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The moduli space of Riemann surfaces & bosonic string theory

Let ℳg be the moduli space of Riemann surfaces.

In bosonic string theory, the g loop contribution to the partition function is the

integral of the Polyakov measure over the moduli space of genus g Riemann

surfaces:

Zg =

∫
ℳg

dπg.

The Polyakov measure was shown by [3] Belavin and Knizhnik to be given by the

modulus squared of the Mumford form µg:

dπg = µg ∧ µg.

The Mumford form µg is a trivializing section of the Mumford isomorphism

λ2 ⊗ λ−13
1 .
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Moduli space of SRSs difficulties

In [5] D’Hoker and Phong calculated the genus 2 contribution to the scattering

amplitude in superstring theory. They integrated over the moduli space of SRSs

by descending to an integral over the moduli space of Riemann surfaces via a

natural holomorphic map, and describing the fiber using the super period matrix.

Essentially, they used the Torelli map sending a super Riemann surface to its

Jacobian, in the moduli space principally polarized Abelian super varieties. This

technique is more challenging for higher genus due to the Schottky problem,

possible zero modes, and a more complicated parametrization of the fiber.

Perhaps the super Sato Grassmannian Gr(H) could provide an alternate

strategy.
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Super vector spaces

A super vector space is a Z2-graded vector space, V = V0⊕V1, called the even

and odd components. If dim(V0) = m and dim(V1) = n, we say dim(V ) = m|n.

Morphisms of super vector spaces must preserve the parity. Hom(V ,W )

denotes the morphisms V →W .

The parity reversing operator Π swaps the even and odd components.

(ΠV )0 := V1 (ΠV )1 := V0

Example

We may regard the hom Hom(V ,W ) as a classical vector space, while the

internal hom Hom(V ,W ) is a super vector space:

(Hom(V ,W ))0 := Hom(V ,W )

(Hom(V ,W ))1 := Hom(ΠV ,W ) ∼= Hom(V ,ΠW )
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Superalgebras

A superalgebra is a Z2-graded algebra. A superalgebra is supercommutative if

the supercommutator vanishes.

[a, b] := ab − (−1)|a||b|ba = 0

In particular, any odd element has square zero: |α| = 1 ⇒ α2 = 0.

Let A be a superalgebra. Then M is a A-module if |am| = |a|+ |m|.
The internal hom HomA(M,N) are those maps T which satisfy

aT (m) = (−1)|a||T |T (am). We can represent T as a matrix:

T =

(
A B

C D

)
B : M1 → N0, etc.

If T is invertible, the superdeterminant=Berezinian is defined as

Ber T = det(A− BD−1C )
/

det D = det A
/

det(D − CA−1B)
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Lie superalgebras and Lie superalgebroids

Definition

A Lie superalgebra is a super vector space g with a morphism [ , ] : g⊗ g→ g

satisfying

� [x , y ] + (−1)|x ||y |[y , x ] = 0

� (−1)|x ||z |[x , [y , z ]] + (−1)|y ||x |[y , [z , x ]] + (−1)|z ||y |[z , [x , y ]] = 0

Example

The general linear Lie superalgebra gl(V ) := Hom(V ,V ), the internal

endomorphism space. We have that (gl(V ))0
∼= gl(V0)⊕ gl(V1).

A Lie (super)algebroid is the many-body generalization of a Lie (super)algebra.

A Lie (super)algebroid is a vector bundle E → M with a vector bundle map

a : E → TM (called the anchor map), an (super) alternating bracket on the

sections of E , and (super) Jacobi identity.
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Atiyah Lie superalgebroids

The Atiyah Lie superalgebra AL on X is the Lie superalgebroid of order 1

operators on the line bundle L. It is a Lie superalgebra extension with a

compatible left OX -module structure:

0→ OX → AL
sym1−−−→ TX → 0,

where the anchor map is the symbol map defined as sym1(D)(f ) = [D, f ].

A holomorphic connection on L may be defined as a splitting of the Atiyah

sequence above ∇ : TX → AL as OX -modules. When a connection is also a

splitting as Lie superalgebroids, that is when
[
∇(v ),∇(w )

]
= ∇

(
[v ,w ]

)
, then

the connection is flat.
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Action Lie superalgebroids

The action Lie superalgebroid associated to a Lie superalgebra homomorphism

φ : g→ Γ(X ,TX ) is given by the trivial vector bundle X × g with anchor map

a : X × g→ TX such that a(x ,X ) = φ(X )(x), and bracket

[V ,W ] = ℒ
φ̂(V )

(W )− (−1)|V ||W |ℒ
φ̂(W )

(V ) + [V ,W ]g

where V ,W ∈ Γ(X × g,X ) and φ̂(V )(x) = φ(V (x))(x).

