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Main Topic: Loop polynomials

A family of polynomials Q,(x1,-..,x,) indexed by o=circular
permutation of [1, n]

Qi = x1
Qu = xi(l—x)
Quzz = x(1-2x)(1-x3)= Gz

Qu23s = x1(1 —2x3 — 3x2 + 5xox3)(1 — xa)
Q1243 = Q1432 = Q342

Qiz2a = x1(1—x3—4x2+5x%x3)(1 —x4) = Qa3

-Encode the asymptotic fluctuations of the Quantum Symmetric
Simple Exclusion Process.

-Goal of the talk: Give a combinatorial formula for Q,; explain
that they are free cumulants
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Algebraic characterization of the loop polynomials

1. Q, is of degree 1 in each of the variables x;.

2. Q1(x1) = x1 and Qr2(x1,x2) = x1(1 — x2).
3. For n > 2 they satisfy the boundary conditions:

Qs = x1Py(x2, ..., xn—1)(1 — xn)

4. Continuity condition for i =1,2,...,n—1 (s;=(ii+1)):

Q0'|X,':X,'+1 = QS,‘O‘S,' |X,'=X,'+1

(6]

. Exchange relation:
[Xi](QG + QSiUSf)|Xi:Xf+1 - [Xi+1](QU + QS/GSi)‘Xi:XiH =
2([xi] Qo (x))([Xi+1] Qo+ (xT))

(sico =00, o™ moves i+ 1and ¢~ moves i.)
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Exclusion Process

The exclusion process describes particles hopping on an interval
{1,2,..., N} and satisfying the exclusion principle: at most one
particle per site

Particles can jump to neighbouring sites if empty and may exit or
enter the interval from the boundary points 1 and N with rates

04,57%5-
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In the large time limit a current is established and the
configuration of particles converges to a stationary measure i
which is a probability measure on the set of configurations

Q={0,1}"

The exclusion process is a paradigm of non-equilibrium statistical
mechanics. It is simple enough to be solvable yet sufficiently
complex to exhibit non-trivial behaviour. It has been the object of
numerous studies in physics, probability and combinatorics
literature.
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Quantum Symmetric Simple Exclusion Process

Fermionic particles on {1,2,..., N} are subject to a Hamiltonian
N . .
H; = Z CJ-THCJ- Wi + CJ-chH Wy
j=1

W{,j =1,...N —1 = independent complex Brownian motions

c;r, ci=fermionic creation and annihilation operators, satisfying

C,'CJr

T
j+cjci_5ij

acting on
V = (C2)®N

V is the quantum version of Q = {0,1}V.
A state of the form e;; ® ... ® e;, corresponds to a classical
configuration (ey =empty, e;=occupied).
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Quantum Symmetric Simple Exclusion Process

The distribution of the quantum particles is determined by a
density matrix p; a positive hermitian operator on V with
Tr(p:) = 1.

It satisfies the evolution equation:

. 1
dp: = —/[dHt, Pt] - E[dHn [dtht]] + ﬁbdry(ﬂt)df

Lpdry is a boundary term describing what happens at the boundary
sites 1, V.

pt is a random matrix, if the initial configuration is diagonal on the
classical states the expected value p; satisfies the same evolution
as the classical SSEP.
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Asymptotics and loop polynomials

As t — 0o one has p; — p in distribution
p is the stationary state (a random 2V x 2V matrix)

The two-point functions Gj; = Tr(pc,-ch) form a random matrix
G = (Gjcij<n

The random variable Gj; encodes the correlations between sites i
and j.

The fluctuations of G are measured by their cumulants (connected
correlation functions in physics)

E[G,'u'1 G;2j2 ... G,'pjp]c = CP(G,'

110

G,'ij, ceey Gipjp)

These are the quantities of interest.
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Asymptotics of the cumulants

As N — oo the leading cumulants scale as N=PT1,
E[G,'u'1 G,'2j2 . G,'pjp]c = CP(Giljl’ Gi2j27 ceey Gipjp)

Only the ones for which ji,...,j, is a cyclic permutation of
i1,...,Ip have a nonzero limit.
If ii/N,i/N,... ip/N— ur,uz,...,u, €[0,1] as N — oo, then

. 1 1
E[G,'l,'P G,'p,‘p71 ce G,'2,'1] = ng(ul, ceey Up) + O(m)

for some functions gp.

