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Introduction to Hurwitz numbers



I. Introduction to Hurwitz numbers — Definition

Topological branched covers                with branchpoints   

Iso. class of representations                                                                                          

(
)

<latexit sha1_base64="mv6698kS0oquSZY92hPe4pWCPDo="></latexit>

modulo automorphisms

⌃
L:1�!S2

<latexit sha1_base64="8a8dQldzWgkBHk4e7Bx5S85nDCE="></latexit>

y1, . . . , yk+2 2 S2

<latexit sha1_base64="tW9waBWVtkc0DTwsifc8xezHj9Q="></latexit>

⇢ : ⇡1(S
2 \ Y ) ⇠=

⌦
(�i)

k+2
i=1 | �1 · · · �k+2 = 1

↵
�! SL

<latexit sha1_base64="oRXlrjqBQO1IZ0jSumTz7t40aHo="></latexit>

⇡ �

<latexit sha1_base64="k5KTmEPyES2/spaMR61f9HV/h0A="></latexit>

� = 2

<latexit sha1_base64="cekqp3/oxvHo+nQi4fiFUtggs5g="></latexit>

Riemann-Hurwitz formula where�(⌃) = 2L�
k+2X

j=1

(L� `(�j))

<latexit sha1_base64="ANMSH+4JMcDN3hCnSr2qTvQ8huQ="></latexit>

C�j = [⇢(�j)]

<latexit sha1_base64="IWDR6IL3fKYNagY/FMto6/Q89eE="></latexit>

�1 = (4, 1, 1)

<latexit sha1_base64="6jvweURkc0HJbNaDm77EmfrXp00="></latexit>

�2 = (3, 2, 1)

<latexit sha1_base64="60FSyhSSYP25RPQ0pRsIzjyi3a4="></latexit>

�3 = (2, 2, 1, 1)

<latexit sha1_base64="XNLf7gCEmX0NaDj7LTkS6YURSiU="></latexit>

�4 = (3, 1, 1, 1)

<latexit sha1_base64="enO3EV8VfbCab3v1Q4VRAHDv5fw="></latexit>



Riemann-Hurwitz formula where

I. Introduction to Hurwitz numbers — Definition

Topological branched covers                with branchpoints   

Iso. class of representations                                                                                          

(
)

<latexit sha1_base64="mv6698kS0oquSZY92hPe4pWCPDo="></latexit>

modulo automorphisms

⌃
L:1�!S2

<latexit sha1_base64="8a8dQldzWgkBHk4e7Bx5S85nDCE="></latexit>

y1, . . . , yk+2 2 S2

<latexit sha1_base64="tW9waBWVtkc0DTwsifc8xezHj9Q="></latexit>

⇢ : ⇡1(S
2 \ Y ) ⇠=

⌦
(�i)

k+2
i=1 | �1 · · · �k+2 = 1

↵
�! SL

<latexit sha1_base64="oRXlrjqBQO1IZ0jSumTz7t40aHo="></latexit>

If            is a transposition, one says that       is a simple branchpoint⇢(�j)

<latexit sha1_base64="h9W8kWwSx145DF6ilf0BbyFHzrU="></latexit>

yj

<latexit sha1_base64="l5uGCvyYrq+zMpq6ET3PcX1cqeQ="></latexit>

The partition               is the ramification profile above yj

<latexit sha1_base64="l5uGCvyYrq+zMpq6ET3PcX1cqeQ="></latexit>

One often considers the first (resp. last) branchpoint to be     (resp.     )0

<latexit sha1_base64="EoLCRZKR1N9EVQfgZIqNIls19PY="></latexit>

1

<latexit sha1_base64="+4oYvFfWbqZ4hzAr0sH7BZZbaZU="></latexit>

�(⌃) = 2L�
k+2X

j=1

(L� `(�j))

<latexit sha1_base64="ANMSH+4JMcDN3hCnSr2qTvQ8huQ="></latexit>

C�j = [⇢(�j)]

<latexit sha1_base64="IWDR6IL3fKYNagY/FMto6/Q89eE="></latexit>

�j ` L

<latexit sha1_base64="wWt0E7O7ZovOB++i4Q7bAUkL1Kw="></latexit>



Two bases, indexed by 

I. Introduction to Hurwitz numbers — Rep. th. of the symmetric group

          = center of the symmetric group algebra

Conjugacy classes

Ĉ� =
X

�2C�

�

<latexit sha1_base64="HpnkSwBbYS7OYtH8vxy23tv/0uo="></latexit>

� ` L

<latexit sha1_base64="TnEe6N+++qcXTQIJIAEG4gmJzvc="></latexit>

= ring of symmetric functions in countably many variables B := lim
1 N

Q[x1, . . . , xN ]SN

<latexit sha1_base64="172gQ1ZyP28iYPs+FoSn6gYhDgY="></latexit>

Z(Q[SL])

<latexit sha1_base64="YhcZ/kmYSoq1ipRUngT3AcB/e7M="></latexit>

⇠=
M

L�0

Z(Q[SL])

<latexit sha1_base64="1wBU0sHkmH+NPr/b+i76R+WYmoE="></latexit>

power sums p�
L!
 ! C�

|C�|

<latexit sha1_base64="06upyXqdUgqyjIhta7zAXs6+bO0="></latexit>

Idempotents

⇧̂� =
��(id)

L!

X

µ`L
��(Cµ) Ĉµ

<latexit sha1_base64="xuL6aIsQ011Z5NyUf5KwRz0xRb8="></latexit>

Ĉ�1Ĉ�2 =
X

�3`L

����1�2�3 = id | �i 2 C�i

 �� C�3

|C�3 |

<latexit sha1_base64="q1TRjZgf/cmrX5xxIz8Fn4VwM94="></latexit>

⇧̂�⇧̂µ = ��,µ⇧̂�

<latexit sha1_base64="F8o4inzW1imPUTDdE3SDbQUE/F8="></latexit>

Schur polynomials
s�
L!
 ! ⇧̂�

��(id)

<latexit sha1_base64="flVeBexp645eceZl/zWR0rePAeg="></latexit>



    determines the genus by  

If      is a symmetric polynomial, one defines Hurwitz numbers in two versionsr

<latexit sha1_base64="p2wG1ZLAavkZc74CPEdSpHdYtu4="></latexit>

is the weighted count of branched covers with 
ramification profile     above     ,     above     ,     simple branchpoints 0

<latexit sha1_base64="EoLCRZKR1N9EVQfgZIqNIls19PY="></latexit>

1

<latexit sha1_base64="+4oYvFfWbqZ4hzAr0sH7BZZbaZU="></latexit>

 

<latexit sha1_base64="rZe9JC4PCC6T8T4CKZl1Yfee2EU="></latexit>

Jucys-Murphy elements Ĵk =
kX

i=2

(i k)

<latexit sha1_base64="3x03NG2zK2mm5l2Ks0YinqQ93WU="></latexit>

Symmetric polynomials evaluated on                 span  (Ĵk)
L
k=2

<latexit sha1_base64="oiVC4namKRWH39xpk/aD6t54E9U="></latexit>

Z(Q(SL))

<latexit sha1_base64="23eRhHB/spOpYD32n62gQJNy2Cg="></latexit>

by inclusion-exclusion

counts only the connected covers

r = e�p1

<latexit sha1_base64="bSAmw9nbtc7twHRL9ottVErSUDA="></latexit>

k

<latexit sha1_base64="TtVgBNeGKWK4uM3eHTdqA6E0nrU="></latexit>

k

<latexit sha1_base64="TtVgBNeGKWK4uM3eHTdqA6E0nrU="></latexit>

Double Hurwitz numbers

R•
µ,⌫ =

1

L!
[id] Ĉµ r(Ĵ , 0, 0, . . .) Ĉ⌫

<latexit sha1_base64="mAqVzJTbLE4JimkVcXPC6nQ2w98="></latexit>

R�
µ,⌫

<latexit sha1_base64="eRdJqKpMfl6btbPuJtSSgt2rqtk="></latexit>

R•
µ,⌫ =

1

L!