Lemma ([8] Kosmann-Schwarzbach and Mackenzie 2002)

There is a bijection between

� Lie superalgebra morphisms g→ Γ(X ,AL)

� Lie superalgebroid morphisms G = gn X → AL
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Holomorphic supermanifolds

Definition

A complex supermanifold of dimension m|n is the data (X ,OX ) such that

� X is a complex manifold of dimension m

� OX is a sheaf on X of supercommutative C algebras

� OX is locally isomorphic to OCm ⊗
∧

(ζ1, . . . , ζn) (holomorphic)

We usually write Cm|n = (Cm,OCm [ζ1, . . . , ζn]), leaving implicit the

anticommuting of the odd functions.

The subsheaf JX ⊂ OX is defined as the nilpotent ideal generated by odd

functions. The m|0-dim manifold (X ,OX/JX ) is called the reduction of (X ,OX ).
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Functor of points

In order to capture the odd functions on a superspace, we can use S-points.

An S-point of X is a morphism of superspaces S → X .

Example

� For S = C0|0 a point, then an S-point of X is just a topological point of X .

� For S = C0|s a superpoint, and X of dim = m|n, then an S-point of X is a

topological point of X and n odd functions on S .

Example

The super Grassmannian Gr(c |d ,V ) may be defined as the functor

S 7→
{

rank c |d subbundles of V ⊗C OS
}

The reduced space of Gr(c |d ,V ) is Gr(c ,V0)× Gr(d ,V1).
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Super Riemann surfaces (SUSY curves)

Definition

A super Riemann surface (SRS) is a complex supermanifold of dimension 1|1 with

a maximally nonintegrable distribution D of rank 0|1. That is precisely,

� D is an odd subbundle of the tangent bundle T

� the induced map by Lie bracket [ , ] : D⊗2 → T /D is an isomorphism.

We can always find local coordinates (called superconformal coordinates) z |ζ
such that D is generated by

Dζ =
∂

∂ζ
+ ζ

∂

∂z
.

The sheaf of superconformal vector fields T s ⊂ T is the sheaf whose sections

S satisfy [S ,D ] ⊂ D . In other words, a superconformal vector field S preserves

the SUSY structure. A section S may be written in local coordinates as [f Dζ,Dζ]

for some function f .
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Moduli space of SRSs

The moduli space of super Riemann surfaces may be denoted Mg. For g ≥ 2,

it has dimension 3g − 3|2g − 2 and is a Deligne-Mumford stack.

The reduction of Mg is known to be the moduli space of spin curves. Without

odd moduli, we have D∨ ∼= K 1/2 where K is the canonical bundle of the reduced

Riemann surface.

In other words, a single super Riemann surface is split: that is X is given by

the total space of ΠK 1/2 → Xred where K 1/2 is a choice of spin structure. On a

Riemann surface of genus g, there are 22g different spin structures.

While working with split superspaces is much nicer, the interesting part of

supergeometry is working with nonsplit superspaces. For example, Mg is not split

for g ≥ 5 ([6] Donagi and Witten).
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A super numerical coincidence ([9] Manin 1986)

Theorem ([17] Voronov 1988; [4] Deligne)

For a smooth proper family of 1|1 supermanifolds π : X → S, the super Mumford

isomorphism is

λj/2
∼= λ

−(−1)j (2j−1)
1/2 , in particular λ3/2

∼= λ5
1/2.

where λj/2 := Ber Rπ∗(ω
⊗j
X/S) and ωX/S := Ber Ω1

X/S .

The Neveu-Schwarz algebra has a natural representation %j on the formal super

Laurent series C((z))[ζ] defined by Lie derivative action on C((z))[ζ] [dz |dζ]⊗j .

Proposition ([16] Ueno and Yamada 1988)

The pullbacks of the super Japanese cocycle η along the representations %j
satisfies:

%∗j (η) = −(−1)j(2j − 1)%∗1(η)
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A classical numerical coincidence ([9] Manin 1986)

Theorem ([13] Mumford 1977)

For a smooth proper family of curves π : X → S , the Mumford isomorphism is

λj ∼= λ
(6j2−6j+1)
1 , in particular λ2

∼= λ13
1 .

where λj := det Rπ∗(ω
⊗j
X/S) and ωX/S := Ω1

X/S .

The Virasoro algebra has a natural representation %j on the formal Laurent

series C((z)) defined by Lie derivative action on C((z))dz⊗j .

