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will usually denote a smooth bordered surface
oriented, connected (unless specified), genus
     labeled boundaries @1⌃, . . . , @n⌃
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Hyperbolic and combinatorial Teichmüller spaces



The moduli space of bordered surfaces is defined as

 The pure mapping class group 

I.1 Two Teichmüller spaces — Hyperbolic geometry

The Teichmüller space of the bordered surface     is defined as⌃
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On moduli space we dont have length functions for non-boundary curves

hyperbolic length

I.1 Two Teichmüller spaces — Hyperbolic geometry

It can be described via hyperbolic geometry

hyperbolic metrics       on{
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I.2  Two Teichmüller spaces — Combinatorial geometry

T comb
⌃ =

<latexit sha1_base64="vTTl4oh7PdqZPyj8XyZHhNPFVxM="></latexit>

isotopy class of proper embeddings of metric ribbon graphs
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 A ribbon graph is a graph with 
- the data of a cyclic order at each vertex 
- vertices have valency  
- faces are labeled from 1 to n

  and labels agree

� 3
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Mcomb
⌃ =

T comb
⌃

Mod@⌃
=

[

G ribbon graph
type (g,n)

R
E(G)
+

Aut G
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Combinatorial moduli space

 pure mapping 
class group

Combinatorial Teichmüller space

•
•

•

•
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•

Figure 1: Two examples of combinatorial structures on a sphere with four boundary components.

Elements of Tcomb
⌃

(L) are called combinatorial structures and Mcomb
g,n (L) is the quotient of Tcomb

⌃
(L) by the pure

mapping class group of ⌃, which depends only on the genus and the number of boundary components of
the surface.

As a set, the space Tcomb
⌃

is given by the union of Tcomb
⌃

(L) over L 2 Rn

+. It is in fact nothing but the (geometric
realisation of the) metrised proper arc complex on ⌃ [33] and it is homeomorphic to the usual Teichmüller
space T⌃ parametrising hyperbolic metrics on ⌃ making the boundaries geodesic. Furthermore, it can be
seen as a certain subset of MF?

⌃
, the space of measured foliations on bordered surfaces introduced in [20].

Though the idea of describing Tcomb
⌃

via measured foliations is not new, it turns out to be key for many of
our results.

Many aspects of the geometry of hyperbolic structures have an analogue for combinatorial structures. First
of all, we can define the length of simple closed curves with respect to a combinatorial structure, and this
gives an alternative description of the topology on Tcomb

⌃
as follows. Let S⌃ the set of simple closed curves

– including boundary components – on ⌃. Our first result is Theorem 2.20 in the text, restated below.

Theorem A.1. The combinatorial length map `⇤ : Tcomb
⌃

! RS⌃
+ is a homeomorphism onto its image.

It is possible to cut combinatorial structures along simple closed curves, and it is possible to (self-)glue
combinatorial structures along boundary components of the same lengths, once a choice of marked points
on the boundary components which are being glued and the value of a generic twist ⌧ 2 R has been
chosen (Section 2.4). The main difference with the hyperbolic world is in the gluing: for some values of
the twist ⌧, it is not possible to glue the combinatorial structures; in the measured foliation description
this correspond to the creation of saddle connections that cannot be removed by Whitehead equivalences.
However, we show that the set of twists for which we cannot perform the gluing is a countable subset of R
with open dense complement. These notions are the fundamental necessary ingredients for the definition
of the combinatorial analogue of Fenchel–Nielsen coordinates (Section 2.5). We give here a concise form of
the stronger Theorem 2.41.

Theorem A.2. Given a seamed pants decomposition for a connected bordered surface ⌃ of genus g with n boundary
components, we have an open map

Tcomb
⌃

(L) �! R3g-3+n

+ ⇥R3g-3+n

G 7�!
�
`(G), ⌧(G)

�

that is a homeomorphism onto its image, which has a complement of zero measure.

R. Kaufmann pointed out to us that certain aspects of gluing combinatorial structures in terms of the arc
complex are discussed in his work with Livernet and Penner [25]. However, to the best of our knowledge,
the construction of combinatorial Fenchel–Nielsen coordinates and Theorem A.2 are new.

4

cells are glued when related 
by edge contraction
cells are glued when related 
by edge contraction  
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L1

L2 L3

(a) The 7 cells composing Mcomb
0,3 . The pictu-

re represents the cone R3
+ together with a slice

{ L1 + L2 + L3 = const }. The dotted lines are not
part of the space.

Z/6Z

Z/4Z

•

••

�

��

⇠=

•

•

�

�

•
•

R+⇥

(b) The two orbicells composing Mcomb
1,1 . On the right, the red point

has stabiliser Z/6Z, the orange point has stabiliser Z/4Z, and all
other points have stabiliser Z/2Z. The white points are not part of
the space.

Figure 2: The combinatorial moduli spaces of type (0, 3) and (1, 1).

There are at least two different ways to define the above homeomorphism. The first, originating from
Jenkins and Strebel [24, 39], relies on the geometry of meromorphic quadratic differentials. The second
one uses hyperbolic geometry and comes from Penner and Bowditch–Epstein [36, 7]. In the next section
we discuss the latter and its generalisation to combinatorial Teichmüller spaces, due to Luo and Mondello
[27, 33].

2.2 Combinatorial Teichmüller spaces

One can think of the combinatorial Teichmüller space as points in the combinatorial moduli space together
with a marking, the advantage being that there is now a well-defined notion of length of curves. We review
its known relation with hyperbolic surfaces via the spine construction. Although the topological proper-
ties of such spaces have already been studied in the literature, the main focus has been on the proper arc
complex description. Here we put forward an equivalent description via measured foliations which later
facilitates our constructions.