X

k�0

�k

k!

X

⌧1,...,⌧k
transpositions

[id] Ĉµ⌧1 · · · ⌧kĈ⌫ =
1

L!

X

k�0

���
n �0 2 Cµ

�1 2 C⌫
⌧i transposition

��� �0⌧1 · · · ⌧k�1 = id
o���

<latexit sha1_base64="dV/l/HCAGNq2eD31QLeCFVFoJi8="></latexit>

µ

<latexit sha1_base64="5U7lcjMEiFeFCVN1hn0r6jrSdmA="></latexit>

⌫

<latexit sha1_base64="t8wrGDCgUAPvoT3ZZLgVzGCGpQo="></latexit>

R�
µ,⌫

<latexit sha1_base64="eRdJqKpMfl6btbPuJtSSgt2rqtk="></latexit>

2� 2g = `(µ) + `(⌫)� k

<latexit sha1_base64="8mAJ8WlwHr5794nfyX+ty3Eo+m8="></latexit>
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·�
k

k!

<latexit sha1_base64="BySQZhO2sTsgWSOhmvYmHOJ6eK4="></latexit>



X

⌫

r(cont ⌫) s⌫ ⌦ s⌫ =
X

µ,⌫
|µ|=|⌫|

R•
µ,⌫pµ ⌦ p⌫

<latexit sha1_base64="sf3d1XKJuwxReNl5HscfOwpgIWo="></latexit>

Symmetric polynomials in Jucys Murphy act diagonally on the idempotent basis

e.g. 

Cauchy identity 
r(Ĵ , 0, 0, . . .)⌦ id

<latexit sha1_base64="0RbDfS3UMDVfxIUOXMrOHqJgFq8="></latexit>

double Hurwitz numbers are encoded in the decomposition of 

on the power sum basis=)

<latexit sha1_base64="CNh3gqVfKorKbs6qh8F8NVWOAFg="></latexit>

lnZ

<latexit sha1_base64="i6xRzTXHekjRxiFCRqXUJnG10kg="></latexit>

for connected : 

X

⌫

s⌫ ⌦ s⌫ =
X

⌫

|C⌫ |
|⌫|! p⌫ ⌦ p⌫

<latexit sha1_base64="wMl4SILp9hwP+2HTW3GAOhCoAwM="></latexit>

cont ⌫ = (0, 1, 2, 3,�1, 0,�2)

<latexit sha1_base64="cCchk+5iUiswCfSDXgf85VGY8gM="></latexit>

⌫ =

<latexit sha1_base64="0FBhSl4fWm/yONcWmY2lm/c5oUM="></latexit>

r(Ĵ , 0, 0, . . .)⇧̂⌫ = r(cont ⌫, 0, 0, . . .)⇧̂⌫

<latexit sha1_base64="ifBhpCq1ePzPj1MnoQ7SJD5kjDg="></latexit>

cont ⌫ =
�
j � i | (i, j) = box in ⌫

 

<latexit sha1_base64="IAf99csxqraanTJTUsH9hjmx6kI="></latexit>

p1(cont ⌫, 0, 0, . . .) =

`(⌫)X

i=1

⌫iX

j=1

(j � i) =
1

2

`(⌫)X

i=1

⇥
(⌫i � i+ 1

2

�2 �
�
� i+ 1

2

�2⇤
:= c2(⌫)

<latexit sha1_base64="G2Z+/MOHTyEhLPpmmRjJPMIOV+c="></latexit>

Z :=
X

⌫

e�c2(⌫) s⌫ ⌦ s⌫

<latexit sha1_base64="RdE9Am9M0PWnEuVrfkRzeVqAq54="></latexit>
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i.e. fixed genus    and                 points above    

I. Introduction to Hurwitz numbers — Conditioning by topology

Problem 1 :  compute connected Hurwitz numbers for fixed topology

g

<latexit sha1_base64="6aK/9KryS28gYnDDDcKBt5bZ4jk="></latexit>

1

<latexit sha1_base64="+4oYvFfWbqZ4hzAr0sH7BZZbaZU="></latexit>

Simple Hurwitz numbers :        unramified, i.e. 0

<latexit sha1_base64="EoLCRZKR1N9EVQfgZIqNIls19PY="></latexit>

n = `(⌫)

<latexit sha1_base64="MQjzEPFaZy3svw3L0mFpG4iL+RE="></latexit>

µ = (1, . . . , 1)

<latexit sha1_base64="2nA+CAK0kSpVRXlHJjEbqQSQj5c="></latexit>

Hg,n(⌫1, . . . , ⌫n) :=
⇥
�
2g�2+n+

P
i ⌫i

⇤
R

�
(1,...,1),⌫

<latexit sha1_base64="/wO/2oYilaLu8lZc39uoc4H0TaI="></latexit>

  -orbifold Hurwitz numbers : d

<latexit sha1_base64="dTbkUjjgACTHIKS15M2w4h9p8go="></latexit>

µ = (d, . . . , d)

<latexit sha1_base64="RnWCTqgteU3XkKmmwHr/HJbqOBU="></latexit>

H
[d]
g,n(⌫1, . . . , ⌫n) :=

⇥
�
2g�2+n+

P
i

⌫i
d
⇤
R

�
(d,...,d),⌫

<latexit sha1_base64="xfElpIOLEFhe6ExyIMxjSpe6cio="></latexit>

double Hurwitz numbers : 0

<latexit sha1_base64="EoLCRZKR1N9EVQfgZIqNIls19PY="></latexit>

1

<latexit sha1_base64="+4oYvFfWbqZ4hzAr0sH7BZZbaZU="></latexit>

Hg,n(⌫1, . . . , ⌫n) =
X

µ`|⌫|

⇥
�2g�2+n+`(µ)

⇤
R�

µ,⌫ ~qµ

<latexit sha1_base64="qNKzM+JSc/aVlm+OI2xrulUDI/Q="></latexit>

~qµ =

`(µ)Y

i=1

qµi

<latexit sha1_base64="EQnz2+3qKPk+4BN6S57MN5Naewk="></latexit>

where

0

<latexit sha1_base64="EoLCRZKR1N9EVQfgZIqNIls19PY="></latexit>

above

arbitrary ramification above      and
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vertices            sheets !

<latexit sha1_base64="CeKlvHB7C6ZVfvlADGxAd3HYXxU="></latexit>

edges  !

<latexit sha1_base64="CeKlvHB7C6ZVfvlADGxAd3HYXxU="></latexit>

For simple Hurwitz numbers (    unramified), one can try elementary combinatorics0

<latexit sha1_base64="EoLCRZKR1N9EVQfgZIqNIls19PY="></latexit>

Covers are in (orbifold) bijection with their branching graph

faces           

J1, kK

<latexit sha1_base64="BsSLTPLtAjJGZs461dX9QwaJgdM="></latexit>

labeled by

This is a ribbon graph with labeled edges

 !