Proposition

The pullbacks of the Japanese cocycle η along the representations %j satisfies:

%∗j (η) = (6j2 − 6j + 1)%∗1(η)
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The moduli space of triples and the Witt algebra

Definition

Define the moduli stack ℳg,1k to be the moduli space of triples (C , p, z), where

C is a genus g Riemann surface, p is a puncture, and z is a formal coordinate

near the puncture considered as a k-jet equivalence class.

We construct the pro-Deligne-Mumford stack

ℳg,1∞ = lim
←−

ℳg,1k .

The Witt algebra witt ∼= C((z)) ∂∂z . Its central extension is the Virasoro algebra.

Proposition ([7] Kontsevich 1987)

The Witt algebra acts on the moduli space ℳg,1∞ by vector fields.

T(C ,p,z)(ℳg,1∞) ∼= witt
/

Γ(C \ p,TC )
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The Sato Grassmannian

Define a subspace D of C((z)) to be discrete if D ∩ C[[z ]] and

C((z))/(D + C[[z ]]) are finite dimensional. For example, zn+1C[z−1] is discrete.

Definition ([14] Sato 1983)

The Sato Grassmannian Gr(C((z))) is the infinite dimensional manifold whose

points are discrete subspaces D ⊂ C((z)).

Slightly altering the standard definition of a determinant line bundle, we can

define detGr on the Sato Grassmannian.

Definition

We define the determinant line bundle on Gr(C((z))) as

detGr(D) :=
det

(
D ∩ C[[z ]]

)
det

(
C((z))/(D + C[[z ]])

) .
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The classical numerical coincidence explained

Roughly speaking, the moduli space of curves can be considered a subset of

the Sato Grassmannian, where there is ‘nice’ Lie algebra action.

Theorem ([15] Segal and Wilson 1985)

The Krichever map ℳg,1∞ → Gr(C((z))) defined by

κj(C , p, z) = Γ(C \ p, ω⊗jC ) ⊂ C((z)).

where ωC := Ω1
C , is an injective analytic map.

The pullback of the determinant bundle is κ∗j detGr
∼= λj .

Then the representation theory of the Virasoro algebra gives that:

Theorem ([7] Kontsevich 1987; [2] Arbarello, DeConcini, Kac, Procesi 1988)

There exists a flat holomorphic connection on the line bundle λ
−(6j2−6j+1)
1 ⊗ λj .
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The super moduli space triples

Definition

Define the moduli stack Mg,1k
NS

to be the moduli space of triples (Σ, p, z |ζ),

where Σ is a genus g SUSY curve, p is the divisor which represents NS punctures,

and z |ζ is a coordinate system near the punctures considered as a k-jet

equivalence class.

We construct the pro-Deligne-Mumford stack

Mg,1∞
NS

= lim
←−

Mg,1k
NS
.
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Witt superalgebra and Neveu-Schwarz superalgebra

The super Witt algebra switt is the Lie superalgebra of superconformal vector

fields on a punctured formal neighborhood of a point in C1|1.

switt =

{
[fDζ,Dζ] = 2f (z |ζ)

∂

∂z
+ (−1)|f |Dζf (z |ζ)Dζ : f (z |ζ) ∈ C((z))[ζ]

}
The Neveu-Schwarz superalgebra is the unique central extension of switt.

Proposition ([11] M, cf. [10] Manin 1988)

The Witt superalgebra acts on the moduli space Mg,1∞
NS

by vector fields.

Λ: switt→ Γ(Mg,1∞
NS
,TM)
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The formal super Laurent series

Define the vector superspace H = C((z))[ζ] = C((z))ζ + C((z)) where ζ2 = 0.

In the below we use the notation V̂S := V ⊗̂COS .

Definition

Define a super subspace of H to be compact if it is commensurable with

C[[z ]][ζ] = H+.

For a superscheme S with structure sheaf OS , a super submodule L ⊂ ĤS is

discrete if for every s ∈ S there exists a neighborhood U of s and a compact K

such that the natural map LU ⊕ K̂U → ĤU is an isomorphism.

Explicitly, subspaces K and H+ are commensurable when K/(K ∩ H+) and

H+/(K ∩ H+) both have finite even dimension and finite odd dimension.
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The super Sato Grassmannian

The definition below is adapted to the super setting from the defintion in [1]

Álvarez Vázquez, Muñoz Porras, Plaza Mart́ın 1998.

Definition ([11] M)

The super Sato Grassmannian Gr(C((z))[ζ]) is the as the complex superscheme

representing the functor of the discrete super subspaces D ⊂ H:

S 7→
{

discrete sub-OS -modules of H⊗̂COS
}
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Berezinian line bundle

Generalizing the determinant line bundle for the supervector spaces gives a

Berezinian line bundle ℬℯr on the super Sato Grassmannian.

