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Fg,n

mirror symmetry = periods on      ,       = algebraic variety Fg,n XXn

non-linear integrable PDEs
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What�is�
topological�recursion�?

Input�and�output

…�and�where�to�get�input
2d�TQFT,�spectral�curves,�2d�CFT



(dual) linear coordinates
basis

1. Initial data

graded algebra of differential operators on V
D  h

V = C[[ h]]hxi,  h@xi i 2 Ii
(xi)i2I

(ei)i2Ideg xi = 1 deg  h = 2

A quantum Airy structure is a linear map L : V ! D  h
V such that 

L(ei) =  h@xi +O(2)

[L,L] ✓  hD  h
V · L

Theorem Kontsevich Soibelman 17

For a given quantum Airy structure, there exists a unique

F =
X

2g-2+n>0
n>0

 hg

n!
Fg,n Fg,n 2 SymnV⇤

satisfying 8v 2 V L(v) · eF/ h = 0



and                  is stable
Terms  embeddings of pairs of pants ! P ,! ⌃g,n

⌃g,n - P@1P = @1⌃g,n{ {/Di↵@(⌃g,n)

h

h 0

J

J 0

1 C

2.  The recursion

|�| = 1

|�| > 2

initial data Topological recursion (TR)
(A,B,C,D) Fg,n 2 SymnV⇤

such that 

1

g- 1

2

n

...

C

1

m B

2

n

...g

Degree 2 case L(ei) =  h@xi -
X

a,b

�
1
2A

i
a,bxaxb + Bi

a,bxa  h@xb + 1
2C

i
a,b

 h2@xa@xb

�
-  hDi

Andersen B Chekhov Orantin 17
Kontsevich Soibelman 17

F0,3 = A

<latexit sha1_base64="ghl2XctgSUMkhw5ZDuzxRK6T874="></latexit>

F1,1 = D

<latexit sha1_base64="52iB7/ThUvbT+OFyUS7KUq2IeOc="></latexit>

Fg,n =
X

<latexit sha1_base64="ItRbyqXL0ySZRQVw6N34nRFMgj4="></latexit>

+
X

<latexit sha1_base64="rIUTgtXxMLdAqNIOmMIY06VjnY8="></latexit>

+

<latexit sha1_base64="s/pQHhzuPJNqW8buO5Q7lSFTqx4="></latexit>



Quantum Airy structure

3.  Meaning and symmetries

(Quantum) Airy structures are not easy to find !

This fits in a quantization scheme

Change of polarisation operates on them

xi ! xi + ui,a  h@xa

⇤

V

V⇤

V⇤

V

V⇤
V 0

A[u]ij,k = Ai
j,k

C[u]ij,k = Ci
j,k + uj,aB

i
a,k + uk,aB

i
a,j + uj,auk,bA

i
a,b

D[u]i = Di + 1
2 ua,bA

i
a,b

B[u]ij,k = Bi
j,k + uj,aA

i
a,k

Lagrangian tangent to 0-section at 0

classicalquantum

asso. algebra D  h
V

 h@xi �! yi

[xi,  h@xj ] =  h �i,j {xi,yj} = �i,j

Poisson algebra C[T⇤V]

-module D  h
V/D

 h
V · LD

solution eF/ h classical solution 

⇤ = \i{L(ei)cl = 0} ⇢ T⇤V

Fg=0TR



Fundamental example

Vertex operator algebra (2d chiral CFT)
+ twist by an automorphism
+ representation in 

4.  Construction from VOAs B Bouchard Chidambaram Creutzig Noshchenko 18

quantum Airy structures 

<latexit sha1_base64="5UPuKFRl5PBmmNf/tmVO1SPbXLg="></latexit>

(= Virasoro for           )

generators k 2 ZH
↵
k ↵ 2 {1, . . . , r}

r = 2

<latexit sha1_base64="Faj5Y4nHly+mOkOirCjO6YIA6SM="></latexit>

W(glr)c

<latexit sha1_base64="fkM1xV2ecHhcwgdgiOFP543uMKk="></latexit>

automorphisms c = r

<latexit sha1_base64="YwAokbg7sD3duRRrcP3baCouGAw="></latexit>

Sr nZ2

<latexit sha1_base64="GXdhZIHCJBMiS4UcNq4Q6yAM4Wg="></latexit>

c 6= r

<latexit sha1_base64="XcDKXDykp/HYzKyG4iODR31H1Xo="></latexit>

Z2

<latexit sha1_base64="wjsdVHGhH589nhwD8jixoR+DjaE="></latexit>

admit representations in 

D
 h
V

<latexit sha1_base64="ieLASUHB1N+Vp6HF4e+pIgOdQOA="></latexit>

D
 h
Cr[[z]]

<latexit sha1_base64="4VfxE36pdr4jqAqFYamsb7Y/IXc="></latexit>

(quantum Miura transform)

Lemma 1

For           , twist by                      ,                                such that                                

satisfiesH = span
�
H

↵
k : k > ↵- 1- b(↵- 1)src

�
s 2 {1, . . . , r+ 1}

[H,H] ✓  hW(glr) ·H

�

<latexit sha1_base64="Cki8EoFpVmjw7SMJ4X0PXsa6Yp8="></latexit>

� = (1 · · · r)

<latexit sha1_base64="vgqbg+9E+kkuUibYhJPuC2ov6bk="></latexit>

c = r

<latexit sha1_base64="YwAokbg7sD3duRRrcP3baCouGAw="></latexit>

r = ±1 mod s

Uses representation theory.



and supports a quantum Airy structure 

B Bouchard Chidambaram Creutzig Noshchenko 18

B Kramer Schüler 20

For           , general twist  : many more (almost classified)

have representation in  

Fundamental example

4.  Construction from VOAs

B Bouchard Chidambaram Creutzig Noshchenko 18

generators k 2 ZH
↵
k ↵ 2 {1, . . . , r}

W(glr)c

<latexit sha1_base64="fkM1xV2ecHhcwgdgiOFP543uMKk="></latexit>

D
 h
Cr[[z]]

