sha1_base64="PrFl/AFZpYdhdpGxtRp0h8RcAVE="></latexit>

                                                   has biresidue 1 on the diagonal  �

<latexit sha1_base64="EOxRFTzejm+1t1oeL8V5Czr4zTc="></latexit>

!0,2 2 H
0(K⇥2

C̃
(2�), C̃2)S2

<latexit sha1_base64="LD4JpMGpUuNS4/dD4Cs/dDk6U/o="></latexit>

(⇡ : C̃ ! C, x, y,!0,2)

<latexit sha1_base64="V/8RkAVAptuj3o5sloE5P+6L3oE="></latexit>

C

<latexit sha1_base64="1MfYJNTqhg/wr008HPRHDEP1skY="></latexit>

For            , we denote rµ � 1

<latexit sha1_base64="GjvtdcdTN6+v1dkpAv11Bww96To="></latexit>

µ 2 ãa

<latexit sha1_base64="Pt/LTgMdeXh90mM6GIrMmG5t+bU="></latexit>

the order of the zero of       at µ

<latexit sha1_base64="hlo8xX8To8Hzvhbn8+Kjf4WhZgE="></latexit>

dx̃

<latexit sha1_base64="XLogSKSK7Te6mvtX4Hq5zSUMIqo="></latexit>

(rµ � 1)

<latexit sha1_base64="eRt6Dndp2qmM1gyEXYEZtTkapHs="></latexit>

Each zero           of       splits into a set                       of zeroes of dx

<latexit sha1_base64="LRgs5aL24Sz7GPJP4g5NcLc4Bzc="></latexit>

a 2 a

<latexit sha1_base64="rhi1UObRyjKSVo+frLT2Goi2PWk="></latexit>

ãa = ⇡�1(a)

<latexit sha1_base64="Pcl7AQlYzxWtogR7zZ11TTC8ZYA="></latexit>

dx̃

<latexit sha1_base64="IPEqMGb4fPC1H8J8KXm11RmuTzY="></latexit>

 

<latexit sha1_base64="M8odsRcgQY9OVWqix3TSRS0z4ds="></latexit>

x̃ = x � ⇡, ỹ = y � ⇡

<latexit sha1_base64="xEHa/NEAELVeDK7QGh+mdD3J9cs="></latexit>

are meromorphic functions on  C̃

<latexit sha1_base64="CGr71GqiCIxDOJ2tKFBwwl1otTA="></latexit>

Ua

<latexit sha1_base64="brlPBnFh0n/ufM1e/bHfnHiZ9s0="></latexit>

x

<latexit sha1_base64="PgBOGSv9Zh+hbNxOxuMUSneRw8A="></latexit>

⇡

<latexit sha1_base64="3tCB+rUtdDJQpwi4MfGwQJopwh8="></latexit>

µ1

<latexit sha1_base64="rWdqwa883nCcxf47Q2Eorz9//8U="></latexit>

µ2

<latexit sha1_base64="lAUitjzEGnzkpVZoxwYcqtCp3fE="></latexit>

µ3

<latexit sha1_base64="rTvbP0avfmj36PIfdB/x3TMYXUI="></latexit>

Ũa

<latexit sha1_base64="lCxHYDYTEa4E5/5QxepL+GbCgbI="></latexit>

x̃

<latexit sha1_base64="4tSLhEcS433fQ6EZgvuWKci4Nos="></latexit>

Ũµ1

<latexit sha1_base64="j0YjOVJx0ZpT9aI0b8S4yo4hUZ0="></latexit>

Ũµ2

<latexit sha1_base64="kzibKtH4Kt/rgCzzE/KJA7rP1KE="></latexit>

Ũµ3

<latexit sha1_base64="+DNaElWCa29ShcpTX+y1O3DSO5Y="></latexit>



2. Singular spectral curves

It is natural to propose the following definition of TR 

f0a(z) := fa(z) \ {z}

<latexit sha1_base64="tDPp6zGj4QR7z2x7fy9TZhd4SH4="></latexit>

Recursion kernel

Known from induction : 

!g,n(z1, z2, . . . , zn| {z }
I

) =

<latexit sha1_base64="HPAyzTZKFdIjKlaK1HMCrds4OVA="></latexit>

Recursion formula :

⌦g,m,n(Z; I) :=

no !0,1X

L`Z
tL2LIL=I

m+
P

L(gL�1)=g

Y

L2L

!gL,|L|+|IL|(Z, IL)