2.2.1 Primary definitions

Definition 2.8. A bordered surface ⌃ is a non-empty topological, compact, oriented surface with labelled
boundary components @1⌃, . . . ,@n⌃. We assume that each connected component has non-empty boundary
and is stable, i.e. its Euler characteristic is negative. If furthermore ⌃ is connected of genus g, we call (g,n)
the type of ⌃. We use P (resp. T ) to refer to bordered surfaces with the topology of a pair of pants (resp. of
a torus with one boundary component).
Denote by Mod⌃ the mapping class group of ⌃:

Mod⌃ = Diff+(⌃)/Diff+0 (⌃), (2.5)

where Diff+(⌃) is the group of orientation-preserving diffeomorphisms of the surface ⌃ and Diff+0 (⌃) de-
notes its subgroup consisting of those diffeomorphisms isotopic to the identity. The pure mapping class group
Mod@

⌃
is the subgroup of Mod⌃ consisting of mapping classes which preserve the labellings of boundary

component of ⌃.
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Examples of combinatorial moduli spaces

T comb
⌃ (L)
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They are not smooth spaces, but rather polytopal complexes

I.2  Two Teichmüller spaces — Combinatorial geometry



            induces a topology on 
            (actually a homeomorphism)

I.2  Two Teichmüller spaces — Combinatorial geometry

           arc dual to the edge 

T comb
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 vertices     non-trivial isotopy class of proper embeddings (i.e endpoints on      ) of unoriented arcs

 simplices   classes of non-intersecting arcs                   such that↵1, . . . ,↵k
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Luo 07 
Mondello 09

 all components of                     are simply connected

• •
e

↵e

Figure 30: Example of duality between a combinatorial structure (red) and an arc system (light blue).

spaces Tcomb
⌃

and (|A⌃| \ |A1
⌃
|) ⇥ R+. Given a combinatorial structure G, we define for each edge e the

dual arc ↵e connecting the two (possibly equal) boundary components on the two sides of e (see Figure 30).
Thus, we define the map Tcomb

⌃
! (|A⌃| \ |A

1
⌃
|) ⇥ R+ by setting G 7!

P
e2EG

`G(e)↵e. The map is clearly
invertible and we topologise the combinatorial Teichmüller space Tcomb

⌃
by pulling back the topology of the

proper arc complex. Further, through the spine construction, it is possible to prove the following

Theorem A.2. [27, 33] There is an homeomorphism

sp : T⌃ �! (|A⌃| \ |A
1
⌃
|)⇥R+, (A.1)

equivariant under the action of the mapping class group. ⌅

B Examples of cutting, gluing, and combinatorial Fenchel–Nielsen co-

ordinates

CUTTING & GLUING. In order to make the presentation of the cutting and gluing algorithms clearer, we
present some neat examples of these procedures. The first two (Figures 31 and 32) cover the case of a
sphere ⌃ with four boundary components, the last two (Figures 33 and 34) cover the case of a torus T with
one boundary component.

In all examples, the cutting algorithm is presented lexicographic order, i.e. the images are labelled by (a), (b),
(c), et cetera, while the gluing algorithm is presented with the same images, but in reversed lexicographic
order. The combinatorial structure is depicted in red, the associated measured foliation in blue (only the
singular leaves are reported). The cutting curve � is depicted in green, and it coincide with the curve obtain
in the gluing algorithm after identification of two boundary components �- ⇠ �+. The component �- is
always located on the left side of the figure, while �+ is located on the right side. The identification points
are p± 2 �± are depicted in grey, and no twist is performed (that is, p- is identified with p+). Further, the
letters a,b, c, . . . are referring to edge lengths of the cutting process, while the letters r, s, t, . . . are referring
to edge lengths of the gluing process.

COMBINATORIAL FENCHEL–NIELSEN COORDINATES. We present two computations of combinatorial Fen-
chel–Nielsen coordinates on a torus T with one boundary component, relative to two different cells (Fig-
ure 35 and Figure 36). Furthermore, an illustration of the combinatorial Okai’s formulae (Proposition 5.8)
is presented.

In all examples, the combinatorial structure is depicted in red, the associated measured foliation in blue
(only the singular leaves are reported), the pants decompositions P,P 0 in green and the collection S,S 0 in
yellow.

93

            Consider the simplicial complex

Topology on 

⌃ \
Sk

i=1 ↵i
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The combinatorial Teichmüller space has an equivalent description 
by measured foliations

MF?
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• •

Figure 6: Example of the spine construction. In red, the spine sp(�). In blue, the ribs emanating from two
vertices.

It is possible (although more difficult) to construct the inverse map and actually show that it is a homeo-
morphism, equivariant with respect to the action of Mod@

⌃
.

Theorem 2.14. [27, 33] The spine map sp : T⌃(L) ! Tcomb
⌃

(L) is a homeomorphism, equivariant under the action of
the pure mapping class group. ⌅

In [27, 33] the theorem is stated in terms of the proper arc complex, rather than the combinatorial Te-
ichmüller space, but their relation is recalled in Appendix A. As a direct consequence, we find that for each
fixed L 2 Rn

+, there is an orbifold homeomorphism Mg,n(L) ⇠= Mcomb
g,n (L) and thus with Mg,n (Theorem 2.7).

2.2.3 Relation with measured foliations

For a given metric ribbon graph, its geometric realisation is naturally endowed with a measured foliation,
as we now explain. We refer to [20, Section 5.1] for a complete discussion about measured foliations, but to
be self-contained we recall here the basic definitions.

Definition 2.15. Let ⌃ be a bordered surface, and F a foliation on ⌃ with isolated singularities. A transverse
invariant measure on F is a measure µ defined on each arc transverse to the foliation, invariant under iso-
topy of arcs through transverse arcs whose endpoints remain in the same leaf. If the arc passes through a
singularity, the transversality pertains to all points of the arc belonging to a regular leaf.

⇥ ⇥

(a) Internal regular point.

⇥ @⌃ ⇥

(b) Regular point at the boundary of
transverse type.

⇥ @⌃ ⇥

(c) Regular point at the boundary of
parallel type.

•⇥ •⇥

(d) Internal singular point.

•⇥ @⌃ •⇥

(e) Singular point at the boundary
of transverse type.

•⇥ @⌃ •⇥

(f) Singular point at the boundary
of parallel type.