<latexit sha1_base64="4VfxE36pdr4jqAqFYamsb7Y/IXc="></latexit>

Lemma 1

For           , twist by                      ,                                such that                                

satisfiesH = span
�
H

↵
k : k > ↵- 1- b(↵- 1)src

�
s 2 {1, . . . , r+ 1}

[H,H] ✓  hW(glr) ·H

� = (1 · · · r)

<latexit sha1_base64="vgqbg+9E+kkuUibYhJPuC2ov6bk="></latexit>

c = r

<latexit sha1_base64="YwAokbg7sD3duRRrcP3baCouGAw="></latexit>

r = ±1 mod s

partition functions             computed by TRZ(r,s)

Likewise with                                             and  � = (1 2 · · · r- 1) 2 Sr

partition functions             …              eZ(r,s)

Lemma 2

s|r

Theorem 3

� 2 Sr

<latexit sha1_base64="vpeNkoSZMUbSMQSzbQahALDRIPs="></latexit>

c = r

<latexit sha1_base64="YwAokbg7sD3duRRrcP3baCouGAw="></latexit>



Extended to certain singular curves  (Theorem 3 +                                ) 

Kontsevich Soibelman 17

assuming                                                          with                                        and  

B et al. 17, 18, 20

together with 

5.  Spectral curve description

A spectral curve is a branched cover C̃
x�!C

y : C̃ ! C meromorphic, and !0,2 2 H
0(K⇥2

C̃
(2�))S2

Eynard-Orantin TR

zeroes of dxa =

generating series (meromorphic differential on        )

quantum Airy structure on V = �↵2a �k>0 C.e↵,k

based on 

r↵ = ±1 mod s↵y- y(↵) ⇠ (x- x(↵))s↵/r↵-1

�↵W(glr↵)

s↵ 2 {1, . . . , r↵ + 1}

!g,n(z1, . . . , zn) =
X

i1,...,in

Fg,n(ei1 ⌦ · · ·⌦ ein)
nY

a=1

d⇠ia(zi)

<latexit sha1_base64="s5AUetBg83M+XGDB3WGRU/hnTLI="></latexit>

The theory of Airy structures proves it is well-defined

B Kramer Schüler 20

by computations of
periods on C̃

<latexit sha1_base64="tzqPToXwiO3Mp4MCu3Oh6T7a1BI="></latexit>

C̃n

<latexit sha1_base64="oZecwlpfGoTeU4CvyLyMkaOGIfI="></latexit>

Definition of B-model for 1d Landau-Ginzburg model



Geometry�of

Open�Gromov-Witten�theory

Potentially�new�classes

Mg,n

<latexit sha1_base64="ANqIquqxsCmaOJTWmpWo9zE1si8="></latexit>

Cohomological�field�theories



1.  Cohomological field theories (CohFT)

Mg,n moduli space of genus     Riemann surfaces     , with punctures p1, . . . ,png

Mg,n compactification by allowing nodal curves with             for each component � < 0

= complex orbifold of dimension                    .3g- 3+ n

A CohFT on                  is a sequence
such that

is permutation invariant
is compatible with natural morphisms

represents an associative product⌦0,3

⌦g,n

⇡I : Mg1,1+n1 ⇥Mg2,1+n2 �! Mg1+g2,n1+n2

⇡II : Mg-1,2+n �! Mg,n

⇡̃ : Mg,1+n �! Mg,n

p5
7�!

p1

p2

p3

p4
p1

p2

p3

⇡II

⇡⇤
II⌦g,n(-) =

X

i

⌦g-1,2+n(ei ⌦ e⇤i ⌦-)

C

 i = c1
�
T⇤
pi
C ! Mg,n

�

⌦g,n 2 H
•(Mg,n)⌦A⇤⌦n

�
A, h·, ·i

�

<latexit sha1_base64="IGfFENhErWRiiriUZxhUqZQt0IQ="></latexit>



1.  Cohomological field theories (CohFT)

is       -invariant
is compatible with natural morphisms

represents the product in⌦0,3

⌦g,n

⇡I : Mg1,1+n1 ⇥Mg2,1+n2 �! Mg1+g2,n1+n2

⇡II : Mg-1,2+n �! Mg,n

⇡̃ : Mg,1+n �! Mg,n

A

    Compute the correlation functions Fg,n 2
�
A⇤[[t]]

�⌦n

Sn

 i = c1
�
T⇤
pi
C ! Mg,n

�

Fg,n(v1t
d1 ⌦ · · ·⌦ vnt

dn) =

ˆ
Mg,n

⌦g,n(v1 ⌦ · · ·⌦ vn)
nY

i=1

 di

i

?

A CohFT on                 is a sequence
such that⌦g,n 2 H

•(Mg,n)⌦A⇤⌦n

�
A, h·, ·i

�

<latexit sha1_base64="IGfFENhErWRiiriUZxhUqZQt0IQ="></latexit>



fusion ring

2.  Examples of CohFTs

A = C
Fundamental class of Mg,n Fg,n(t

d1 ⌦ · · ·⌦ tdn) =

ˆ
Mg,n

nY

i=1

 di

i

Gromov-Witten theory/topological string theory
for Kähler varieties X
A = QH

•(X)

Kontsevich Manin 94
Tian |  Behrend Fantechi 90s=

X

�2H2
eff(X,Z)

t�p⇤
�
[Mg,n(X;�)]vir \ ev⇤1v1 [ · · · [ ev⇤

n
vn

�
⌦g,n(v1 ⌦ · · ·⌦ vn)

p �!
�!�!