<latexit sha1_base64="CeKlvHB7C6ZVfvlADGxAd3HYXxU="></latexit>

simple branchpoints

points above 1

<latexit sha1_base64="+4oYvFfWbqZ4hzAr0sH7BZZbaZU="></latexit>

 !

<latexit sha1_base64="CeKlvHB7C6ZVfvlADGxAd3HYXxU="></latexit>

1

<latexit sha1_base64="ubyV+d9SKFvPJBhyHrAQC90ZGV4="></latexit>

2

<latexit sha1_base64="k3MJW0Gi07uxt5Pu0tL7yso+7G0="></latexit>

3

<latexit sha1_base64="q6g0hAlOqhkkWXN0W4jhzxShgPA="></latexit>

4

<latexit sha1_base64="Av8muMBMpNXhGuX8d7gOhyemZJ4="></latexit>

5

<latexit sha1_base64="cVBshmH4AGHc+QRg2t6LpjLLCxk="></latexit>

...

<latexit sha1_base64="qFxDnZpqr2SySRXGuub5qH6nmfg="></latexit>

k

<latexit sha1_base64="w+Aebm1WOuJPYU78OX7ONQ4rpxo="></latexit>

k � 1

<latexit sha1_base64="4Vpmw5zzdELKO4BdtB1Nv4kxjVE="></latexit>

d+

<latexit sha1_base64="51UkqrIv0V9zSwnHnrfcOcFeKYM="></latexit>

multiplicity of point f1

k

X

e around
face f

d+(le, le0)

<latexit sha1_base64="C9C1Z8QYA3PT0l1PoUP0gqMpiaE="></latexit>

⌫

<latexit sha1_base64="t8wrGDCgUAPvoT3ZZLgVzGCGpQo="></latexit>

 

<latexit sha1_base64="rZe9JC4PCC6T8T4CKZl1Yfee2EU="></latexit>

(Okounkov, Pandharipande, 01)
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y1

<latexit sha1_base64="UIRGpK5R5uhdC4E3oTIScmP6adc="></latexit>

y2

<latexit sha1_base64="YdFV+GmEHarTirD3rLgrSPyi1Ak="></latexit>

y3

<latexit sha1_base64="hnxy9Z0Dv50uwXlJtg0ljUS39tk="></latexit>

�! <latexit sha1_base64="k8Ovesb/eqwLdMosRhwZlQejooU="></latexit>

⇡

<latexit sha1_base64="gHftb4iXMTTady0qpr5krUZlMWg="></latexit>

⌃

<latexit sha1_base64="hSK1ILpbbD6FKxChuTcxp6LmrGY="></latexit>

S2

<latexit sha1_base64="RRGQiN5TIn0/XqwtBiT4ZsBah60="></latexit>

y9

<latexit sha1_base64="ng2UfCohc8gEzI6yB7uGxtfY6Q8="></latexit>

⌫

<latexit sha1_base64="ee+kzEJCVCnVtn3Ot63O/6Bcoqg="></latexit>

⌫1 = 3

<latexit sha1_base64="WXN/zUbLjINo6Wgl4Q4OMtjtqhU="></latexit>

⌫ 2
=
2

<latexit sha1_base64="HTs1vh6WkU8aGqppNBrATIkoihg="></latexit>

⌫3 = 1

<latexit sha1_base64="yIAEnhVFwecGKoSOPhFOaf8nt50="></latexit>

⌫4 = 1

<latexit sha1_base64="h102vYPQ8bvM4rRY0j/gHQ+GVio="></latexit>

g = 0

<latexit sha1_base64="FjkO0MH4E5QOpcHMQyhJQ6uBLiU="></latexit>

Example

g = 0, n = 1 face

Branched trees with      vertices ⌫1

<latexit sha1_base64="nC9/ISXNuUmCEr+VJCrD2ksVraU="></latexit>

 

<latexit sha1_base64="rZe9JC4PCC6T8T4CKZl1Yfee2EU="></latexit>

(Cayley 1899)

⌫ = (⌫1)

<latexit sha1_base64="YUF3mF4Qe0H825Dr2a0YzuQadIE="></latexit>

g = 0, n = 2 faces

Branched graph with 1 cycle + trees  

<latexit sha1_base64="rZe9JC4PCC6T8T4CKZl1Yfee2EU="></latexit>

H0,2(⌫1, ⌫2) =
⌫
⌫1
1 ⌫

⌫2
2

⌫1!⌫2!(⌫1 + ⌫2)

<latexit sha1_base64="b6lpr/i+VCBrHzXi/xVDzG6I6GA="></latexit>

H0,1(⌫1) =
⌫
⌫1�2
1

⌫1!

<latexit sha1_base64="W5kX/CkWBnEQjgOWRdUkSrGS5A0="></latexit>
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(Goulden, Jackson, Vakil, 99)Cut-and-join equation

Recursion on the number of edges by merging a simple branchpoint to 

stay 
connected 

Join

Cut

and 
disconnect

Cut

S2

<latexit sha1_base64="RRGQiN5TIn0/XqwtBiT4ZsBah60=">AAADGnicZVK5bttAEF0xl6McPlKmYaImBSGIhgzbhQADblI6h2wDImPsMZII7UHsLhULC/5GqgDJt6QL0qbJn6TMrkQEofKafTtvZsh5O6TkhbGDwa9OdOfuvfsPdh52Hz1+8nR3b//g0qhKUxhTxZW+JtgALySMbWE5XJcasCAcrsjiPOhXS9CmUPK9XZWQCzyTxbSg2PpQlgls54S4d/WHw5u93qA/WCP+n6QN6aEGFzf7nd 8ZU7QSIC3l2JhJOiht7rC2BeVQd7PKQInpAs9gAnLmx5nnjmACvK1VdnqSu0KWlQVJ69ijm2mQ8JEqIbBkLtOCwRRX3NauLNvljnozCtDt4Bz4Emwdtz5EyIgoJZm6TQgxFHNgIz/YUWKoHrHK0rmP5S6YgvkU+45SaeGpkrbVHQsTkhJ/Bs0EYlaChNPORRJEqxQ3ibEC65Vm7b/j2MKtL6i3u9KtxCleWKUTovECbEJCwb+2MFa79Rtq4Vi9Jb4F06iqDA7GIbCV4+dj3rpJmjuXLWl4Sb8zss5ebNoCd73U31pi3V3vyuka8YYcDxtymv7dlcvDfjrsH70Z9s5Omq3ZQc/RS/QKpegYnaHX6AKNEUUl+oS+oK/R5+hb9D36sUmNOk3NM9RC9PMPnT4IMw==</latexit>

1

<latexit sha1_base64="+4oYvFfWbqZ4hzAr0sH7BZZbaZU="></latexit>

(2g � 2 + `(⌫) + |⌫|)Hg,n(⌫)

<latexit sha1_base64="CObWfBexXttXOgvnISDcHfN4AeU="></latexit>

+
1

2

`(⌫)X

i=1

X

m+m0=⌫i

mm
0 m!m0!

⌫i!

✓
Hg�1,n+1

�
⌫ \ {⌫i} tm,m

0�+
X

h+h0=g
�t�0=⌫\{⌫i}

Hh,`(�)+1(� tm)Hgb,`(�0)+1(�
0 tm

0)

◆

<latexit sha1_base64="7qgK0+sBP4hoyQlsEeUBOenxE6Q="></latexit>

=
X

i<j

(⌫i + ⌫j)
(⌫i + ⌫j)!

