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Remark
At the moment there is no rigorous mathematical 
definition of quantum field theories 
in dimension higher than 2.
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physical theories

math. objectsmath. objects

invariants
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4D N=2 SCFT

Higgs branch
(geometrical obj.)

Schur index
(numerical obj.)?



4D theory obtained from type III 
elliptic fibration via F-theory

Example

<latexit sha1_base64="IDfTFp2bi9ACl6ZW/i/5sPI8SS0="></latexit>

= ⌘(q3)3/⌘(q)3,
<latexit sha1_base64="/2OOZLEa5Bgc55UHmTGILdgQag8="></latexit>

where ⌘(q) = q1/24
Y

j�1

(1� qj).

?

<latexit sha1_base64="EZ7Mh5tRKC34cDo8NtPM4xwKdQI="></latexit>

=: N

<latexit sha1_base64="B3XSAJgO3akK/f0+Slh9wZ2dNzk="></latexit>

TIII =

<latexit sha1_base64="Zrw2uNgr8iNKGfVIzuIjeCGnR8g="></latexit>

Higgs(TIII) = {(x, y, z) 2 C3 | x2
+ yx = 0}

<latexit sha1_base64="Izz+DP1+5O1yggIJPUwL9CJJCug="></latexit>

Schur(TIII) = q1/4(1 + 3q + 9q2 + 19q3 + 60q4 + . . . )



<latexit sha1_base64="VqpzcyPBVrl+nfqYOVJ5Cb2l7nI="></latexit>

Higgs branch N
<latexit sha1_base64="d8xnvXBKsmnDms2bbJjnvHCcwn0="></latexit>

g = sl2(C) = {A =

✓
a b
c d

◆
2 Mat2⇥2(C) | tr(A) = a+ d = 0}

<latexit sha1_base64="QWY/jUCLgKz42gZZi+PyeyoO84A="></latexit>

Lie algebra by [A,B] = AB �BA,
<latexit sha1_base64="TzC8mggtGvh8EcTfo4OgnEcoJCE="></latexit>

dim g = 4� 1 = 3
<latexit sha1_base64="GZejEBr16+lVF+xXgKG5MWWMU+8="></latexit>

N ⇠= {A =

✓
a b
c �a

◆
2 g | det(A) = �(a2 + bc) = 0} ⇢ g

<latexit sha1_base64="RInKU0m5QLTI87ViOL9MdlpGmeY="></latexit>

= {A 2 g | A2 = 0}, the nullcone of g.

important object in representation theory



<latexit sha1_base64="+z9kbuC+h1NfHpLv2NIYuIrehBs="></latexit>

How about the Schur index q1/4(1 + 3q + 9q2 + 19q3 + 60q4 + . . . )?

<latexit sha1_base64="LVpvae2CRlWaR8jZS24wJg/Cczg="></latexit>

dim g

<latexit sha1_base64="6MZ6/N4pprVGXvI4T+4Kwfk74Y4="></latexit>

= spanC{(x1 ⌦ t�n1) . . . (xr ⌦ t�nr ) | xi 2 g, ni > 0}
<latexit sha1_base64="pZ5cnB0N+HtsNwhSf3Jxn87rjno="></latexit>

degree = n1 + · · ·+ nr

<latexit sha1_base64="JECjcLd/GhFiIk4F14kijQKn/Ng="></latexit>

=
M

d�0

V (g)d,
<latexit sha1_base64="XdTk9BapqoiGSKr/jCov5dKaowg="></latexit>

dimV (g)d < 1.

<latexit sha1_base64="7OxRWit5ywLUdCeP792J6DgR+2c="></latexit>

V (g) = S(g⌦ t�1C[t�1])
<latexit sha1_base64="P4oZU/Mp7dcav16y/8vE96nLbiE="></latexit>

symmetric algebra of g⌦ t�1C[t�1]

<latexit sha1_base64="/3InHd+si+u1+/DcoeAHWqjYj4k="></latexit>

chV (g) =
X

d�0

(dimV (g)d)q
d



<latexit sha1_base64="6MZ6/N4pprVGXvI4T+4Kwfk74Y4="></latexit>

= spanC{(x1 ⌦ t�n1) . . . (xr ⌦ t�nr ) | xi 2 g, ni > 0}

<latexit sha1_base64="SN+QeUUV5L3T9xga9T6oxc/oCnk="></latexit>

degree 0 :

<latexit sha1_base64="qsJb4gYJItUTV+i9YFoOSZzwTI4="></latexit>

degree 1 :

<latexit sha1_base64="FJ+ICYH/DQ5bAkC+njQBgfj6DFg="></latexit>

degree 2 :

<latexit sha1_base64="/YVUdUGwuSABwgZze3kDkf8LRac="></latexit>

dimV0 = 1,

<latexit sha1_base64="sCrAGQwir8Li0RT6zy0LB4UZnC8="></latexit>

dimV1 = 3,

<latexit sha1_base64="hoIEOTc5iJN2ujT5Xs7w+xyI7EU="></latexit>

dimV2 = 9,

<latexit sha1_base64="E8BQ6I287E4YM1Q/AAE9EKKxrl8="></latexit>

1,

<latexit sha1_base64="pLVFZwqhcFbCCzp+2KYSilF1ts0="></latexit>

x⌦ t�1,

<latexit sha1_base64="FqAUo5O2avBm7WSyQr8W4Qn/7OI="></latexit>

x⌦ t�2, (x⌦ t�1)2, (x⌦ t�1)(y ⌦ t�1),

<latexit sha1_base64="/3InHd+si+u1+/DcoeAHWqjYj4k="></latexit>

chV (g) =
X

d�0

(dimV (g)d)q
d <latexit sha1_base64="KV3wvLRRWRK4a4W0/FkheKcQZ4M="></latexit>

= 1 + 3q + 9q2+
<latexit sha1_base64="EVgMAxr+kRsgvNmDPpK9HrCWocM="></latexit>

22q3 + . . .

