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Introduction to Hurwitz numbers



l. Introduction to Hurwitz numbers — Definition

Topological branched covers X % $? with branchpoints Y1,
modulo automorphisms
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l. Introduction to Hurwitz numbers — Definition

Topological branched covers X L S2 with branchpoints Y1, .., Yk+2 € S?

modulo automorphisms

!

Iso. class of representations p : 1 (S*\Y) 2 {(v)i |71 Y2 = 1) — &y,

k42
Riemann-Hurwitz formula  x(X) = 2L — Z(L —0(N;)) where Cy; = [p(}))]
=1

e The partition A; = L isthe ramification profile above y;
o If p(v;) is a transposition, one says that ¥; is a simple branchpoint

e One often considers the first (resp. last) branchpoint to be 0 (resp. o)



l. Introduction to Hurwitz numbers — Rep. th. of the symmetric group

Z(Q[6&r]) = center of the symmetric group algebra

B:= lim Q[zq,...,zn]°¥
oo N

= @Z(@[GL])

L>0

Two bases, indexed by A+ L

Conjugacy classes
6h= Y
veC

CA')\lé)\Q = Z ‘{717273 =id | v; € CMH
AL

Ci,
‘CASI

C
oower sums 22 A

L' |Cy

= ring of symmetric functions in countably many variables

Idempotents
- xa(id) -
1) = 7 Z XA(CM) Cu
uHL
I\IT, = 0y, 11y
. S\
Schur polynomials 71



l. Introduction to Hurwitz numbers — Rep. th. of the symmetric group

k
e Jucys-Murphy elements J;, = Z(z’ k)

1=2

Symmetric polynomials evaluated on (J,)£_, span Z(Q(S}))

e If r isasymmetric polynomial, one defines Hurwitz numbers in two versions
1 A

R}, = i lid] C*M r(J,0,0,...)C, ~ R}, by inclusion-exclusion
r = PP Double Hurwitz numbers

k

R® :izﬁ_k Z [id]C'T oo, C ZLZH Y0 € C 7; transposition Ty T, :id} P—
wv = ) Lol u s Ty : JOTL T TR e k!

E>0 0 TiTk " k>0
transpositions

is the weighted count of branched covers with
ramification profile u above 0 ,v above oo, k simple branchpoints

R,,  counts only the connected covers
k determines the genus by 2 —2g =/4(u) +4(v) — k



l. Introduction to Hurwitz numbers — Rep. th. of the symmetric group

e Symmetric polynomials in Jucys Murphy act diagonally on the idempotent basis

r(J,0,0,.. )L, = r(cont v, 0,0, ... )L, = []

COHtV:{j_i‘(ivj):bOXinV} contv = (0,1,2,3,—1,0,—2)

e Cauchy identity Z Sy ® S, = Z “C"/" Pv @ Py
V. -
v v r(J,0,0,...)®id
Z r(contv)s, ® s, = Z R:L,I/p,u 2 P,
v [T
ul=|v|
t(v) v, 1 £(v) , ,
e.g. pilcontr,0,0,...)=> Y (j—i)= 52 (vi—i+ )" = (=i+ 1) =)

i=1 j=1 i=1

double Hurwitz numbers are encoded in the decomposition of

— 4= Z e’2(V) g ® s, onthe power sum basis
v

for connected : InZ



l. Introduction to Hurwitz numbers — Conditioning by topology

Problem 1 : compute connected Hurwitz numbers for fixed topology

i.e. fixed genus g and n = £(v) points above o

e Simple Hurwitz numbers: 0 unramified,i.e. p=(1,...,1)

