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Two theories

Topological recursion [Eynard-Orantin, Chekhov-Eynard-Orantin]:

® Matrix models, loop equations

® Enumerative geometry (Kontsevich-Witten, Gromov-Witten,
Hurwitz, Mirzakhani-Weil-Petersson...)

e Differential equations, WKB analysis
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Two theories

Topological recursion [Eynard-Orantin, Chekhov-Eynard-Orantin]:

® Matrix models, loop equations

® Enumerative geometry (Kontsevich-Witten, Gromov-Witten,
Hurwitz, Mirzakhani-Weil-Petersson...)

e Differential equations, WKB analysis

BPS structures [Gaiotto-Moore-Neitzke, Bridgeland, Kontsevich-Soibelman]:
e 4d N =2 QFT, hyperk3hler geometry / Hitchin system
® Stability conditions on triangulated CY3 categories

® Generalized DT invariants, wall-crossing
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Let X cpt Riemann surface, usually P*
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Summary

Y= Q(X)dx2

quadratic differential

Yc 71X

spectral curve/cover

spectral networks
(diff. eqn, counting trajectories...)

topological recursion
(residues, combinatorics...)

Topological recursion, BPS structures, and quantum



Introduction
[e]e]e] lelele]

Summary

Y= Q(X)dx2

quadratic differential

Yc 71X

spectral curve/cover

spectral networks
(diff. eqn, counting trajectories...)

topological recursion
(residues, combinatorics...)
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A formula

B omi \ %672
Fg(m)ZZg(2;g—2) ; Q(W)<Z(v)> '

Z(v)eH
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What we do

® Prove for "hypergeometric" example

- moo2X2 - (moo2 + m02 - m12)X + m02 dX®2

+ 8 other examples arising from limits/confluence.

® |n particular,
® Extend GMN construction of BPS structures
® Compute BPS invariants (existence, location, classification of

saddles)
® Show Borel-resummed Voros symbols solve a natural "BPS

Riemann-Hilbert problem"
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Spectral curves of hypergeometric type

All are genus 0, degree two curves,

¥? = Qu(x)

Name Q.(x) Assumption
2,2 _ 2 2_ 2 2
Gauss (HG) Moe®x? — (Moo + mp? — m?)x + my mo, my, Moo # 0,
x3(x —1)? mo £ my + me # 0.
. . Moo?x + Mm% — my.? my, m 0,
Degenerate Gauss (dHG) > e 71 7 * mlli ”'::; 0
§ X2 + dmoox + 4mg? mo # 0,
Kummer (Kum) ——r mo & may # 0.
m2
Legendre (Leg) > “'1 Mmoo # 0.
X2 —
2
Bessel (Bes) X ::2’”0 mg # 0.
)
Whittaker (Whi) X 4 Mo Moo # 0.
X
Weber (Web) X2 — my Moo # 0.
1
Degenerate Bessel (dBes) = -
X
x -

Airy (Ai)

Topological recursion, BPS structures, and quantum curves

School of Mathemati

Birmingham

/



Quadratic differentials
[ ele}

@® Quadratic differentials
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Meromorphic quadratic differentials

Let X compact Riemann surface, wx canonical bundle.
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Meromorphic quadratic differentials
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Meromorphic quadratic differential p: meromorphic section of wf?z.
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Quadratic differentials
oeo

Meromorphic quadratic differentials

Let X compact Riemann surface, wx canonical bundle.
Meromorphic quadratic differential p: meromorphic section of wf?z.

Locally, ¢ = Q(x)dx®2.
Usual notion of zeroes and poles, their orders, etc.

Call P := set of poles of ¢, T := set of turning points (zeroes +
simple poles).
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Spectral cover

Given a meromorphic q.d. ¢, construct the spectral cover (X, , \):
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Spectral cover

Given a meromorphic q.d. ¢, construct the spectral cover (X, , \):

Y={AeTX|N=r"p}CTX
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Spectral cover

Given a meromorphic q.d. ¢, construct the spectral cover (X, , \):
Y={AeTX|N=r"p}CTX
together with
7T|z:z—>X7 )\Zecan’Z

inherited from T*X.
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Quadratic differentials
ooe

Spectral cover

Given a meromorphic q.d. ¢, construct the spectral cover (X, , \):
Y={AeTX|N=r"p}CTX
together with
Ty X — X, A = bcans
inherited from T*X.

