
t a m y a n d a h o n s

NAfewtheorens-

T h (Ax):

µ
Exp= l ex p , - , exp): e n → E T

I f Y

!

t h e n E X % a
translate

algébrique

of a subtorus o f

"

?

Rem: This i s a
functional transcendence result, analogous to

the classical Lindemann-Wei entrap theorem :

i f % , _ x n e

"

a r e

④ -linearly independent, t h e n

e " , - , E n a r e
algebraically independento v e r

Rein : One c a n replace Exp : c e s

#

I n by

I T : E ' → A = CYzen Abelianvariety (AX )
0 1

T : pg-§ arithmetic variety (K-Ulmo-Yafaev)



theorem(Raynaud):
l e t A = 642fn be a

Complex Abelian variety.

I f ÇÇ¥ne contains infinity many
torsion points

algebraicc u r v e

then C i s
the translate ofa n elliptic c u r v e

bg
a

torsionpoint

theorem (Fallingq Hgta i McQuillan):

Similar resultreplacing the subgroup of torsion pointsofA
by the division group of a finitely generated subgroupofA .



Theorem's(Cattani-Deligne-Kaplan)

Le t f : X → s bea smoothfamily ofcomplex smooth projective
varieties.

The locus I tLCS,d) = [ES/ H
"

(Xs,Q) contains exceptio
nal}Hodge classes

i s a
countable

u n i o n ofalgebraic subvarietiesofs (as predicted by
the Hodge conjecture).

Nowadays then three results (functionaltranscendenceIdiophantine

geometry/Hodge theory) c a n b e proven using a c o m m o n
framework:

tannegeonetry



UTamegeonetz-

Gothenateck, Esquisse d'un programme.

Goal: dogeometry while discarding wild topological
phenomena

:
Cantor sets, Peano c u v e s , . .

but also much m o r e basic examples :

F - graph of % . - R(n
-

s i n
1re)

T i s nottame, for a t least 3 r e a s o n s :

F -
-

r u I I A

a l F i s
connected but not arc-connected

b) dimJ E 1 =
d i n t ⇒ pro stratification

< / t n I R "not offinite type
theory



P r o t o t y p e =

semi-algebraic geometry

Def: X C R n i s semi-algebraic if X i s a finite

|Union of {xER?flat--o, gibet s o Kitty
for s om e f , g , m qp E R l X p , _ , Xu]

-

Semi-algebraic geometry i s too close to algebraic

geometry to study a pion.non-algebraic phenomena

~ o-minimalstructures
model
theory



Def(structure): a structure expanding HR,t . . , c)

i s a

collection S = (Sn)
n e * ,

Sn setofsubsets GIRY
1 1 algebraic sets of' R ' a r e i n Sn
2 1 S a c PUR") i s a

boolean subalgebra (i-e. stable
under finite U , finite h , complement)

31 A E Sp, B E Sq = ) AX B E Sp
+ q

( / I f p B H L > I R ' l inear projection a n d A E S a ,

then platE s n .

The elementsof Sn a r e called the S-definable sets of I N

A function f : A → B i s S-definable i f A ,B , Mf1 a r e
S-definable.



Rent : S
= Raf, where the definable

sets a r e the semi-algebraic
sets

4 1 = Tarski- Seidenberg

1 1 ⇒ Rpg c cany structure)

Rene : G , S, two structures ⇒ I n Ye i s a

structure.

⇒ i f I i s a collection of functions f . M ' → R
o r
subsets of I N , o n e c a n define

R j = the structure generated 4 F

E I : 1Re
x p .

R
s i n



Faits
:

. A Y_definable ⇒ À, À, I A S-definable

. f : A → B S-definable ⇒ flat, f -
' (B) S-definable

-fj.AE?fY-defnabk=sgof:A-
scisY-definab6Ex:A--fxC-RT

t e s o , 7 y c -A i Ê,Ini-gita')
= IN-pnn.nl'R"! Penn,m'B))

where BTR"x

#

A )

A fin,E .g)E IR INN, Ê§

$!

f

stabilit
y

under projection ← elimination of quantifiers

Better to u s e formulas !