Hgan(yla"'ay’n) = [529—24—”4—27; Vi] (()1,...,1),V

e d-orbifold Hurwitz numbers: p=1(d,...,d) above 0

ch,in(yh SRR V’n) = [529—24‘”4‘22’ 71} (()d,...,d),z/

e double Hurwitz numbers : arbitrary ramification above 0 and o

()
Hyn(v1,. . vp) = Z [529—2—|—n—|—€(ﬂ)] R’ , . where 7, =] 4.
1=1

p=|v|



l. Introduction to Hurwitz numbers — Combinatorial approach

For simple Hurwitz numbers (0 unramified), one can try elementary combinatorics

Covers are in (orbifold) bijection with their branching graph

This is a ribbon graph with labeled edges (Okounkov, Pandharipande, 01)
vertices <— sheets . 1
2
abeled Ej?l?zﬂ <— simple branchpoints k=1 .
faces <— points above o | . 4
% > di(le,le) < multiplicity of point f

e around
face f ~~> U



l. Introduction to Hurwitz numbers — Combinatorial approach

14
Example E=.
p G
F
FE
D
3 C
...... B
Ne 0 o o o o o o o A
&)
I 7
Sh O‘O YiY2ys - Yo g=20
g=0,n=1face v =(11)
V1—2
Branched trees with v1 vertices ~»  Hy (1) = * ' (Cayley 1899)
V1.

g =0, n=2faces
Vi, U2
Vi Vs

V1!V2!(V1 -+ VQ)

Branched graph with 1 cycle + trees  ~  Hyo(v1,12) =



l. Introduction to Hurwitz numbers — Combinatorial approach

Cut-and-join equation (Goulden, Jackson, Vakil, 99)

Recursion on the number of edges by merging a simple branchpoint to o©

Join

S? 6 00000

Cut

stay
connected

Cut
and

disconnect

1 m!m'!
+§ Z Z mm/’ . (Hg—l,n—l-l (V \{vit Um, m/) + Z Hy oy +1(A U m)Hgb,e(A')H()\/ . m/))

h+h'=g
AUN =v\{v;}



l. Introduction to Hurwitz numbers — Combinatorial approach

The cut-and-join equation determines all the H, ,(v)

Problem 1’ : can one compute all of them for fixed (g,n) at the same time ?

mn
zxz
Wyn(1,...,2p) = g H, . (v1,. Hd (et
1=1

UlyeeeysUn>1

We already have found

1%
WO,].(:E].) = Z ]_V | d(@l/lxl) — y]_ dxl Wlth eCL'i — yie_yi
1/121 L
Wo2(r1,22) = Z vyt vy® d(e™ " )d(e”2) _ dyidyz  d(e™)d(e™?)
A vi,va>1 vl (1 + 1) (y1 —y2)?  (e¥r —e%2)?

Observe the role of the Lambert curve S : e = ye™ ¥

This combinatorial approach can be adapted to other Hurwitz problems but
- there are more powerful algebraic techniques doing the same

- cut-and-join does not easily give accessto W, ,, for 29 —2+n >0



Intersection theory and topological recursion



Il. Intersection theory and topological recursion — Simple Hurwitz numbers

Simple Hurwitz numbers from the viewpoint of algebraic geometry

Hg,,...,vn, = moduli space of genus g Riemann surfaces (C,p1,...,Pn,21,- -, 2k)

equipped with 7 : C — P! having poles of orderv; at p;

such that dm has simple zeroes at z;

where k:2g—2+n+2m

X - Ho(vi, .. osvn) — Ck/([: (modulo translation)
(C,p,z,7)] +— [n(2)]
~ degX

— Hy,(v1,...,0p) x

After dealing with compactification, this can be computed as the total Segre class
ofacone Hyuy...n, — Myn

My = Deligne-Mumford compactification of the moduli space of curves



Il. Intersection theory and topological recursion — Simple Hurwitz numbers

My.n = Deligne-Mumford compactification of the moduli space of curves

Cotangent line bundle

(ﬂ—z’)(C,pl,---,pn) — Tz;:C ~ ;= Cl(”—z’) < HQ(Mg,n)
Hodge bundle total
. Chern class g
E(C’,pl,...,pn) = H (Ca wC’) ~ Av — C([E\/> — Z(_l)h)‘h S H*(Mg,n)
h=0