...
evi

Mg,n(X;�)

Mg,n Xn

Chern character of bundles of conformal blocks

A =

Marian et al. 13 for               
Andersen B Orantin 15 in generalobtained from modular functors/2d rational CFTs

SU(N)k



2.  Examples of CohFTs

Witten    -spin class r Polishchuk Vaintrob 01, Chiodo 02

In genus 0 :  

plays the role of        (virtual fundamental class of                )

defines a CohFT on 

Witten 91

M
1/r
g,n(a)

Chiodo class

M
s/r
g,n

proper moduli stack of 

L⌦r �
'K⌦s

C

�
-
X

i

(ai - 1)pi

�
such that

1 6 s 6 r

1 6 a1, . . . ,an 6 r

s(2g- 2+ n)-
Pn

i=1 ai 2 rZ

(L ! C,p1, . . . ,pn,�)

[Jarvis 98]

L
⇡�!C �! M

s/r
g,n(a)

p�!Mg,nWe have

A = �r
a=2C

p⇤

C (sr ; a) = p⇤Ch(-R•⇡⇤L) Chiodo 06

explicitly computed (GRR), defines a CohFT on A = �r
a=1C

W ( 1r ; a) = r-g p⇤ctop(R
1⇡⇤L)

W ( 1r ; a)

universal curve
universal line bundle

C
L

C ( 11 ; 1) = ⇤ = Chern character of                    (dual of Hodge bundle)H
0(KC)

_



3.  Relation with TR

Bouchard, Klemm, Mariño, Pasquetti conjecture 07
Eynard, Orantin 13 | Fang, Liu, Zong 16

Correlators of semisimple CohFTs are governed by TR
Dunin-Barkowski, Orantin, Shadrin, Spitz 12

In particular, GW invariants of toric CY3 are governed by TR
spectral curve = mirror curve H(ex, ey) = 0

<latexit sha1_base64="cYod/DKyPxC85jBibY4vx8jGbT4="></latexit>

Givental group acts transitively on semisimple CohFTs

Conjecture: Witten 91 | Theorem r = 2: Dijkgraaf, Verlinde, Verlinde 91 + Kontsevich 92
Theorem r general: Faber, Shadrin, Zvonkine 07 + Milanov 16

CohFTs governed by TR on spectral curve
x = y2

<latexit sha1_base64="UhzXXAiMylmkKRArJtNMzEbVJ7Y="></latexit>

[1]Mg,n

<latexit sha1_base64="LgSu2m0sKfWFkA8LdcJUSkzjScs="></latexit>

Witten r-spin x = yr

<latexit sha1_base64="VVy96zNzbkbkvKOJuyUZ8yCsWBA="></latexit>

      yes

Semisimple

Teleman 07

      no



Expectation      To each Airy structure based on a VOA computes
                           intersection theory of a class             on moduli of curves

Conjecture B et al. 20
r = 2 : Norbury 17

… Milanov 16

3.  Relation with TR

x = y2

<latexit sha1_base64="UhzXXAiMylmkKRArJtNMzEbVJ7Y="></latexit>

[1]Mg,n

<latexit sha1_base64="LgSu2m0sKfWFkA8LdcJUSkzjScs="></latexit>

Witten r-spin x = yr

<latexit sha1_base64="VVy96zNzbkbkvKOJuyUZ8yCsWBA="></latexit>

⌦g,n

<latexit sha1_base64="NpHNDbyHMB/Xtu4TtnP5gc/H59g="></latexit>

p⇤ctop(-R•⇡⇤L)

<latexit sha1_base64="bd613A2g1lV44IAuruZ9AolHpMQ="></latexit>

from 

TR on spectral curve      Partition function

M
-1/r
g,n

<latexit sha1_base64="ba+q8GrVS5QlQBNKb4QxKWKCQi0="></latexit>

x = y-r

<latexit sha1_base64="YLDdNDH7x7q1lEHBPiEU0qca+JQ="></latexit>

… Kontsevich 92

⌦(r,s)
g,n

<latexit sha1_base64="st3kPo00tKA9bIW1Y8wKZuLu9ME="></latexit>

? xr-syr = 1

<latexit sha1_base64="mgtbXzOkL9KqkHX/q7r5lgVTE6c="></latexit>

BBCCN 18
B Kramer Schüler 20

Z(r,r+1)

<latexit sha1_base64="g9BfuOFqvbqc2Dz1RJqlVwT4C6c="></latexit>

Z(3,2)

<latexit sha1_base64="ZmrcetqpyY7eaAas7iBvTq1V79A="></latexit>

Z(r,r-1)

<latexit sha1_base64="toP+bjyLphEXssSkB7SRqpuLag8="></latexit>

open r-spin
GW(pt) y(x- yr) = 0

<latexit sha1_base64="ZXP1Vh/heMxzCvkXEOchn6FLIkU="></latexit>

Z(r,s)

<latexit sha1_base64="hRR8NgaGrBZVbM3Iw0I9RyhXUUA="></latexit>

eZ(r,r)

<latexit sha1_base64="RER/JELEWxnWS2jAHKF4gCe6hVE="></latexit>

r = 2 : Alexandrov 16

all r : conjecture BBCCN 18

⌦g,n

<latexit sha1_base64="NpHNDbyHMB/Xtu4TtnP5gc/H59g="></latexit>

Fact                   Using symmetries, enough to know it for basic Airy structure
  (i.e  each type of local behavior in spectral curves)

Pandharipande
Solomon, Tessler 15- …



3.  Relation with TR

For any admissible spectral curve, one can construct

Theorem 4 Eynard 12 | Chekhov Norbury 17 { B Kramer Schüler 20 modulo existence of ⌦(r,s)

<latexit sha1_base64="os2H9jJXF9ahvdMfMlh80/BJS7Y="></latexit>

⌦g,n 2 H
•(Mg,n)⌦A⇤⌦n

Z

zi2�↵i

!g,n(z1, . . . , zn)
Y

i=1

e-µix(zi) =

✓ nY

i=1

C(µi)

◆ Z

Mg,n

⌦g,n
�
⌦n

i=1 e↵i

�

1 - µi i

<latexit sha1_base64="s4h+0fE2TAmr38yyw2Fyg5eNxps="></latexit>

Givental group ✓

<latexit sha1_base64="/nF4DMNIiPWLoCHwbppKSufkips="></latexit>

{symmetries of Airy structures}

= {deformation of spectral curves respecting local behavior}

retrieves TR for semisimple CohFTs of Dunin-Barkowski, Orantin, Shadrin, Spitz 12

for smooth spectral curves with simple ramification

A = spanC(�↵ = thimble for x : C̃ ! C}

<latexit sha1_base64="G/UVp1VyMuEqsTRzkiakRWHDDlg="></latexit>

with such that



Enumeration�of��
branched�covers

Consequences�in�algebraic�geometry

ELSV-like�formulas�and�TR

Hurwitz�theory



Ekedahl, Lando, Shapiro, Vainshtein 99

Okounkov, Pandharipande 01

B̂ 2 ZC[Sd]

  above      ,  b simple branch pts.