⌫i!⌫j !
Hg,n�1

�
⌫ \ {⌫i, ⌫j} t (⌫i + ⌫j)

�

<latexit sha1_base64="LiNPZrkiYWGyrh1q1CvJrf663GI="></latexit>



with 
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determines all the Hg,n(⌫)

<latexit sha1_base64="hlBW9RoeGT3C5BvjtTDlsEYKRMI="></latexit>

The cut-and-join equation

Problem 1’ : can one compute all of them for fixed (g,n) at the same time ?

This combinatorial approach can be adapted to other Hurwitz problems but 
- there are more powerful algebraic techniques doing the same 
- cut-and-join does not easily give access to            for 

Wg,n(x1, . . . , xn) =
X

⌫1,...,⌫n�1

Hg,n(⌫1, . . . , ⌫n)
nY

i=1

d(eµixi)

<latexit sha1_base64="O0JNgnCZQmnjvmEVQX7Z/G1iL2U="></latexit>

We already have found 

W0,1(x1) =
X

⌫1�1

⌫⌫1�2
1

⌫1!
d(e⌫1x1) = y1 dx1

<latexit sha1_base64="agbmdFIWVcuTSp7xYC0UPnvkhdY="></latexit>

W0,2(x1, x2) =
X

⌫1,⌫2�1

⌫⌫1
1 ⌫⌫2

2 d(e⌫1x1)d(e⌫2x2)

⌫1!⌫2!(⌫1 + ⌫2)
=

dy1dy2
(y1 � y2)2

� d(ex1)d(ex2)

(ex1 � ex2)2

<latexit sha1_base64="EUuEHEUBNHW8c1wFw7SVCBMiduY="></latexit>

exi = yie
�yi

<latexit sha1_base64="9W//yob5CCOM+jHt+va7hxowFew="></latexit>

Observe the role of the Lambert curve 

2g � 2 + n > 0

<latexit sha1_base64="ixjyoM2JnQI/Nz9dRTmLVkD7gfo="></latexit>

Wg,n

<latexit sha1_base64="LlYpbOvbVFKjEu4xgQWLUf79Jk0="></latexit>

S : ex = ye�y

<latexit sha1_base64="MLKX9KqFdpbTZSBPJDPv6A0WB0M="></latexit>



II 

Intersection theory and topological recursion



II. Intersection theory and topological recursion — Simple Hurwitz numbers

Simple Hurwitz numbers from the viewpoint of algebraic geometry

Hg,⌫1,...,⌫n

<latexit sha1_base64="Ex1HKy3R8wrm3ri/i9ILav4IPCo="></latexit>

= moduli space of genus g Riemann surfaces
equipped with                      having poles of order      at  ⇡ : C ! P1

<latexit sha1_base64="Dl6Wf1UhyULPTAF9t3IkxPCEaAo="></latexit>

⌫i

<latexit sha1_base64="qTu5vP+6AW4BPNdF2UuR+lcophM="></latexit>

pi

<latexit sha1_base64="I1LBtaHkFiJIWvpfdlFtkyJIk/M="></latexit>

such that       has simple zeroes atd⇡

<latexit sha1_base64="QFypova7EDJWX2j5ZK7RYikYo7g="></latexit>

(modulo translation)

=) Hg,n(⌫1, . . . , ⌫n) =
degX
k!

<latexit sha1_base64="Hvx0ofLkE9d1iTQXsbMwYiFc0uo="></latexit>

(C, p1, . . . , pn, z1, . . . , zk)

<latexit sha1_base64="n0XLnP1H87O7bQwO+65enxmtnIU="></latexit>

zj

<latexit sha1_base64="SbtX7JLxTy7eHQvrGLm65/+WLtE="></latexit>

X :
Hg(⌫1, . . . , ⌫n) �! Ck

\ C⇥
(C,p, z,⇡)

⇤
7�! [⇡(z)]

<latexit sha1_base64="RDQc4uajS90CDdWvfTqlgJLjXqQ="></latexit>

where k = 2g � 2 + n+
X

i

⌫i

<latexit sha1_base64="Lpg535l+xQDYF0AQSJueF7RtEUk="></latexit>

After dealing with compactification, this can be computed as the total Segre class
of a cone

Mg,n

<latexit sha1_base64="fyVq2kK+IW+Iv8K9QFMmO1Cs+8U="></latexit>

= Deligne-Mumford compactification of the moduli space of curves

Ck/C

<latexit sha1_base64="Q3ac4euh/G5FyKNg/xwybumK5cU="></latexit>

Hg,⌫1,...,⌫n �! Mg,n

<latexit sha1_base64="8xNBLYRkMpH75L8JhJx88j1mb9I="></latexit>



Mg,n

<latexit sha1_base64="fyVq2kK+IW+Iv8K9QFMmO1Cs+8U="></latexit>

= Deligne-Mumford compactification of the moduli space of curves

Hodge bundle 

⇤_ = c(E_) =
gX

h=0

(�1)h�h 2 H
⇤(Mg,n)

<latexit sha1_base64="hqQGvJuitH7GJo+eeDRvt6naENk="></latexit>

total 
Chern class

Theorem (Ekedahl, Lando, Shapiro, Vainshtein, 01)

Hg,n(⌫1, . . . , ⌫n) =
nY

i=1

⌫
⌫i
i

⌫i!

Z

Mg,n

⇤_
Qn

i=1(1� ⌫i i)

<latexit sha1_base64="Hotq7moYRGHgpNSLaHNs9FTWHbM="></latexit>

For 2g � 2 + n > 0

<latexit sha1_base64="ixjyoM2JnQI/Nz9dRTmLVkD7gfo="></latexit>

 i = c1(Li) 2 H
2(Mg,n)

<latexit sha1_base64="kE9fghQZdsLNXqHjqHPxmBwphjw="></latexit>

 

<latexit sha1_base64="rZe9JC4PCC6T8T4CKZl1Yfee2EU="></latexit>

Cotangent line bundle

(Li)(C,p1,...,pn) = T ⇤
pi
C

<latexit sha1_base64="rsezGxVWnIgrJCB5Ht4OEBM0JNk="></latexit>

 

<latexit sha1_base64="rZe9JC4PCC6T8T4CKZl1Yfee2EU="></latexit>

combinatorial 
prefactor

polynomial in ⌫1, . . . , ⌫n

<latexit sha1_base64="PKe5ktyj6QszJyWQxspg8knTbkQ="></latexit>

E(C,p1,...,pn) = H
0(C,!C)

<latexit sha1_base64="fO+4TFd9oK/E7nqknSxxhd4a9kc="></latexit>

II. Intersection theory and topological recursion — Simple Hurwitz numbers

Gave some explicit evaluations of 
Hodge integrals …



II. Intersection theory and topological recursion — Simple Hurwitz numbers

Conjecture : Bouchard, Mariño conjecture 08 
Theorem : Eynard, Mulase, Safnuk 11

Topological recursion allows computing the generating series            
from periods on the Lambert curve

Wg,n

<latexit sha1_base64="LlYpbOvbVFKjEu4xgQWLUf79Jk0="></latexit>

S : ex = ye�y

<latexit sha1_base64="avbZIR0K07YQfA5FDe0ATPxBJ5o="></latexit>

coming from mirror symmetry

Gromov-Witten invariants of 
C3

<latexit sha1_base64="2cfdQtIZ3YLVApWScy7kEHPlf54="></latexit>

in the infinite framing limit

Period computations on the mirror

S : ex = ye�y

<latexit sha1_base64="avbZIR0K07YQfA5FDe0ATPxBJ5o="></latexit>

A B

Conjecture : Bouchard, Klemm, Mariño, Pasquetti 07 
Theorem : Eynard, Orantin 15 (also Fang, Liu, Zong, 16)