<latexit sha1_base64="4kxULOtCErI1Xsi6QPBDDz+/aeE="></latexit>

q1/4(1 + 3q + 9q2 + 19q3 + . . . )

<latexit sha1_base64="XdjyHbKI/SQXOxX3QAXGhUKd/EM="></latexit> <

<latexit sha1_base64="7OxRWit5ywLUdCeP792J6DgR+2c="></latexit>

V (g) = S(g⌦ t�1C[t�1])



<latexit sha1_base64="1UJcChkpXFx9dttb4vB54l0P3HU="></latexit>

a�ne Kac-Moody algebra [Kac, Moody]

<latexit sha1_base64="jiiaOwjRuTKWusn5WKMskh83BMk="></latexit>

[x⌦ tm, y ⌦ tn] = [x, y]⌦ tm+n +m tr(xy)�m+n,0K,
<latexit sha1_base64="J3TtzDoUaWffiIH46huf/jHwgx0="></latexit>

[K,bg] = 0

<latexit sha1_base64="Ph93EAVIwi95+fiIA6Y/EAePOuE="></latexit>

bg = g⌦ C[t, t�1]� CK � CD

<latexit sha1_base64="xKdmhxWiPVmuGpq8IFWC6OfN688="></latexit>

[D,x⌦ tm] = mx⌦ tm

<latexit sha1_base64="NH2C5n4wEz75HYw+PtuSSQo6Vp0="></latexit>

bg = (g⌦ t�1C[t�1])� (g⌦ C[t]� CK � CD)

Lie subalgebras

<latexit sha1_base64="dIXoChNeD8vyuQ26s6j30ybrcNI="></latexit>

g[t] = 0, K = k id

<latexit sha1_base64="F5UubUTOdOa3tM5AQI0ej6N2q7A="></latexit>⇠= U(g⌦ t�1C[t�1])

<latexit sha1_base64="TeOyqISxhTXGw7Cv0CN3TcNUg90="></latexit>

, D = 0

<latexit sha1_base64="1v2ivwrAMCKHmpB+C9RPtUcf074="></latexit>

For k 2 C, V k(g) := U(bg)⌦U(g[t]�CK�CD) Ck

<latexit sha1_base64="HlUR1NKfj1AJKJqVrmVoWXm9Cpw="></latexit>

PBW Theorem

<latexit sha1_base64="mkGvGumrZrBfOfpiqB7Bn+UjPeU="></latexit>⇠= V (g).



Facts
<latexit sha1_base64="EaNQpmRBFPTgzlUhDp7dtvQLW6c="></latexit>

1) V k(g) is not irreducible as an bg-module in general.

<latexit sha1_base64="WXJmHtLlBlq/IzcMM3Ua1qGZ2sE="></latexit>

chLk(g) =
X

d2Z�0

dimLk(g)dq
d

<latexit sha1_base64="n+8J0S5tlzJKtS9hixnWGDaYi0Q="></latexit>

depends on k

<latexit sha1_base64="EqKH36zruoFbDwXjXw3x/UzkgJo="></latexit>

2) V k(g) admits a unique simple quotient Lk(g), which is graded.

Kac-Wakimoto (1988)
<latexit sha1_base64="LegsnuimxWyS6CH+YadEnKVBtac="></latexit>

For k = �4/3, chLk(g) = 1 + 3q + 9q2 + 19q3 + . . .

<latexit sha1_base64="6MtFUNBjofH6ia/JBWG06icK3+k="></latexit>

= q�1/4 ⌘(q
3)3

⌘(q)3

<latexit sha1_base64="Zqfm1PjOt7+ZtH+QCR01uOlJjvY="></latexit>

and q1/4 chLk(g) is called the normalized character of Lk(g)

<latexit sha1_base64="4HJYJHlMzgK4xznfMlM9PmfqWHA="></latexit>

The factor q1/4 has a representation theoretic meaning.



<latexit sha1_base64="ehM6fsqZJe6co2QROceBFWVtJgw="></latexit>

We have seen both Higgs branch and Schur index are related with g = sl2

<latexit sha1_base64="tLMpS7CSB1ncZ3DnmPuGL6mEE7U="></latexit>

N
<latexit sha1_base64="Z/nhlI2aHPJtci/jeWtrgCn4IuY="></latexit>

L�4/3(g)

Question <latexit sha1_base64="BE1IcjFzaoa98OaFjtoFzFxsPGk="></latexit>

Can we relate L�4/3(g) with N ?