<latexit sha1_base64="GOo4DoWygJjfGIU5ymA2v2MG/C4="></latexit>

fa(z) := x̃�1(x(z)) \ Ũa

<latexit sha1_base64="qbXKyDaV5a2bteIWBUQzR4r+G08="></latexit>

K(m)
µ (z1, z, Z) = �

R z
µ !0,2(z1, ·)

Q
z02Z

�
ỹ(z0)� ỹ(z)

�
dx̃(z)

<latexit sha1_base64="PH5Obik4beiYbWmOoUQ72/uygS8="></latexit>

X

a2a

X

µ2ãa

Res
z=µ

✓ X

Z✓f0a(z)

K(|Z|+1)
µ (z1, z, Z)⌦g,|Z|,I(z, Z; I)

◆

<latexit sha1_base64="AjtkEdHJ/asssSMtxQJhRVKS7r8="></latexit>

Same structure as before (using     ), but the fiber           is larger C̃

<latexit sha1_base64="CGr71GqiCIxDOJ2tKFBwwl1otTA="></latexit>

fa(z)

<latexit sha1_base64="fRslZWxS1WJyIqew4CySDb24ROs="></latexit>



whenever                       for distinct  

2. Singular spectral curves

For            , we denote rµ � 1

<latexit sha1_base64="GjvtdcdTN6+v1dkpAv11Bww96To="></latexit>

µ 2 ãa

<latexit sha1_base64="Pt/LTgMdeXh90mM6GIrMmG5t+bU="></latexit>

the order of the zero of       at µ

<latexit sha1_base64="hlo8xX8To8Hzvhbn8+Kjf4WhZgE="></latexit>

dx̃

<latexit sha1_base64="XLogSKSK7Te6mvtX4Hq5zSUMIqo="></latexit>

(rµ � 1)

<latexit sha1_base64="eRt6Dndp2qmM1gyEXYEZtTkapHs="></latexit>

Near     we have                                                               for some  µ

<latexit sha1_base64="hlo8xX8To8Hzvhbn8+Kjf4WhZgE="></latexit>

ỹ ⇠ cµ · (x̃� x̃(µ))sµ/rµ�1 mod C(x̃)

<latexit sha1_base64="KWef2EiRGCoBePE62TojJwrCXo8="></latexit>

sµ 2 Z [ {1}

<latexit sha1_base64="CzHsPfHaLtT9nwC2M0IUyaE5FwY="></latexit>

We can always identify                            so that  ãa ' {1, . . . , da}

<latexit sha1_base64="eOvhQvDImaVNCtSgjxjd0FfBaGw="></latexit>

sµ1

rµ1

 · · · 
sµda

rµda

<latexit sha1_base64="OsTqblnTogdvNmL+f2eHYnQVbiM="></latexit>

Each zero           of       splits into a set                       of zeroes of dx

<latexit sha1_base64="LRgs5aL24Sz7GPJP4g5NcLc4Bzc="></latexit>

a 2 a

<latexit sha1_base64="rhi1UObRyjKSVo+frLT2Goi2PWk="></latexit>

ãa = ⇡�1(a)

<latexit sha1_base64="Pcl7AQlYzxWtogR7zZ11TTC8ZYA="></latexit>

dx̃

<latexit sha1_base64="IPEqMGb4fPC1H8J8KXm11RmuTzY="></latexit>

Theorem 2  (B., Kramer, Schüler, 20)