Figure 7: Possible models for points in a foliation. The singular leaves are depicted in blue, while smooth
leaves in grey. Only singular points of low valency are depicted, but any higher valency is allowed.
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• • • •

Figure 9: The geometric realisation of a metric ribbon graph (left) and the associated measured foliation.
The edges of the embedded graph are depicted in red, the singular leaves of the associated foliation in blue.

The above construction defines a map
F⇤ : T

comb
⌃

�! MF?
⌃

, (2.11)

whose image is the set of classes of measured foliations admitting a representative, with respect to White-
head equivalence, whose leaves are all transverse to the boundary of ⌃ (cf. Figure 7b and 7e), and there is
no singular leaf connecting two singular points – such singular leaf is called a saddle connection. Moreover,
the measured foliation can be used to give a hexagonal decomposition of the surface, and reconstruct the
embedded metric ribbon graph. To summarise, we have the following lemma.

Lemma 2.18. The map F⇤ is injective. Its image consists of measured foliations admitting a representative with
respect to Whitehead equivalence whose leaves are all transverse to the boundary of the surface and with no saddle
connections. ⌅

2.3 Length functions and topology

We introduce now combinatorial length functions for simple closed curves, and show that combinatorial
structures are (locally in Tcomb

⌃
) completely determined by the knowledge of finitely many of these lengths.

This gives an alternative description of the topology on Tcomb
⌃

.

2.3.1 Notations for curves

We denote by

• S⌃ the set of homotopy classes of simple closed curves in ⌃, and its subset S�
⌃

consisting of non
boundary parallel (also called essential) curves,

• M⌃ the set of multicurves, i.e. homotopy classes of finite unions of pairwise disjoint of essential
simple closed curves of ⌃,

• M 0
⌃

the set of primitive multicurves, i.e. those multicurves whose components are pairwise non-
homotopic.

From now on, curves are always considered up to homotopy. By convention M⌃ and M 0
⌃

contain the empty
multicurve, whereas S⌃ and S�

⌃
do not.

If ⌃ is a bordered surface and � 2 S�
⌃

(or more generally in M 0
⌃

), we can consider the closed surface ⌃�

defined as the result of cutting ⌃ along a chosen representative of �. The assumptions on � imply that
every connected component of ⌃� is stable. Among such connected components, there is one containing
@1⌃. We label the boundaries of such surface by putting the components of @⌃ first (in the order they appear
in ⌃), followed by those of � (in some order). For the connected components of ⌃� that do not contain @1⌃,
we label the boundaries by putting the components of � first (in some order), followed by those of @⌃ (in
the order they appear in ⌃). In the following we specify the choice of order only in case it has an actual
relevance in the argument.
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Figure 9: The geometric realisation of a metric ribbon graph (left) and the associated measured foliation.
The edges of the embedded graph are depicted in red, the singular leaves of the associated foliation in blue.

The above construction defines a map
F⇤ : T

comb
⌃

�! MF?
⌃

, (2.11)

whose image is the set of classes of measured foliations admitting a representative, with respect to White-
head equivalence, whose leaves are all transverse to the boundary of ⌃ (cf. Figure 7b and 7e), and there is
no singular leaf connecting two singular points – such singular leaf is called a saddle connection. Moreover,
the measured foliation can be used to give a hexagonal decomposition of the surface, and reconstruct the
embedded metric ribbon graph. To summarise, we have the following lemma.

Lemma 2.18. The map F⇤ is injective. Its image consists of measured foliations admitting a representative with
respect to Whitehead equivalence whose leaves are all transverse to the boundary of the surface and with no saddle
connections. ⌅

2.3 Length functions and topology

We introduce now combinatorial length functions for simple closed curves, and show that combinatorial
structures are (locally in Tcomb

⌃
) completely determined by the knowledge of finitely many of these lengths.

This gives an alternative description of the topology on Tcomb
⌃

.

2.3.1 Notations for curves

We denote by

• S⌃ the set of homotopy classes of simple closed curves in ⌃, and its subset S�
⌃

consisting of non
boundary parallel (also called essential) curves,

• M⌃ the set of multicurves, i.e. homotopy classes of finite unions of pairwise disjoint of essential
simple closed curves of ⌃,

• M 0
⌃

the set of primitive multicurves, i.e. those multicurves whose components are pairwise non-
homotopic.

From now on, curves are always considered up to homotopy. By convention M⌃ and M 0
⌃

contain the empty
multicurve, whereas S⌃ and S�

⌃
do not.

If ⌃ is a bordered surface and � 2 S�
⌃

(or more generally in M 0
⌃

), we can consider the closed surface ⌃�

defined as the result of cutting ⌃ along a chosen representative of �. The assumptions on � imply that
every connected component of ⌃� is stable. Among such connected components, there is one containing
@1⌃. We label the boundaries of such surface by putting the components of @⌃ first (in the order they appear
in ⌃), followed by those of � (in some order). For the connected components of ⌃� that do not contain @1⌃,
we label the boundaries by putting the components of � first (in some order), followed by those of @⌃ (in
the order they appear in ⌃). In the following we specify the choice of order only in case it has an actual
relevance in the argument.
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The combinatorial Teichmüller space has an equivalent description 
by measured foliations

T comb
⌃ ,! MF?

⌃
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homeomorphism onto its image

The image is the set of [measured foliations] where 
- leaves are transverse to 
- no saddle connections, i.e. singular leaves joining 2 singular points

@⌃
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I.2  Two Teichmüller spaces — Combinatorial geometry

Combinatorial length

- sum of edge lengths along the non-backtracking rep. on the graph

- intersection number with the measured foliation

`(�) : T comb
⌃ ! R+
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I.3  Two Teichmüller spaces — Combinatorial lengths
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+
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is an homeomorphism onto its image
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Figure 13: The three cases examined in Lemma 2.30.

This lemma shows that we can reconstruct edge lengths from lengths of simple closed curves, which in
turn proves that Theorem 2.20 holds when restricted to the closure of a cell. To fully reconstruct the rib-
bon graph (i.e. determine in which cell we are) from just the lengths of simple closed curves, we use the
characterisations of small pairs of pants and their relation to edges in the embedded graph.