<latexit sha1_base64="N1F4e3z1/6JbPuvd9nGUMGS9RG4="></latexit>

S(g) ⇠= C[g⇤] ⇣

<latexit sha1_base64="uuT0t6w5w49pxzTZXrB5AoHhW48="></latexit>,
<latexit sha1_base64="3TCp4uTwb5IxJCSqLd9SxGZcGf8="></latexit>

Ik ⇢ C[g⇤] <latexit sha1_base64="L4CNAuUVQc1E3oMSJIxdJocKM3g="></latexit>

an ideal

<latexit sha1_base64="80NoDYhknr/UmXhTD0xVDLMuzng="></latexit>

Lk(g)/(g⌦ t�2C[t�1])Lk(g)
<latexit sha1_base64="tra7D/d0xYTsPGa/ARIzsPnRUrI="></latexit>

=: RLk(g)

<latexit sha1_base64="9B4JFH62F9UhgTIQ/IE6+XEjIq8="></latexit>

RLk(g)
⇠= C[g⇤]/Ik

<latexit sha1_base64="ikr0KtYiqKRD+yAeHNwdlPpbJY4="></latexit>

XLk(g) := {� 2 g⇤ | f(�) = 0 8f 2 I} <latexit sha1_base64="Uiwezg428hpdWyzf26eaXN53hCM="></latexit>

⇢ g⇤ = g

<latexit sha1_base64="58KhszuCFoU+uwundeI9TCF+whM="></latexit> =

<latexit sha1_base64="r8vrvlxCqpn8/JyLjjiGhox6oBE="></latexit>

x1x2 . . . xr 7! (x1 ⌦ t�1) . . . (xr ⌦ t�1) + (g⌦ t�2C[t�1)Lk(g)

<latexit sha1_base64="zl5jIz9rUC5Db8Qn0SRbVeIgKKw="></latexit>

the associated variety of Lk(g).



Feigin-Malikov 1997
<latexit sha1_base64="KI4xtILK+lfmCAsahzw8yPCV0lw="></latexit>

For k = �4/3, we have XLk(g) = N

<latexit sha1_base64="Nt5pWXSpDPRCAivv9fZl+aoyH9I="></latexit>

a 4D N = 2 SCFT

<latexit sha1_base64="dkk+acNdCiha/SjJAXNWvl9Lnk0="></latexit>

N

<latexit sha1_base64="c7znjRqTJQoRIMSYLmZVZFNnDsE="></latexit>

L�4/3(g)

<latexit sha1_base64="3FsEG6BJhQJf0VeblqvOHaFNiLs="></latexit>

q1/4⌘(q3)3/⌘(q)3

<latexit sha1_base64="tO1rvGSLCd+F9PryXd+Cq6D+C2I="></latexit>

Higgs branch

<latexit sha1_base64="5PTCJRw6Avjpr/HPgiZhFG+QFVk="></latexit>

Schur index

<latexit sha1_base64="JTQ+ll839KCd+AzLo7W3xXd6efM="></latexit>

(normalized) character

<latexit sha1_base64="pfQ35lgvuXDnZsVamLVPctNPeiI="></latexit>

associated variety

<latexit sha1_base64="U+xJ6BvbPrhyqhCNmhcn2aivyW8="></latexit>

Is this a coincidence?

?
<latexit sha1_base64="QBF4t4NjZVqur+BWYQ/VyFA/Mzo="></latexit>.



VOA (vertex operator algebra/vertex algebra) 

<latexit sha1_base64="/BXvlQly2ei20zGNQd1K9djpuLQ="></latexit>

So a VOA can be regarded as a generalization of a�ne Kac-Moody algebras.

<latexit sha1_base64="iMcAvE8VVPcpwi8xETG0OhueH5Q="></latexit>

TWO-DIMENSIONAL conformal field theories.

<latexit sha1_base64="FJ/zaOxBAtXY0i2Fj3OIJ8CKK6M="></latexit>

4) For any VA V , one can define its associated variety XV ,
<latexit sha1_base64="XX1xRYiHM34owYNi3ntsEwV7maM="></latexit>

which is a finite-dimensional Poisson variety ([A.2012]).

<latexit sha1_base64="Nt5pWXSpDPRCAivv9fZl+aoyH9I="></latexit>

a 4D N = 2 SCFT
<latexit sha1_base64="c7znjRqTJQoRIMSYLmZVZFNnDsE="></latexit>

L�4/3(g)

?

<latexit sha1_base64="NA2r3UiUthOIorq8rNYiiGZf7/M="></latexit>

VOA
<latexit sha1_base64="izgwQefSMKW/Ex064bOHCgFKxx0="></latexit>

$ 2D CFT

<latexit sha1_base64="ZvoAdaQZFjGDvfFdzpVEdh8EVTQ="></latexit>

1) Vertex algebras were introduced by Borcherds as a mathematical framework of

<latexit sha1_base64="pCvq3hXtNxlRD4aCv8lR9Q8uPhA="></latexit>

2) Typical examples of VOA/VA are V k
(g) and Lk(g).