1.  Enumerative geometry of branched covers

Double Hurwitz numbers

How to compute them (before 07)?

ramified with profile
µ

⌃g
d:1�!S2{ {above 0, 

#

P1

<latexit sha1_base64="yPg/p2GAVCoSVP+B9gk3KQtxxno="></latexit>

0

<latexit sha1_base64="aRY5I/DenKglT87WQTXsgRCjhQE="></latexit>

1

<latexit sha1_base64="RGLCyrthQ10Kn7ezm53SYCuI4Ow="></latexit>

Cg

<latexit sha1_base64="yIWz/ziQV5m800OLAPwd97wBs7k="></latexit>

�! <latexit sha1_base64="fEzCjC8PLdxzFKIEKcEFLvCt7yA="></latexit>}

<latexit sha1_base64="PhnDEKz4tRq3JggUn29zfdgJk2E="></latexit>

�

<latexit sha1_base64="qvVtn1sr+g8jb0d79gUCcnKq0Oo="></latexit>

µ

<latexit sha1_base64="/Y+OdBSQ8q2uKuaf9+iLrOD39nA="></latexit>

�

<latexit sha1_base64="Nt62EKPory6o/3YObMbB+JVNslM="></latexit>

1

<latexit sha1_base64="0LO52R9fRw3L9jDFlOvjiPBHCOA="></latexit>

= hg,µ,�

<latexit sha1_base64="wKcU434S7gznS7RLiE8CCC3KvW0="></latexit>

=
1
d!

[Cid]

✓
C�Cµ

(Cb
(12))

b!

◆

<latexit sha1_base64="oRlXUnsQJz6jfkVpZH6SYzHmarA="></latexit>

  in 

Integrability Generating series is a 2d Toda tau function

Intersection
theory

p1, . . . ,pb

<latexit sha1_base64="rPIvUSFbgDPA/Oz0L76Gz4cud+0="></latexit>

hsimple
g,µ

bg,µ!
=

✓ nY

i=1

µµi

i

µi!

◆ˆ
Mg,n

⇤
nY

i=1

1

1- µi i

hg,µ,1d

<latexit sha1_base64="DaQ+CMa/K2ADPkkveekXCgIag2I="></latexit>

b!

<latexit sha1_base64="u8EjmYn/hsEfVqmlx7T8eYFiis4="></latexit>

In general: vague conjecture of Goulden, Jackson, Vakil 03

          Riemann-Hurwitz ) b = 2g- 2 + `(µ) + `(�)

<latexit sha1_base64="srjGDxvyYdnd52lXdvOeL+shkCI="></latexit>



Integrability
cut-and-join relations

Okounkov Pandharipande 00

1.  Enumerative geometry of branched covers

More general Hurwitz numbers B̂ 2 ZC[Sd]

<latexit sha1_base64="FOLzFKNxyCppVjr+SUQHEiCoPWE="></latexit>

hB̂
g,µ,� =

<latexit sha1_base64="H/fqrXfHdjhLuYRI2QfsWpIM5IY="></latexit>

1
d!

[Cid]
�
CµC�B̂

�

<latexit sha1_base64="TQasAmWJx0nGqSYL2IUacjaLghY="></latexit>

Intersection theory
Mg,n

<latexit sha1_base64="qL9UwU5qTyszRNP9c+IwO0RgxnM="></latexit>

on

Gromov-Witten theory
P1

<latexit sha1_base64="yPg/p2GAVCoSVP+B9gk3KQtxxno="></latexit>

Topological recursion

Johnson Pandharipande
Tseng 08

� = (q)d/q

<latexit sha1_base64="bvwMU2bBA3dqKnYpGTojRlsOk1o="></latexit>

B̂ = (C(12))
b/b!

<latexit sha1_base64="QSmipWQxzZF8L4ik7P3WQUKfSXI="></latexit>

of

F̂r+1 = Ĉ(12 ···r+1) + · · ·

Example : r-spin

B̂

<latexit sha1_base64="uqJcSMsN/AVVaLBJClK0lPiLgGw="></latexit>

since 07

We would like to have this picture in full generality

ELSV 99, GVJ conjecture 03

completed (r+1)-cycle



Hodge class
Conjecture : Bouchard-Mariño 07

Type

Heuristic : B Eynard Mulase Safnuk 09

2.  TR and ELSV-like formulas for Hurwitz numbers

Spectral curve/TR

Chiodo class

Contributions

ye-y = e-x

<latexit sha1_base64="sN8QLKgVWuqhz8NRfmJcRuYYHVE="></latexit>

EMS 09

⌦g,n

<latexit sha1_base64="NpHNDbyHMB/Xtu4TtnP5gc/H59g="></latexit>

� = (1d)

<latexit sha1_base64="0Sx73nnKKZLCUOz2VDPZkyetFFQ="></latexit>

B̂ = simple

<latexit sha1_base64="crKXa6c0814zUZHn/+tz5Lr2yAE="></latexit>

Proofs: polynomiality by semi-infinite wedge techniques + analysis of cut-and-join

C( q
qr ; a)

