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The moduli space of Riemann surfaces & bosonic string theory

Let .44 be the moduli space of Riemann surfaces.

In bosonic string theory, the g loop contribution to the partition function is the
integral of the Polyakov measure over the moduli space of genus g Riemann
surfaces:

'/%g

The Polyakov measure was shown by [3] Belavin and Knizhnik to be given by the
modulus squared of the Mumford form pg:

dmg = g A Lig.

The Mumford form g is a trivializing section of the Mumford isomorphism
Ao @ AT
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Moduli space of SRSs difficulties

In [5] D'Hoker and Phong calculated the genus 2 contribution to the scattering
amplitude in superstring theory. They integrated over the moduli space of SRSs
by descending to an integral over the moduli space of Riemann surfaces via a
natural holomorphic map, and describing the fiber using the super period matrix.

A(L,--- ’N):/F/}ZN /deFL(ﬁ’lA,Z,gi:Pf)fﬂ(mA,Z;,f?;:Pf)

Essentially, they used the Torelli map sending a super Riemann surface to its
Jacobian, in the moduli space principally polarized Abelian super varieties. This
technique is more challenging for higher genus due to the Schottky problem,
possible zero modes, and a more complicated parametrization of the fiber.

Perhaps the super Sato Grassmannian Gr(H) could provide an alternate
strategy.
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Super vector spaces Mimtord form
& Sato
Grassmannian
A super vector space is a Zy-graded vector space, V = V@ V4, called the even
and odd components. If dim(Vp) = m and dim(V4) = n, we say dim(V) = m|n.
Morphisms of super vector spaces must preserve the parity. Hom(V, W)
denotes the morphisms V — W.

The parity reversing operator 1 swaps the even and odd components.

K. A. Maxwell

(MV)o:=W1 (MV)1:=W

We may regard the hom Hom(V/, W) as a classical vector space, while the
internal hom Hom(V/, W) is a super vector space:

(Hom(V, W))o := Hom(V, W)
(Hom(V, W))1 := Hom(MV, W) = Hom(V, W)




The super
Superalgebras Mumtord form
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A superalgebra is a Zy-graded algebra. A superalgebra is supercommutative if
the supercommutator vanishes.

K. A. Maxwell

[a, b] := ab — (—1)!2IPlpa = 0

In particular, any odd element has square zero: |a|=1 = a?=0.
Let A be a superalgebra. Then M is a A-module if |am| = |a| + |m|.
The internal hom Hom (M, N) are those maps T which satisfy

aT(m) = (=1)PITIT(am). We can represent T as a matrix:

A B
TZ(C D) B: My — Ny, etc.

If T is invertible, the superdeterminant=Berezinian is defined as

Ber T = det(A— BD™'C) / det D = det A/ det(D — CA™'B)




Lie superalgebras and Lie superalgebroids Mumtond form
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Deﬂnition K. A. Maxwell

A Lie superalgebra is a super vector space g with a morphism [ , |: g®g—g
satisfying

m [x,y]+ (D)PMy, X =0

= (D)X, Ly, 2] + (DY, 2, 6] + (~1) [z, [x, y]] = 0

The general linear Lie superalgebra gl(V) := Hom(V/, V), the internal
endomorphism space. We have that (gl(V))o = gl(Vo) @ gl(V1).

A Lie (super)algebroid is the many-body generalization of a Lie (super)algebra.
A Lie (super)algebroid is a vector bundle E — M with a vector bundle map
a: E — TM (called the anchor map), an (super) alternating bracket on the
sections of E, and (super) Jacobi identity.




Atiyah Lie superalgebroids

The Atiyah Lie superalgebra of; on X is the Lie superalgebroid of order 1
operators on the line bundle L. It is a Lie superalgebra extension with a
compatible left Ox-module structure:

O—)@X%.QfLﬂ)gx—)O,

where the anchor map is the symbol map defined as sym1(D)(f) = [D, f].