Beem-Lemos-Liendo-Peelaers-Rastelli-van Rees2015

<latexit sha1_base64="/SySv93ouxAZg0ngCwnytXkLECk="></latexit>

{4D N = 2 SCFTs}

<latexit sha1_base64="zM89omBwlhofm6plsUtToxfQ75Q="></latexit>V
<latexit sha1_base64="ixvCDvFwu9Ze0H7w/RKUqw+Bf2Q="></latexit>

{Vertex operator algebras (VOAs)}

<latexit sha1_base64="B8y/DVHmkKHvNweAQExclFtgvCo="></latexit>

{q-series}

<latexit sha1_base64="5PTCJRw6Avjpr/HPgiZhFG+QFVk="></latexit>

Schur index
<latexit sha1_base64="Z2r7crI7xRE+VWOV8FNRr8M4pGQ="></latexit>

normalized character

<latexit sha1_base64="KUCcr4WYQGs2gKkJ5IXPfXYHhIE="></latexit>

Lk(g)

<latexit sha1_base64="YXKF7t9Usu1VZLJc9OzuDGMkL4Y="></latexit>

2

<latexit sha1_base64="YXKF7t9Usu1VZLJc9OzuDGMkL4Y="></latexit>

2
<latexit sha1_base64="wCqNW/HM3NspSpQVeeqBmqMICbs="></latexit>

TIII

<latexit sha1_base64="Sv3EkUGDwGwECte5eLLNxpgoksY="></latexit>

{hyperkähler cones}

<latexit sha1_base64="tO1rvGSLCd+F9PryXd+Cq6D+C2I="></latexit>

Higgs branch



Beem-Lemos-Liendo-Peelaers-Rastelli-van Rees2015

<latexit sha1_base64="/SySv93ouxAZg0ngCwnytXkLECk="></latexit>

{4D N = 2 SCFTs}

<latexit sha1_base64="zM89omBwlhofm6plsUtToxfQ75Q="></latexit>V
<latexit sha1_base64="ixvCDvFwu9Ze0H7w/RKUqw+Bf2Q="></latexit>

{Vertex operator algebras (VOAs)}

<latexit sha1_base64="B8y/DVHmkKHvNweAQExclFtgvCo="></latexit>

{q-series}

<latexit sha1_base64="5PTCJRw6Avjpr/HPgiZhFG+QFVk="></latexit>

Schur index
<latexit sha1_base64="Z2r7crI7xRE+VWOV8FNRr8M4pGQ="></latexit>

normalized character

<latexit sha1_base64="Sv3EkUGDwGwECte5eLLNxpgoksY="></latexit>

{hyperkähler cones}

<latexit sha1_base64="tO1rvGSLCd+F9PryXd+Cq6D+C2I="></latexit>

Higgs branch
<latexit sha1_base64="pfQ35lgvuXDnZsVamLVPctNPeiI="></latexit>

associated variety



<latexit sha1_base64="JHA/gzjWwRYvHnlETS/9bzwKPgw="></latexit>

1) V(T ) is NEVER unitary. In particular, V is not surjective.
<latexit sha1_base64="wEu+VtseXsWl4UvIlzWx9Qv1OR8="></latexit>

2) V is expected to be injective.
<latexit sha1_base64="1gIm6mF2HbDaHPPw12lOj2w9NqQ="></latexit>

In other words, V(T ) is expected to be a complete invariant of T ‼



Vertex algebras
<latexit sha1_base64="P87CKETJ9BGGhIjmI3oZ1fwU4sw="></latexit>

A vertex algebra is a vector space V equipped with
<latexit sha1_base64="dWHItYT2dnzLhR0jCsqcBaELEnY="></latexit>

|0i 2 V (the vacuum vector),
<latexit sha1_base64="PwMi7OhQ/z4h9nxMKWMbTXMKOB4="></latexit>

T 2 End(V ) (the translation operator),

<latexit sha1_base64="uCFrkcQq3r1fvBONbvPRBABKsHc="></latexit>

such that
<latexit sha1_base64="0cLDqh9xZ78aX6ByetNFaPKs5oA="></latexit>

a(z)b 2 V ((z)),
<latexit sha1_base64="CazQLyzo0CVF5AKkFLRXWeAhYCY="></latexit>

|0i(z) = id,
<latexit sha1_base64="jLiTG4USQOoo6vEdrVZhQdjN8HA="></latexit>

a(z)|0i 2 a+ zV [[z]],
<latexit sha1_base64="IGdMfkCcr8gLaTKtxnAxkGox8z4="></latexit>

[T, a(z)] = (Ta)(z) =
d

dz
a(z),

<latexit sha1_base64="l3QMj/ZC/dWM8ac2/pIKbOLkJ2A="></latexit>

(z � w)n[a(z), b(w)] = 0 for n � 0 in (End(V )[[z±, w±]]
<latexit sha1_base64="589wJ37TUBjXv5YrDPv+FVQOSDc="></latexit>

(locality).

Example
<latexit sha1_base64="yCJkShSRoXxXx/fnDWxh3qxKL+U="></latexit>

V = V k(g) = U(bg)⌦U(g[t]�CK�CD) Ck
<latexit sha1_base64="EnRWIK5TGqQb8EOLUKto+7hJrXs="></latexit>

|0i = 1⌦ 1,
<latexit sha1_base64="FstwnyaNFYp8OLdeSR7QNKl995c="></latexit>

x(z) =
X

n2Z
(x⌦ tn)z�n�1

<latexit sha1_base64="ZKwb2ZQfMgextwuKv9cMg7RxARA="></latexit>

for x 2 g ,! V k(g) 3 (x⌦ t�1)|0i.