For each          , assume that a 2 a

<latexit sha1_base64="rhi1UObRyjKSVo+frLT2Goi2PWk="></latexit>

Then !g,n

<latexit sha1_base64="QQ3Ipso/LphNbOiFFPDlVTjs2UI="></latexit>

is symmetric

1. For each            , we have                                 sµ 2 {1, . . . , rµ + 1}

<latexit sha1_base64="wbyJyiypJLRN0hphrNNLYX9zo2s="></latexit>

µ 2 ãa

<latexit sha1_base64="Pt/LTgMdeXh90mM6GIrMmG5t+bU="></latexit>

2.  If              (    is smooth), then 

3.  If             , then                                &                                        &

da = 1

<latexit sha1_base64="M9VZb47QaaFsx30N/+mcSwY0pMo="></latexit>

a

<latexit sha1_base64="JDWY70wfZO4/D5VgcT0xLcXCZqA="></latexit>

ra = ±1 mod sa

<latexit sha1_base64="8asZr4Iem2Y+t+gKsXEQiTA4kOY="></latexit>

da � 2

<latexit sha1_base64="hElKw57/HcmOtvSJUpgwDoL1o1g="></latexit>

rµ1 = �1 mod sµ1

<latexit sha1_base64="mWhS7Q6mV0lbmHP8XcOTvFn0Uh4="></latexit>

sµ2 = · · · = sµda�1 = 1

<latexit sha1_base64="cvx1rBuoif2pjrDrIUyoSbaRBiU="></latexit>

rµda
= 1 mod sµda

<latexit sha1_base64="kVPcCw2PBAUIFbNbl2Po+r8/lDI="></latexit>

crµµ 6= cr⌫⌫

<latexit sha1_base64="94C5SUaulFkMnPEQfxs/4tRYCtE="></latexit>

rµs⌫ = sµr⌫

<latexit sha1_base64="v1qeWtC4eclNOG2NbN6PDInovS4="></latexit>

µ, ⌫ 2 ãa

<latexit sha1_base64="umyzZCaPkPPHqVn0NYYk9l9HfKY="></latexit>

4.

sµda

<latexit sha1_base64="XVbJ3Se/c14uC1noDApPlYn3G5c="></latexit>

except for         which could also be   if                                1

<latexit sha1_base64="L5M5FsIgPg1fgdNhO+NZNe7QQvk="></latexit>

da � 2

<latexit sha1_base64="hElKw57/HcmOtvSJUpgwDoL1o1g="></latexit>



,

whenever                       for distinct  

2. Singular spectral curves

Examples : fitting the assumptions

Theorem 2  (B., Kramer, Schüler, 20)

For each          , assume that a 2 a

<latexit sha1_base64="rhi1UObRyjKSVo+frLT2Goi2PWk="></latexit>

Then !g,n

<latexit sha1_base64="QQ3Ipso/LphNbOiFFPDlVTjs2UI="></latexit>

is symmetric

1. For each            , we have                                 sµ 2 {1, . . . , rµ + 1}

<latexit sha1_base64="wbyJyiypJLRN0hphrNNLYX9zo2s="></latexit>

µ 2 ãa

<latexit sha1_base64="Pt/LTgMdeXh90mM6GIrMmG5t+bU="></latexit>

2.  If              (    is smooth), then 

3.  If             , then                                &                                        &

da = 1

<latexit sha1_base64="M9VZb47QaaFsx30N/+mcSwY0pMo="></latexit>

a

<latexit sha1_base64="JDWY70wfZO4/D5VgcT0xLcXCZqA="></latexit>

ra = ±1 mod sa

<latexit sha1_base64="8asZr4Iem2Y+t+gKsXEQiTA4kOY="></latexit>

da � 2

<latexit sha1_base64="hElKw57/HcmOtvSJUpgwDoL1o1g="></latexit>

rµ1 = �1 mod sµ1

<latexit sha1_base64="mWhS7Q6mV0lbmHP8XcOTvFn0Uh4="></latexit>

sµ2 = · · · = sµda�1 = 1

<latexit sha1_base64="cvx1rBuoif2pjrDrIUyoSbaRBiU="></latexit>

rµda
= 1 mod sµda

<latexit sha1_base64="kVPcCw2PBAUIFbNbl2Po+r8/lDI="></latexit>

crµµ 6= cr⌫⌫

<latexit sha1_base64="94C5SUaulFkMnPEQfxs/4tRYCtE="></latexit>

rµs⌫ = sµr⌫

<latexit sha1_base64="v1qeWtC4eclNOG2NbN6PDInovS4="></latexit>

µ, ⌫ 2 ãa

<latexit sha1_base64="umyzZCaPkPPHqVn0NYYk9l9HfKY="></latexit>

4.

sµda

<latexit sha1_base64="XVbJ3Se/c14uC1noDApPlYn3G5c="></latexit>

except for         which could also be   if                                1

<latexit sha1_base64="L5M5FsIgPg1fgdNhO+NZNe7QQvk="></latexit>

da � 2

<latexit sha1_base64="hElKw57/HcmOtvSJUpgwDoL1o1g="></latexit>

(y2 � x)2 = 0

<latexit sha1_base64="JAQE3EgoZrs4SNMBRmSWFO/4p6c="></latexit>

not fitting the assumptions

, reducible curvesy2 = 0

<latexit sha1_base64="K/2C3NxlOea8Xh6zlxSXVY+HHSA="></latexit>

(xy2 � 1)(x(y � 1)2 � 1) = 0

<latexit sha1_base64="n6tPzy/CFtwfqI+6hzjtoFbMJds="></latexit>

 