Theorem (Ekedahl, Lando, Shapiro, Vainshtein, 01)

n i AV
For 2g—2+n>0 Hg,n(ul,...,un)zn - / =

Gave some explicit evaluations of combinatorial U )
Hodge integrals ... orefactor poly 1y Vn



Il. Intersection theory and topological recursion — Simple Hurwitz numbers

Topological recursion allows computing the generating series W, ,,
from periods on the Lambert curve S : ¥ = ye Y

Conjecture : Bouchard, Marifo conjecture 08
Theorem : Eynard, Mulase, Safnuk 11

coming from mirror symmetry

T

A B
Gromov-Witten invariants of Period computations on the mirror
C? in the infinite framing limit S e’ =ye

Consequence of a more general correspondence for all toric CY3 folds

Conjecture : Bouchard, Klemm, Marino, Pasquetti 07
Theorem : Eynard, Orantin 15 (also Fang, Liu, Zong, 16)



Il. Intersection theory and topological recursion — Simple Hurwitz numbers

Topological recursion (TR)

e Initial data consists of assuming

(S smooth complex curve dz has simple zeros a

z,y meromorphic functions y hasorder1at a

B e H°(S8?, K%2(24))

A

e 0, localinvolution near a €a suchthatxoo, =«

f;a(z) wo,2(, 21)

(¥(2) — y(oa(2)))dz(2)

DO | —

 Recursion kernel K(z1,z2) =

S
e TRthen constructs wp1 =ydz, wo2 =B and wy, € H*(S", K§"(xa))

by inductionon 2g—2+n >0

no wo,1
Wy (21, 0s2n) = Zgzes[{(zl, 2) (Cdg_l,n_|_]_(z, 0a(2),22,. .., 2n) + Z Wh, 141712, ) Wi 14107 (0a(2), J’))

aECl h+h/:g
JUJ ={z2,...,zn }



Il. Intersection theory and topological recursion — Simple Hurwitz numbers

Topological recursion (TR)
mn n 6”
construct wo1 =ydx, wo2 =B and wy, € HO(S 7K§ (*a))

by induction on 2g — 2+ n > 0, computing residues

The terms in TR are in bijection with

Py = {p<_>§] such that ;P =X and ¥ — P stable}/ Diff%

>} = smooth surface of genus g with n labeled boundaries
P = pair of pants

X

‘

0% . \ &% ‘

O T . ) ()



Il. Intersection theory and topological recursion — Simple Hurwitz numbers

Theorem (Eynard, Mulase, Safnuk, 11)

Let wyn be the outcome of TR for

— . dy1dys
S=1(z,y) eCxC" *=ye Y} with B = a=1(—-1,1
{(z,y) € Cx | et =ye ¥} wi (o — )2 (=1, 1)}

We have the identity of series expansion near e** — 0
d(e™*)d(e*?)

g = Bg00n2 g~ Won(n, )

e Proof by analysis of cut-and-join relations + analytic continuation to S

e The outcome of TR can be always be represented via
intersection theory on M, ,, Eynard 11

~+ algebraic/combinatorial proof of the ELSV formula

(Hodge class appears by Mumford formula)



Il.2 Intersection theory and topological recursion — Orbifold Hurwitz numbers

d -orbifold Hurwitz numbers: pu=1(d,...,d) above 0

HY (1, vp) = [B29 22 3 R,

g,n
n

Wéfin(azl,...,a:n) = Hg[]flf}%(vh---,Vn)Hd(ewxi)

