Bimodules over categories enriched over
closed monoidal categories

Volodymyr Lyubashenko

May 31, 2022



Plan

=
= O

© 0N R W=

Filtered abelian groups

Properties of products and coproducts
Properties of enriched ends and coends
Filtered graded abelian groups
Symmetric monoidal V-bicategories
Bicategories of V-categories
V-bicategory of bimodules
Composition of bimodules

Tensor cocategory

Coderivations

. As-categories



Filtered abelian groups

We consider a partially ordered commutative monoid IL be
with the operation + and neutral element 0. Of course, we
assume that a < b, c < d imply a+ ¢ < b+ d. We assume
that L satisfies the following conditions:
1. for all a,b € IL there is c € L such that a< ¢, b< ¢
(that is, (L, <) is directed);
2. forall a,b € IL thereis c € L such that c < a, c < b
(that is, IL°P is directed);
3. for all a € L there is ¢ € L. such that a+ ¢ > 0.

If L is a directed group (satisfies (i)), then L satisfies (ii) and
(iii) as well for obvious reasons.

An IL-filtered abelian group is an abelian group M together
with, for every /| € I, a subgroup F'M such that a < b € LL
implies that 7°M > F°M and U, . F'M = M.



The category Aby, of LL-filtered abelian groups is a symmetric
monoidal category. The tensor product of a family My, .
M,, n > 1, is the tensor product of abelian groups M;,
equipped with the filtration

F R M) = Im( By et Ry FiM; = Q74 M;).



Definition

A category V is monoidal when it is equipped with a functor
® :V xV — V, tensor product, associative in the sense:

— there is a natural isomorphism, associator,

aagc AR (B®C)— (A B)® C,

and unital:

— there are an object 1, the unit object, and natural
isomorphisms 1 ® A — A, left unitor,

and A® 1 — A, right unitor,

such that Mac Lane's pentagon for & commutes and an
equation involving the above data holds.

A monoidal category V is symmetric when it is equipped with
a natural isomorphism c: X ® Y — Y ® X, satisfying
appropriate equations.



In practice it is simpler to say that [L-filtered abelian groups
constitute a symmetric multicategory Aby.. It is formed by
multilinear maps preserving the filtration:

Aby (M, ..., M, N) = {multilinear maps f : Myx---xM, — N
| (FiMy x - x FPM)F € Frrthny n> 1

Notice that Kb\]L(l\/Ib ..., My; N) is naturally isomorphic to
Ab,(M; ® ---® M,, N) for n > 1.



In practice it is simpler to say that [L-filtered abelian groups
constitute a symmetric multicategory Aby.. It is formed by
multilinear maps preserving the filtration:

Aby (M, ..., M, N) = {multilinear maps f : Myx---xM, — N
| (FiMy x - x FPM)F € Frrthny n> 1

Notice that Kb\]L(l\/Ib ..., My; N) is naturally isomorphic to

Ab,(M; ® ---® M,, N) for n > 1.
We recall the definition of a closed monoidal category, leaving

aside that of a closed multicategory.



Definition
A monoidal category V is closed if for each pair X, Z of
objects of V there is an object V(X, Z) of V and an evaluation
element

evx 7z EV(X®V(X,2),2)
such that for an arbitrary morphism ¢ : X @ Y — Z € V there
exists a unique morphism ¢ : Y — V(X, Z) such that

XeY —2 7

X @ V(X 2)

commutes.



The unit object is Z, equipped with the filtration

if 1 <
Fly _ Z, ifl< 9,
0, otherwise.

The monoidal category Aby, is symmetric. Furthermore, it is
closed. Associate with M, N € Aby, an L-filtered abelian
group Aby (M, N) C Ab(M, N) with

F'Ab (M, N) = {f € Ab(M,N) |[ VA €L (F*M)f C F*/N}.

The internal hom is obtained as
Aby (M, N) = Uje . F'Ab (M, N). The evaluation

ev: M®AbL(M,N) - N, m®f— (m)f,

is a morphism of Aby, and it turns Aby, into a closed
symmetric monoidal category.