<latexit sha1_base64="PglrKMJ31VPx4NfxhHOzZJSpcaA="></latexit>

recursion kernel ill-defined

 

<latexit sha1_base64="PglrKMJ31VPx4NfxhHOzZJSpcaA="></latexit>

non-symmetric!1,2(z1, z2)

<latexit sha1_base64="73GCdocPLIuOTvB8zGTR+wuLn4U="></latexit>

y(yr � x) = 0

<latexit sha1_base64="Zvw4jXZKtSvb/fjqA/oL/BlqjIM="></latexit>

(xy2 � 1)(y2 � x) = 0

<latexit sha1_base64="DLXBBtwzB/DzGeScmNZZEZCBhQM="></latexit>



for generic values of           and                            for all  

2. Singular spectral curves

We can get necessary conditions on                      to get symmetry by examining low (g,n)(rµ, sµ, cµ)µ

<latexit sha1_base64="S1nNMuzc1pU5bZHAYO6EhePXp9E="></latexit>

For symmetry of         and        , they are weaker than the sufficient conditions of Thm 2.!0,3

<latexit sha1_base64="0FkSo3Q6uXrYLnh/MI3a5x/4DF4="></latexit>

!0,4

<latexit sha1_base64="+/E9Juh9AvQER+iSCJ3epwpnBbw="></latexit>

Theorem 3  (B., Kramer, Schüler, 20)

If the proposed recursion yields symmetric         and        

rµda
= 1 mod sµda

<latexit sha1_base64="kVPcCw2PBAUIFbNbl2Po+r8/lDI="></latexit>

!0,3

<latexit sha1_base64="0FkSo3Q6uXrYLnh/MI3a5x/4DF4="></latexit>

!0,4

<latexit sha1_base64="+/E9Juh9AvQER+iSCJ3epwpnBbw="></latexit>

a 2 a

<latexit sha1_base64="rhi1UObRyjKSVo+frLT2Goi2PWk="></latexit>

(cµ)µ

<latexit sha1_base64="BukxE+ZDyIY4OdYu/ehT3GgV4iU="></latexit>

gcd(rµ, sµ) = 1

<latexit sha1_base64="uUvy42t5bGnsrIkupo5B/3gYKQ0="></latexit>

µ

<latexit sha1_base64="hlo8xX8To8Hzvhbn8+Kjf4WhZgE="></latexit>

Then for all            we must have

3’.  If             , then                                &                                        &da � 2

<latexit sha1_base64="hElKw57/HcmOtvSJUpgwDoL1o1g="></latexit>

rµ1 = �1 mod sµ1

<latexit sha1_base64="mWhS7Q6mV0lbmHP8XcOTvFn0Uh4="></latexit>

1., 2. and  

sµ2 , . . . , sµda�1 2 {1, 2}

<latexit sha1_base64="DmTNEQDYVjb25giUvRWWa/cY7/0="></latexit>

I believe the conditions of Thm 2. are optimal for generic (cµ)µ

<latexit sha1_base64="BukxE+ZDyIY4OdYu/ehT3GgV4iU="></latexit>



2. Singular spectral curves

This puts constraints on the (naive) definition of deformation theory 
(no Frobenius mfd structure ?)

Perhaps TR would still have a good definition in those pathological cases,  
but it would have to be different.

Eg : can one reconstruct from some TR the WKB expansion of solutions 
of an ODE whose characteristic variety is                       ? 

(example : Picard-Fuchs equation for compact CY3 —  having a point in moduli with 
maximal unipotent monodromy)

(y � 1)r = 0

<latexit sha1_base64="Ux9Uekha5IUOTXZh338flgc2tlI="></latexit>

There are external motivations to look for such a thing.



2. Singular spectral curves

This puts constraints on the (naive) definition of deformation theory 
(no Frobenius mfd structure ?)

Perhaps TR would still have a good definition in those pathological cases,  
but it would have to be different.

Eg : can one reconstruct from some TR the WKB expansion of solutions 
of an ODE whose characteristic variety is                       ? 