Consequence of a more general correspondence for all toric CY3 folds



by induction on 

such that

II. Intersection theory and topological recursion — Simple Hurwitz numbers

Topological recursion (TR)

Initial data consists of 

S

<latexit sha1_base64="V07miEZrht6x5U5pJHj5UQrwQl8="></latexit>

smooth complex curve
x, y

<latexit sha1_base64="gRt5EE7ZXcgQFB1H07pI9AjIC/M="></latexit>

meromorphic functions

B 2 H
0
�
S2

,K
⇥2
S (2�)

�S2

<latexit sha1_base64="qJuoYkm1Gy6fEjdw1S4gQPkMLJE="></latexit>

{

<latexit sha1_base64="aIeL53EEqBkvjtqV5d4w5sqrq3s="></latexit>

dx

<latexit sha1_base64="n1et+Afge3PKNtBaZDYQEz1IoAM="></latexit>

has simple zeros a

<latexit sha1_base64="LonSwhsTYCeXXQm3WXXmBXBKChE="></latexit>

y

<latexit sha1_base64="mgNh4WOoXaV0fK8Up3MXSAVwb+Y="></latexit>

has order 1 at a

<latexit sha1_base64="LonSwhsTYCeXXQm3WXXmBXBKChE="></latexit>

�a

<latexit sha1_base64="JdjBX6Or1U6RHDNGnbScN4WX9zM="></latexit>

local involution near a 2 a

<latexit sha1_base64="HeXY/EgtZ0dpchITqr1/GnN+FBM="></latexit>

x � �a = x

<latexit sha1_base64="E8c2KlKN7+z8gKRJn9x9wONNsIU="></latexit>

assuming

Recursion kernel K(z1, z) =
1

2

R z
�a(z)

!0,2(·, z1)
�
y(z)� y(�a(z))

�
dx(z)

<latexit sha1_base64="ldYM1b52sfzmjIQGzBoRK6L5uP8="></latexit>

TR then constructs                     ,

!g,n(z1, . . . , zn) =
X

a2a

Res
z=a

K(z1, z)

✓
!g�1,n+1(z,�a(z), z2, . . . , zn) +

no !0,1X

h+h0=g
JtJ 0={z2,...,zn}

!h,1+|J|(z, J)!h0,1+|J0|(�a(z), J
0)

◆

<latexit sha1_base64="hPUqCqoqnTuC/Pp4SMVSv7OzGRg="></latexit>

2g � 2 + n > 0

<latexit sha1_base64="ixjyoM2JnQI/Nz9dRTmLVkD7gfo="></latexit>

!0,2 = B

<latexit sha1_base64="2dHxkfDQSckAUK/k2wTgaKJVKeU="></latexit>

!g,n 2 H
0
�
Sn

,K
⇥n
S (⇤a)

�Sn

<latexit sha1_base64="SdZSy07SrezOfZUVe7Q/FvGuGFo="></latexit>

!0,1 = y dx

<latexit sha1_base64="Lpcf5jtPke7C6T8GDpOBvDE/tF0="></latexit>

and



by induction on                          , computing residues

II. Intersection theory and topological recursion — Simple Hurwitz numbers

Topological recursion (TR)

construct                     ,

2g � 2 + n > 0

<latexit sha1_base64="ixjyoM2JnQI/Nz9dRTmLVkD7gfo="></latexit>

!0,2 = B

<latexit sha1_base64="2dHxkfDQSckAUK/k2wTgaKJVKeU="></latexit>

!g,n 2 H
0
�
Sn

,K
⇥n
S (⇤a)

�Sn

<latexit sha1_base64="SdZSy07SrezOfZUVe7Q/FvGuGFo="></latexit>

!0,1 = y dx

<latexit sha1_base64="Lpcf5jtPke7C6T8GDpOBvDE/tF0="></latexit>

and

@1⌃

@m⌃
⌃� P

P

@1⌃

⌃� P

P

@1⌃

⌃� P

@I⌃

@I0⌃

h

h0

P

                                                   and such that

The terms in TR are in bijection with

P ,! ⌃

<latexit sha1_base64="l29wq6G69pbp1wF6EsQJlHGfEgQ="></latexit>

⌃� P

<latexit sha1_base64="/fyEHb1qT1lA9QsESPbxavkR7qo="></latexit>

stable              P⌃ =

<latexit sha1_base64="EB3B7iLx1QwCkpTeXJJbn0dwlak="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

@1P = @1⌃

<latexit sha1_base64="RrDx2SWiWUipCU3q2HtEw+WjwKM="></latexit>

{

<latexit sha1_base64="NxzqCgmvxLJUli1K8p19z8wCs3I="></latexit>

Di↵@
⌃

<latexit sha1_base64="d+nn22jETCX9oyJCDCd0XegizRg="></latexit>

    = smooth surface of genus g with n labeled boundaries ⌃

<latexit sha1_base64="EqQi4l8gYCxZIpfRAUm7J80hx9M="></latexit>

P

<latexit sha1_base64="Ip8fNnPQz0+N/p4kWbGqDJ1ssZw="></latexit>

    = pair of pants



with   

Theorem (Eynard, Mulase, Safnuk, 11)

II. Intersection theory and topological recursion — Simple Hurwitz numbers

Let           be the outcome of TR for 

S =
�
(x, y) 2 C⇥ C⇤ �� ex = ye�y

 

<latexit sha1_base64="RgqfDBOTUXBCCr5N9IxRp0XVp8I="></latexit>

!g,n

<latexit sha1_base64="iVzDcNfz3Va0z0N2v9vJBE3LdLQ="></latexit>

We have the identity of series expansion near exi ! 0

<latexit sha1_base64="xy0bgbU9+JDU5tqfbcjvdMDN2r8="></latexit>

!g,n � �g,0�n,2
d(ex1)d(ex2)

(ex1 � ex2)2
⇠ Wg,n(x1, . . . , xn)

<latexit sha1_base64="a4z83gNr1jbtlvVHvy3bTr0x4iE="></latexit>

The outcome of TR can be always be represented via 
intersection theory on Mg,n

<latexit sha1_base64="fyVq2kK+IW+Iv8K9QFMmO1Cs+8U="></latexit>

Proof by analysis of cut-and-join relations + analytic continuation to S

<latexit sha1_base64="V07miEZrht6x5U5pJHj5UQrwQl8="></latexit>

algebraic/combinatorial proof of the ELSV formula 

<latexit sha1_base64="rZe9JC4PCC6T8T4CKZl1Yfee2EU="></latexit>

Eynard 11

(Hodge class appears by Mumford formula)

a = {(�1, 1)}

<latexit sha1_base64="S154pFX7dV5WQeu/2Y94MIF1FgE="></latexit>



II.2 Intersection theory and topological recursion — Orbifold Hurwitz numbers

  -orbifold Hurwitz numbers : d

<latexit sha1_base64="dTbkUjjgACTHIKS15M2w4h9p8go="></latexit>

µ = (d, . . . , d)