Proof of Theorem 2.20. We can now exhibit a global inverse on the image of the combinatorial length spec-
trum map `⇤ : Tcomb

⌃
! RS⌃

+ . We first consider the following composition:

RS⌃
+ (R3

+)
Pall

⌃ R
Aall

⌃

>0

� l�.

The first arrow associates to a length functional � 2 RS⌃
+ the functional on Pall

⌃
defined by [P] 7! ~�(@P),

where ~�(@P) is the ordered triples of boundary lengths. The second arrow associates to a functional ~� on
Pall
⌃

a functional on Aall
⌃

given by

↵ 7�!

8
<

:
�1(P↵)

⇣
BK(~�(P↵))- CK(~�(P↵))

⌘
if ↵ 2 Am

⌃,m0

1
2�1(P↵)CK(~�(P↵)) if ↵ 2 A?

⌃,m0

where [P↵] = Qm0(↵) and �1 is the first component of the triple~�. Note that these are exactly the expressions
appearing in Lemma 2.30.
Consider now the restriction to Im(`⇤). If � = `⇤(G) for some G 2 Tcomb

⌃
, we know from Lemma 2.26

and Remark 2.27 that l�, as a functional on Aall
⌃

, is supported on those oriented arcs ↵ homotopic to non-
singular oriented leaves in the foliation associated to G. These are in bijection with the oriented edges of
G. Forgetting about the orientation, consider the finite collection (↵1, . . . ,↵k) of all such arcs, choosing
representatives that are pairwise non-intersecting in ⌃. This defines a proper simplex in the arc complex
A⌃ (see Appendix A), and taking the dual we obtain a ribbon graph G with an embedding into ⌃. We can
equip it with a metric, assigning the length l�(↵i) to the edge dual to ↵i. This represents a point in Tcomb

⌃
,

so that we have a map
l⇤ : Im(`⇤) �! Tcomb

⌃
.

By construction, l⇤ � `⇤ = id. Thus, `⇤ is injective.
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Ai
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We have a map                         and for                  , a map  
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Useful next week
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   -small means

Image(                                                ) = {   -small pairs of pants}
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This lemma shows that we can reconstruct edge lengths from lengths of simple closed curves, which in
turn proves that Theorem 2.20 holds when restricted to the closure of a cell. To fully reconstruct the rib-
bon graph (i.e. determine in which cell we are) from just the lengths of simple closed curves, we use the
characterisations of small pairs of pants and their relation to edges in the embedded graph.

Proof of Theorem 2.20. We can now exhibit a global inverse on the image of the combinatorial length spec-
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This lemma shows that we can reconstruct edge lengths from lengths of simple closed curves, which in
turn proves that Theorem 2.20 holds when restricted to the closure of a cell. To fully reconstruct the rib-
bon graph (i.e. determine in which cell we are) from just the lengths of simple closed curves, we use the
characterisations of small pairs of pants and their relation to edges in the embedded graph.
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This lemma shows that we can reconstruct edge lengths from lengths of simple closed curves, which in
turn proves that Theorem 2.20 holds when restricted to the closure of a cell. To fully reconstruct the rib-
bon graph (i.e. determine in which cell we are) from just the lengths of simple closed curves, we use the
characterisations of small pairs of pants and their relation to edges in the embedded graph.
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where [P↵] = Qm0(↵) and �1 is the first component of the triple~�. Note that these are exactly the expressions
appearing in Lemma 2.30.
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singular oriented leaves in the foliation associated to G. These are in bijection with the oriented edges of
G. Forgetting about the orientation, consider the finite collection (↵1, . . . ,↵k) of all such arcs, choosing
representatives that are pairwise non-intersecting in ⌃. This defines a proper simplex in the arc complex
A⌃ (see Appendix A), and taking the dual we obtain a ribbon graph G with an embedding into ⌃. We can
equip it with a metric, assigning the length l�(↵i) to the edge dual to ↵i. This represents a point in Tcomb
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This lemma shows that we can reconstruct edge lengths from lengths of simple closed curves, which in
turn proves that Theorem 2.20 holds when restricted to the closure of a cell. To fully reconstruct the rib-
bon graph (i.e. determine in which cell we are) from just the lengths of simple closed curves, we use the
characterisations of small pairs of pants and their relation to edges in the embedded graph.
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G. Forgetting about the orientation, consider the finite collection (↵1, . . . ,↵k) of all such arcs, choosing
representatives that are pairwise non-intersecting in ⌃. This defines a proper simplex in the arc complex
A⌃ (see Appendix A), and taking the dual we obtain a ribbon graph G with an embedding into ⌃. We can
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and uniformize the metric to get 

II.1  Cutting, twisting, gluing — Hyperbolic geometry
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The map `⇤ is clearly continuous, since the lengths of simple closed curves are linear combinations of
lengths of edges. The inverse map l⇤ is also continuous on the `⇤-image of each cell, since we realised
the edge lengths as piecewise linear (and thus continuous) functions of the length of locally finitely many
simple closed curves. This completes the proof.

2.4 Cutting and gluing

Before describing a combinatorial version of Fenchel–Nielsen coordinates, we need the notion of cutting a
combinatorial structure along an essential simple closed curve, and the reciprocal notion of gluing combi-
natorial structures along boundary components of the same length.

2.4.1 Basic definitions

CUTTING. Consider a bordered surface ⌃, fix G 2 Tcomb
⌃

and � an essential simple closed curve. We want
to define a combinatorial structure on the surface ⌃� obtained by cutting ⌃ along a chosen representative
of �. To this end, choose a representative (G, f), so that we have an induced structure of measured foliation
on ⌃. If necessary, perform a minimal sequence of local Whitehead moves in small disc neighbourhoods
of the vertices, in such a way that � is transversal to the resulting foliation. We then restrict the measured
foliation to ⌃�, which is induced from a unique metric ribbon graph G� with an embedding which up to
isotopy does not depend on the choices made. This defines a combinatorial structure G� 2 Tcomb

⌃�
.