<latexit sha1_base64="gOy5oURmoLznNUsV/eTBvcXFGTU="></latexit>

a linear map Y : V ! (End(V ))[[z, z�1]], a 7! a(z) =
X

n2Z
a(n)z

n�1,

<latexit sha1_base64="UJfrlsrE0uIjjn2yN6wO5r/4cqo="></latexit>

[T, x⌦ tn] = �n(x⌦ tn�1), T |0i = 0,



<latexit sha1_base64="lk2eVmet6b8ziip5+/f87+doM48="></latexit>

A vertex algebra V

<latexit sha1_base64="aplx1zDnwor8fRzQOEquezHNiTE="></latexit>

A Poisson algebra RV = V/ spanC{a(�2)b | a, b 2 V },
<latexit sha1_base64="nbHC+LiCDFnIsorbd5w9BjKocAg="></latexit>

ā · b̄ = a(�1)b

<latexit sha1_base64="RW8Q9TENn9fYkL0zsAxuxCbp+nI="></latexit>

(Zhu’s C2-algebra)

<latexit sha1_base64="qhlD5FerkWI+K2cJVnwOohtHUbs="></latexit>

{ā, b̄} = a(0)b.

Example
<latexit sha1_base64="yCJkShSRoXxXx/fnDWxh3qxKL+U="></latexit>

V = V k(g) = U(bg)⌦U(g[t]�CK�CD) Ck

<latexit sha1_base64="bEtDw6vOY3wt8Om2aXq6gYhzKhQ="></latexit>

RV = V/t�2g[t�1]V ⇠= C[g⇤],
<latexit sha1_base64="FzC9S9Cfk9TfQbdB7WY5GwoFexw="></latexit>

and so XV k(g) = g⇤.

<latexit sha1_base64="kSDiLU327sgwGyLr+IHzV5T+zxw="></latexit>

The surjection V k(g) ! Lk(g) induces a surjection RV k(g) ! RLk(g),

<latexit sha1_base64="+aS6158rG+0DjQaPVCtECzsFFdw="></latexit>

and so XLk(g) ⇢ XV k(g) = g⇤, G-invariant, conic.

<latexit sha1_base64="7jHTvEvOBTdZcumJBSL8B+xzYB4="></latexit>

XV = SpecRV .



<latexit sha1_base64="MMxVA2kW+WNphiKjGlA3Q4kMQxA="></latexit>

An associated variety of a VOA is a Poisson variety.

<latexit sha1_base64="8eUJKhHYHP7UUnJ0okLuynsJ/MI="></latexit>

then XV should have a finitely many symplectic leaves.

<latexit sha1_base64="DHlQnDQqIzE3te75O8oRhvS9rxY="></latexit>

From Beem-Rastelli conjecture it follows that if a VOA V comes from a 4D theory,

A.-Kawasetsu 2018
<latexit sha1_base64="xJj57xEFmgbHD1qoYP8UqZRy++8="></latexit>

If XV has many symplectic leaves,

<latexit sha1_base64="yXomQCrhYeu7qYMHuJugcD4atZs="></latexit>

Beem-Rastelli conjecture

<latexit sha1_base64="aTXWhVePYEAtP5FYCLSPoCDfDgs="></latexit>

(important in physics)
<latexit sha1_base64="TukWCWc/wW2LtUAYyemqjW8agAk="></latexit>

certain modularity of Schur indices
<latexit sha1_base64="vH6AxJ0lFX143Ahf0qiGcwQWm8s="></latexit>)

<latexit sha1_base64="H7i/bugX/3B3vsov8/6uylWEtJE="></latexit>

then the normalized character �V (q) satisfies a modular linear di↵erential equation.



Examples of VOAs coming from 4D N=2 SCFTs
<latexit sha1_base64="7Zz2dYhpjajQRfH+BpEun//NQtg="></latexit>

integrable representations of bg

<latexit sha1_base64="CTJkngIwZDou0x3jo57TvLMY8T4="></latexit>

(boundary) admissible representations Lk(g) of bg, k + h_ 2 Q>0,

<latexit sha1_base64="UGOSBdC4Xv44Ajx3fUQOxNSsJhA="></latexit>

XLk(g) = Ok,
<latexit sha1_base64="jwVPrWOWoKx1vgF/RUqpM8ElZBw="></latexit>

9nilpotent orbit Ok [A.2015]

[Song-Xie-Yan2015]

[Wang-Xie-2018, Xie-Yan2019]

<latexit sha1_base64="G1fCF6T2BHg/OWy4bz6uTBtCmCs="></latexit>

XWk(g,f) = Ok \ Sf ,
<latexit sha1_base64="IYILI/9BDjzB7Yv0X9pz5ssDMoc="></latexit>

nilpotent Slodowy slice [A.2015]

<latexit sha1_base64="jfyI0lEseyFkFlZ1HKvlmHtBg50="></latexit>

admisinle W-algebras Wk(g, f)

<latexit sha1_base64="nmlwqNKJ95YX59RG45c57xrub44="></latexit>

Sf = e+ gf , {e, h, f} sl2-triple.