A holomorphic connection on L may be defined as a splitting of the Atiyah
sequence above V: Ix — o as Ox-modules. When a connection is also a
splitting as Lie superalgebroids, that is when {V(v), V(W)} = V([v, W]), then
the connection is flat.
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Action Lie superalgebroids

The action Lie superalgebroid associated to a Lie superalgebra homomorphism
¢: g— (X, TX) is given by the trivial vector bundle X x g with anchor map
a: X xg— TX such that a(x, X) = ¢(X)(x), and bracket

V. W] =25, (W) — (-1)VIWlzg (V) + [V, W]

where V, W € T(X x g, X) and ¢(V)(x) = ¢(V(x))(x).
Lemma ([8] Kosmann-Schwarzbach and Mackenzie 2002
There is a bijection between
m Lie superalgebra morphisms g — (X, &)
m Lie superalgebroid morphisms & =g x X — o,
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Holomorphic supermanifolds

A complex supermanifold of dimension m|n is the data (X, Ox) such that
m X is a complex manifold of dimension m
m Ox is a sheaf on X of supercommutative C algebras
m Ox is locally isomorphic to Ocm @ A(C1, ..., ¢n) (holomorphic)

We usually write C™I" = (C™, O¢n[(1, ..., ¢al), leaving implicit the
anticommuting of the odd functions.

The subsheaf #x C Ox is defined as the nilpotent ideal generated by odd
functions. The m|0-dim manifold (X, Ox/%x) is called the reduction of (X, Ox).
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Functor of points Mo e
& Sato
Grassmannian

In order to capture the odd functions on a superspace, we can use S-points. K. A. Maxwell
An S-point of X is a morphism of superspaces S — X.

m For S = CY° a point, then an S-point of X is just a topological point of X.

» For S = CYs a superpoint, and X of dim = m|n, then an S-point of X is a
topological point of X and n odd functions on S.

The super Grassmannian Gr(c|d, V) may be defined as the functor

S— {rank c|d subbundles of V ®¢ @5}

The reduced space of Gr(cl|d, V) is Gr(c, Vo) x Gr(d, V1).




Super Riemann surfaces (SUSY curves) Mumiord form
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Definition K. A. Maxwell

A super Riemann surface (SRS) is a complex supermanifold of dimension 1|1 with
a maximally nonintegrable distribution & of rank 0|1. That is precisely,

m 92 is an odd subbundle of the tangent bundle I
= the induced map by Lie bracket [ , |: 2%? — J /D is an isomorphism.

We can always find local coordinates (called superconformal coordinates) z|¢
such that @ is generated by

The sheaf of superconformal vector fields ° C F is the sheaf whose sections
S satisfy [S, D] C D. In other words, a superconformal vector field S preserves
the SUSY structure. A section S may be written in local coordinates as [f D¢, D¢]
for some function f.




Moduli space of SRSs

The moduli space of super Riemann surfaces may be denoted 9M,. For g > 2,
it has dimension 3g — 3|2g — 2 and is a Deligne-Mumford stack.

The reduction of M, is known to be the moduli space of spin curves. Without
odd moduli, we have @V = K1/2 where K is the canonical bundle of the reduced
Riemann surface.

In other words, a single super Riemann surface is split: that is X is given by
the total space of MK/2 — X..q where K/2 is a choice of spin structure. On a
Riemann surface of genus g, there are 229 different spin structures.

While working with split superspaces is much nicer, the interesting part of
supergeometry is working with nonsplit superspaces. For example, 9, is not split
for g > 5 ([6] Donagi and Witten).
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The super

A super numerical coincidence ([9] Manin 1986) Mumiord form
& Sato
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Theorem ([17] Voronov 1988; [4] Deligne K. A. Maxwell

For a smooth proper family of 1|1 supermanifolds 7 : X — S, the super Mumford
iIsomorphism is

g & 1—/(2—1)1(21_1), in particular Azjo = X;)/z-

where X\;/, = Ber Rm(w%s) and wx s = BerQ}qS.

The Neveu-Schwarz algebra has a natural representation p; on the formal super
Laurent series C((2))[¢] defined by Lie derivative action on C((2))[¢] [dz|d¢]®/.

Proposition ([16] Ueno and Yamada 1988

The pullbacks of the super Japanese cocycle m along the representations o
satisfies:

gf(n) = —(—1Y(2/ — 1)ej(n)



A classical numerical coincidence ([9] Manin 1986) Tl
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Theorem ([13] Mumford 1977 K. A. Maxwell

For a smooth proper family of curves ™ : X — S , the Mumford isomorphism is

= A§6J'2*6f“), in particular o = A,
where X, 1= det Rw*(w%s) and wx ;s == /-

The Virasoro algebra has a natural representation g; on the formal Laurent
series C((z)) defined by Lie derivative action on C((2))dz®/.