The multicategory Eb\L is closed. Namely, for each family of
L—filtergﬂ\abelian groups My, e M., N there is internal hom
object Aby (M, ..., M,; N) C Ab(My, ..., M,; N) =
Multi(My % - -+ x M,, N). It is filtered by subgroups

F'Aby(Mi,..., My N) = {f € Multi(My x - -+ x M,, N) |
[ V(Ae) €L (FRMy x - x FA"M,)f € PR+t
The internal hom is defined as

Aby (My, ..., My N) = UL F/Ab (My, ..., M, N).
The evaluation

ev: My x - x My x Ab (M, ... My N) = N,
(my,....m, f)— (my,...,m,)f,

is a morphism of Aby, and it turns Aby, into a closed
multicategory.



The category V is assumed to be additive, closed symmetric
monoidal, complete (has all limits) and cocomplete (has all
colimits). Furthermore, it is set-like, which means that there is
an isomorphism of internal hom with coproduct as a first
argument with the product of internal homs. It is obvious that
coend in the first argument of the hom-functor can be moved
outside as an end. It is not clear to me that the same can be
done for enriched coend, internal hom and enriched end. We
work with set-like categories VV which have this property.



The category V is assumed to be additive, closed symmetric
monoidal, complete (has all limits) and cocomplete (has all
colimits). Furthermore, it is set-like, which means that there is
an isomorphism of internal hom with coproduct as a first
argument with the product of internal homs. It is obvious that
coend in the first argument of the hom-functor can be moved
outside as an end. It is not clear to me that the same can be
done for enriched coend, internal hom and enriched end. We
work with set-like categories VV which have this property.

Prior to defining A..-categories we study the V-bicategory of
bimodules over V-categories. Actually, we exhibit
isomorphisms which are a part of the structure of a
V-bicategory but do not prove equations between them, like
the pentagon relation etc.



Properties of products and coproducts

Proposition

For all V (complete and cocomplete locally small symmetric
monoidal closed) there is a natural isomorphism

X Iy =TTvx v).

iel iel



Part of proof.

Define x; = X @ pr; : X @ [[;¢, Y(X, Y)) = X @ V(X, V).
Combined together they give

¥ = () : X ® [y VX, V) = T/ X @ VX, V)l

A natural morphism ¢ : [],., V(X, Y;) = V(X ]I, Vi) is
obtained from

X & [Jux.v) =[x @vx, v

Jel iel
X®¢\L \L]_[ev
Xov(X,]]Y) —— ][V
i€l i€l

Define 1; = V(X pr;) : (X, ]];¢, Vi) = Y(X, ;). Combined
together they give a natural morphism
n= (nj)jél : Z(Xv Hiel \/I) — HjeIZ(Xa \/J) O



Proposition

For all V there are natural morphisms

(Gl HielZ(Xh Y) — E(Hiel Xi, Y) and

V(e Xin Y) = i) Y(Xi, Y) such that ). & = 1.



Part of proof.

A natural morphism ¢ : ]
obtained from

iel V(X,, Y) - V(H:el

(HX;) @ [Ty, v) —— H[X,- @ [Tvx, Y

iel jel iel jel
1®wl lL[[1®pr;]
(I1x) e v(I1 % v) [T v(x, )]
icl icl icl

evl l]_[ ev
Y < (1)ies H Y

iel

X,', Y) is

Natural morphisms &; = (mJ, Y) V(I X, Y) = V(X Y)

combine to £ : V([ I, Xi, Y) — [L;c, Y(X;, Y).

0



Lemma (obvious)

For any X € ObV the functors V(X,-):V —V,

V(-, X) : VP — V are left exact, that is, for any diagram
I =V, i— Y, there are natural isomorphisms

limV(X, ;) = V(X lim Y}),
IS

icl
and
lim V(Y;, X) = E(cqlilm Y, X).
e

iclop



Definition
A small V-category C consists of
» a set ObC of objects of C,
» an object C(X, Y) of V for every pair of objects X, Y in
C,
» an arrow idx : 1 — C(X, X) in V called an identity for
every object X in C,
» anarrow.:C(X,Y)®C(Y,Z) = C(X,Z)inV, a
composition for each triple of objects X, Y, Z in C,
such that the composition is associative and unital.
V-functors are supposed to preserve the identities and the
composition.



Example

When V is a closed monoidal category, the commutative
diagrams

XoVX,Y)oV(Y.Z) TS Yoy, Z
1®.l lev
X ®V(X,2) - 4

X@l—— s X

]

X V(X X) 22—
make V = (ObV, (V(X, Y))x,veobv) into a V-category.