DefCo-minind-structure)
a
structure S i s o-minimali f

5 1any S-definable set i n R i s a finite un i o n ofpoints
and intervals.

Exe : 'Rdg i s
o-minimal

;
Rain i s n o t

Tamepoperti Let Y = any
o-minimalstructure

definable : - .
S-definable

Third (Monotonicity) f. la,b)→ I R definable

] a = a . C a , c . . . c a r= b l f t fai,a a.) i s
C °

and eithercontant o r strictly monotonous.



thm2 (cellular decomposition)

Le t A i - A h c R ' definable.

|There exists a

cylindrical definable cellular decomposition

ofI N such that each A i i s a finite un i o n falls.

Hae : . a CDC D ofR i s a . Ca, C-e-Cap

cells
= plait oc i . c l(airain) o t i e l (Le

%

% )

-
a CDCD ofR n i s a

C DC D of I R "

+ foreal a l l C C I R "

#%

§

%

it

for definable fc, Cfc,i i . c f #

Cer : A definabl
e

⇒ NotAll L t o a n d any
connected componentof A
i s definable.

⇒ dim Z A C dinA



This (trivialisation) f : X → Y continuons and definable
.

] partitio
n

of Y-- ¥,

!

wit h

Y i definable/

f-'HitÜ Y i w i t h Z i definable.

SI
Y ix 2i-s

Corn
:
A C R Y I N definable ⇒ the family (At)

*

#

|of subsetsofR m takes only a finite#of home

types.

Exampbeofo-minimolstructures-

E I : Elg

¥ 2 :
'Ran

= IRL f : p ,n n → I R rea lanalytic>
E I : 1Re

xp ( r - r é , a - e -
"

" a r e Ran,exp-definable
(Wilkie) d irrational

E

%

:

Ran,
exp

(Miller-Vanden Dries)



Globalization

Def
: . a n

S-definable topological
space H i s a

topological space t e endowed with a finite atlas of
charts 4: : Vi - U i c M /

i l t i .j U ij '= Hui N j )
i s
definabl
e

i l 4.j : - . Golgi! U,j - U z i a r e
definable

•
a
morphism of definable

topological space

i s f : t i → H ' continuous, definable i n the charts.

E I : X R-algebra variety
Tren XAN with moral topolog

y
carries a

canonical Raf-structure

t x t :

quotients

X E S-Top
R C X x x closed definable equivalence relation

when i s X p definable ?



ThmeCBrumfiel, Vanden Dries): I f Risdefinablypoper
(i-e any o n e of the pi

: R - S X i s paper), then

t h e geometric quotient X l R exists i n Stop.

The :

Suppose T E X definable properl
y

d i scontinuously.

The choice of a n open definable fundamental s e t F C X

fo r t ( i f i t exists)
endows ¥ with a n 9 - definable

structure (whichdépends o n
the choice ofI ) .

F I : E semi-simple IR-algebraic
n c G : - . 6AM
compact

r L 6ca l anthmek

Then fr,ç a : = M y ha a

Canonical, functorial Ragstructure.

Take for F a finite un i o n of Siegel sets.



GAR) = N - A - K
unipotent
e

splittons

"

maxima l compact

I = % . A t - Kf,

s u r =p : : p !

!

(casino
- s i n o c o s

O)

l " t
→ "¥,

%

!

% %



31 Algebraization

Thx (Pila-Willie 2 C r m S-definable

2dg : - .
u n i o n of a l lpositive dim.

Connected semi-algebraic subsets f 2
Then

: t o s o , 7

#

s o l

{xekrdglna.mg,

%

H ( x ) E T



VTamegeonetrgandcomplexanalys-

Hotto : thepathologi
es ofcomplex analysis

a r e not
compatib
le

with tame topology.

Lemmy
: l e tf :

b

%

E

le
a

holomorphi
c

function.
definabl
e

i n some o-minimal structure ( ⇐ R')(Th
en f i s meromorphic : O i s not a n essential
singularity

.

Rf : o t h
, pq× a c a Mf1 by the treat Picard

Theorem

⇒ dimm>Mff 2-_dim Mf1 : contradiction to
tameness o f f .