(X, m, ) is a branched double cover with a meromorphic one-form
smooth away from 7—1(P).
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© BPS structures and spectral networks
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Definition. [Bridgeland] A BPS structure is a tuple (I', Z,Q):

Omar Kidwai School of Mathemat:

Topological recursion, BPS structures, and quantum curves



BPS structures and spectral networks
000000000000 000

Definition. [Bridgeland] A BPS structure is a tuple (I', Z,Q):

e finite rank free abelian group I', equipped w/ antisymmetric
pairing (-,-) : I x ' = Z "charge lattice"
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e finite rank free abelian group I', equipped w/ antisymmetric
pairing (-,-) : I x ' = Z "charge lattice"

® homomorphism of abelian groups Z : I — C "central charge"
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e finite rank free abelian group I', equipped w/ antisymmetric
pairing (-,-) : I x ' = Z "charge lattice"

® homomorphism of abelian groups Z : I — C "central charge"
® map of sets Q : I — Q (or Z) "BPS invariants"
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Definition. [Bridgeland] A BPS structure is a tuple (I', Z,Q):

e finite rank free abelian group I', equipped w/ antisymmetric
pairing (-,-) : I x ' = Z "charge lattice"
® homomorphism of abelian groups Z : I — C "central charge"
® map of sets Q : I — Q (or Z) "BPS invariants"
such that

* Qy) =Q(—)
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Definition. [Bridgeland] A BPS structure is a tuple (I', Z,Q):

e finite rank free abelian group I', equipped w/ antisymmetric
pairing (-,-) : I x ' = Z "charge lattice"

® homomorphism of abelian groups Z : I — C "central charge"
® map of sets Q : I — Q (or Z) "BPS invariants"

such that
* Q) = Q=)
® For some (any) norm || - || on I ® R, there is > 0 s.t.

Q#0 = |[Z(v)| > C- ||

Omar Kidwai School of Mathematics, Birmingham
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BPS structures

Terminology:
e finite - only finitely many Q(~) # 0
® uncoupled - Q(71),2(72) #0 = (y1,72) =0
® integral - all Q(y) € Z
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BPS structures

Terminology:
e finite - only finitely many Q(~) # 0
® uncoupled - Q(71),Q2(72) #0 = (11,72) =0
® integral - all Q(y) € Z
e active class (BPS state) - Q(v) # 0
® BPS ray - Z, - R, y active class
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BPS structures

Terminology:

e finite - only finitely many Q(~) # 0

® uncoupled - Q(71),Q2(12) #0 = (y1,72) =0
® integral - all Q(y) € Z

e active class (BPS state) - Q(v) # 0

[ ]

BPS ray - Z, - R>g, v active class

Note: all our BPS structures will be finite, uncoupled and integral
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GMN construction

Omar Kidwai

Gaiotto-Moore-Neitzke constructed BPS structures — we consider
rank 2 case.

Choose a sufficiently nice meromorphic ¢ = Q(x)dx®? (say,
hypergeometric type).

Let & denote ¥ with simple poles filled in.

School of Mathematics, Birmingham

Topol
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GMN construction

Define:

o [:={ye H(Z,Z)| 1~y = —7} ¢ the sheet-exchange
© Z(7) = §,V% = §,VQ(x)dx

(in all our examples, X is genus O, [ is easy to determine and Z(v)
is easily computed as linear combinations of parameters m;.

Now, to define Q : I — Z.
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Spectral networks

Fix ¥ € R/27Z. The foliation of phase 9, Fy(p) is given by

Im _”9/ v Q(x)dx = const

A trajectory of phase 1) is any maximal leaf of Fy().
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Spectral networks

Fix ¥ € R/27Z. The foliation of phase 9, Fy(p) is given by

Im _”9/ v Q(x)dx = const

A trajectory of phase 1) is any maximal leaf of Fy().