ℬℯr :=
Ber(I ∩ Ĥ+

Gr))

Ber(ĤGr/(I + Ĥ+
Gr)))

,

where I ∈ ĤGr = H⊗̂COGr(H) is the tautological bundle, a discrete super

submodule.

I have shown the Lie algebra g̃l(H) acts by first order differential operators on

ℬℯr by finding the explicit formula in local coordinates on Gr(C((z))[ζ]). (on the

next slide)
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The Lie superalgebra action on ℬℯr

Definition ([16] Ueno and Yamada 1988)

The super Japanese cocycle on gl(H) is

η(F ,G ) := str(F−+G +− − (−1)|F ||G |G−+F +−)

where F−+ : H+ → H−, etc. This cocycle defines the central extension g̃l(H).

Proposition ([11] M)

The Lie superalgebra g̃l(H) acts by first order differential operators on ℬℯr.

In the chart UD,K ∼= HomC(D,K ), this action is given by the formula

L̃F (A) = FKD + FKKA− AFDD − AFDKA + str(FDKA) + α(F )

where α ∈ C 1(gl) is such that dα(F ,G ) = α([F ,G ]) = ηD,K (F ,G )− η(F ,G ).
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The super Krichever map

Definition ([12] Mulase and Rabin 1991)

The super Krichever map (Mg,1∞
NS

)red → (Gr(C((z))[ζ]))red is

κj(Σ, p, z |ζ) = Γ(Σ \ p, ω⊗jΣ ) ⊂ C((z))[ζ].

Consider a family of super Riemann surfaces π : X → S with NS puncture P.

The sheaf π∗ω
⊗j
(X\P)/S is a discrete OS -submodule.

Definition ([11] M)

The super Krichever map Mg,1∞
NS
→ Gr(C((z))[ζ])) is

κj(X/S , p, z |ζ) = π∗ω
⊗j
(X\p)/S ⊂ OS((z))[ζ].
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Pullback along the super Krichever map

We pullback G̃ = g̃ln Gr along κj .

0 OM κj
!G̃ κj

!G 0

0 OM κj
!Aℬℯr TM 0

Id L̃ L

The action of the Neveu-Schwarz Lie superalgebroid N = nsnM results:

OM N W

OM κj
!G̃ κj

!G

OM Aκj ∗ℬℯr TM

·cj %j%j

Λ

Id L̃ L
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A flat holomorphic connection

We notice that λj/2
∼= κ∗jℬℯr. Denote Aj := A

λj/2⊗λ
−cj
1/2

.

Analyzing the diagram of super Lie superalgebroids below gives the main result.

K

0 OM N W 0

0 OM Aj TM 0

0 Λ
αj

∃∇

Theorem ([10] Manin 1988, [11] M)

There exists a flat holomorphic connection ∇ on the line bundle λj/2 ⊗ λ
−cj
1/2.
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Lemma on the perfectness of a Lie superalgebroid

Proposition ([11] M)

Let π : Y → S be a family of open super Riemann surfaces. Denote the Lie

superalgebroid of global superconformal vector fields as K := π∗(T sY /S). Then

the Lie superalgebroid K is perfect, that is to say, K/[K ,K ] = 0.

We prove this using a strategy analogous to the proof for classical Riemann

surfaces in [2]. In local coordinates, we can verify the proposition by noticing:

3[hDζ,Dζ] =
[
[hDζ,Dζ], [zDζ,Dζ]

]
+
[
[Dζ,Dζ], [hzDζ,Dζ]

]
+
[
[hζDζ,Dζ], [ζDζ,Dζ]

]
.

Then, we use a superconformal Nother normalization lemma over a family to

show the proposition globally.
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Main proof details

Proof of existence of a holomorphic connection.

Define K to be the kernel of the Witt superalgebroid action Λ: W → TM. By

the Proposition on the last slide, we know that K = [K ,K ].

Now, let k ∈ Γ(U,K ) for some open U in S . We have shown that k = [k1, k2] for

some k1, k2 ∈ Γ(U,K ). Then notice that since Λ(ki) = 0 ∈ Γ(U,TM), then

αj(ki) ∈ ker(Γ(U,Aj)→ Γ(U,TM)) = Γ(U,OM). Thus

αj(k) = [αj(k1), αj(k2)] = 0 as an element of Γ(U,Aj).

Note that TM = coker(K → W ). Since αj maps K to zero, then by the

universal property of the cokernel, then αj must factor through TM uniquely.

That is, we have a unique morphism of Lie superalgebroids ∇ : TM → Aj .
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