(example : Picard-Fuchs equation for compact CY3 —  having a point in moduli with 
maximal unipotent monodromy)

(y � 1)r = 0

<latexit sha1_base64="Ux9Uekha5IUOTXZh338flgc2tlI="></latexit>

There are external motivations to look for such a thing.



3. Airy structures from W-algebras



graded algebra of differential operators on V

with- Lie ideal condition : 

Definition An Airy structure is a family               of elements of  

3. Airy structures and TR

Airy structures (Kontsevich-Soibelman, 17) provide the minimal algebraic framework in 
which topological recursion can be defined (not necessarily based on spectral curves)

Let V = complex vector space, with a basis of linear coordinates (xi)i2I

<latexit sha1_base64="ZH5gCm86ml/+gRwTIBBwpx6Z3Zk="></latexit>

DV,~ = C[~, (~@xi)i, (xi)i]

<latexit sha1_base64="LRc8HCTlx3afb/Ax+EOnDsoExFk="></latexit>

deg xi = 1, deg ~ = 2

<latexit sha1_base64="QKH+T2f+uVYSh1IwE7i2qd5Si6c="></latexit>

(Hi)i2I

<latexit sha1_base64="prsC469fewfaDlecMGx5U424OYQ="></latexit>

DV,~

<latexit sha1_base64="aC+zQrhhG0kndlMmEWXTaJU8Tts="></latexit>

satisfying

- degree 1 condition : Hi = ~@xi +O(2)

<latexit sha1_base64="D7k2JX6WEh5TGYl6grKt5FQP3qY="></latexit>

~�1[A,A] ✓ DV,~ · A

<latexit sha1_base64="gb/iOunUtAuN9YDOeCi1+qRRIes="></latexit>

A := span
k2I

(Hk)

<latexit sha1_base64="Ch7tiZa2U5NMju/4ws3f+9ksnbY="></latexit>



with- Lie ideal condition : 

Definition An Airy structure is a family               of elements of  

3. Airy structures and TR

(Hi)i2I

<latexit sha1_base64="prsC469fewfaDlecMGx5U424OYQ="></latexit>

DV,~

<latexit sha1_base64="aC+zQrhhG0kndlMmEWXTaJU8Tts="></latexit>

satisfying

- degree 1 condition : Hi = ~@xi +O(2)

<latexit sha1_base64="D7k2JX6WEh5TGYl6grKt5FQP3qY="></latexit>

~�1[A,A] ✓ DV,~ · A

<latexit sha1_base64="gb/iOunUtAuN9YDOeCi1+qRRIes="></latexit>

A := span
k2I

(Hk)

<latexit sha1_base64="Ch7tiZa2U5NMju/4ws3f+9ksnbY="></latexit>

Main property 
(KS 17) 

There exists a unique formal function on V

such that 8i 2 I, Hie
F = 0

<latexit sha1_base64="L5+6l0KALFJqDHMzKYYPoaMmFvk="></latexit>

F =
P

g�0, n>0
2g�2+n>0

~g�1

n! Fg,n

<latexit sha1_base64="5b18GTGoeSPBdJUAS/A8lVjqdwA="></latexit>

Fg,n 2 Sym(V ⇤)⌦n

<latexit sha1_base64="wx6QUbGLtyQwjdkFAJHj1EHGR3M="></latexit>

with 

Fg,n

<latexit sha1_base64="fJRw1JIUzr4qUKyOV1bUIc87+As="></latexit>

computed by a recursion on 2g - 2 + n > 0

Terms are in 1:1 correspondence with diffeo. class of embedded stable surfaces

Symmetry is implied by the Lie ideal condition

   such that ⌃0 ,! ⌃g,n

<latexit sha1_base64="IiioZ/EmlExxzvRGKGJSPW5M9po="></latexit>

@1⌃
0 = @1⌃g,n

<latexit sha1_base64="MFfoUJ5a0mogf8m3qaKSOaz3NbI="></latexit>

   and |�(⌃0)| < 2g � 2 + n

<latexit sha1_base64="CPvy5TMNrjSFeksRfVFsZfZBvB0="></latexit>



3. Airy structures from W-algebras

Strategy to construct Airy structures : look at VOAs that 

1. consider a VOA that admit a free field representation (i.e. in some              ) DE[[⇣]],~