The pullbacks of the Japanese cocycle n along the representations g, satisfies:

ef(n) = (6/° — 6/ + 1)o}(m)




The moduli space of triples and the Witt algebra

Define the moduli stack .Z 1« to be the moduli space of triples (C, p, z), where
C is a genus g Riemann surface, p is a puncture, and z is a formal coordinate
near the puncture considered as a k-jet equivalence class.

We construct the pro-Deligne-Mumford stack

.ﬂg,loo = Liﬂ‘%gylk‘

The Witt algebra toitt = (C((z))a%. Its central extension is the Virasoro algebra.

Proposition ([7] Kontsevich 1987

The Witt algebra acts on the moduli space M 41~ by vector fields.

T(C,p,z)(ﬂg.loo) = mitt/I'(C \p,I¢c)
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The super

The Sato Grassmannian s i o
& Sato
Grassmannian

Define a subspace D of C((z)) to be discrete if D N C[z] and A el
C((2))/(D + CJz]) are finite dimensional. For example, z"1C[z71] is discrete.

Definition ([14] Sato 1983

The Sato Grassmannian Gr(C((z))) is the infinite dimensional manifold whose
points are discrete subspaces D C C((z)).

Slightly altering the standard definition of a determinant line bundle, we can
define detg, on the Sato Grassmannian.

We define the determinant line bundle on Gr(C((z))) as

o) det(DmC[[z]])
H= (c(2)/(D+Cl2D))




The classical numerical coincidence explained WL
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Roughly speaking, the moduli space of curves can be considered a subset of
the Sato Grassmannian, where there is ‘nice’ Lie algebra action.

Theorem ([15] Segal and Wilson 1985

The Krichever map M g1~ — Gr(C((z))) defined by
%i(C.p.2) = T(C\ p.w®) C C(2).
where wc = QL, is an injective analytic map.

The pullback of the determinant bundle is Kj‘ detgr = ;.
Then the representation theory of the Virasoro algebra gives that:

Theorem ([7] Kontsevich 1987; [2] Arbarello, DeConcini, Kac, Procesi 1988
e
There exists a flat holomorphic connection on the line bundle >\1_(6J ~ot g A




The super moduli space triples

Definition

Define the moduli stack mg,lk,s to be the moduli space of triples (X, p, z|(),
where Y is a genus g SUSY curve, p is the divisor which represents NS punctures,
and z|C is a coordinate system near the punctures considered as a k-jet
equivalence class.

We construct the pro-Deligne-Mumford stack

Dﬁg,lﬁos = L@ Dﬁgvlﬁs.
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Witt superalgebra and Neveu-Schwarz superalgebra

The super Witt algebra stoitt is the Lie superalgebra of superconformal vector
fields on a punctured formal neighborhood of a point in C1I1.

switt = { [0, 0] = 2£(210) 5 + (1) D7 (1C)De 7(21¢) € (@)l }

The Neveu-Schwarz superalgebra is the unique central extension of stoitt.

Proposition ([11] M, cf. [10] Manin 1988
The Witt superalgebra acts on the moduli space Smg,lﬁos by vector fields.

A: switt — T(Mg 122, Tom)
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The super

The formal super Laurent series Mumford form
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Define the vector superspace H = C((2))[¢] = C(2))¢ + C((2)) where ¢? = 0.
In the below we use the notation Vs := V®c0s.
Definition
Define a super subspace of H to be compact if it is commensurable with
Clzl[¢] = H*.

For a superscheme S with structure sheaf @s, a super submodule L C I:IS iS
discrete if for every s € S there exists a neighborhood U of s and a compact K
such that the natural map Ly @ Ky — Hy is an isomorphism.

Explicitly, subspaces K and Ht are commensurable when K/(K N H™) and
H* /(K N H') both have finite even dimension and finite odd dimension.




The super Sato Grassmannian

The definition below is adapted to the super setting from the defintion in [1]
Alvarez Vazquez, Mufoz Porras, Plaza Martin 1998.