The g, are piecewise polynomial functions, polynomial in each
sector corresponding to an ordering of the u;.
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Loop polynomials (Bernard and Jin, 2021)

Define Qy(x1,...,%p) for 0 < x; < x» < ... < x, <1, indexed by
circular permutations o of 1,...,p by

c 1 1
E[Giligp—l(l) Giop_l(l)iop_Q(l) e Gia(l)il] = WQO—(X]_, e ,Xp)—i—o(m .

where i /N — x; as N — oo

The Q, are the loop polynomials. They give the values of the
functions g, in each sector.
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. Exchange relation:
[Xi](QG + QSiUSf)|Xi:Xf+1 - [Xi+1](QU + QS/GSi)‘Xi:XiH =
2([xi] Qo (x))([Xi+1] Qo+ (xT))

to~, oF, moves i+ 1 and o~, moves i.)

(sico=o0
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How to use the defining relations

Qs = A+ xiB+ xi41C + xixi11D,
Qsios; = A+ xiB' + xi11C' + xixip1 D/,

where A,B, C,D, A", B", C', D' do not depend on x;, x; 1.
By the continuity condition

A=A, D=D, B+C=B+C.
Let sic = o~ ot and

A = (3] Qo (x 7)) ([xi+1] Qo (X))
By the exchange condition

B-C =B —-C=A.



One can obtain Q, for all n-cycles if one knows Q, for one of the
cycles. Bernard and Jin prove that the conditions above completely
determine the loop polynomials.
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determine the loop polynomials.

Examples: n=5

Qi23ss =  x1(1—4x2—3x3—2x4+9x2x3+Tx2xa+5x3x8—14x0x3%4)(1—X5)
Qi3245 —  x1(1—6x2—x3—2xa+9x2x3+10x2xa+2x3x4 —14x2x3x4 ) (1—X5)
Qi2a3s = x1(1—4x2o—4x3—x4+12x0x3+4x0xa+5x3x8—14x0x3%4)(1—X5)
Qua23s =  x1(1—6x0—2x3—xa+12x0x3+7x2xa+2x3xa—14x2x3x4 ) (1—x5)

and

Q12345=Q13452= Q14523 = Q15234 = Q15432= Q12543= Q12354 = Q14325
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One can obtain Q, for all n-cycles if one knows Q, for one of the
cycles. Bernard and Jin prove that the conditions above completely
determine the loop polynomials.

Examples: n=5

Qi23ss =  x1(1—4x2—3x3—2x4+9x2x3+Tx2xa+5x3x8—14x0x3%4)(1—X5)
Qi3245 —  x1(1—6x2—x3—2xa+9x2x3+10x2xa+2x3x4 —14x2x3x4 ) (1—X5)
Qi2a3s = x1(1—4x2o—4x3—x4+12x0x3+4x0xa+5x3x8—14x0x3%4)(1—X5)
Qua23s =  x1(1—6x0—2x3—xa+12x0x3+7x2xa+2x3xa—14x2x3x4 ) (1—x5)

and

Q12345=Q13452= Q14523 = Q15234 = Q15432= Q12543= Q12354 = Q14325
Q13245 = Q13254 = Q15423= Q14523
Q12435=Q14352=Q15340= Q12534

Q14235= Q13524 = Q15234 = Q13542= Q14253 = Q13425 = Q15243 = Q14352

The goal is to give an explicit combinatorial formula for the Q,.



Non-crossing partitions
Set partitions of {1,2,..., n} without crossing:

7 =1{1,3,4} U {2} U{56},U{7} U {8}



Non-crossing partitions
Set partitions of {1,2,..., n} without crossing:

7 =1{1,3,4} U {2} U{56},U{7} U {8}

1 2n
‘NC(”)‘ = Catn = m< n>



Kreweras complement

7 ={1,3,4} U{2} U{56},U{7} U {8}

K(r) = {1,5,7,8} U{2,3} U {4} U {6}
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Free cumulants (R. Speicher)
A=unital algebra, ¢ : A — C such that ¢(1) = 1.
The free cumulants are k,=n-linear formon A, n=1,2,...,
defined implicitly by

gp(alaz...an) = Z ﬁw(317327"'7an)
weNC(n)

where kr(a1,...,a,) = H Kip| (s @y - -+ iy )
p part of w

One has

Foan, a2 ya) = > u(m)en(an, - an)

meNC(n)

where 1 is the Maébius function of NC(n):

um= I (-1Pca,

p part of K(m)



Examples:
p(a1) = ki(ar) {1}

plarax) = ka1, a2) {1,2}
+r1(ar)ri(a) {1} U {2}

hence

v(a)
p(a1a2) — p(a1)p(a2)

/<;1(a)
k2(a1, a2)



@(313233) = /€3(31,32,a3) {1,2,3}
+r1(a1)r2(a2, a3) {1yu{2,3}
+ro(a1, a3)k1(a2) {1,3y U {2}
+r2(a1, a2)k1(as3) {1,2} U {3}
+r1(a1)k1(a2)ki(as)  {1tU {2} u{2}