Cutting also makes sense when � is a primitive multicurve, and it is equivalent to cutting along each com-
ponent of � in an arbitrary order. Note that the lengths of edges after cutting are again linear combinations
of the edge lengths which agree on the closure of the open cells. This shows that the cutting, viewed as a
map Tcomb

⌃
! Tcomb

⌃�
, is continuous. See Figure 14 and Figure 15 for a local illustration of the cutting, and

Appendix B for some global examples.

•

•

•

•

•

•

Figure 14: Cutting/gluing algorithm: the combinatorial structure G (in red) pictured with the singular
leaves (in blue), and the curve � (in green).

GLUING. Consider a bordered surface ⌃, possibly disconnected, with a choice of two boundary components
�- and �+. Let G 2 Tcomb

⌃
be such that `G(�-) = `G(�+). We want to define a combinatorial structure on the

surface obtained by topologically gluing �- and �+. Fix a representative (G, f), so that we have an induced
structure of a measured foliation F on ⌃. First, we observe that once we pick a point p- on �-, there is a
unique action of R on �- which preserves the induced measure and orientation on �-. We let p⌧

- be the
image of p- under the action of ⌧ 2 R. Pick now a point p+ on �+, and identify �- with �+ in a measure
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Figure 15: Cutting/gluing algorithm for vertices of higher valency. Two Whitehead moves are performed.

preserving way, such that p⌧

- is identified with p+ in an orientation reversing way. This means that we have
a unique measured foliation F⌧ induced on the glued surface, which we denote ⌃⌧.

2.4.2 Admissible gluings

What is not clear from the above construction is whether the measured foliation F⌧ is associated to a combi-
natorial structure on ⌃⌧. If this is true, we call such ⌧ an admissible twist. We refer to Figure 14 and Figure 15
– read from right to left – for a local illustration of the gluing, Appendix B for some global examples, and
Figure 16 for an example of F⌧ that is not associated to a combinatorial structure.
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•

•

• •
p
⌧
-

p+

�- �+

⌃

•

•

•

•

⌃⌧

⌃̂
⌧

Figure 16: A glued measured foliation that is not dual to a combinatorial structure. Notice in grey ⌃̂⌧, that
is properly contained in ⌃⌧, and the presence of saddle connections on the boundary of ⌃̂⌧ that cannot be
removed by Whitehead moves.

Proposition 2.31. There exists a unique metric ribbon graph G⌧ and a unique marking f : ⌃⌧ ! |G⌧| up to isotopy,
such that the measured foliation induced on ⌃⌧ agrees with F⌧ if and only if F⌧ has a representative without saddle
connections, i.e. no leaf between two singularities.

Proof. Perform a maximal sequence of Whitehead moves, i.e. that reduces the connected components of the
the compact singular leaves to a graph with one vertex. Let ⇤(F⌧) be the set of leaves of F⌧, and define
⌃̂⌧ = { � 2 ⇤(F⌧) | � \ @⌃⌧ 6= ? } (cf. Figure 16). Then from Poincaré recurrence [20, Theorem 5.2] this is
nothing but the union of all leaves which go from boundary to boundary together with the finitely many
leaves which connect the boundary to a singular point of F⌧ (i.e. no leaves starting from the boundary
spiral in the surface). If ⌃̂⌧ = ⌃⌧, then F⌧ has no closed singular leaves and we see that the singular leaves
of F⌧ split the surface into hexagons, which in turn determines G⌧ uniquely and its marking up to isotopy.
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Figure 18: A combinatorial structure G glued to G⌧ and G⌧
0 for |⌧ - ⌧ 0| small. The singular leaves of G are

shown in blue. After gluing, they are prolonged with the purple leaves in G⌧, and with the light blue leaves
in G⌧

0 . The dotted lines indicate the identification of �- and �+ for ⌧ and ⌧ 0.

2.5 Combinatorial Fenchel–Nielsen coordinates

With the notions of cutting and gluing in the combinatorial spaces defined, we have available the key tools
to attempt a definition of Fenchel–Nielsen coordinates analogously to the hyperbolic case. In fact Fenchel–
Nielsen coordinates can be defined, the main difference with the hyperbolic case being that the image of
such a coordinate system does not cover the whole codomain. This is due to the fact that combinatorially
not all twists are allowed.

2.5.1 Seams and pants decompositions

We can now define global coordinates on the combinatorial Teichmüller space, analogous to the hyperbolic
Fenchel–Nielsen coordinates. Firstly, we need a technical ingredient, the pants seams, that allows us to
define a canonical way of gluing pairs of pants.

Definition 2.36. Consider a combinatorial marking (G, f) on a pair of pants P, with associated foliation
F. Define the combinatorial seam connecting two distinct boundary components � and � 0 of P to be the
quasitransverse arc connecting � and � 0, as indicated in Figure 19. In the cases 19c–19g, the seams are
smooth leaves, located at exactly the same distance from the adjacent singular leaves.

A notion of pants seams connecting a boundary component of P to itself can be found in [20, Section 6.3]. We
remark that the combinatorial seam realises the minimum among lengths of all essential arcs connecting
one boundary component to another (the length can be zero). For a point (L1,L2,L3) 2 R3

+
⇠= Tcomb

P
, the

length of the seam connecting @1P and @2P is given by the formula

`comb(L1,L2,L3) =


L3 - L1 - L2

2

�

+

, (2.16)

while the length of a seam connecting @1P to itself is given by

`comb(L1,L2,L3) =


L2 + L3 - L1

2

�

+

+


L2 - L1 - L3

2

�

+

+


L3 - L1 - L2

2

�

+

= max
�
L2 + L3 - L1

2
,L2 - L1,L3 - L1, 0

� (2.17)
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Figure 18: A combinatorial structure G glued to G⌧ and G⌧
0 for |⌧ - ⌧ 0| small. The singular leaves of G are

shown in blue. After gluing, they are prolonged with the purple leaves in G⌧, and with the light blue leaves
in G⌧

0 . The dotted lines indicate the identification of �- and �+ for ⌧ and ⌧ 0.
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With the notions of cutting and gluing in the combinatorial spaces defined, we have available the key tools
to attempt a definition of Fenchel–Nielsen coordinates analogously to the hyperbolic case. In fact Fenchel–
Nielsen coordinates can be defined, the main difference with the hyperbolic case being that the image of
such a coordinate system does not cover the whole codomain. This is due to the fact that combinatorially
not all twists are allowed.