<latexit sha1_base64="y0H4kfoYPrqihl9ihjnSOAUHeeM="></latexit>

2. identify some gr. Lie ideal of the algebra of modes

3. conjugate the representation to match the degree one condition 

for generators of such an ideal 

This approach finds its roots in the work of Milanov (16)

This can be carried out at least for            at critical level, W(g)

<latexit sha1_base64="3byTmpqThXR75blkN8yEqUBJmrk="></latexit>

when     = direct sum of simple, simply-laced Lie algebras g

<latexit sha1_base64="LNuEa+CudmJjSOspWt0xpZQ+7L0="></latexit>

and was systematised in BBCCN 18

Here we focus on             g = glr
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3. Airy structures from W-algebras

glr
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      Cartan algebra h = Cr

<latexit sha1_base64="9aSe4JDK+74kqHsDXqZrR4ZrBrM="></latexit>

     with Killing form h·, ·i

<latexit sha1_base64="wT3ohB162kBe4zyJYiyVOgPnLwQ="></latexit>

      Weyl group Sr

<latexit sha1_base64="NVPvblnKHYfLETsm6kVLXkGUOKc="></latexit>

      Heisenberg Lie algebra
[⇠ ⌦ tm, ⌘ ⌦ tn] = ~h⇠, ⌘im�m+n,0
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      with relations
ĥ~ = (h[t±1]� CK)⌦ C[~]

<latexit sha1_base64="Od4mv6yaYxXF2Sg0MIrxOR/pn5c="></latexit>

      and K central

Fock space                                                 is a module for 

where                                   acts by killing        and K acts by 1. 

F~ = Sym•(h[t])⌦ C[~].|0i

<latexit sha1_base64="jJujBr0fZJfOZKGk+xLMSqWnUnk="></latexit>

|0i
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ĥ~
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The Fock space has a structure of a VOA

Y (⇠�1, t) =
X

k2Z

⇠k
tk+1
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Y : F~ ! (EndF~)[[t
±1]]

<latexit sha1_base64="XrTj8Er0pEefWBHNNpshehi5xtE="></latexit>

defined by

Y
�
⇠(1)�k1

· · · ⇠(l)�kl
|0i, t

�
= :

lY

j=1

1

(kj � 1)!

dkj

dtkj
Y
�
⇠(j)�1|0i, t

�
:
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where the normal ordering : : in a monomial pushes 

negative modes to the left, positive modes to the right

⇠n := ⇠ ⌦ tn, n � 0

<latexit sha1_base64="F3DUn81myrsmtpBHaliy1PFjt6o="></latexit>

:
lY

j=1

1

(kj � 1)!

dkj�1

dtkj�1
Y
�
⇠(j)�1|0i, t

�
:
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3. Airy structures from W-algebras

The            -VOA at critical level has many equivalent descriptionsW(glr)

<latexit sha1_base64="YCVRCM3ooD7XNo7spIAc88iwVKc="></latexit>

F~
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For us, it is the sub VOA of       freely and strongly generated by 

i-th elementary symmetric polynomialei

<latexit sha1_base64="eF0CXkJ2bmci5fWmtLJKDuiVoh4="></latexit>

(�(j))rj=1
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orthonormal basis of h = Cr

<latexit sha1_base64="UBc+06vMUAs2EiO7ws5y8C+jdL8="></latexit>

wi := ei(�
(1)
�1, . . . ,�

(r)
�1)|0i
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We decompose in modes Y (wi, t) =
X

k2Z

Wi,k

ti+k
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More generally                     are nonlinear combinations of [Wi,k,Wj,l]
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(Wi0,k0)i0,k0
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(W-algebra first introduced by Zamolodchikov, 85 for           ) 

(W2,k)k2Z
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form a Virasoro algebra with central charge c = r
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r = 3
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i 2 {1, . . . , r}
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(Fateev-Lukyanov 88, Arakawa-Molev 17)



3. Airy structures from W-algebras

The constitutive ppt of VOAs give automatically two gr. Lie ideal in 

Let      be (a certain completion of) the associative algebra 

generated by the modes

A

<latexit sha1_base64="DIS6GN0PPI8huT3tI+xca8YCEVQ="></latexit>

(Wi,k)i,k
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A
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The vacuum ideal          generated by 
�
Wk,i : i 2 {1, . . . , r}, k � 0

�
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A(r)
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The conformal ideal 

A(1r)