<latexit sha1_base64="W2YPN8XSy/aurQ6dVXUOIdCn5Iw="></latexit>

Conjecture : Zvonkine 07
B Kramer Lewanski Popolitov Shadrin 17

Kramer, Popolitov, Shadrin 19

� = (q)d/q

<latexit sha1_base64="bvwMU2bBA3dqKnYpGTojRlsOk1o="></latexit>

r-spin

� = (q)d/q

<latexit sha1_base64="bvwMU2bBA3dqKnYpGTojRlsOk1o="></latexit>

B̂ = simple

<latexit sha1_base64="crKXa6c0814zUZHn/+tz5Lr2yAE="></latexit>

y1/qe-y1/q

= e-x

<latexit sha1_base64="au16Ve5qUP9Tjek4T5G+zz5tgvQ="></latexit>

JPT 08 Do Leigh Norbury 13
Bouchard Hernandez, Liu, Mulase 13

y1/qe-yr/q

= e-x

<latexit sha1_base64="DpCDOnBGHFxxnCCnp9Ws5anJD7I="></latexit>

and more :  

B Do Karev Lewanski Moskowsky 20
B̂ = simple

<latexit sha1_base64="crKXa6c0814zUZHn/+tz5Lr2yAE="></latexit>

�
x(z) = - ln z+ P(z)
y(z) = P(z)

<latexit sha1_base64="YeoNmgiTPQqmtHS7CcmS0msWfM4="></latexit>

*

Shadrin et al. 15-21, Alexandrov, Chapuy, Eynard, Harnad 17, B Garcia-Failde 17



3.  Double Hurwitz numbers

JPT 08From algebraic geometry on Mg,n(P1[q])

<latexit sha1_base64="jrggBHX19P9C1FLKxUlaf9krBQQ="></latexit>

hg,µ,� =

<latexit sha1_base64="T4biz9tkub0FKns6fKMfWG8url0="></latexit>

intersection numbers of C
�
q
q ,-µ,-�

�

<latexit sha1_base64="d+KHjB25Xz7PVXAR4SIN8EquM8I="></latexit>

when max
i6=j

(�i + �j) 6 max
i

µi 6 q

<latexit sha1_base64="hGoNonR2gPst9hhCv97T2W1ates="></latexit>

+ Kramer Lewanski 
Shadrin Popolitov 17

and vanishing properties of Chiodo integrals when |�| > |µ|

<latexit sha1_base64="RdJiM++alzAKGh4QKU938Q0lCNs="></latexit>

Theorem 5 (ELSV for double Hurwitz numbers)

hg,µ,� =

<latexit sha1_base64="T4biz9tkub0FKns6fKMfWG8url0="></latexit>

intersection numbers of C
�
q
q ,-µ,-�

�

<latexit sha1_base64="d+KHjB25Xz7PVXAR4SIN8EquM8I="></latexit>

when max
i

µi 6 q

<latexit sha1_base64="gY4xwckPgZMOQSayDC+/DGNAqnQ="></latexit>

and vanishing properties of Chiodo integrals when  |�| > |µ|

<latexit sha1_base64="RdJiM++alzAKGh4QKU938Q0lCNs="></latexit>

B Do Karev Lewanski Moskowsky 20

Proof by combining deformation of TR with JPT formula
Generalises JPT formula unconditionally (more terms)
An answer (not in expected form) to Goulden-Jackson-Vakil problem



Instanton�counting�
in�4d�gauge�theories�

N�=�2�SUSY�gauge�theory

Nekrasov�partition�function

Whittaker�vectors



Nekrasov partition functionGaiotto vectorFundamental class
of a (partial) compactif.

In N = 2 supersymmetric pure gauge theory with equivariant parmeters

Cartan torus, the partition function reduces tofor the action of

Moduli space of anti-self-dual
                instantons on       
framed at       ,

1.  4d N = 2 supersymmetric gauge theory

S4

<latexit sha1_base64="PoTiBtag94Yc/P+BvJs9hfYMdX4="></latexit>

Donaldson 84

1

<latexit sha1_base64="RGLCyrthQ10Kn7ezm53SYCuI4Ow="></latexit>

{

<latexit sha1_base64="9aE5BVQ3gg6XxHzbhfohAflk79s="></latexit>

{

<latexit sha1_base64="9aE5BVQ3gg6XxHzbhfohAflk79s="></latexit>

SU(r)

<latexit sha1_base64="2FlZnne6FQpTo5FrOKtxueSWJZI="></latexit>

'

<latexit sha1_base64="qsRKlTJ+ELKDkb1LOKBuPbiKGZo="></latexit>

{

<latexit sha1_base64="9aE5BVQ3gg6XxHzbhfohAflk79s="></latexit>

Algebraic                -bundles on SL(r,C)

<latexit sha1_base64="rZB98vJuFwj5d9ojRdo8AKK83OY="></latexit>

P2

<latexit sha1_base64="58i3oTNE7GME6Lnnxy4F6Ug1n6s="></latexit>

with               +  trivialisation on       l1

<latexit sha1_base64="PqejHBwmrOsmix2eQJFJ3LfVF3g="></latexit>

c2 = d

<latexit sha1_base64="FDHBpdnQ0zia+LoTxWSWnbn8Fbw="></latexit>

{

<latexit sha1_base64="9aE5BVQ3gg6XxHzbhfohAflk79s="></latexit>

instanton # = d
Md

G =

<latexit sha1_base64="LnqEr7hRVL/qYKlBV4buuqchB+w="></latexit>

G = (C⇤)2⇥

<latexit sha1_base64="lBuyHy0t1SRUs5Rc2HPvZQLidXU="></latexit>

“integrals” over Md
G

<latexit sha1_base64="boZ2Fd7b7Ssev8hLodsB67NdFX8="></latexit>

ZNek(⇤) = exp
✓X

g>0

 hg-1Fg(⇤,↵)
◆

<latexit sha1_base64="owOAHdvHO83WYHsP0FeM01HM81s="></latexit>

 h = -✏1✏2 ! 0

<latexit sha1_base64="Zi0V88vcuL0Bo6+VniLhiWZK0po="></latexit>

↵ = ✏1 + ✏2 2 C

<latexit sha1_base64="xA/+4PHPUzvskQeStj2vF+7WiQM="></latexit>

Mathematically:

|1di 2 IH
⇤
G(fMd

G)