2.5.1 Seams and pants decompositions

We can now define global coordinates on the combinatorial Teichmüller space, analogous to the hyperbolic
Fenchel–Nielsen coordinates. Firstly, we need a technical ingredient, the pants seams, that allows us to
define a canonical way of gluing pairs of pants.

Definition 2.36. Consider a combinatorial marking (G, f) on a pair of pants P, with associated foliation
F. Define the combinatorial seam connecting two distinct boundary components � and � 0 of P to be the
quasitransverse arc connecting � and � 0, as indicated in Figure 19. In the cases 19c–19g, the seams are
smooth leaves, located at exactly the same distance from the adjacent singular leaves.

A notion of pants seams connecting a boundary component of P to itself can be found in [20, Section 6.3]. We
remark that the combinatorial seam realises the minimum among lengths of all essential arcs connecting
one boundary component to another (the length can be zero). For a point (L1,L2,L3) 2 R3
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, the

length of the seam connecting @1P and @2P is given by the formula
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while the length of a seam connecting @1P to itself is given by
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Theorem 3   

This is an homeomorphism onto its image, which is open dense 
with complement of zero measure

Combinatorial Fenchel-Nielsen coordinates  
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Figure 25: Change in the coordinate system of ⌃.
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Figure 26: Change in the coordinate system of T .

ONE-HOLED TORUS. For a one-holed torus T , consider the global coordinates (`, ⌧) 2 TT (L) relative to
(P,S) of Figure 26. Then the change of coordinate system to (P 0,S 0) is given by by Equation (5.12) and

cosh
�
⌧

0(`,⌧)
2

�
= cosh

�
`

2

�
vuut cosh2(⌧2 )

�
cosh(L2 ) + cosh(`)

�
- 2 sinh2( `2 )

cosh2(⌧2 )
�
cosh(L2 ) + cosh(`)

�
+ sinh2( `2 )(cosh(L2 )- 1)

(5.21)

with sgn(⌧ 0) = - sgn(⌧).

Using the convergence under the rescaling flow of hyperbolic length and twist parameters to the combina-
torial analogues, we can calculate a “tropicalisation” of Okai’s formulae.

Proposition 5.8.

SPHERE WITH FOUR BOUNDARY COMPONENTS. For a four-holed sphere X, consider the global coordinates (`, ⌧) 2
Tcomb
X

(L1,L2,L3,L4) relative to the system of curves (P,S) of Figure 25. Then the change of coordinate system to
(P 0,S 0) is given by Equation (2.29) and

|⌧ 0(`, ⌧)| =
1
2

����2|⌧|+ `+M1,4(`) +M2,3(`)- ` 0(`, ⌧)-M1,2(`
0)-M3,4(`

0)

���� (5.22)

with sgn(⌧ 0) = - sgn(⌧). We recall here that Mi,j(`) = max
�

0,Li - `,Lj - `, Li+Lj-`

2

 
.

TORUS WITH ONE BOUNDARY COMPONENT. For a one-holed torus T , consider the global coordinates (`, ⌧) 2
Tcomb
T

(L) relative to the system of curves (P,S) of Figure 26. Then the change of coordinate system to (P 0,S 0) is
given by Equation (2.31) and

|⌧ 0(`, ⌧)| =
���`-

⇥
L

2 - ` 0(`, ⌧)
⇤
+

��� (5.23)

with sgn(⌧ 0) = - sgn(⌧).
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Combinatorial (9g - 9 + 3n)-theorem

For each      in the pair of pants decomposition, define�i
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Figure 20: The curves � and ⌘ (we omit the subscript).

simplex. Every codimension one simplex containing G is contained in two top-dimensional simplices and
therefore �L(G) is in the interior of the image of the simplex. Thus, �L is open.
Finally, notice that by gluing one curve at a time and using Proposition 2.31 and Lemma 2.35 for each L and
`, we can see that the image is dense and its complement has zero measure.

2.6 A combinatorial (9g- 9 + 3n)-theorem

In this paragraph we establish a combinatorial analogue of the hyperbolic (9g-9+3n)-theorem (see e.g. [19,
Theorem 10.7]), that is, any combinatorial structure can be reconstructed from the data of the combinatorial
lengths of (9g - 9 + 3n) simple closed curves. Partial computations in this direction were done in [20,
Exposé 6]). These results are used in Section 5.1.2 to compare the hyperbolic and combinatorial twists, and
in Section 5.2 to prove that combinatorial Fenchel–Nielsen coordinates transform in a piecewise linear way
under a change of pants decompositions.

Let ⌃ be of type (g,n) and fix a seamed pants decomposition (P,S), with P = (�1, . . . ,�3g-3+n). The union
of the pair of pants in the decomposition that are adjacent to �i is a surface of type (0, 4) or (1, 1), and we
choose ↵i 2 S crossing �i in ⌃i. We choose some order on the boundaries such that ↵i connects @1X to @2X
and @4X is in the same pair of pants as @1X. We now define two other homotopy classes of curves in ⌃i (see
Figure 20).

• If ⌃i has type (0, 4), we let �i be the curve determined by a tubular neighbourhood of ↵i union the
boundary component it connects. If ⌃i has type (1, 1), we let �i be the curve ↵i.

• Let ⌘i be the image of �i after a positive Dehn twist along �i.

In the (0, 4) case there are two possible choices of ↵i as above but both choices give the same (�i,⌘i).

Theorem 2.42. Let ⌃ be a bordered surface of type (g,n) and (P,S) a seamed pants decomposition. The following
map is continuous and injective:

Tcomb
⌃

(L) �! R9g-9+3n
+

G 7�!
�
`G(�), `G(�), `G(⌘)

�
.