<latexit sha1_base64="0oW6J4LLe+mT8kFY3S5oFLI7iyA="></latexit>

Beem-Rastelli conjecture is a physical conjecture in general,

<latexit sha1_base64="4ml/caSU8tJoPsaFe8T0MnqUmgg="></latexit>

because 4D N = 2 SCFT is not mathematically defined.



[Gaio
<latexit sha1_base64="GkLl1kuuUDnPXcRngKk3G/r8XlA="></latexit>

theory of class S [Gaiotto 2012]

<latexit sha1_base64="58KhszuCFoU+uwundeI9TCF+whM="></latexit>

=

<latexit sha1_base64="vDL1clH9iQ41L6pcnxTaFNNj7dw="></latexit>

six

<latexit sha1_base64="u+vTrKj4qzWUagabsP+VfsipyBo="></latexit>

obtained by “compatifying” a 6D theory on a punctured Riemann surface ⌃

<latexit sha1_base64="HfkYukf4DsuC5I5qiAg3CxUXYUw="></latexit>

SG(⌃)
<latexit sha1_base64="17sKqHybaX4LZl+npA95grFwkxk="></latexit>

G : flavor symmetry group (complex semisimple group)

[Moore-Tachikawa 2012,Ginzburg-Kazhdan,Braverman-Finkelberg-Nakajima 2018]

<latexit sha1_base64="zDvmOaAXl+ZQhtB3NE1xXd5yz74="></latexit>

9mathematical definition of Higgs(SG(⌃))



<latexit sha1_base64="ErE6TM3//BdS3iWUXGJSRcHYe5s="></latexit>

Enough to describe the Higgs branches for genus zero ⌃.

<latexit sha1_base64="rjZdkS8AwDw7IzH5giz28T1FmEA="></latexit>

MTG,r = Higgs(SG(P1
with r-puncturres)),

<latexit sha1_base64="L6/8G61oRW060dhM4FUKis6Lq0U="></latexit>

equipped with Hamiltonian action of r-copies of G.

<latexit sha1_base64="FAb5culxaQF1Rs5I7GarFfA32no="></latexit>

MTG,2 = T ⇤G,

<latexit sha1_base64="U64sqvmvwjW2Nc6BLZY2qeUgUGY="></latexit>

MTG,1 = G⇥ S,

<latexit sha1_base64="CspCURLc40nIYezlnlnpoeyBmfY="></latexit>

(MTG,r ⇥MTG,s)///�(G) ⇠= MTG,r+s�2

<latexit sha1_base64="W7sot0k2del0ybR53JlZKs48r8I="></latexit>

symplectic reduction

<latexit sha1_base64="lPd6fMgG8iesJ3jTwJDFr7T0jZ4="></latexit>

(associativity)

<latexit sha1_base64="UNqOPvZwmHLoPepwCXuEwiChxE4="></latexit>

S = e+ gf ,
<latexit sha1_base64="7TTjgvLbqx4aFokB56e1vG3/TJk="></latexit>

Kostant-Slodowy slice,
<latexit sha1_base64="+Jv2hX65F6Wri4sOHvmeevjhEtQ="></latexit>

({e, h, f} a regular sl2-triple)

ーー
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Examples
<latexit sha1_base64="yQiQ0U+bZTS1T+VBNYYbq/FyHCQ="></latexit>

G = SL2(C) = {A 2 Mat2⇥2(C) | detA = 1}.

<latexit sha1_base64="n4Hm4+AwJ5EU0J7paq0HbYgZm/U="></latexit>

⌃ =

× × × ×0

<latexit sha1_base64="LrIGTubZ6JqsqTdyZBLxZS6fnDA="></latexit>

= (C2)⌦3,
<latexit sha1_base64="T6PEef0W0tz4SPOXCetqmYuVPj0="></latexit>

G � C2

<latexit sha1_base64="n4Hm4+AwJ5EU0J7paq0HbYgZm/U="></latexit>

⌃ = × × × ×0
<latexit sha1_base64="DoAQh/c72doTDCnJkBz/cEtC1DE="></latexit>

= OD4,min,
<latexit sha1_base64="P3M7te+yFStSkuPBcafyrrV6shU="></latexit>

the minimal nilpotent orbit closure in D4,

× × × ×0

1
OneTrio

1.<latexit sha1_base64="ZMXrbCKgYHMup93AWvSzYca8kGA="></latexit>

associativity for r = s = 3

<latexit sha1_base64="cIRB3UgXwrJmZQJ+qeKU5KoGPCs="></latexit>

((C2)⌦3 ⇥ (C2)⌦3)///�(SL2(C)) ⇠= OD4,min

<latexit sha1_base64="KYc08+ES0riKqM+lH/RdNWrKh/0="></latexit>

ADHM construction for OD4,min

[Atiyah-Drinfeld-Hitchin-Manin]

<latexit sha1_base64="r783+aWboMSSG3f/N7K/e/LZw24="></latexit>

MTG,3

<latexit sha1_base64="jXlgIUXcD7jbTvOJuCkP+jgcW/c="></latexit>

MTG,4



<latexit sha1_base64="WN9tiaiVhu8zVgAD4/5Yz/1ppT0="></latexit>

G = SL3(C)

<latexit sha1_base64="n4Hm4+AwJ5EU0J7paq0HbYgZm/U="></latexit>

⌃ =

× × × ×0
<latexit sha1_base64="r783+aWboMSSG3f/N7K/e/LZw24="></latexit>

MTG,3

<latexit sha1_base64="ZFB9GUvfvLro51jKg98Cydhb5KI="></latexit>

= OE6,min,
<latexit sha1_base64="im3Q3zEy4GGSNkEOgP5O0kIhTU0="></latexit>

minimal nilpotent orbit closure in E6.