1of

osf

Figure 1: Q(x) = r/x?
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Spectral networks
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Spectral networks

Fact: Trajectory pentachotomy:
@ saddle
@ separating
@ generic
@ closed

@® recurrent
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Spectral networks

Fact: Trajectory pentachotomy:

@ saddle —_
@ separating e >
@ generic e

® closed O
® reeurrent-for us, by Jenkins
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Spectral networks

Definition. The spectral network (Stokes graph) Wy(y) of phase
¥ is the collection of all separating and saddle trajectories in Fy.
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Spectral networks

Definition. The spectral network (Stokes graph) Wy(y) of phase
¥ is the collection of all separating and saddle trajectories in Fy.

Example: Qwen(x) = 3x2 — m2,

a ¥ < e b ¥ =4, c >
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Spectral networks

Fact: Every saddle trajectory or closed trajectory has a canonical
lift v € T (up to sign)
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Spectral networks

Fact: Every saddle trajectory or closed trajectory has a canonical
lift v € T (up to sign)

For example, if both endpoints simple zeroes:
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Spectral networks

Definition. The BPS invariants Q(~y) of ¢ are defined below for
~ € I appearing as canonical lifts of saddles in Wy(y)
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Spectral networks

Definition. The BPS invariants Q(~y) of ¢ are defined below for
~ € I appearing as canonical lifts of saddles in Wy(¢) or ring
domains in Fy(¢)

+1 type | @

+2 type |l
Qy) =< +4 type Il ,
-1 deg. ring domain °
-2 nondeg. ring domain @

Otherwise, Q(v) = 0.
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Spectral networks

Definition. The BPS invariants Q(~y) of ¢ are defined below for
~ € I appearing as canonical lifts of saddles in Wy(¢) or ring
domains in Fy(¢)

+1 type | @
+2 typell (=)

Q(y) =4 +4 type |l

> |
-1 deg. ring domain o
-2 nondeg. ring domain @

Note, in the original (type | and nondeg r.d.) case, these are Euler
characteristics of certain moduli spaces of quiver representations.

Otherwise, Q(v) = 0.
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BPS spectrum

x+4m8

Simple example (Bessel): Qpes(x) = e
—_— X

Q(vygps) = —1
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BPS structure
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BPS structure

Weird example (Legendre):  @pes(x) = (73

e
& ©

Q(’)/Bps =4, Q ) =-1

(x —1)(x+1)

J
.
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O Topological recursion for hypergeometric spectral curves
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Spectral curves

A (TR) spectral curve is a tuple (C, x, y, B):
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Spectral curves

A (TR) spectral curve is a tuple (C, x, y, B):

® C compact Riemann surface
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Spectral curves

A (TR) spectral curve is a tuple (C, x, y, B):
® C compact Riemann surface

® x,y :C — P! nonconstant meromorphic functions, dx and dy
do not vanish simultaneously
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Spectral curves

A (TR) spectral curve is a tuple (C, x, y, B):
® C compact Riemann surface

® x,y :C — P! nonconstant meromorphic functions, dx and dy
do not vanish simultaneously

e Bidifferential: meromorphic section
B(z1,22) € pi(T7C) @ p5(T7C)

with some properties (p; : C x C — C projection).