Theorem(Remmat-Stein)
- Peter,il_stanchenko definable

E - analytic,

!

manifold e -analyticdefinable
irradia

%

g g y # /
subset

I-fdi-mxxd.ME then I c e S i s Q-analytic,
wi th d ' M I = dim X



Corollary-CPeterrit-
Stonchenko ;

o-minimal Chowtheorem)

L e t × ← ¢ ' ; then X i s algebraic
E - analytic,
definable

Rein : o n e c a n
replace à by any quasi-projectile complex

variety.



VBacktothetheoreons

The m a i n idea i n the proofs of Thin1 , 2 , 3 i s to pare
that s o m e map i s t om e , i - e

definable i n some

o-minimalstructure.

ThatYet I t : E n → A = E h theuniformisation of a n Abelian
variety.

I f ça

!

" then

"

Pari s a translate ofa n Abelian subveniez
irreducible

Rcf(in the c a s e where A i s simple)

-
Le t V :=

#

Z Iw e want to show tha t V= A a s s o o n
a s # f i l .

- WLOG : c a n a s s u m e that Y i s maximal i n I T '(v).

- I n that case, w e show that Oy

%

Stacy

has positive dimension

Then : V = "ris stable under T I E A thus K A .

- l e t u s choose I C E 9
a

fundamental s e t for A

Then T #

%

→

A i s
Ran-definable

"

→

A



ËE
%%

ÉË

" %

ÏË

Let so l

%

t ig e

à .

"

i f

% !

f c à

= f g c -Eh , dim E t g)A F A I T 'A)= ding
-

#

i s

Ran-definable

- I t i s enough to show that E CHcontains a positive dimensional
semi-algebraic se tW i by maximally of Y , * W = Y

hence W ( O y, thus dimOy>0 .

.
Consider E M I R A = 4gE h , Y A fft)#04
Exercice : µ g e

#

M ,

H!g)E Tf 7I -
n o r m

ofg went. r
. By Pila-Wilkie :

[ ( y ) ds # ¢ .
a



Theorem2 (Raynaud)

I t A I E be a
simple complex Abelian variety.

Le t V IE Ç A a n

irreducible algebraic subvariety.|Tr e n t containsonlyfinitely many torsion points.
Proof

- T ' I V A F i s
IRan-definable

a s T

%

→
A i s .

- By then1 , V ± A ⇒ T ' N A F doesnot contain a n y
positive dimensional semi-algebraic se t

- Pila-Wilkie
:

(1) T E >0 , 7 Ç l I f z E T- ' H A F A AqI H H ETSE ETE

- I f P E A torsion point with P I T A forz E F n Aq,
then H H =

order P
' M a s s e r :

(2) 7 C , p o , Kal

#

×) .

P I (= CHA: KI)z c H K B . I
+ (2) : any torsion point P contained

i n v has bounded order

⇒ there
a r e

only finitely

man y such points.
A



theorem's (Cattani-Deligne-Kaplan)

Le t f : X → s bea smoothfamily ofcomplex smooth projective
varieties.

The locus I tLG,d) = {ses/ H
"

(Xs,Q) contains exceptio
nal}Hodge classes

i s a
countable

u n i o n ofalgebraic subvarietiesofs (as predicted by
the Hodge conjecture).

I d g a f following Bakker-K-Tsimerman Ido l
T h e Hd(Xs,Qt,s e s , form a

#

-loka l system N
o n S

'The associated holomorphi
c

vectorbundle V admits a filtration

F - t (the Hodg
e

filtration
: F rHd(Xs,e t ¥pH"f-Id)

-This defines a
holomorphic period map :

classifyin
g

the variation
§ f - § = ¥ of f . a s s moves .

|y f holomorphic

HUSH
→
Étable?"



- S I j e
t'A i

"

→

Î § '
s i s E - algebraic hence has a natural 1Kf-structure

-§ has
a
natural Mdg-structure/

pb'
e s § Raf-

definable

Trim (B-K-T): f : S - § i s Man,

#

p-definable .

Hence
: each ftp.D')C S i s E -analytic and Man,ap-

definable

Ènimal J'§) c e s
Chow

algebraic
a