<latexit sha1_base64="e4rxvoABby92uRIR67MPaHivU2Y="></latexit>

In general, there is no simple description of MTG,r.



<latexit sha1_base64="JJbD5pPyTEcAsL3jI80v8RKtC8o="></latexit>

G
<latexit sha1_base64="q+1G8SXyw8Y8lCC5xWEXcREE+UU="></latexit>

bg,

<latexit sha1_base64="VRFJqOtKFdFTn8r9qdK85qhFX78="></latexit>

X
<latexit sha1_base64="0cnYEWbEzCcbrLUvyruXwv8I3NY="></latexit>

VOA V such that XV = X,

<latexit sha1_base64="Ojm+GHZVKD07IRPRCT48GpYPn5M="></latexit>

µ : X ! g⇤ moment map
<latexit sha1_base64="5T6X/bz0JgQZ+6Z9S6B2Tn832+w="></latexit>

vertex algebra homomorphism V k(g) ! V
<latexit sha1_base64="gTliHfyK2lj4d6+GrbGrVmOKZqI="></latexit>

such that the induced morphism XV ! XV k(g) = g⇤ coincides with µ,

<latexit sha1_base64="fkCgM4KtdKCobsg+5ydbRdmDcUA="></latexit>

T ⇤G
<latexit sha1_base64="G/QXCaumaSRApxudybAsD9uAmko="></latexit>

Dch
G,k, algebra of chiral di↵erential operators on G at level k,

<latexit sha1_base64="yYWxTaKbJiX7cT8zT22ucUf4/Ek="></latexit>

G⇥ S
<latexit sha1_base64="VSxcIM+gjWyRolWMQQZQwf5Hen8="></latexit>

(X
H

0
DS(Dch

G,k)
⇠= G⇥ S),

<latexit sha1_base64="PZQ5zQnAAw8rMtBtH7Zh9ZdoAME="></latexit>

H
0
DS(Dch

G,k)

<latexit sha1_base64="ZMTdo648zbD+GnjNhgA/i1jjwiY="></latexit>

(X ⇥ Y )///�(G)
<latexit sha1_base64="rqY5XiorcWy+h7ErTCdS9BzlFAY="></latexit>

H
1/2+•(bg, g, V ⌦W )

<latexit sha1_base64="xrImZZeu+jYMpHN7gOEB6AzMuNM="></latexit>

(XV
⇠= X, XW

⇠= Y ),
<latexit sha1_base64="sbE2UhDZigAbfagNzJWxfRu6FrE="></latexit>

XH1/2+•(bg,g,V⌦W )
⇠= (XV ⇥XW )///�(G)

<latexit sha1_base64="wcwUD2Zaq430IlLtPNvXdqHIe4c="></latexit>

in nice cases.
<latexit sha1_base64="3ge5P8sZoAXOWg0y1twdtomJus4="></latexit>

k = �h_ = the critical level

<latexit sha1_base64="xMaNqeh4Th84zAGj9wqSBy3TLug="></latexit>

Construction of VOAs (chiral algebras of class S)

<latexit sha1_base64="R+XwknWDQ8esvhEtyvJSk4P5xJY="></latexit>

the large center (the Feigin-Frenkel center) of Ũ�h_(bg) exists.

<latexit sha1_base64="X3EPpTzEJo4VcBu3+NXDge+MGRU="></latexit>

(XDch
G,k

⇠= T ⇤G) [Malikov-Schechtman-Vaintrob1999, 
Beilinson-Drinfeld, Arhipov-Gatisgory2002]



A. 2018
<latexit sha1_base64="TRR9SzUDe/RgDqaklBKdU/s4AkI="></latexit>

There exists a unique family of VOAs {VG,r} such that
<latexit sha1_base64="xgs30mUx0PWBGb4zXCl2p+0gqAE="></latexit>

1) 9 VA homomorphism V �h_
(g)⌦r ! VG,r,

<latexit sha1_base64="3ntNp7LaSdRmxsudmsua1rNAg7I="></latexit>

and the action of (g⌦ C[t])⌦r on VG,r integrates to the action of G[[t]]r;

<latexit sha1_base64="XjSc973gQ+p4VKsiTaiO18ZnFL0="></latexit>

2) VG,2 = Dch
G,�h_ ,

<latexit sha1_base64="TmsNxnwfVZY9futgxcmUwNESQOk="></latexit>

VG,1 = H
0
DS(Dch

G,�h_),

<latexit sha1_base64="9NAVmMKiUW4Pj2J7dmEKnXUt/To="></latexit>

3) H1/2+i(bg, g,VG,r ⌦VG,s) ⇠= �i,0VG,r+s�2.