Definition ([11] M

The super Sato Grassmannian Gr(C((2))[¢]) is the as the complex superscheme
representing the functor of the discrete super subspaces D C H:

S ~ {discrete sub-Os-modules of HR¢cOs}
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Berezinian line bundle

Generalizing the determinant line bundle for the supervector spaces gives a
Berezinian line bundle B¢ on the super Sato Grassmannian.

L, Ber(in HE))
" Ber(He /(I + HE)))'

where | € HGr = H@c@Gr(H) is the tautological bundle, a discrete super
submodule.

| have shown the Lie algebra g~[(H) acts by first order differential operators on
Ber by finding the explicit formula in local coordinates on Gr(C((2))[¢]). (on the
next slide)
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The Lie superalgebra action on SBer The super

Mumford form
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Definition ([16] Ueno and Yamada 1988 AN

The super Japanese cocycle on gl(H) is
n(F,G) :=str(F~ TGt~ — (~1)/FllClg=FF+")
where F~+: HT — H~ etc. This cocycle defines the central extension gl(H).

Proposition ([11] M

The Lie superalgebra gl(H) acts by first order differential operators on Ber-.
In the chart Up k = Hom¢(D, K), this action is given by the formula

Le(A) = FKO 4 FKKA _ AFPD _ AFDK A 1 str(FOK A) + o (F)

where a € CY(gl) is such that da(F, G) = a([F, G]) = np.x(F, G) — n(F, G).




The super Krichever map

Definition ([12] Mulase and Rabin 1991

The super Krichever map (Mg,15 )red — (Gr(C(2))[C]))red Is

Kki(Z,p, z|¢) = T(Z\ p.wd) C C(2)[¢].

Consider a family of super Riemann surfaces w: X — S with NS puncture P.
The sheaf W*“(%\P)/s is a discrete Os-submodule.

Definition ([11] M

The super Krichever map Mty 10 — Gr(C((2))[(])) is

NS

K’j(X/Sv p.z|¢) = W*w(@;{\p)/s C 0s((2))[¢]-
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Pullback along the super Krichever map Mumford form
& Sato
Grassmannian

We pullback € = gl x Gr along K.

K. A Mael
0 oy Kj'C Kkj'C » 0

lld lZ lL
0 Om —— Kj' D zer Tom » 0

The action of the Neveu-Schwarz Lie superalgebroid # = ns x 9 results:

Om > N w
FTE
O —— /{1!?7 — ;'@ A

Lk b

Om —— Syriger —> Tm




A flat holomorphic connection Mumnfoed o
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i D % P o
We notice that Aj/» = Kk %Ber. Denote ; ﬂxj/2®>\1/g

Analyzing the diagram of super Lie superalgebroids below gives the main result.

K. A. Maxwell

V4
0 Ogn s N s W 0
Ol l k’//:xj A
0 > Oom A, >y I —— O
F\‘__//
v

Theorem ([10] Manin 1988, [11] M

There exists a flat holomorphic connection V on the line bundle ;> @ Al_/cé.
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Proposition ([11] M

Letm: Y — S be a family of open super Riemann surfaces. Denote the Lie
superalgebroid of global superconformal vector fields as K := m.(Ty / 5). Then
the Lie superalgebroid X is perfect, that is to say, X /[F, K] = 0.

We prove this using a strategy analogous to the proof for classical Riemann
surfaces in [2]. In local coordinates, we can verify the proposition by noticing:

[S—1

3[hD¢, De] = [[hD¢. Del. 120, Del| + [[De. Dcl. [h2Dc., Del| + [[h¢ D, D). [¢De. D]

Then, we use a superconformal Nother normalization lemma over a family to
show the proposition globally.
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Proof of existence of a holomorphic connection.

Define & to be the kernel of the Witt superalgebroid action A: # — Jgn. By
the Proposition on the last slide, we know that & = [#, #].

Now, let k € ['(U, &) for some open U in S. We have shown that k = [ki, ko] for
some ki, ko € T'(U, ). Then notice that since A(kj) =0 € (U, J9), then
aj(ki) € ker(F(U, &) = T(U, Ton)) =T(U, Opn). Thus

aj(k) = [oj(k1), ctj(k2)] = 0 as an element of (U, &;).

Note that Jon = coker(# — #"). Since o; maps # to zero, then by the
universal property of the cokernel, then a; must factor through Jan uniquely.
That is, we have a unique morphism of Lie superalgebroids V: Ty — ;. J
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