<latexit sha1_base64="NFnKEVSrbENPCkVVfsLGLXuHQnI="></latexit>

generated by

�
Wk,i : i 2 {1, . . . , r}, k + i� 1 � 0

�
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We can in fact construct more for W(glr)
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Lemma 4  (B., Bouchard, Chidambaram, Creutzig, Noshchenko, 18)

Let            be a (weakly decreasing) partition of r� ` r
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Set �(i) := min
�
j | �1 + · · ·+ �j � i
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Then                                                              generates a gr. Lie ideal
�
Wk,i : i 2 {1, . . . , r}, k + �(i) > 0

�
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A� ⇢ A
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Take 

3. Airy structures from W-algebras

For each             , there is a    -twisted representation of the VOA       in � 2 Sr

<latexit sha1_base64="ylrORuj0wHQ8RGzev2686PD3lOc="></latexit>

�
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F~
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DV,~
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Y �(vµa , ⇣) =
X

k2a/rµ+Z

Jµ
rµk

⇣k+1

<latexit sha1_base64="Y8kEJyR/Mth0UNIzgNqQxX8PvCs="></latexit>

Jµ
k =

8
<

:

~@xµ
k

if k > 0
0 if k = 0
�kxµ

�k if k < 0
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vµ,a =

rµX

j=1

e2i⇡aj/rµ �(j+r1+···+rµ�1)
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� = (1 · · · r1)(r1 + 1 · · · r1 + r2) · · · (r � rd�1 + 1 · · · r)

<latexit sha1_base64="Uv0Wqh8OFmTYVKc1a6dQGrmnV9Q="></latexit>

Use the Fourier basis of the Cartan

The twisted representation in question, with                                    readsV :=
dM

µ=1

M

k>0

C.hxµ
ki

<latexit sha1_base64="5jhfRqcYnmJOvCY4Dz6TPLhFZRU="></latexit>

with 

This restricted to an (untwisted) representation of W(glr)
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by differential operators on V

The mode          is represented by a degree i differential operatorWi,k

<latexit sha1_base64="5nRqGy5QJgIHNYyaQxcAn88PWzs="></latexit>



3. Airy structures from W-algebras

The mode          is represented by a degree i differential operatorWi,k

<latexit sha1_base64="5nRqGy5QJgIHNYyaQxcAn88PWzs="></latexit>

To match the degree one condition in Airy structures, we can break homogeneity

by performing a dilaton shift Jk ! Jk � rµcµ�k+sµ,0

<latexit sha1_base64="lDYDZEyhOS6Aagfw9HXBZjowLoY="></latexit>

The classification of W(gl_r) Airy structures amounts to :

Classify the                    and           for which one gets in this way(rµ, sµ)
d
µ=1

<latexit sha1_base64="Q0/reY+TwwVdyQVM9JKW98fqjes="></latexit>

� ` r
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Wi,k = ~@y⇧(i,k)
+O(2)
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and                                             is a bijection ⇧ : I� ! {1, . . . , d}⇥ N⇤

<latexit sha1_base64="wDY57FLfyfdoU9qoFvYuZ8LFiDA="></latexit>

(yµ,k)µ,k 7! (xµ
k)µ,k

<latexit sha1_base64="j30RASh7w42vD/6uLLsHieQRFNc="></latexit>

up to some linear change of variables

This led to the sufficient condition of Theorem 2 (Y. Schüler’s master thesis)



3. Correspondence with TR

��

where we use the &` = ResI=` l 1
2 ,1
(I) coming from the crosscap di�erential. Then, we construct the

dilaton shift and the change of polarization

)̂ = exp
©≠≠≠
´
’
`2ã
:>0

⇣
\�1 �0,1

⇥
`

�:
⇤
+ \�

1
2 � 1

2 ,1
⇥

`

�:
⇤ ⌘ �

`

:

:

™ÆÆÆ
¨
,

�̂ = exp
©≠≠≠
´
1
2\

’
`,}2ã
:,;>0

�0,2
⇥

` }

�: �;
⇤ �

`

:
�
}

;

:;

™ÆÆÆ
¨
.

(���)

De�nition �.��. To a spectral curve C equipped with a crosscap di�erential l 1
2 ,1

and a fundamental
bidi�erential of the second kind l0,2, we associate the system of di�erential operators indexed by
U 2 a, 8 2 [AU ] and : 2 Z

H
U ;8,: B �̂ )̂ · H

U ;8,: · )̂ �1 �̂�1
.