UlyeeosUpn >1 1=1

There is a cut-and-join equation, from which one can compute

Wol (z1) = y1 das

Inz — 2

|
N

[d] dz1dz d(e**)d(e”?) Sldl. z(2)
0,21, L2 (Zl . 22)2 (ewl o 6$2)2



Il.2 Intersection theory and topological recursion — Orbifold Hurwitz numbers

From the algebraic geometry viewpoint, it can be approached via

intersection theory on M 4, ..., (BZ4) a; € Zg monodromy at Pi
EU s M subbundle of the Hodge bundle on which
g,aq,...,Qn .
the generator of Z4 acts by ¢7/4
g
AT = e(B"Y) = > (-1)FN € H (Mya.....a, (BZ4))
h=0

Theorem (Johnson, Pandharipande, Tseng 11)

For 2g—2+n>0

H? (V1. .. V) =d?9 2+n+>>, H %)7 / _ ATY
g,n pale LI/ ﬂ, 1 %

.....

—7; € [0,d — 1] such that —7; = —v; mod d \

combinatorial

quasi-polynomial in
prefactor

Viy...,Up



II.1 Intersection theory and topological recursion — Orbifold Hurwitz numbers

There is an equivalent description via the moduli stacks of 2 th roots

ﬂg;:)(al,...,an) - {(C’,pl,...,pn,L,qb) L®TNw%S(Z(s—ai)pi)}/N

(

[ _(T,S) € —_—
L H CHMQ,TL (&17.. . 7a/n) HM‘g’n
universal universal .
line bundle  curve pt Chiodo classes

Q(T ) (afly “e e an) c= E*C(_R ‘C) € H” (Mg n)

Theorem (Dunin-Barkowski, Lewanski, Popolitov, Shadrin 15)

H[d] V(1. vp) =d?9™ 2+n+3", 4 H

—v; € [0,d — 1] such that —7; = —v; mod d
combinatorial uasi-polynomial in v v
prefactor 9 PO Lo o



II.1 Intersection theory and topological recursion — Orbifold Hurwitz numbers

Theorem (Do, Leigh, Norbury, 12 | Bouchard, Hernandez-Serrano, Liu, Mulase 13)

Let wgﬂl be the outcome of TR for
. dz1d .
S[d] : { QTEZ)) = lI:lZ — 20 with B = (lei 2222)2 a—= {z — 62171‘/dd1/d | je Zd}
y(z) = =z

We have the identity of series expansion near e¢** — 0

d(el’l)d(egm) - W[d] (371 o )

(6331 B 6562)2 g,n

d
Wil — 54,0052

o Proof by analysis of cut-and-join relations + analytic continuation to

e The outcome of TR can be always be represented via
intersection theory on M, ,, Eynard 11

~+ algebraic/combinatorial proof of the JPT formula

Dunin-Barkowski, Lewanski, Popolitov, Shadrin 15



II.3 Intersection theory and topological recursion — Double Hurwitz numbers

Double Hurwitz numbers :  arbitrary ramification above 0 and oo

Hyn(vi,...,vn) = Z [629—2+”+£(“)} RZ,V q. where qy = H Qu;

n

Wyn(z1,...,20)

]
L
2
S
/
X
[
=
—
Q.
~—/~
Q)
o
&
—

e Double Hurwitz numbers are more fundamental than the others
Relate to intersection theory of the double ramification cycle

which has applications to integrability, structural properties of H*(M,.,,)

e There are vague conjectures about ELSV-like formulas involving

unspecified moduli stacks of dim¢c =49 — 3+ n  with a proper fibration to M, ,
and unspecified analogs of the dual Hodge class

Goulden, Jackson 03 ; Bayer, Cavalieri, Johnson, Markwig 11



II.1 Intersection theory and topological recursion — Double Hurwitz numbers

e There is an (elementary) cut-and-join equation, from which one can find

Wo.1(x1) = y1 day

) dzidze  d(e™)d(e™?) Sq :
Wo,z( 1,22) (21 — 22)° (ewl - 6@)2 { )