For us, C = P! so there is a canonical B,

dz1dz>

B(z1,2) i = ——
(21, 22) -2

Omar Kidwai School of Mathematics, Birmingham
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Spectral curves

Zeroes or poles order > 3 of dx: ramification points, denoted r € R
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Spectral curves

Zeroes or poles order > 3 of dx: ramification points, denoted r € R

Note: Given q.d. ¢ on X = P! with corresponding spectral cover
(X, 7, A) of genus 0, we can obtain a TR spectral curve by taking

S L L )\ L d21d22
C=%Y, x=m,y:= g’ B = 7(21 — )R

Omar Kidwai School of Mathematics, Birmingham
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Topological recursion

Start with wo 1(20) := y(20)dx(20), wo2(20, z1) = B(z0, z1)-
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Topological recursion

Start with wo 1(20) := y(20)dx(20), wo2(20, z1) = B(z0,21). Then

wg7"+1(207217 T 72") = Z fZ{_erb Kr(zo,z) wg*17"+2(zvz 21,00 72")
rerR
!
+ Z Wey | 1+1(Z, 21 )wes 1151 +1(Z; 212)

g1+g2=¢
lul={1,2,--- ,n}

for 2g +n>2,

Omar Kidwai School of Mathematics, Birmingham
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Topological recursion

Start with wo 1(20) := y(20)dx(20), wo2(20, z1) = B(z0,21). Then

wg.n+1(20, 21, ,2n) = Z PZ{_ers Ki(z0, 2) |:<,ug17n+2(z,z7 1, 4 Zp)
rerR
!

+ Z Wey |1y +1(Z5 2 )wea | o[ +1(Z, Z02)

g1+g2=¢
lul={1,2,--- ,n}

for 2g + n > 2,where

1 ==
K- (20,21) = O —y)dx /C=' B(z, ()

Z is “local conjugation" near ramification point r.
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Topological recursion

Definition. Let ®(z) be any primitive of y(z)dx(z). The gth free
energy (g > 2) is
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Topological recursion

Definition. Let ®(z) be any primitive of y(z)dx(z). The gth free
energy (g > 2) is

[Ilwaki-Koike-Takei] showed (for example):
HG o Bag 1 1
Fe (M) = e - 2) ((mo T+ w5 (ot — me )
1 1
(mo — m1+ moo)?6=2  (mo — my — my)2872

B 1 _ 1 B 1
(2mo)26—2  (2my)26=2 (2meo)262 )"
+ formulas for the other 8 examples.

Omar Kidwai School of Mathematics, Birmingham

Topological recursion, BPS structures, and quantum curves 32 /45



Topological recursion for hypergeometric sp
[e]e]e]e]e] lele]

Result

Theorem. [lwaki-K] For the spectral curves of hypergeometric
type, m generic, we have

mi | 282
Flm =y ¥ 90 (50) - £22

Z(v)eH

where H is any generic half-plane.
Conjecture. [lwaki-K] This holds in higher rank too, under the

assumption the BPS structure is uncoupled (some evidence
presented, more in progress).
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What we have done

® TR can tell us something about spectral networks. Practically
speaking, TR can help us compute information about BPS
counts without ever having to draw a spectral network!
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® TR can tell us something about spectral networks. Practically
speaking, TR can help us compute information about BPS
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® On the other hand, spectral networks can teach us about the
structure of TR. Can we predict new examples?
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What we have done

® TR can tell us something about spectral networks. Practically
speaking, TR can help us compute information about BPS
counts without ever having to draw a spectral network!

® On the other hand, spectral networks can teach us about the
structure of TR. Can we predict new examples?

e Qur formula is one simple example of this. What can we learn
in more complicated or exotic cases?

Omar Kidwai School of Mathematics, Birmingham
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More results

We can upgrade these results to the analytic setting.

® Solve natural “BPS Riemann-Hilbert problem” associated to
the BPS structure using Voros symbols of quantum curves

® Natural TR intepretation of Bridgeland's BPS 7-function
which generates the solution.

Omar Kidwai School of Mathematics, Birmingham
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@ Riemann-Hilbert problem via quantum curves
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BPS Riemann-Hilbert problem [Bridgeland, GMN]

® Fix (I, Z,9Q). Seek functions X, (one for each ) in the
h-plane, prescribed jumping across BPS rays.