<latexit sha1_base64="euP3yVGe0LTPCAuU/HCKa2ZUjXQ="></latexit>

Moreover,
<latexit sha1_base64="murrqD62oYOLBJ4mLQT2fbIPZis="></latexit>

4) Each VG,r is simple, and its central charge is dimMTG,r �24(r � 2)(⇢| ⇢_),
<latexit sha1_base64="txzoLl2xEj/b0gT5MrFgPiQ6L4U="></latexit>

5) trVG,r (q
L0z1z2 . . . zr) =

X

�2P+

0

BB@

qh�,⇢
_i

1Q
j=1

(1� qj)rk g

Q
↵2�+

(1� qh�+⇢,↵_i)

1

CCA

r�2

rY

k=1

trV�(q
�Dzk),

<latexit sha1_base64="TVS/AYInf6NlFn2lMtWhxWpku60="></latexit>

6) XVG,r
⇠= MTG,r .



<latexit sha1_base64="ktOOvEr0kZ+O7ukpMWWMXd6WZt0="></latexit>

In the above, 1)-5) are the properties that V(SG(⌃)) should have.

[Beem-Peelaers-Rastelli-van-Rees 2015]

<latexit sha1_base64="9wUBXXoSO9KT6UynxC+9jdIU+bA="></latexit>) <latexit sha1_base64="hQWqvIQXL2lyJwTknlY1Mvj5bqg="></latexit>

VG,r = V(SG(P1 with r-punctures)).

<latexit sha1_base64="9wUBXXoSO9KT6UynxC+9jdIU+bA="></latexit>) <latexit sha1_base64="ZXLFwCeiSY86xYMlddKIO9Ummg0="></latexit>

Beem-Rastelli conjecture is true for class S-theory 👍



Examples

<latexit sha1_base64="n4Hm4+AwJ5EU0J7paq0HbYgZm/U="></latexit>

⌃ =

× × × ×0

<latexit sha1_base64="f5SBL5zUHNXBKJ6Dj0Fh/2YaXlk="></latexit>

Higgs(SG(⌃))
<latexit sha1_base64="LrIGTubZ6JqsqTdyZBLxZS6fnDA="></latexit>

= (C2)⌦3,
<latexit sha1_base64="T6PEef0W0tz4SPOXCetqmYuVPj0="></latexit>

G � C2

<latexit sha1_base64="RtDZSD5IsyMNWog24XO7oRAX+VA="></latexit>

V(SG(⌃)) = the �� system associated with the symplectic vector space (C2)⌦3.

<latexit sha1_base64="YVw2Vyo4EENK/FjISrWTcwcbZbA="></latexit>

a�nization of the Weyl algebra

<latexit sha1_base64="dUryCFaPa5tAMw7xspyni4yI9VI="></latexit>

G = SL2(C)

<latexit sha1_base64="n4Hm4+AwJ5EU0J7paq0HbYgZm/U="></latexit>

⌃ =

<latexit sha1_base64="f5SBL5zUHNXBKJ6Dj0Fh/2YaXlk="></latexit>

Higgs(SG(⌃))

× × × ×0
<latexit sha1_base64="DoAQh/c72doTDCnJkBz/cEtC1DE="></latexit>

= OD4,min,
<latexit sha1_base64="w0cKqJ+RquJv1MwM4RIDIFuZpzg="></latexit>

V(SG(⌃)) = L�2(D4).

Conjectured in [Beem-Lemos-Liendo-Peelaers-Rastelli-van Rees2015]



<latexit sha1_base64="WN9tiaiVhu8zVgAD4/5Yz/1ppT0="></latexit>

G = SL3(C)

<latexit sha1_base64="n4Hm4+AwJ5EU0J7paq0HbYgZm/U="></latexit>

⌃ =

× × × ×0
<latexit sha1_base64="r783+aWboMSSG3f/N7K/e/LZw24="></latexit>

MTG,3

<latexit sha1_base64="ZFB9GUvfvLro51jKg98Cydhb5KI="></latexit>

= OE6,min,

<latexit sha1_base64="ShJViWFbhyoyrh9PbJ0Du7w5Xk4="></latexit>

In general VG,r is a W-algebras in the sense that it is generated by a Lie algebra,

<latexit sha1_base64="JEM6EzG+J1J7SVdJ4Aczudil74A="></latexit>

and there is no simple description in general.

<latexit sha1_base64="CZzHHwKfjIp8mohj0uAYTMgoUFY="></latexit>

The isomorphism XL�2(D4)
⇠= OD4,min and XL�3(E6)

⇠= OE6,min

<latexit sha1_base64="Ys/SKu6Lu1A6w4ABon9mNcluuOk="></latexit>

were previously shown in [A.-Moreau2016].

Conjectured in [Beem-Lemos-Liendo-Peelaers-Rastelli-van Rees2015]

<latexit sha1_base64="GoaCMkL6vxBUL4bDfkbFNQXGryA="></latexit>

V(SG(⌃)) = VG,3 = L�3(E6).



<latexit sha1_base64="WlLZ9svVs0CSv0ycqEpy0zYFsFU="></latexit>

A 4D N = 2 SCFT T also has a Coulomb branch, which is the moduli space of G-Higgs bundles on ⌃.

<latexit sha1_base64="yRG954mZUznl961cdxCI//AGskk="></latexit>

It is expected that the representation theory of V(T ) is closely connected with the Higgs branch.

[Dedushenko-Gukov-Nakajima-Pei-Ye2018]



Thank you for your attention!