= Inz—3 ¢

Zj szj

e When ¢i1,--.,94d—1,9d generic dz has |a| =d simple zeros

qa 7# 0 . d |
;=0 forj>d which are the roots of 1-) jg;z/ =0

g=1

can be seen as a deformation of the d-orbifold case ¢; = 0;4



II.3 Intersection theory and topological recursion — Double Hurwitz numbers

Theorem 1 (B., Do, Karev, Lewanski, Moskowsky, 20)

For any fixed d > 1 and gq # 0

et w2 be the outcome of TR for

d o
Sald] . r(z) = lnz - Zj;1 q; %’ with B — dzidzo
y(z) = ijl q; %’ (21 — 22)°

We have the identity of series expansion near e™* — 0

d(e™)d(e*?)

(e — er2)’

Ll

g,n 59,0 n,2 g,’n(mla et 7‘/'877/)‘(]3':0 j>d



II.3 Intersection theory and topological recursion — Double Hurwitz numbers

Strategy of the proof

e The difficult part of the proof is to justity quasipolynomiality wrt. Vi,...,Vn

Hon (V1o ovm) = % Cynl(m 0 HA,,%,M

1§a1,...,an§d
mi,...,mMyuy >0

a kf(k) C_T)\
2( A
AN-k—a Hz( 1) )‘ !

— d 53
where Ay, = = [F7a e =1 9%

for some C’gn( Lo f,‘}’ﬁ%) € Q(q1,...,q9q4) vanishing for Zmz < Mgy,

Done via combinatorial analysis of the formulas in B = @ Z(Q[&L])
L>0

e Forthe generating series, it implies the decomposition

Wg,n(ﬂfla---axn): Z Cg>n<a1 ::: H gawm% where gam— m+1( )

(2)
1§a1,...,an§d
ml,...,ngO

hence it analytically continue to  (S%9)" with poles at z; — a
y y P



II.3 Intersection theory and topological recursion — Double Hurwitz numbers

e For the generating series, it implies the decomposition

Won(at, - omm) = 3 Con(mt 0 m H Aasms  where  &om = 911 (%)
1<aq,...,an<d
ml,...,ngO

hence it analytically continue to  (S%9)" with poles at z; — a
y y P

e Then, we can use analytic continuation in the cut-and-join equations

and combinatorial analysis similar to the simple or orbifold proofs

~+ get a recursion for the polar part of W, , at z1 — a

solution by the topological recursion



II.3 Intersection theory and topological recursion — Double Hurwitz numbers

Theorem 2 (B., Do, Karev, Lewanski, Moskowsky 20)

n ,/_ #J
Hon (v, yvp) = Y d29- 20t g T c[l

p|v| 1=1 d

/ , d— (3) . .
X(K(H) (—1)£('u )—m Z H |C (J)‘ |: Ip |:|£(p(j)>_1 / dind-l)-m(_y].)"‘ _and_ p(1)| Jd_ |p(m)|) )
m=0 : peg)d 4 ,7 1 ‘10(])" Mg,n+m H (1 _ ﬁ Z)
L p=p’

P,_1 = partitions of size at most d — 1

. @)y =ax(z+1)--(x+b—1)




II.3 Intersection theory and topological recursion — Double Hurwitz numbers

Strategy of the proof : interpolation between the double and d-orbifold cases

y

r(z) = lnz—qdz —tZ] 1q]z=7 TR LWl

St q wi(z) = qaz? +t350 ¢ |
wt - dzidzo
\ 072 o (21—252)2

t=20
wg,n(zla 9 Zn) — Wg,qn(gh , Zn)

Write the (convergent) Taylor expansion
1
Wy (2150052 Z T wg W Wan(Z1y -y Zn)|t=0