<latexit sha1_base64="RnWCTqgteU3XkKmmwHr/HJbqOBU="></latexit>

H
[d]
g,n(⌫1, . . . , ⌫n) :=

⇥
�
2g�2+n+

P
i

⌫i
d
⇤
R

�
(d,...,d),⌫

<latexit sha1_base64="xfElpIOLEFhe6ExyIMxjSpe6cio="></latexit>

0

<latexit sha1_base64="EoLCRZKR1N9EVQfgZIqNIls19PY="></latexit>

above

There is a cut-and-join equation, from which one can compute

W
[d]
g,n(x1, . . . , xn) =

X

⌫1,...,⌫n�1

H
[d]
g,n(⌫1, . . . , ⌫n)

nY

i=1

d(e⌫ixi)

<latexit sha1_base64="tV/q0kvEKKF6zzTapv3Am+R0WRc="></latexit>

W [d]
0,1(x1) = y1 dx1

<latexit sha1_base64="iu+zBMvygc/BdMIgl/WsZxcdYuE="></latexit>

W [d]
0,2(x1, x2) =

dz1dz2
(z1 � z2)2

� d(ex1)d(ex2)
�
ex1 � ex2

�2

<latexit sha1_base64="1ao2HjcPY9CNylzZ6U8kFpzMAMY="></latexit>

S [d] :

⇢
x(z) = ln z � zd

y(z) = zd

<latexit sha1_base64="v0P3XhNMqswJL57IiUP5U79Ui7k="></latexit>



II.2 Intersection theory and topological recursion — Orbifold Hurwitz numbers

Theorem (Johnson, Pandharipande, Tseng 11)

quasi-polynomial in 
⌫1, . . . , ⌫n

<latexit sha1_base64="PKe5ktyj6QszJyWQxspg8knTbkQ="></latexit>

such that�⌫i 2 J0, d� 1K

<latexit sha1_base64="nxKiH5IseAepLMprZ0iWKxdtWBY="></latexit>

�⌫i = �⌫i mod d

<latexit sha1_base64="GsyON5+NfwpCkFTb4e21gPY2WBo="></latexit>

combinatorial 
prefactor

For 2g � 2 + n > 0

<latexit sha1_base64="ixjyoM2JnQI/Nz9dRTmLVkD7gfo="></latexit>

From the algebraic geometry viewpoint, it can be approached via

intersection theory on Mg,a1,...,an(BZd)

<latexit sha1_base64="GB5krkZKp/Xktz8onQ+fN/c55gM="></latexit>

monodromy at ai 2 Zd

<latexit sha1_base64="Yi7DnKvjYVxpdcjOCwyA8Q/0Tu4="></latexit>

subbundle of the Hodge bundle on which 
the generator of        acts by  Zd

<latexit sha1_base64="hb8KhO9cfjy3OI7IG/whc1jVXyo="></latexit>

e2i⇡/d

<latexit sha1_base64="c7eljlLRzr9lgSrHAt+qXyHupyw="></latexit>

EU �! Mg,a1,...,an

<latexit sha1_base64="/gOq0Hu6kbpdf06pAetHQfVMl6w="></latexit>

⇤U_ = c(EU_) =
gX

h=0

(�1)k�U
k 2 H

⇤�Mg,a1,...,an(BZd)
�

<latexit sha1_base64="9VjgSUA1RBv9TD/Pq5zG+khrwzA="></latexit>

pi

<latexit sha1_base64="KcSke7+LQh7Waq4oq86wFEz4CPU="></latexit>

H
[d]
g,n(⌫1, . . . , ⌫n) = d

2g�2+n+
P

i
⌫i
d

nY

i=1

�
⌫i
d

�b ⌫i
d c

⌅
⌫i
d

⇧
!

Z

Mg,�⌫1,...,�⌫n (BZd)

⇤U_
Qn

i=1

�
1� ⌫i

d  i

�

<latexit sha1_base64="OOmUWf4rdGXXeyOqABtOXzLluQo="></latexit>



II.1 Intersection theory and topological recursion — Orbifold Hurwitz numbers

There is an equivalent description via the moduli stacks of     th roots 

universal 
curve

Theorem (Dunin-Barkowski, Lewanski, Popolitov, Shadrin 15)

quasi-polynomial in ⌫1, . . . , ⌫n

<latexit sha1_base64="PKe5ktyj6QszJyWQxspg8knTbkQ="></latexit>

=
n
(C, p1, . . . , pn, L,�)

��� L⌦r �
'!⌦s

C

�X

i

(s� ai)pi
�o.

⇠

<latexit sha1_base64="luP0frx/a7cly25BAQZ1yidMijo="></latexit>

M(r,s)
g,n (a1, . . . , an)

<latexit sha1_base64="x7Fcwdtch/FMDoxruSgatsV4NEY="></latexit>

L �! C ⇡�!M(r,s)
g,n (a1, . . . , an)

✏�!Mg,n

<latexit sha1_base64="FEwaxJop7Vmmcj21VW1vp5YZUfU="></latexit>

universal 
line bundle

 

<latexit sha1_base64="rZe9JC4PCC6T8T4CKZl1Yfee2EU="></latexit>

Chiodo classes

such that�⌫i 2 J0, d� 1K

<latexit sha1_base64="nxKiH5IseAepLMprZ0iWKxdtWBY="></latexit>

�⌫i = �⌫i mod d

<latexit sha1_base64="GsyON5+NfwpCkFTb4e21gPY2WBo="></latexit>

combinatorial 
prefactor

⌦(r,s)
g,n (a1, . . . , an) := ✏⇤c(�R

⇤
⇡⇤L) 2 H

⇤(Mg,n)

<latexit sha1_base64="qVCBbA7cvk1HrhC1DT0do77h724="></latexit>

s
r

<latexit sha1_base64="UxC2OoQOgcdikLeLo/GE/9LLHok="></latexit>

H
[d]
g,n(⌫1, . . . , ⌫n) = d

2g�2+n+
P

i
⌫i
d

nY

i=1

�
⌫i
d

�b ⌫i
d c

⌅
⌫i
d

⇧
!

Z

Mg,n

⌦(d,d)
g,n (�⌫1, . . . ,�⌫n)Qn

i=1

�
1� ⌫i

d  i

�

<latexit sha1_base64="wqE2sB9ysjc7bz9VnkU9YOvwG94="></latexit>



II.1 Intersection theory and topological recursion — Orbifold Hurwitz numbers

with   

Theorem (Do, Leigh, Norbury, 12 | Bouchard, Hernandez-Serrano, Liu, Mulase 13)

Let           be the outcome of TR for 

We have the identity of series expansion near exi ! 0

<latexit sha1_base64="xy0bgbU9+JDU5tqfbcjvdMDN2r8="></latexit>

![d]
g,n

<latexit sha1_base64="tLaIeUR8R6Nytu+5gXagcV4leCU="></latexit>

![d]
g,n � �g,0�n,2

d(ex1)d(ex2)
�
ex1 � ex2

�2 ⇠ W [d]
g,n(x1, . . . , xn)

<latexit sha1_base64="5iRx9JhdSLh9A9Xg2RgzpwTCPLs="></latexit>

Proof by analysis of cut-and-join relations + analytic continuation to 

The outcome of TR can be always be represented via 
intersection theory on Mg,n

<latexit sha1_base64="fyVq2kK+IW+Iv8K9QFMmO1Cs+8U="></latexit>

algebraic/combinatorial proof of the JPT formula 

<latexit sha1_base64="rZe9JC4PCC6T8T4CKZl1Yfee2EU="></latexit>

Eynard 11

Dunin-Barkowski, Lewanski, Popolitov, Shadrin 15

S [d] :