Example

When V is a closed monoidal category, the commutative
diagrams

XoVX,Y)oV(Y.Z) TS Yoy, Z
1®.l lev
X ®V(X,2) - 4

X@l—— s X

]

X2 V(X,X) s

make V = (ObV, (V(X, Y))x,veobv) into a V-category.
External tensor product A X B of V-categories A and B has
by definition Ob AX B = Ob. A x Ob B and

(AKX B)((A, B),(C, D)) = A(A, C) ® B(B, D).



Definition (Kelly)

let £ be a V-category. Let B be an £-bimodule = V-functor
B: &KX E — V. Enriched end of B is the equalizer

/ B(E, E) %
Ee&
[18(e.£) 22255 T V(E(E.E). BE.EY).

Ec& (prE"Y)E,E’ E,E'e&
where 8 : B(E',E') — V(E(E, E'), B(E, E")) is adjunct to
ga:E(E,EY® B(E',E') — B(E,E)

and v : B(E,E) — V(E(E,E'), B(E, E')) is adjunct to
composition

E(E,E)® B(E,E) S B(E, E) @ £(E, E') - B(E, EY).



Properties of enriched ends and coends

Lemma

Let B be an E-bimodule, B : E° KX E — V. For X € ObV
there is a natural isomorphism of V-functors

V(X [eee B(E,E)) = [eee Y(X, B(E, E)).



Definition
Let £ be a small V-category and let B : £ KX € — V be an
E-bimodule. The enriched coend of B is the coequalizer

EcE

QeNF)EF
HSEF@BFE:&HBEE%/ B(E,E).

E,Fe€ (Boine)er Eoe



Definition
Let £ be a small V-category and let B : £ KX € — V be an
E-bimodule. The enriched coend of B is the coequalizer

EcE

HS(E,F)@B(F,E . FEFHBEE —>/ B(E, E).
E,Fe€ (Fosine)er Eeg
Proposition

Let B be an E-bimodule, B : E°PXKE — V. For’Y € ObV
there are natural morphisms of V-functors

V([ B(E.E),Y) — [... V(B(E,E),Y),

: Jeee V(B(E,E),Y) = V([ B(E,E), Y), that satisfy
==1.

< < |l



Corollary

[/EESE(B(E, E),Y)



Corollary

[ vsEey) S sEny)
L V(B(E,E), Y)| = pe.

=PE

Definition

A complete and cocomplete locally small symmetric monoidal
closed category V is called set-like if the morphism v or £ is
invertible.

If one of v or £ is invertible, then so is the other and,
moreover, ¥ and £ are inverse to each other.



Lemma
Assuming that V is set-like we find that natural morphisms of

V-functors

= y(/Eeg B(E.E)LY) = [ V(B(E.E)Y).

EcE

\u:/ V(B(E,E),Y) %y(/Eeg B(E,E),Y)

are inverse to each other.



Lemma
Assuming that V is set-like we find that natural morphisms of
V-functors

= y(/Eeg BE.E)Y) > [ V(B(EELY)

\u:/ V(B(E,E),Y) %y(/Eeg B(E,E),Y)

are inverse to each other.

Example

The category V = Set is complete, cocomplete and Cartesian
closed with the internal hom Set(X, Y) = Set(X, Y). The
morphisms

§ = (Set(in;, Y))jer : Set(I1;, Xi, Y) = [, Set(X;, Y) are
invertible by the definition of ]_[,.6, X;. Thus, Set is
non-additive set-like.



Example

Let k be a commutative ring. The category V = k-Mod is
complete, cocomplete, additive and closed symmetric
monoidal with the tensor product M @, N and internal hom
k-Mod(M, N) = k-Mod(M, N) equipped with the obvious
action of k. The morphisms

¢ = (k-Mod(in;, N))je; : k-Mod(] [ M, N) = [ [ k-Mod(M;, N)

iel jel

are invertible by the definition of Hie/ M;. Thus, k-Mod is
set-like.



Lemma
The category Aby, has small colimits and the forgetful functor
Ab;, — Ab preserves colimits.



Lemma
The category Aby, has small colimits and the forgetful functor
Ab;, — Ab preserves colimits.

Lemma

The category Aby, has small limits. The I-th filtration term of
Iim,-e,(M,- € Ab]L) is

F! lim(M; € Ab.) = I.in)(f’/\/l,- € Ab) C lim(M; € Ab).
IS e IS
Thus,

. ) _ . | ) . )
lim(M; € Aby) U lim(F'M; € Ab) C lim(M; € Ab).