<latexit sha1_base64="9JJ7uev8eS1QjmLCXwEHq5B3vsE="></latexit>

✏1, ✏2, (Qi)
r-1
i=1

<latexit sha1_base64="BjxxF8du/PctfPXgpvmMcgpTfBw="></latexit>

⇤

<latexit sha1_base64="rD2wSvrIDCHXD8dgOo6GnBvgZb8="></latexit>

coupling / energy scale

ZNek(⇤) = h1|1i

<latexit sha1_base64="dNYyIH22QITr4WdkRknzjpxnUi4="></latexit>

|1i =
P

d>0 ⇤
dr |1di

<latexit sha1_base64="7qHVHliSf3WyvQUAu0rVqk0Gd/E="></latexit>

Uhlenbeck, Donaldson, …

 

<latexit sha1_base64="5UPuKFRl5PBmmNf/tmVO1SPbXLg="></latexit>

 

<latexit sha1_base64="5UPuKFRl5PBmmNf/tmVO1SPbXLg="></latexit>



acting on                       ,   with 

Braverman, Finkelberg, Nakajima 14

2.  Gaiotto vector = Whittaker vector

Alday-Gaiotto-Tachikawa conjectures a relation to                - conformal blocks 

The mathematical theorem incarnating this is Schiffmann, Vasserot 13

c = r- 1 - r(r2 - 1) h-1↵2

<latexit sha1_base64="MOd7WPKBnPOi/02JsbL6JVG+Tt4="></latexit>

W(slr)c

<latexit sha1_base64="n+bsqO+HxzAArM8sP9+lOKCS++Y="></latexit>

(here for      )glr

<latexit sha1_base64="hf6Yv+QNZKrY+WK7eBhLit2Irlw="></latexit>

is a Verma module for                  (highest weight vector        )                 W(glr)c

<latexit sha1_base64="fkM1xV2ecHhcwgdgiOFP543uMKk="></latexit>

H =
M

d>0

IH
⇤
G(fMd

G)

<latexit sha1_base64="H3p7p0vQrAV4NWotDRRt0QKX8x4="></latexit>

|0i

<latexit sha1_base64="Bwk5Hg6ZWoIIqNjisHCovpr7iTE="></latexit>

Wi
k|1i = �i,r�k,1⇤

rd |1i

<latexit sha1_base64="AfCDyBVytekUyPDWdfiQ0A1zgro="></latexit>

for all                 i 2 {1, . . . , r} and k > 0

<latexit sha1_base64="zrA0s470ioSQ+lFSjH2+pJm+ZDY="></latexit>

An explicit description of the intersection pairing in  H

<latexit sha1_base64="YaDz1SjFO3RFH+bgdzX1BXAjbK0="></latexit>

Wi
k

<latexit sha1_base64="n1Lm9DbRgBVkM4ES+yeejL5uBwU="></latexit>

can be represented as differential operators 2 D
 h
V

<latexit sha1_base64="6OIOZYB5BEX4Ju93sQp+dIS/x0U="></latexit>

H ⇠= Fun hV

<latexit sha1_base64="ISpuoo0vy9bcdVjeaVGUZp0MquE="></latexit>

V = Cr[[z]]

<latexit sha1_base64="yuXy9KFLs3PLZi6zLFDXdJmuRPs="></latexit>

(Whittaker vector)



if 

if 

and its partition function is

3.  Whittaker vectors from TR  

Theorem 6 B Bouchard Chidambaram Creutzig 21

|1i = exp
✓ X

g2 1
2N, n>0

 hg-1

n!
F(

b⇤)
g,n

◆
2 Fun h(V)

<latexit sha1_base64="dhV3hKHGFCRUwCnLz33O76dicd8="></latexit>

(Wi
k -  h

r
2 b⇤�i,r�k,1)

k>0
16i6r

<latexit sha1_base64="MdRot78h3E9+Yh3KfTdhwJ7K+Mo="></latexit>

is a quantum Airy structure

It is computed by TR associated to

the (unramified) spectral curve
✏1 + ✏2 = 0

<latexit sha1_base64="zSp5eG+KEfN+fb+yProw2529kdU="></latexit>

the non-commutative spectral curve

(regular D-module on            )✏1 + ✏2 6= 0

<latexit sha1_base64="ybaZk4GTMxeXzGT0vXIIhnmmZdk="></latexit>

x 2 P1

<latexit sha1_base64="PkzTppmpcLSymjRJRQHYDNB1U1U="></latexit>

periods of algebraic 
functions

periods from solutions 
of the D-module

For r = 2 : Eynard et al. 13-19

⇤ =  h
r
2 b⇤

<latexit sha1_base64="T3JCkiA1SNUAVQLAdbA0irEVuRo="></latexit>

(new construction of TR)(refined)

Qr
a=1(y- Qa

x

�
= 0

<latexit sha1_base64="/XJ1MhGeW3PyaTbkC7GHkXEyg88="></latexit>

Qr
a=1(↵@x - Qa

x

�

<latexit sha1_base64="TbDdj2Ie9ti+2ZBZsjPQa8iKhAk="></latexit>



correspond to Argyres-Douglas theories

If we could do the same in 5d: new proof of remodeling the B-model
and extension to refined topological strings

proof (?) that TR on SW curve should compute            to all order

4.  In progress

In progress

B Bouchard Chidambaram Creutzig …

For finite       (instead of              ), not directly quantum Airy structure  ⇤

<latexit sha1_base64="Ki/SgU6NQSS/Imz5XLvdVr/RRrY="></latexit>

O( h
r
2 )

<latexit sha1_base64="cEnuaFOR2erNw6jIXUUmNZIReFA="></latexit>

but still solved by TR on spectral curve
Qr

a=1
�
y- Qa

x

�
= ⇤

xr+1

<latexit sha1_base64="zaGwhT6z6h9ran5gXXYOlE5Dhr8="></latexit>

or a non-commutative version of it

corollary new proof of            = generating series of weighted Hurwitz numbersZNek

<latexit sha1_base64="DC9HlsZSDBpSe7Gjt+bvVGfZb0k="></latexit>

(Witten, Nekrasov 90-00s)

ZNek

<latexit sha1_base64="DC9HlsZSDBpSe7Gjt+bvVGfZb0k="></latexit>

Whittaker vectors for smaller subalgebra of modes 

approach to show existence of their partition function (and computation by TR)