® Define twisted torus

T_:={g:T > C"g(n+7) = (-1)"g(n)g(n) }
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BPS Riemann-Hilbert problem [Bridgeland-GMN]

Problem. Let (I, Z,Q) a sufficiently nice BPS structure.
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BPS Riemann-Hilbert problem [Bridgeland-GMN]

Problem. Let (I, Z,Q) a sufficiently nice BPS structure. Fix £ € T_. For all
non-BPS rays ¢ C C*, find a piecewise-meromorphic map X, : Hy — T_ with
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BPS Riemann-Hilbert problem [Bridgeland-GMN]

Problem. Let (I, Z,Q) a sufficiently nice BPS structure. Fix £ € T_. For all
non-BPS rays ¢ C C*, find a piecewise-meromorphic map X, : Hy — T_ with

@ A sector, O rays 1,0 (not BPS). For vy €T, h € Hy, NHy,

Xz = Xenn (1) ] (1= Xy ()20 J
w’er .
Z(v")ea He, R 4
. '\\/ {er
\‘\j".—” N
"I:\\\\ B (
| W

Omar Kidwai School of Mathematics, Birmingham

Topological recursion, BPS structures, and quantum curves 38 / 45



BPS Riemann-Hilbert problem [Bridgeland-GMN]

Problem. Let (I, Z,Q) a sufficiently nice BPS structure. Fix £ € T_. For all
non-BPS rays ¢ C C*, find a piecewise-meromorphic map X, : Hy — T_ with

@ A sector, O rays 1,0 (not BPS). For vy €T, h € Hy, NHy,

Xeziy = X (B) [T (1= Xy s ()2 J
205 H, ¢
[ — Trs
@ For v €T, whenever ¢ is not BPS, as i — 0 in H, \_/ - /
Xe (1) ~ &2 M) NN
\\ 0
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BPS Riemann-Hilbert problem [Bridgeland-GMN]

Problem. Let (I, Z,Q) a sufficiently nice BPS structure. Fix £ € T_. For all
non-BPS rays ¢ C C*, find a piecewise-meromorphic map X, : Hy — T_ with

@ A sector, O rays 1,0 (not BPS). For vy €T, h € Hy, NHy,

Xesoy = Xiny(0) [T (1= Xy e ()00 \
205a H 5\ ¢
T e
@ For v €T, whenever £ is not BPS, as i — 0 in Hp \/ - / ]
Xo () ~ 20 g() RSN
\_\ ”

© For v €T, whenever £ is not BPS, there exists k s.t.
B~ < | Xen (B)] < |BI*

for || > 0 in Hp.
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Quantum curves

[lwaki-Koike-Takei] constructed quantum curves which quantize the
spectral curves of hypergeometric type.
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Quantum curves

[lwaki-Koike-Takei] constructed quantum curves which quantize the
spectral curves of hypergeometric type.
Let ¢ denote the topological recursion wave function p(x) = e>(*),

B >, " _ dx(¢1)dx(¢2)
=2 3 /1@1" a /neo(w)( gn(Ga oo n) 6“”*°5"’2(x(cl)—x(cn))2>

k=—1 2g—2+n=k "
£>0,n>1

where D(z;v) divisor depending on parameters v. This is a formal
series in A.
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Quantum curves

[lwaki-Koike-Takei] constructed quantum curves which quantize the
spectral curves of hypergeometric type.

Let ¢ denote the topological recursion wave function p(x) = e>(*),

oo 1 dX(Cl)dX(CZ)
S(x) == Rk f wg.n(C1y ... Cn) — 8g.00n2 —— =
(0= 2 2 n! /clen(z;u) /<neo(z;v> < gt G = 0o 2 (x(¢r) — X(Cn))z)

k=—1 2g—2+n=k
g20,n>1

where D(z;v) divisor depending on parameters v. This is a formal
series in A.

A quantum curve is a (formally depending on £) differential
operator Dy(v) (geometrically, an sh-oper) such that

and classically limits to the spectral curve.
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Quantum curves

Example (Weber):
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Voros coefficients

dS(x) — t*dS(x)
5 .

For any v € H1(X,Z), B € Hi(X, P\ T,Z), the Voros coefficients
are

Let dSedd .=

v, —?{dSOdd( )dx,  Vj ::/dSOdd( )dx
¥
where > 1 denotes truncation of the A=t and i° terms.