IelL



Lemma
The category Aby, has small colimits and the forgetful functor
Ab;, — Ab preserves colimits.

Lemma

The category Aby, has small limits. The I-th filtration term of
Iim,-e,(M,- € Ab]L) is

F! lim(M; € Ab.) = I.in)(f'/\/l,- € Ab) C lim(M; € Ab).
IS e IS
Thus,

. ) _ . | ) . )
lim(M; € Aby) U lim(F'M; € Ab) C lim(M; € Ab).

IelL

Proposition
The category Aby, is set-like.



Filtered graded abelian groups

We extend the consideration to the graded setting.

An IL-filtered graded abelian group is a Z-graded abelian
group M together with, for every | € L, a graded subgroup
F'M such that a < b € L implies that F2M Dﬂ/f and
UjeL,F'M = M. The symmetric multicategory grAb; of
L-filtered graded abelian groups is formed by multilinear maps
of certain degree preserving the filtration:

grAb, (My, ..., M, N)¢ =
{(multilinear maps f : Mf* x ... x Mk 5 Nlat-thotd) |
| (FEMI x s Flopboyf ¢ Flitth ylatthatdy
n > 1. There is a sign for composition!

This multicategory is representable by a symmetric monoidal
category which we denote grAb; .



One deduces the tensor product of a family My, ..., M,
n > 1, as the tensor product of Z-graded abelian groups M;,
equipped with the filtration

FU LM = IM( Byt ptymt Ry F'M; — @7 M;).

Thus, gTA\bL(Ml, ..., M,; N) is naturally isomorphic to
grAb, (M; ® - -- ®@ M,, N) for n > 1.

The unit object is Z, concentrated in degree 0, equipped with
the mentioned filtration.

The monoidal category grAb; is symmetric with the signed
symmetry of Z-graded abelian groups.



Furthermore, grAb; is closed.

In fact, let M, N € grAb; . Associate with them a new graded

L-filtered abelian group grAb; (M, N) C grAb(M, N) with
FlgrAb, (M, N)? =

{f € grAb(M,N) | VA € L Vk € Z (F*M*)f ¢ FM' NI,

The internal hom is defined as
grAb; (M, N)* = U,c . F'grAby (M, N)*. The evaluation

ev: M®grAb (M,N) - N, m®f+— (m)f,

is a morphism of grAby, and it turns grAb; into a closed
symmetric monoidal category.



A commutative L-filtered graded ring A is a commutative
monoid (commutative algebra) in grAb; . Modules over A in
grAb; are called L-filtered Z-graded A-modules and are
identified with commutative A-bimodules (for short,
A-modules). The category of them with grading and filtration
preserving A-module maps is denoted A-Mody,. It is symmetric
monoidal with the tensor product M @x N. The unit object 1
is A\ with its filtration.



The category A-Mody, is closed.

In fact, let M, N € A-Mody.. Associate with them a new
graded L-filtered A-module A-Mody (M, N) C A-Mod(M, N)
with

F'N\-Mody, (M, N)? =
{f € AMod(M, N)! |VA € LYk € Z (F*MKf c PNk

The internal hom is defined as
A-Mody, (M, N)* = U, F'A-Mody (M, N)*. The evaluation

ev: M®pA-Mod,(M,N) = N, m® f— (m)f,

is a morphism of A-Modp, and it turns this category into a
closed symmetric monoidal one.



Lemma

The category A-Mody, has small colimits and the forgetful
functor A-Mody, — A-Mod preserves colimits. Namely,
colim;c;(M; € A-Mody) = colim;c;(M; € A-Mod) with the
filtration

F! CO_“Im(M,' € A-Mody)
e
=Im[q : cqli/m(]—"’/\/l,- € A-Mod) — colim(M; € A-Mod)].
e e



Lemma
The category A-Mody, has small limits. The I-th filtration term
oflim,-e,(M,- € /\-MOdL) is

F! lim(M; € A-Mody ) = Ijrrlm(F’M,- € A-Mod) C lim(M; € A-Mod).
e e e
Thus,

. ) _ _ . / ] _ . ) _
lim(M; € A-Mody) U lim(F'M; € A-Mod) C lim(M; € A-Mod).

lelL



Lemma
The category A-Mody, has small limits. The I-th filtration term
oflim,-e,(M,- € /\-MOdL) is

F! lim(M; € A-Mody ) = Ijrrlm(F’M,- € A-Mod) C lim(M; € A-Mod).
e e e

Thus,

. ) _ — . / ) _ . ) _

lim(M; € A-Mody) U lim(F'M; € A-Mod) C lim(M; € A-Mod).

lelL

Proposition
The category N\-Mody, is set-like.