(2.28)

As a preparation to the proof, we present in Lemmata 2.43 and 2.45 closed formulae for `G(�i) and `G(⌘i)
in the (0, 4) and (1, 1) cases respectively. For this purpose we can work locally on G|⌃i with a fixed seamed
pants decomposition, which we denote by `i = `G(�i), ` 0i = `G(�i) and ` 00

i
= `G(⌘i).
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simplex. Every codimension one simplex containing G is contained in two top-dimensional simplices and
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Finally, notice that by gluing one curve at a time and using Proposition 2.31 and Lemma 2.35 for each L and
`, we can see that the image is dense and its complement has zero measure.
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• If ⌃i has type (0, 4), we let �i be the curve determined by a tubular neighbourhood of ↵i union the
boundary component it connects. If ⌃i has type (1, 1), we let �i be the curve ↵i.

• Let ⌘i be the image of �i after a positive Dehn twist along �i.

In the (0, 4) case there are two possible choices of ↵i as above but both choices give the same (�i,⌘i).
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is a homeomorphism onto its image

In other words, one can express the twists 
in terms of lengths of simple closed curves
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in the (0, 4) and (1, 1) cases respectively. For this purpose we can work locally on G|⌃i with a fixed seamed
pants decomposition, which we denote by `i = `G(�i), ` 0i = `G(�i) and ` 00

i
= `G(⌘i).
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Figure 20: The curves � and ⌘ (we omit the subscript).

simplex. Every codimension one simplex containing G is contained in two top-dimensional simplices and
therefore �L(G) is in the interior of the image of the simplex. Thus, �L is open.
Finally, notice that by gluing one curve at a time and using Proposition 2.31 and Lemma 2.35 for each L and
`, we can see that the image is dense and its complement has zero measure.
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in Section 5.2 to prove that combinatorial Fenchel–Nielsen coordinates transform in a piecewise linear way
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and @4X is in the same pair of pants as @1X. We now define two other homotopy classes of curves in ⌃i (see
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Tcomb
⌃

(L) �! R9g-9+3n
+

G 7�!
�
`G(�), `G(�), `G(⌘)

�
.

(2.28)

As a preparation to the proof, we present in Lemmata 2.43 and 2.45 closed formulae for `G(�i) and `G(⌘i)
in the (0, 4) and (1, 1) cases respectively. For this purpose we can work locally on G|⌃i with a fixed seamed
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seam

In (0,4) : 4 top cells for each pair of pants      16 cases to discuss

In (1,1) : 4 cases (top cells for the pair of pants), where one checks
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II.3  Cutting, twisting, gluing — combinatorial (9g - 9 + 3n)



Interlude — 

Symplectic structure



For any seamed pair of pants decomposition

Symplectic structure  — 1. Weil-Petersson

Wolpert's formula  (83) 

From hyperbolic geometry,             inherits a symplectic structure !WP
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That is :   twisting along      is the hamiltonian flow wrt           
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       is non-degenerate on cells corresponding to 
ribbon graphs with vertices of odd valency only

Symplectic structure  — 2. Kontsevich

Kontsevich 2-form on T comb
⌃ (L)
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1 - Mg,n
⇠= Mcomb
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Introduced by Kontsevich in his proof of Witten’s conjecture
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2 -  

3 - matrix model representation         KdV hierarchy and Virasoro constraints 
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Theorem 4  

!K =
3g�3+nX

i=1

d`i ^ d⌧i
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For any seamed pair of pants decomposition, in each open cell

Compute the vector field        in terms of edge lengths along       (sliding)

Idea of the proof

Check it is the hamiltonian vector field for

@⌧i
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combinatorial analog of Wolpert’s formula (83) 
for Weil-Petersson symplectic form wrt. hyperbolic length/twists
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Symplectic structure  — 2. Kontsevich



(9g - 9 + 3n) embedding theorem

Summary

{hyperbolic metrics}

hyperbolic Fenchel-Nielsen

coincide as  topological spaces, but carry different geometry

T⌃(L)
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subset of {measured foliations}

smooth manifold polytopal complex

hyperbolic length functions combinatorial length functions

= {marked Riemann surfaces} = {marked metric ribbon graphs}

(9g - 9 + 3n) embedding theorem

Darboux coords. for !WP
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III 

Flowing from hyperbolic to combinatorial



The spine of a hyperbolic metric      is the locus of points in �

<latexit sha1_base64="00af3ueD0wesZW/b2cO45AX2ewo="></latexit>

⌃

<latexit sha1_base64="JvtOw0pW3LRCIQQPIwjh0ZRWlV8="></latexit>

equidistant from two boundaries

Lemma (Luo 07, Mondello 09)
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⌃
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is a            -equivariant homeomorphismMod@⌃
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The inverse is poorly understood …

III.1 Flowing from hyperbolic to combinatorial — Identification

with 

ribs (singular leaves)

`sp�
(e) = `�(e
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geodesics realising the equidistance

Measured foliation

Spine



pointwise in

As metric spaces                                              in Gromov-Hausdorff sense    

Combinatorial geometry is hyperbolic geometry with large boundary lengths

Bowditch-Epstein flow (88)
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III.2 Flowing from hyperbolic to combinatorial — Convergence

Theorem (Mondello 09, Do 10)
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for any simple closed curve     and                    with                       

Lemma 5 

For any           , there is                   such that for ✏ > 0
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Idea of the proof
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III.2 Flowing from hyperbolic to combinatorial — Convergence



Proposition 6 

For each seamed pair of pants decomposition and compact K ⇢ T comb
⌃
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Idea of the proof

Use hyp. (9g - 9 + 3n)-theorem to write             in terms of hyp. lengths for

Prove commensurable upper and lower bounds in terms of comb. lengths for G
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Use comb. (9g - 9 + 3n)-theorem in reverse to write bounds solely with

III.2 Flowing from hyperbolic to combinatorial — Convergence
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IV 

Changing pairs of pants



IV  Changing pairs of pants

Fenchel-Nielsen coords. depend on a choice of a (seamed) pair of pants decompositions

(Hatcher, Thurston)

Any two pair of pants decompositions are related by a finite sequence of flips

acting on two adjacent pairs of pants or on a one-holed torus
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Figure 25: Change in the coordinate system of ⌃.
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Figure 26: Change in the coordinate system of T .