[lwaki-Koike-Takei] computed V., and Vj explicitly, which can be
written in terms of the BPS spectrum, in a similar formula as Fg.
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Borel sum

Consider a formal series f = >.2° | fihX.
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Borel sum

Consider a formal series f = > }7 fh¥. The Borel transform fg is
B0) =3
' — (k—1)! '
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Borel sum

Consider a formal series f = > }7 fh¥. The Borel transform fg is
B0) =3
' — (k—1)! '

The Borel sum in direction ¢ = e - Ry,

i

Su(f) = /0 fa(y)e ™/ dy
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Borel sum

Consider a formal series f = > }7 fh¥. The Borel transform fg is
— - i k—1
fa(y) =) CEA

k=1

The Borel sum in direction ¢ = e - Ry,

i

Su(f) = /0 fa(y)e ™/ dy

If all goes well, the Borel sum is a piecewise analytic function in i
that jumps certain rays, and asymptotic to the original f.
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Borel sum

Consider a formal series f = > }7 fh¥. The Borel transform fg is

(e}

fi k—1
fi = —_ .
k=1
The Borel sum in direction ¢ = e - Ry,

i

Su(f) = /0 fa(y)e ™/ dy

If all goes well, the Borel sum is a piecewise analytic function in i
that jumps certain rays, and asymptotic to the original f. We are
able to compute the Borel sums of V., Vi3, more or less by hand
(see results of Aoki, Takei, Koike, Kamimoto and others).
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(Almost) doubled BPS RHP

One more detail: the intersection pairing on ¥ is trivial, so the BPS
RHP for (I, Z,Q) is trivial.
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(Almost) doubled BPS RHP

One more detail: the intersection pairing on ¥ is trivial, so the BPS
RHP for (', Z,Q) is trivial. Remedy: 'p :=T @& '™ with

F={pel|us=-p}cr’

with the nondegenerate pairing

(715 81), (72, B2)) = (71,72) + B2(711) — B1(72)
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(Almost) doubled BPS RHP

One more detail: the intersection pairing on ¥ is trivial, so the BPS
RHP for (', Z,Q) is trivial. Remedy: 'p :=T @& '™ with

M={Ber|uB=-p}cry
with the nondegenerate pairing

(715 81), (72, B2)) = (71,72) + B2(711) — B1(72)

with Z, 3 := Z(v), and Q(y, 8) = Q(7).
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(Almost) doubled BPS RHP

One more detail: the intersection pairing on ¥ is trivial, so the BPS
RHP for (', Z,Q) is trivial. Remedy: 'p :=T @& '™ with

F={pel|us=-p}cr’
with the nondegenerate pairing
(72, 81), (72, B2)) := (71, 72) + B2(11) — Ba(r2)

with Z, 3 := Z(v), and Q(y, 8) = Q(7).

By Poincare-Lefschetz duality, we may identify elements in I'* with
elements of Hy(X, P\ T,Z) using the intersection pairing.
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Theorem. [Iwaki-K] Let Q(x) be of hypergeometric type, and V.,
V3 denote the Voros coefficients of Dy(v). Then

Xgﬁ(h) =0y Sgef\/W(h), Xg’g(ﬁ) =0g- Sgevﬁ(h)

where o is a sign, solves the BPS Riemann-Hilbert problem for the
corresponding almost-doubled BPS structure, with constant term
& = &(v) given explicitly.
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Further

Higher rank: conjecture + a few experiments (ongoing)

Relation to Joyce structures / Joyce function

Relation to Nekrasov partition function

Coupled case?

[-deformed case (ongoing w/ K. Osuga)
g-deformed case (5d BPS states)
TBA equations

Omar Kidwai School of Mathematics, Birmingham

Topological recursion, BPS structures, and quantum curves 45 / 45



	Introduction
	Quadratic differentials
	BPS structures and spectral networks
	Topological recursion for hypergeometric spectral curves
	Riemann-Hilbert problem via quantum curves