Symmetric monoidal V-bicategories

We shall encounter bicategories 8 enriched over the
symmetric monoidal 1-category V at the level of 2-cells only.
Thus it has a collection of objects, with 1-morphisms between
the objects, and for any parallel 1-morphisms f, g : x — y, a
hom-object % (x, y)(f,g) € V. This can be identified with a
V-Cat-enriched bicategory. Symmetric monoidal bicategories
were defined by Schommer-Pries. Definition of a symmetric
monoidal V-bicategory can be obtained from the Set case by
requiring that the tensor product be a V-functor, in place of
natural transformations were natural V-transformations, which
are elements of a hom-set: the functor V(1,-) applied to the
object of V-transformations. Similarly with natural
V-modifications. Equations between pastings of those are the
same as in the Set case.



Bicategories of )-categories

We suppose that V is set-like complete and cocomplete locally
small symmetric monoidal closed category. Let us denote by
V-Cat the bicategory, whose objects=0-cells are small
V-categories, 1-morphisms=1-cells are V-functors,
2-morphisms=2-cells are natural transformations

A: F— G: A— B which consist of collections

(/\x € V(1, B(FX, GX)))XGObA such that

A(X,Y) —%— B(GX, GY)

FJ/ = lB(,\X 1)

B(FX, FY) 222 gEx Gy)

V-Cat is a symmetric monoidal bicategory.
Dropping the 2-cells we get a symmetric monoidal category,
which we denote again by V-Cat by abuse of notation.



The unit object of the monoidal category V-Cat is the
V-category 1 with Ob 1 = {x}; 1(x, x) = 1, is the unit object
of the monoidal category V. The composition is an obvious
isomorphism 1y ® 1), — 1y, and the unit is idy,,.



For small V-categories £ and C the (right) internal hom
V-Cat(&,C) is given (following Kelly) by
» ObV-Cat(&,C) = {V-functors £ — C},
> V-Cat(E,C)(F,G) = [ C(FE, GE), the object of
V-transformations F — G : £ — C, this enriched end is
explicitly defined as the enriched equalizer

/ C(FE, GE) % [] c(FE, GE) =24 T V' (£(E. E').C(FE, GE)),
Ece Ee€ (Pren) EErce

where 5 : C(FE', GE') — K(S(E, E"),C(FE, GE')) is

adjunct to composition

£(E, E®C(FE', GE") L2 C(FE, FE\®C(FE', GE') =5 C(FE, GE')

and v : C(FE, GE) — V" (E(E, E'),C(FE, GE')) is
adjunct to composition

E(E,E"Y® C(FE, GE) = C(FE,GE) ® £(E, E')

19C, C(FE, GE) ® C(GE, GE') <> C(FE, GE').



» the identity transformation 1 : 1 — V-Cat(&,C)(F, F) is
1r = (1FE 11— C(FE, FE))EES'

» the composition of objects of )V-transformations
V-Cat(E,C)(F, G) comes from the composition in C:

V-Cat(E,C)(F, G) @ V-Cat(E,C)(G, H) = V-Cat(€,C)(F, H)

.| ]

[ c(FE.GE) @ ] c(GE. HE) —=— T] C(FE. HE)

EcE EcE EcE

prs®prsl - J/P'E

C(FE, GE) ® C(GE, HE) " C(FE, HE)




The evaluation V-functor ev : £ X V-Cat(&E,C) — C,
(X, F) — F(X), consists of morphisms which are diagonal
maps in the following commutative diagram

E(X,Y)®[£,C)(F, G) —22%% C(FX, FY) ® C(FY, GY)
G®upry
C(GX, GY) ® C(FX, GX)

c

C(FX, GX) ® C(GX, GY) ——— C(FX, GY)

In the non-enriched case this diagram corresponds to familiar

FX — ™ Fy



The evaluation is a V-functor.
The fact that (V-Cat, ev) is the right internal hom in
(V-Cat,X) is proven by Kelly.