K3(a1,a2,a3) = p(a1a2a3) — p(a1a2)p(as) — p(a1a3)p(a2)
—p(a1)p(a2a3) + 2¢(a1)p(a2)e(a3)
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Plane, rooted trees such that each internal vertex has at least two
descendants.
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Schroder trees

Plane, rooted trees such that each internal vertex has at least two

AR
Yo

LLAL

Schroder trees with 4 leaves
Counted, in terms of the number of leaves, by the small Schroder
numbers s, =1,1,3,11,45,... for n=1,2,3,... (A001003 in

14+x—v1—6x+x2

OEIS) with generating series ix



Associahedra

A dissection of a polygon is a collection of non-crossing diagonals

3 4

The dissections of a polygon form a simplicial complex, the
associahedron which can be realized as a polytope.



Schroder trees and associahedra

There is a natural bijection between Schroder trees and dissections
of polygons.
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Prime Schroder trees

A Schroder tree is prime if the righmost edge of its root is a leaf.
Counted by the large Schroder numbers S,, = 2s,,_1.

For each Schroder tree t, with n — 1 leaves, we can build two prime
Schroder trees t; and tp, with n leaves

\%

t1 ()



Corners

corner=angle between pair of consecutive edges.
A Schroder tree with n leaves has exactly n — 1 corners, numbered
from left to right.




Corners

corner=angle between pair of consecutive edges.
A Schroder tree with n leaves has exactly n — 1 corners, numbered

from left to right.

A Schroder tree determines a non-crossing partition of its corners:

n(t) ={1,3},{2},{4,5,6,11},{7},{8,10}, {9}
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(Josuat-Verges, Menous, Novelli, Thibon, 2017)
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In a prime Schroder tree remove, for each internal vertex, the
internal edges pointing out of this vertex, except the leftmost and
rightmost ones.

— forest of binary trees
— non-crossing partition of the leaves = K(m(t)) (remove
rightmost leaf).



Prime Schroder trees and Mabius function on NC(n)
(Josuat-Verges, Menous, Novelli, Thibon, 2017)

In a prime Schroder tree remove, for each internal vertex, the
internal edges pointing out of this vertex, except the leftmost and
rightmost ones.

— forest of binary trees
— non-crossing partition of the leaves = K(m(t)) (remove
rightmost leaf).

H Catjp|_1 = [p(m)|

p part of K(m)
is the number of prime Schroder trees with (t) = .
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t= prime Schroder tree t, with n+ 1 leaves, k € [1,n] and o
circular permutation.
Label the corners of t, by the numbers o (k), 0?(k),...,a"1(k), k.

oc=2485091611,10,3,7, k=7
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circular permutation.
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Proof of the main formula

Qo(X1y .-y Xn) = — Z xtko

teEpSni1

First check that it does not depend on k: for this rewrite Q, as a
sum over NC(n): xt%“ depends only on 7(t) and o.

Then check the boundary condition (x; and (1 — x,) are factors of

Q)

Then check the continuity and the exchange conditions (uses
simple properties of Schroder trees).



Proof of the exchange condition by cutting a prime
Schroder tree into two prime Schroder trees
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2([xi] Qo (x 7)) ([xi41] Qo+ (xT))
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Proof of the exchange condition by cutting a prime
Schroder tree into two prime Schroder trees

[xi]( Qs + Qsio'si)|xi:Xi+l = xi+1)( Qs + QSfUS;)|Xf=Xi+1 =

2([xi] Qo (x 7)) ([xi41] Qo+ (xT))
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The loop polynomials as free cumulants

On [0, 1] C R with Lebesgue measure let for x € [0, 1]
M =T
The MMy for a commutative family of random variables.

rIXI_Iy = I_lmin(x,y)

Theorem

Qo (X1, -+ -5 %n) = Kn(Mxg,s My, gy |_|X02(1), I_ngnfl(l))

Proof: use the connection between Schroder trees, NC(n) and the
Mobius function.
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Summary

From the QSSEP we constructed a random correlation matrix
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The cumulants of the entries of G give the loop polynomials as
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Summary

From the QSSEP we constructed a random correlation matrix

G,'J' = Tr(pc,-cj)

The cumulants of the entries of G give the loop polynomials as
N — oo (ik/N —>Xk)

1 1
E[Gilio_p—l(l) Giapfl(l)iapfal) M Gio-(l)il]c = WQO’(X]J A 7XP)+O(W N

The loop polynomials are free cumulants:
M, = 1[07)(]; X € [0, 1]

Qo(X1y .-y %n) = Kn(My, M

X191 Xg(1)0 I_IXO.2(1)7 I_IXO.n—l(l))



THANK YOU