Geometric�recursion�

Recursion�for�mapping�class�group�invariants

Masur-Veech�volumes

Mirzakhani-McShane�identities



use             : surfaces with a first boundary

1.  Glueing vs. mapping class group invariance

Given a functor                              we would like to construct

Surf

Naive glueing cannot work

morphisms : isotopy class of diffeomorphisms

objects : topological, compact, bordered, oriented, stable surfaces

functorial assignments by induction on 

= mapping class group�⌃ = Di↵(⌃,@⌃)/Di↵0(⌃,@⌃)

E : Surf �! V

⌃ 7�! ⌦⌃ 2 E(⌃) �⌃

Countable sums : need to address convergence

Idea from TR : sum over excisions of isotopy classes of pairs of pants
Surf1

use a category of topological vector spaces as V

sums over all ways of cutting
to restore      -invariance�⌃

can only have                -invarance ⌦⌃1 ⇤�⌦⌃2 Stab(�) ⌃1

⌃2
�

⌃



the geometric recursion developed in                                     achieves this goal 

such that                      and              is stable

Andersen B Orantin 17
Given a functor                                 + some functorial data satisfying axioms

2.  Geometric recursion valued in Fun(     )T⌃

I present it for  

E : Surf1 �! V

E(⌃) = C0(T⌃)

T⌃ = Teichmüller space = { hyperbolic metrics on
with geodesic boundaries

⌃ {/Di↵0(⌃,@⌃)

= moduli space of bordered Riemann surfaces
with fixed boundary lengths L 2 Rn

+

equipped with           = Weil-Petersson volume form 

P⌃ =
isotopy class of               with labeled boundariesP ,! ⌃

@1P = @1⌃ ⌃- P{ {

1 P1 2 1 0

3
⌃- P

1 P

⌃- P

µWP

1

m

P

⌃- P

=
�Fn

m=2 P
m
⌃

�
t P;

⌃

M⌃(L) = T⌃(L)/�
@
⌃



2.  Geometric recursion valued in Fun(     )T⌃

Initial data                      A,B,C 2 C0(TP) ⇠= C0(R3
+)

for X(L1,L2,L3) = X(L1,L3,L2) X = A,C

D 2 C0(TT ) T =and

|�| = 1

|�| > 2

⌦P = A ⌦T = D

union ⌦⌃1t⌃2(�1,�2) = ⌦⌃1(�1)⌦⌃2(�2)

⌦⌃(�) =
nX

b=2

X

[P]2Pb
⌃

B(~̀�(@P))⌦⌃-P(�|⌃-P) +
1
2

X

[P]2P;
⌃

C(~̀�(@P))⌦⌃-P(�|⌃-P)

Theorem 7

  If A,B,C,D satisfy some (explicit) bounds

is a well-defined functorial assignment
(absolute convergence on any compact)

Andersen B Orantin 17

⌃ 7�! ⌦⌃ 2 C0(T⌃)

<latexit sha1_base64="CkiXGIlr6g4Ybj3n4aR6QTocdGs="></latexit>



3.  GR implies TR

⌦⌃(�) =
nX

b=2

X

[P]2Pb
⌃

B(~̀�(@P))⌦⌃-P(�|⌃-P) +
1
2

X

[P]2P;
⌃

C(~̀�(@P))⌦⌃-P(�|⌃-P)

Theorem 7

Under assumptions, is a well-defined functorial assignment

Andersen B Orantin 17

and                                                                         satisfies TR

GR formula 

Fg,n(L) =
´
M⌃g,n(L) ⌦⌃g,n(�) dµWP(�)

h

h 0

J

J 0

1 C1

g- 1

2

n

...

C

1

m B

2

n

...g
Fg,n =

X

<latexit sha1_base64="ItRbyqXL0ySZRQVw6N34nRFMgj4="></latexit>

+
X

<latexit sha1_base64="rIUTgtXxMLdA qNIOmMIY06VjnY8="> PvoHc4S7231Na8RB3rff4DkkyIlg==</latexit>

+

<latexit sha1_base64="s/pQHhzuPJNqW8buO5Q7lSFTqx4="></latexit>

Terms  

 
!

P⌃/Diff@⌃

<latexit sha1_base64="myIPIidUjqccv0DGpejAaRIhDU0="></latexit>

(finite)  

⌃ 7�! ⌦⌃ 2 C0(T⌃)

<latexit sha1_base64="CkiXGIlr6g4Ybj3n4aR6QTocdGs="></latexit>

Key for integration is that Fenchel-Nielsen coordinates are
- compatible with cutting/gluing
- Darboux for Weil-Petersson form



= WP volume of 

associated with

4.  Examples

Mirzakhani generalisation of McShane identities (07)

AM(L1,L2,L3) = 1

BM(L1,L2, `) = 1- 1
L1

ln

✓
cosh

�
L2
2

�
+cosh

�
L1+`

2

�

cosh
�

L2
2

�
+cosh

�
L1-`

2

�
◆

CM(L1, `, ` 0) =
2
L1

ln

✓
e

L1
2 +e

`+`0
2

e-
L1
2 +e

`+`0
2

◆

DM(�) =
P

� simple C(L1, `�(�), `�(�))

GR

TR
Fg,n(L)

8
><

>:

x(z) = z2

2

y(z) = - sin(2⇡z)
2⇡

!0,2(z1, z2) =
dz1dz2

(z1-z2)2Eynard Orantin 07

=
´
Mg,n

exp
�
2⇡21 +

Pn
i=1

L2
i

2  i

�

⌦⌃ ⌘ 1

�1

↵ 0

↵

�1

↵ 0

↵

�1

↵ 0

↵

�x �x �x

The proof is geometric

partition the 1st boundary using
?-shot geodesic �! P⌃

Mg,n(L)



= lift of (Givental) symmetries to hyperbolic geometry

primitive multicurves on     

4.  Examples

Generalizations of Mirzakhani identities

Andersen B Orantin 18

{S⌃ = ⌃ {

Theorem 8

f 2 C0(R+)For any test function                       with fast decay

AM[f](L1,L2,L3) = AM(L1,L2,L3)