ONE-HOLED TORUS. For a one-holed torus T , consider the global coordinates (`, ⌧) 2 TT (L) relative to
(P,S) of Figure 26. Then the change of coordinate system to (P 0,S 0) is given by by Equation (5.12) and
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+ sinh2( `2 )(cosh(L2 )- 1)

(5.21)

with sgn(⌧ 0) = - sgn(⌧).

Using the convergence under the rescaling flow of hyperbolic length and twist parameters to the combina-
torial analogues, we can calculate a “tropicalisation” of Okai’s formulae.

Proposition 5.8.

SPHERE WITH FOUR BOUNDARY COMPONENTS. For a four-holed sphere X, consider the global coordinates (`, ⌧) 2
Tcomb
X

(L1,L2,L3,L4) relative to the system of curves (P,S) of Figure 25. Then the change of coordinate system to
(P 0,S 0) is given by Equation (2.29) and
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with sgn(⌧ 0) = - sgn(⌧). We recall here that Mi,j(`) = max
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TORUS WITH ONE BOUNDARY COMPONENT. For a one-holed torus T , consider the global coordinates (`, ⌧) 2
Tcomb
T

(L) relative to the system of curves (P,S) of Figure 26. Then the change of coordinate system to (P 0,S 0) is
given by Equation (2.31) and
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with sgn(⌧ 0) = - sgn(⌧).
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To compute the effect of a flip, one can exploit a third description : 

Okai's formulae (92)
cosh

�
⌧ 0

2 ) = cosh
�
`
2

�
s

cosh2
�
⌧
2

��
cosh(L2 ) + cosh(`)

�
� 2 sinh2

�
`
2

�

cosh2
�
⌧
2

��
cosh(L2 ) + cosh(`)

�
+ sinh2

�
`
2

��
cosh(L2 )� 1

�

<latexit sha1_base64="wHMjxvVq8DXkEU7Xa0diJiTt1Kg="></latexit>

cosh2
�
`0

2

�
=

cosh
�
⌧
2

�

sinh
�
`
2

�

s
cosh

�
L
2

�
+ cosh(`)

2

<latexit sha1_base64="f2JTpqM2XtfAdWsyImdRlLY/RkE="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

sgn(⌧ 0) = �sgn(⌧)

<latexit sha1_base64="cABdM4YllILJ4YAQvkGMcGue2xw="></latexit>

T⌃(L)

<latexit sha1_base64="1fFbctIWHxb/QPz5KBXRCvmrMws="></latexit>

is a component of 
�
⇢ 2 Hom

�
⇡1(⌃),PSL2(R)

� �� ⇢(@i⌃) ⇠ diag(eLi/2, e�Li/2)
 �

PSL2(R)

<latexit sha1_base64="WTrpRvNSeMKj5WPVRJ/D7YPfc6A="></latexit>

The length of               is given by 2 cosh
� `�(�)

2

�
= Tr ⇢(�)

<latexit sha1_base64="86I51ftsvF/u7WesDLYiMDeR6nY="></latexit>

� 2 S⌃

<latexit sha1_base64="ey6tOsTHq2yNfj9X57pjYmVUbZI="></latexit>

L1

L4 L3

L2

�

�

L1

L4 L3

L2

� 0

� 0

Figure 25: Change in the coordinate system of ⌃.

�

�

L

� 0

� 0

L

Figure 26: Change in the coordinate system of T .

ONE-HOLED TORUS. For a one-holed torus T , consider the global coordinates (`, ⌧) 2 TT (L) relative to
(P,S) of Figure 26. Then the change of coordinate system to (P 0,S 0) is given by by Equation (5.12) and

cosh
�
⌧

0(`,⌧)
2

�
= cosh

�
`

2

�
vuut cosh2(⌧2 )

�
cosh(L2 ) + cosh(`)

�
- 2 sinh2( `2 )

cosh2(⌧2 )
�
cosh(L2 ) + cosh(`)

�
+ sinh2( `2 )(cosh(L2 )- 1)

(5.21)

with sgn(⌧ 0) = - sgn(⌧).

Using the convergence under the rescaling flow of hyperbolic length and twist parameters to the combina-
torial analogues, we can calculate a “tropicalisation” of Okai’s formulae.
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We do not currently have a analog representation  for 

A↵(R2) = Isom(R2)
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It is not easy to obtain the effect of the flips on combinatorial Fenchel-Nielsen 
by direct computation (many cells to discuss ...)

and the convergence results to get it



IV.2  Changing pairs of pants — Combinatorial geometry

Corollary 7

                  admits a piecewise linear structure (given by comb. FN coordinates)T comb
⌃ (L)
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What remains of the smooth structure of               when              : T⌃(�L)
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The transition functions are a kind of tropicalisation of Okai's formulae … 

This is not implied by the “polytopal complex” structure 



(9g - 9 + 3n) embedding theorem

Summary

{hyperbolic metrics}

hyperbolic Fenchel-Nielsen

coincide as  topological spaces, but carry different geometry
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subset of {measured foliations}

smooth manifold polytopal complex

hyperbolic length functions combinatorial length functions

= {marked Riemann surfaces} = {marked metric ribbon graphs}

(9g - 9 + 3n) embedding theorem

Darboux coords. for !WP
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full image in (R+ ⇥R)3g�3+n
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<latexit sha1_base64="x4vbkztOmYbMRNmg9RibBJk7cUM="></latexit>

flow

piecewise linear structure



�Thank�you�for�your�attention�!

Next week

Applications to 
- volumes (WP or K) of moduli spaces 
- volumes in the space of measured foliations

and comparison between behavior/proofs in hyperbolic and combinatorial geom.