⇢
x(z) = ln z � zd

y(z) = zd

<latexit sha1_base64="NGSmdiFMWJO4HLbUNq4caXByGNM="></latexit>

B =
dz1dz2

(z1 � z2)2

<latexit sha1_base64="fo9EiH9f4EfsYX1ejCx0xtD7Hsk="></latexit>

a =
�
z = e2i⇡/dd1/d | j 2 Zd

 

<latexit sha1_base64="vMS87jlZPO71Ai/PFwYvGo8IuyU="></latexit>



dimC = 4g � 3 + n

<latexit sha1_base64="AdZdOGL4fHqFnaIibM9Rg466V0Y="></latexit>

unspecified moduli stacks of

II.3 Intersection theory and topological recursion — Double Hurwitz numbers

Double Hurwitz numbers : 0

<latexit sha1_base64="EoLCRZKR1N9EVQfgZIqNIls19PY="></latexit>

1

<latexit sha1_base64="+4oYvFfWbqZ4hzAr0sH7BZZbaZU="></latexit>

Hg,n(⌫1, . . . , ⌫n) =
X

µ`|⌫|

⇥
�2g�2+n+`(µ)

⇤
R�

µ,⌫ ~qµ

<latexit sha1_base64="qNKzM+JSc/aVlm+OI2xrulUDI/Q="></latexit>

~qµ =

`(µ)Y

i=1

qµi

<latexit sha1_base64="EQnz2+3qKPk+4BN6S57MN5Naewk="></latexit>

where

arbitrary ramification above      and

Wg,n(x1, . . . , xn) =
X

⌫1,...,⌫n�1

Hg,n(⌫1, . . . , ⌫n)
nY

i=1

d(e⌫ixi)

<latexit sha1_base64="8tR9K0W4XywQRCN9TCFeZCtUoeU="></latexit>

Double Hurwitz numbers are more fundamental than the others

Relate to intersection theory of the double ramification cycle

There are vague conjectures about ELSV-like formulas involving
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II.1 Intersection theory and topological recursion — Double Hurwitz numbers

There is an (elementary) cut-and-join equation, from which one can find

When 
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with   

Theorem 1 (B., Do, Karev, Lewanski, Moskowsky, 20)

let            be the outcome of TR for 

We have the identity of series expansion near exi ! 0
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The difficult part of the proof is to justify quasipolynomiality wrt. 

where 
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For the generating series, it implies the decomposition
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Strategy of the proof
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For the generating series, it implies the decomposition

hence it analytically continue to                  with poles at  (Sq,[d])n
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    solution by the topological recursion
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Theorem 2 (B., Do, Karev, Lewanski, Moskowsky 20)
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Strategy of the proof : interpolation between the double and d-orbifold cases 
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TR has the following property under deformations of initial data
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The resulting formula for                             is a polynomial in  Hg,n(⌫1, . . . , ⌫n)
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Corollary 3 (B., Do, Karev, Lewanski, Moskowsky 20)
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Corollary 3 (B., Do, Karev, Lewanski, Moskowsky 20)
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This vanishing is proved by Johnson-Pandharipande-Tseng 11 
from geometry of Mg,a1,...,an(BZd)
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Other cases are new 
(would require a careful analysis of the boundary strata contributions in JPT)



C.2 ` = 3

If ` = 3, we only have the summands k = 1, 2, 3. The summand k = 1 only occurs when |⌘| < d: in that
case ⇢(1) = ⌘ and it has length 3, so the Pochhammer symbol yields a factor d�|⌘|

d ·
2d�|⌘|

d . The k = 2 term
has summands for ⇢(1) and ⇢(2) of lengths one and two or vice versa, counting all distinct possibilities. The
k = 3 term has all three ⇢() of length one and hence, no Pochhammer symbols, permuted in all possible
distinct ways. We get an identity when ⌘ is unstable, that is |µ|+ |⌘| = Kd with K  `(⌘)� 1, hence K = 1

or 2. In these cases, the identity reads
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where |Aut(⌘ \ {⌘j})| is 2 if ⌘ \ {⌘j} contains two parts of same size, and 1 otherwise.

For instance, let us consider (g, n) = (1, 1), µ = (2), ⌘ = (1, 2, 3) and d = 4. Notice that we have |µ|+|⌘| = 2d,
and the k = 1 term as well as the k = 2, j = 2, 3 terms vanish. So we obtain the relation
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The integrals can be computed with the SageMath package ��������� to be 1/1536 and 1/384, respectively,
numerically confirming the identity in this case.

Let us now look at a case without vanishing summands. For instance, let us consider (g, n) = (1, 1), µ = (2),
⌘ = (1, 2, 2) and d = 7, which gives |µ|+ |⌘| = d. So we obtain the relation
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The integrals can be computed with the SageMath package ��������� to be 1/2401, 1/196, 1/686 and
1/686, respectively, numerically confirming the identity in this case.

Finally, let us illustrate Equation (8). When K = 1, the right-hand side of (58) is unstable, so we can use the
` = 2 identity with the partition (⌘j , |⌘|� ⌘j) to find
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When all automorphism factors on the right-hand side are 1, the coe�cient of the Chiodo integral is
�d�|⌘|

d

�2,
but in general it is more complicated.
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II.3 Intersection theory and topological recursion — Double Hurwitz numbers

• from the semi-infinite wedge formalism (Theorem 3.5);

• from the topological recursion (Theorem 1.4), leading to

!1,1(z) =
z dz

24(1� q1z � 2q2z2 � 3q3z3)4

⇣
� 81q33z

7
� 216q2q

2
3z

6
� 3q3(81� q1q3 + 32q22)z

5

+ (�144q1q2q3 � 16q32 + 540q23)z
4 + (�3q21q3 � 32q1q

2
2 + 360q2q3)z

3+

8q2(�q21 + 10q2)z
2 + (�q31 + 24q1q2 + 72q3)z + 4(q21 + 3q2)

⌘

= �
q1
24

d�̂1
0(z)�

q2
24

d�̂2
0(z)�

q3
24

d�̂3
0 +

q1
24

d�̂1
1(z) +

q2
12

d�̂2
1(z) +

q3
8
d�̂3

1(z);

(55)

• from the cut-and-join equation, which was solved for DH1,1 for any d in [22, Formula (12)]; and

• from intersection theory of Chiodo classes (Theorem 1.5) using the SageMath package ��������� [19].4

The table below shows the coe�cients of ~q� appearing in DH1,1(µ) for d = 3 and µ  7, along with the
corresponding intersection-theoretic expressions produced by Theorem 1.5. The cases in which a linear
combination of more than one integral of Chiodo classes appears are exactly the ones that are covered by
our Theorem 1.5, but not by the formula of Johnson, Pandharipande and Tseng [45]. The three entries in
the table marked by (⇤) could not be computed using ��������� in a reasonable amount of time, but are
covered by the aforementioned formula of Johnson, Pandharipande and Tseng, thus providing an independent
verification.