BM[f](L1,L2, `) = BM(L1,L2, `) + f(`)AM(L1,L2, `)

CM[f](L1, `, `
0) = CM(L1, `, `

0) + f(`)BM(L1, `, `
0) + f(` 0)BM(L1, `

0, `) + f(`)f(` 0)AM(L1, `, `
0)

DM[f](�) =
P

� simple C
M(L1, `�(�), `�(�)) + f(`�(�))AM(L1, `�(�), `�(�))

⌦M
⌃ [f](�) =

X

c2S⌃

Y

�2⇡0(c)

f(`�(�)) is computed by GR for twisted initial data

In the spectral curve description : amounts to changing !0,2

<latexit sha1_base64="uh572GC4UL8cLCSFkEoGYfNJ5SI="></latexit>



Chen, Möller
Sauvaget 19

via integrating on                       
an asymptotic count of curves 

Computed by TR(1)

Masur-Veech volume

5.  Application to Masur-Veech volumes

moduli space of quadratic meromorphic differentials
with simple poles at punctures

MF⌃

<latexit sha1_base64="9Z7FWWgDAWDFc/+kHD8KKdeRVXs="></latexit>

space of measured laminations on     = punctured surface⌃

<latexit sha1_base64="Ih8m6wWKQ1gJ3NLd3wl9UJplUoQ="></latexit>

{multicurves} = lattice in MF⌃

<latexit sha1_base64="9Z7FWWgDAWDFc/+kHD8KKdeRVXs="></latexit>

Thurston counting measure on  MF⌃

<latexit sha1_base64="9Z7FWWgDAWDFc/+kHD8KKdeRVXs="></latexit>

 

<latexit sha1_base64="5UPuKFRl5PBmmNf/tmVO1SPbXLg="></latexit>

µTh =

<latexit sha1_base64="Q35e1A4JuwVZjGIJY0GJlaLaRTQ="></latexit>

QT⌃ �! T⌃

<latexit sha1_base64="NSJbXzVtdc+zfZK73u06xEzH2sE="></latexit>

MF⌃ ⇥ MF⌃

<latexit sha1_base64="Xsb3D5+jrd0OY2yIMy+OD0g5tJk="></latexit>

QT⌃

<latexit sha1_base64="QOE7LlT9u6i7PF8udE0e2c3kduE="></latexit>

99K

<latexit sha1_base64="LSxKNYbRdaPS7S65eCp6a3k4DQU="></latexit>

MF⌃ ⇥ T⌃

<latexit sha1_base64="RL7vKoUVuxOm8wNbmFZDJQP1j9s="></latexit>

99K

<latexit sha1_base64="LSxKNYbRdaPS7S65eCp6a3k4DQU="></latexit>

⇠

<latexit sha1_base64="wXU/dqg6XL4p4yVZQkyGursw/d8="></latexit>

⇠

<latexit sha1_base64="wXU/dqg6XL4p4yVZQkyGursw/d8="></latexit>

µMV

<latexit sha1_base64="kv14H57sL6UfaqoVnfsbeG8I7LU="></latexit>

µTh ⌦ µTh

<latexit sha1_base64="Dw+2HlpLdnXRxZsXEonc9b0hmYw="></latexit>

µTh ⌦ µWP

<latexit sha1_base64="A2SrEM7Qr3puaQsQeTSS2n4TPxk="></latexit>

vg,n = µMV
�
{Area(q) 6 1}/Mod⌃

�

<latexit sha1_base64="BfIb3unOADUVbiFojNt4NvoAGaM="></latexit>

Theorem 8

Bonahon
Mirzakhani 07 Segre(PQg,n ! Mg,n) ⇠ C-1� 1

2

�

<latexit sha1_base64="d/S4UfVxC+BTxGc5/BIOqeqFzuM="></latexit>

via intersection theory of

Theorem 8’

Computed by TR(2)

Andersen B Charbonnier Delecroix
 Giacchetto Lewanski Wheeler 19

(Mg,n,µWP)

<latexit sha1_base64="OtB3sjzCM5AHGXl1QJKYSbA3m2c="></latexit>

B Giacchetto
Lewanski 20



and 

homeo. to 

6.  Combinatorial Teichmüller space
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Tcomb
⌃ = {
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embedded metric ribbon graphs G ,! ⌃
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but different (symplectic) geometry  :    Kontsevich         vs.  Weil-Petersson

Theorem 9

There are combinatorial FN coordinates Tcomb
⌃ ! (R+ ⇥R)3g-3+n ⇥Rn

+
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Image is open dense with zero measure complement

on locus with fixed boundary lengths wK =
P3g-3+n

i=1 d`i ^ d⌧i
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One can set up geometric recursion to get ⌦⌃ 2 C0(Tcomb
⌃ )
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Fg,n(L) =

Z

Mcomb
⌃ (L)

⌦⌃ dµK
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satisfy TR

Z

Mcomb
g,n (L)

dµK =

Z

Mg,n

exp
✓ nX

i=1

L2
i

2
 i

◆
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Spectral curve description

6.  Combinatorial Teichmüller space

TR

CK(L1, `, ` 0) =
1
L1
[L1 - `- ` 0]+

BK(L1,L2, `) =
1

2L1

�
[L1 - L2 - `]+ - [-L1 + L2 - `]+ + [L1 + L2 - `]+

�
AK(L1,L2,L3) = 1

GR

Fg,n(L) =
´
Mg,n

exp
�Pn

i=1
L2
i

2  i

�

8
<

:

x(z) = z2

2
y(z) = -z
!0,2(z1, z2) =

dz1dz2
(z1-z2)2
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Theorem 10 (combinatorial Mirzakhani-McShane identity)

⌦K
⌃ ⌘ 1
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Most tools of hyperbolic geometry have an analogue in Tcomb
⌃
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DK(G) =
X

� simple

CK�~̀
G(@(⌃- �))

�
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integration

Fully geometric proof
(bypassing matrix models)



Thank you for your attention !