We also introduce the set

I B
n
(U, 8,:)

��� U 2 a, 8 2 [AU ], : � dU (8) � X8,1

o
.

Proposition �.��. Assume that none of the conditions (i), (ii), (iii), (iv) appearing in Lemma �.� are
satis�ed, and let 8 be a system of correlators satisfying the projection property. Then, the abstract loop
equations for 8 are equivalent to the following system of di�erential equations for its partition function:

8(U, 8,:) 2 I, 4
��H

0;8,:4
� · 1 = 0 .

Proof. When |a | = 1 this is the computation done in Section �.�. Given the formalism thatwe introduced,
it is straightforward to adapt it to handle several Us, where the �

U ;8,: now form a representation of the
direct sum over U 2 a of the, (gl

AU
)-VOA. ⇤

It is now easy to assemble the construction of quantum Airy structures in Theorem �.�� with
Propositions �.�� and �.�� to obtain our second main result. We recall that we had de�ned

C` = � 1
A`

�0,1
⇥

`

�B`
⇤

(���)

De�nition �.��. We say U 2 a is regularly admissible if
• ⇠ is irreducible locally at U , that is |ãU | = 1.
• H̃ is holomorphic near U and dH̃ (U) < 0.

In that case, in all the previous de�nitions and constructions in the neighborhood *̃U we replace
H̃ (I) with H̃ (I) � H̃ (U). In particular, we take BU = AU + 1, and the value of H̃ (U) plays absolutely no
role in all the results we have mentioned.

De�nition �.��. We say U 2 a is irregularly admissible if
• for any ` 2 ãU , H̃ has a pole at ` but H̃dG̃ is regular at `. In particular, this imposes 1  B`  A`�1.
• for any ` 2 ãU , A` and B` are coprime. In other words, the plane curve (⇠̃, G̃, H̃) is locally
irreducible at `.

• for any distinct `,} 2 ãU such that (A`, B`) = (A}, B}), we have C
A`
`

< C
A}
}
.

• there exists distinct `+, `� 2 ãU such that A`± = ⌥1 mod B`± and A`+
B`+

� A`�
B`�

.
• for any ` 2 ãU \ {`�, `+}, we have B` = 1 and A`+

B`+
� A` � A`�

B`�
.

Here, the second condition avoids the pathology of (iv) in Lemma �.� and the next results. The third
condition is then equivalent to avoiding the pathology (iii) in Lemma �.�, because A`

B`
= A}

B}
and (A`, B`)

coprime, (A}, B}) coprime imply that (A`, B`) = (A}, B}). The fourth and �fth conditions match those in
Theorem �.��, as we have written separately the case 3U = 1, BU = AU + 1 in de�nition �.��.

De�nition �.��. We say U 2 a is exceptionally admissible if
• there exists a unique `� 2 ãU such that B`� = +1, and it has A`� = 1.
• the three �rst properties in de�nition �.�� that do not involve `� are satis�ed.

From any such Airy structure, one can obtain 

other (isomorphic) ones by conjugation with 

The         of the corresponding partition function are the coefs of expansionFg,n
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of           computed by TR on a suitable basis of differentials, 

for a singular spectral curve (local expansion of y and         specified by

Theorem 5  (B., Kramer, Schüler, 20)

Actually more precise : TR formula iff 8(i, k) 2 Ir,s Wi,k · eF = 0
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If Ir,s = I�
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for some          , this is an Airy structure so          is symmetric

!0,2
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!g,n
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F0,1, F0,2
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� ` r
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!g,n
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as above)



Conclusion 

All these Airy structures can be built from the elementary ones by 

- more general dilaton shifts (expansion of y) 

- direct sums (several zeros of dx) 

- conjugation by exp{quadratic diff op.}  (choice of        )  !0,2
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Their partition function is therefore obtain by action of operators on products 

of elementary partition functions (attached to each zero of dx)

Givental-like decomposition 
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Conclusion

produces a sequence of generating series

dY

µ=1

(xsµ�rµ(y/cµ)
rµ � 1) = 0
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For each                                satisfying the assumptions of Theorem 2 

TR for the spectral curve                                                 equipped with 

T = (rµ, sµ, cµ)
d
µ=1
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We expect them to have an interpretation in terms of intersection theory on 

certain moduli spaces of curves



 Thank you for your attention !
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