DH1,1(2) [q21 ]
1
12

27
2

R
M1,3

⌦[3]
1;1,1,1

1�2 1/3

[q2]
1
4 9

R
M1,2

⌦[3]
1;1,2

1�2 1/3

DH1,1(3) [q31 ]
3
8

27
2

R
M1,4

⌦[3]
1;0,1,1,1

1� 1

[q1q2]
3
2 27

R
M1,3

⌦[3]
1;0,1,2

1� 1

[q3] 1 3
R
M1,1

⌦[3]
1;0

1� 1

DH1,1(4) [q41 ]
4
3

27
2

R
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⌦[3]
1;2,1,1,1,1

1�4 1/3

[q21q2]
20
3 54
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⌦[3]
1;2,1,1,2

1�4 1/3

[q22 ]
7
3 18
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1;2,2,2

1�4 1/3
� 6
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1;2,1

1�4 1/3

[q1q3] 6 36
R
M1,2

⌦[3]
1;2,1

1�4 1/3

DH1,1(5) [q51 ]
625
144

81
8

R
M1,6

⌦[3]
1;1,1,1,1,1,1

1�5 1/3

[q31q2]
625
24
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2

R
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⌦[3]
1;1,1,1,1,2

1�5 1/3

[q1q22 ]
125
6
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2

R
M1,4

⌦[3]
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1�5 1/3
�
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2

R
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⌦[3]
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1�5 1/3

[q21q3]
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2

R
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1�5 1/3

[q2q3]
25
2 45

R
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⌦[3]
1;1,2

1�5 1/3

4Alessandro Giacchetto and the third-named author have also conducted extensive numerical checks on the reliability of the SageMath
package ��������� for integrals of Chiodo classes. This involved the computation of r-spin q-orbifold Hurwitz numbers independently
via topological recursion and the package itself, by exploiting the qr-ELSV formula [46] now proved in [8, 26]. The ��������� package
was adapted by Johannes Schmitt to calculate intersection numbers involving Chiodo classes.
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Tested numerically with the SAGE package Admcycles Delecroix, Schmitt, van Zelm 
2002.01709

DH1,1(6) [q61 ]
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C Examples of relations for Chiodo integrals

We illustrate the practical use of the vanishing of Theorem 1.6 with partitions ⌘ of lengths ` = 2 or 3.

C.1 ` = 2

If ` = 2, we only have the summands k = 1 and k = 2. For k = 1, we must have ⇢(1) = ⌘ (let us assume that
|⌘| < d, otherwise the term k = 1 vanishes) of length `(⌘) = 2, so the Pochhammer symbol gives a factor of
(d� |⌘|)/d. The k = 2 term has summands ⇢(1) = ⌘1 and ⇢(2) = ⌘2, and an additional term for ⇢(1) = ⌘2
and ⇢(2) = ⌘1 if ⌘1 6= ⌘2. This possibility produces the same result and simplifies against the automorphisms
of ⇢(1) in the denominator of the k = 1 term. We get an identity when |⌘| is unstable, i.e. |µ|+ |⌘| = dK

with K  `(⌘)� 1 = 1. This forces K = 1, and we then obtain
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d
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d  i

� =

Z
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⌦[d]
g;�µ,d�⌘1,d�⌘2Qn
i=1

�
1� µi

d  i

� . (56)

For instance, for (g, n) = (1, 1), µ = (3), ⌘ = (2, 1) and d = 6, we have

1

2

Z

M1,2

⌦[6]
1;3,3�

1�  1

2

� =

Z

M1,3

⌦[6]
1;3,4,5�

1�  1

2

� . (57)

The integrals can be computed with the SageMath package ��������� to be 1/36 and 1/72, respectively,
numerically confirming the identity in this case.
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Double Hurwitz numbers Vanishing identities

C.2 ` = 3

If ` = 3, we only have the summands k = 1, 2, 3. The summand k = 1 only occurs when |⌘| < d: in that
case ⇢(1) = ⌘ and it has length 3, so the Pochhammer symbol yields a factor d�|⌘|

d ·
2d�|⌘|

d . The k = 2 term
has summands for ⇢(1) and ⇢(2) of lengths one and two or vice versa, counting all distinct possibilities. The
k = 3 term has all three ⇢() of length one and hence, no Pochhammer symbols, permuted in all possible
distinct ways. We get an identity when ⌘ is unstable, that is |µ|+ |⌘| = Kd with K  `(⌘)� 1, hence K = 1

or 2. In these cases, the identity reads
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� , (58)

where |Aut(⌘ \ {⌘j})| is 2 if ⌘ \ {⌘j} contains two parts of same size, and 1 otherwise.

For instance, let us consider (g, n) = (1, 1), µ = (2), ⌘ = (1, 2, 3) and d = 4. Notice that we have |µ|+|⌘| = 2d,
and the k = 1 term as well as the k = 2, j = 2, 3 terms vanish. So we obtain the relation

Z

M1,4
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1;2,1,2,3�
1�  1

2

� =
1

4
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� . (59)

The integrals can be computed with the SageMath package ��������� to be 1/1536 and 1/384, respectively,
numerically confirming the identity in this case.

Let us now look at a case without vanishing summands. For instance, let us consider (g, n) = (1, 1), µ = (2),
⌘ = (1, 2, 2) and d = 7, which gives |µ|+ |⌘| = d. So we obtain the relation
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� . (60)

The integrals can be computed with the SageMath package ��������� to be 1/2401, 1/196, 1/686 and
1/686, respectively, numerically confirming the identity in this case.

Finally, let us illustrate Equation (8). When K = 1, the right-hand side of (58) is unstable, so we can use the
` = 2 identity with the partition (⌘j , |⌘|� ⌘j) to find
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When all automorphism factors on the right-hand side are 1, the coe�cient of the Chiodo integral is
�d�|⌘|

d

�2,
but in general it is more complicated.
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C.2 ` = 3

If ` = 3, we only have the summands k = 1, 2, 3. The summand k = 1 only occurs when |⌘| < d: in that
case ⇢(1) = ⌘ and it has length 3, so the Pochhammer symbol yields a factor d�|⌘|

d ·
2d�|⌘|

d . The k = 2 term
has summands for ⇢(1) and ⇢(2) of lengths one and two or vice versa, counting all distinct possibilities. The
k = 3 term has all three ⇢() of length one and hence, no Pochhammer symbols, permuted in all possible
distinct ways. We get an identity when ⌘ is unstable, that is |µ|+ |⌘| = Kd with K  `(⌘)� 1, hence K = 1

or 2. In these cases, the identity reads
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where |Aut(⌘ \ {⌘j})| is 2 if ⌘ \ {⌘j} contains two parts of same size, and 1 otherwise.

For instance, let us consider (g, n) = (1, 1), µ = (2), ⌘ = (1, 2, 3) and d = 4. Notice that we have |µ|+|⌘| = 2d,
and the k = 1 term as well as the k = 2, j = 2, 3 terms vanish. So we obtain the relation
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The integrals can be computed with the SageMath package ��������� to be 1/1536 and 1/384, respectively,
numerically confirming the identity in this case.

Let us now look at a case without vanishing summands. For instance, let us consider (g, n) = (1, 1), µ = (2),
⌘ = (1, 2, 2) and d = 7, which gives |µ|+ |⌘| = d. So we obtain the relation
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The integrals can be computed with the SageMath package ��������� to be 1/2401, 1/196, 1/686 and
1/686, respectively, numerically confirming the identity in this case.

Finally, let us illustrate Equation (8). When K = 1, the right-hand side of (58) is unstable, so we can use the
` = 2 identity with the partition (⌘j , |⌘|� ⌘j) to find
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When all automorphism factors on the right-hand side are 1, the coe�cient of the Chiodo integral is
�d�|⌘|

d

�2,
but in general it is more complicated.
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