[>0

where all derivatives are taken at x; = x:(2;) fixed

as we want to extract the series expansion in variable e** — 0



II.3 Intersection theory and topological recursion — Double Hurwitz numbers

TR has the following property under deformations of initial data
Oy (21, 20) = / YTi(2)wy i1 (2,21, .0,20)  atfixed z; = x4(2)
z' ey

whenever @ (2) := 0wzt (2)dys(2) — Ory(z)daxe(2) = / Ti(2") wy o (2, 2)

z' ey

with v away from a

For the deformation we are interested in : / YT:(z')® = — Res 2 () e
z' ey

To compute higher order derivatives, need successive chain rules
since x:(z') = 2’ is considered fixed

[d

g,]n—|—m)m20 and thus to Chiodo integrals

~ relates w9

on to (w

~ get the theorem by extracting the coefficients of  [];_, d(e"i*%)



II.3 Intersection theory and topological recursion — Double Hurwitz numbers

The resulting formula for H, ,,(v1,...,v,) isa polynomialin qi,...,q4—1

but only a Laurent polynomial in ¢4

By its combinatorial meaning, it must be a polynomial in ¢1,---,44

—> the Chiodo integral in prefactor of ¢; " for m > 0 must vanish

Corollary 3 (B., Do, Karev, Lewanski, Moskowsky 20)

let ¢g>0, n,t>1, d>2

For any partitions (v1,...,Vs), (N1,...,m¢) suchthat m <d—1 and |v|+ |n| < dl

0(p@))—1 / Qéilhd)( —Vi,...,—VUp,d— |p(1)|, o, d— ‘p(k)D .
Mg,n—|—k

H?=1(1 _ %@bi)



II.3 Intersection theory and topological recursion — Double Hurwitz numbers

Corollary 3 (B., Do, Karev, Lewanski, Moskowsky 20)

let ¢g>0, n,t>1, d>2

For any partitions (v1,...,,), (M1,...,m¢) suchthat m <d—1 and |v|+|n| < df

=0

o / Qi (=P, =Ty d—|pW],. .. d = |pP))
Mg, nik H:Lzl(l o %%)

e When n;+n; >d forany i# j,thereisa single term, and then

=0

/ WSO (=, =Ty d =, d — 1)
Mg, e H?:l (1 _ % ’L)

This vanishing is proved by Johnson-Pandharipande-Tseng 11
from geometry of M, 4,... 4. (BZy)

e (Other cases are new
(would require a careful analysis of the boundary strata contributions in JPT)



II.3 Intersection theory and topological recursion — Double Hurwitz numbers

Tested numerically with the SAGE package Admcycles

Double Hurwitz numbers

1

Q¥
2_7f_ 1;1,1,1
2 JMy 3 1-2791/3

Delecroix, Schmitt, van Zelm
2002.01709

Vanishing identities

12
[3]
) Q
(g2] 1 9 x4, 90T
Q13!
G 7,
[3]
3 Q ;
[Q1Q2] 5 27fM13 11—01/;112
Q[?f]
q3] 1 3fﬂ1,1 T
[3]
4 4 27 Q ;2,1,1,1,
[91] 3 2 f/\/ll 5 11—241@/131
[ 2 ] 20 54 f_ Q[13]2 1,1,2
4192 3 Mi,a 1—441/3
[3] [3]
2 7 ;] {2
[q5] 3 18 fﬂl,a 1 142;?/23 fMl 2 1— i«Zf/:a
9[3]
[Q1CI3] 6 36 fMl o 1— i1;11/3
[3]
5 625 81 Q010,00
?]  h 5 S5 . ToE
[3]
3 625 135 Q11,1,
1] 57 _fﬂl,s, 11—151@/132
[3] (3]
2 125 135 Y 45 0
w3 2 . 57 2 S, TR
[ 2 ] 625 135 f ol 1,
q143 24 Mz 1— 5¢1/3
[3]
) Q
[q2Q3] 2 45 fMl 2 1— 517;12/3

2 2
[4] [4]
9123 1/ Q1511 _
1 — lél) 4 ﬂl?)( _%) 190
7 7
Q[1]5556 +lgg/ Q[1]52
(1 - _¢1) 7 ﬂl ,2 (1 - _wl)
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