The evaluation is a V-functor.

The fact that (V-Cat, ev) is the right internal hom in
(V-Cat,X) is proven by Kelly.

Consider a V-bicategory V-Cat, whose objects are small
V-categories, 1-morphisms are V-functors, 2-cells
F—G:& —> C are the objects

V-Cat(€,C)( fEeS (FE,GE) € ObV. The

V- categorles of morphlsms V-Cat(€,C) = V-Cat(€,C) have a
prescribed vertical composition of 2-cells given above. The
horizontal composition

V-Cat(A, B) X V-Cat(B,C) — V-Cat(A,C) is the
composition of V-functors on objects.



Remark

The set of natural transformations {\: F — G : £ — C} in
the sense of usual diagram is in bijection with the set
V(1,V-Cat(€,C)(F, G)) of morphisms of the unit object of V
to the object of V-transformations F — G : £ — C.

Since the associators and unitors of V-Cat are natural
transformations of V-functors, V-Cat is enriched in V-Cat,
that is, it is a V-bicategory. Another example of a
V-bicategory is the bicategory of bimodules, aka profunctors,
aka distributors:



V-bicategory of bimodules

For us a module over a V-category A will mean a right
module, that is, a V-functor M : A — V. We use right
operators instead of left ones. The V-category of A-modules
V-Cat(A,V) is denoted also Mod-.A. Similarly the V-category
of left A-modules V-Cat(.A°?, V) is denoted .A-Mod. One may
represent an A-module M as a collection (M(X))xcob.a of
objects of V together with the action

M(X) ® A(X,Y) — M(Y), associative and unital in the
obvious sense.

For V-categories A, B we consider A-B-bimodules, which are
by definition A°P X B-modules, that is, V-functors

A°® X B — V. The V-category of A-B-bimodules

V-Cat(A° X B,V) is denoted also .A-Mod-5:

A-Mod-B(M, N) / V(M(B, C), N(B, C)).

(A,B)EAPRB



By general properties of closed symmetric monoidal categories
A-Mod-B is isomorphic to V-Cat(B, V-Cat(.A°,V)) and to
V-Cat(A°, V-Cat(B,V)) = V-Cat(A°®, Mod-B). Thus, an
A-B-bimodule M induces for any object A of A a B-module
M(A,-).




Example

Let S be a set. Let D be a discrete V-category = the
V-category with ObD = S and objects of morphisms

DX, Y) = {11, !fX_ Y,
0, fX#Y,

where () € ObV is the initial object. For any X € Ob) we

have ) @ X = X ® ) = (). The composition in D reduces to

[=r:1®1 = 1. The unit morphisms are 1x = idy.

A D-bimodule A : D°° XD — V consists of a function

ObA:SxS5—0bV, (X,Y)— A(X,Y) and action

morphisms A(X,Y)®1 — A(X,Y),

1®A(X,Y)— A(X,Y). However, the action morphisms

coincide with r (resp. /) (the unitors of V) due to unitality of

the action. Therefore, D-bimodules A are identified with

functions Ob A : S xS — ObV.



Composition of bimodules

Bimod can be viewed as a category weakly enriched in the
closed symmetric monoidal category V-Cat. Objects of
V-bicategory Bimod are small V-categories, denoted A, B, C,
etc. V-categories of morphisms from A to B are

Bimod(A, B) = A-Mod-B. The composition V-functor is

®5 : A-Mod-B X B-Mod-C — A-Mod-C,
BeB
(M;N) — M®N = M(-, B) ® N(B,-),

where the coend is taken in enriched sense. In other terms,
(M ®p N)(A, C) is the coequalizer (« is the action)
’ ’ (el @1y c)ring) g 67
[IM(A B)@B(B,B)& N(B', C) N
B,B'eB (Im(a,B) @B wing) g gr
BeB
[[Mm(A B)® N(B, C) — [ M(A, B) @ N(B, C).
BeB




Example

Let D be a discrete V-category with ObD = S. The
composition of D-bimodules A and B is

DeD

(AopB)(X,Y)= [ AX,D)®B(D,Y)
=[] A(X.D)® B(D, Y).

DeS

The object of V-transformations from A to B is

D_MOd_D(Aa B) = / X(A(Xa Y)7 B(Xa Y))
(X,Y)eDPRD
= [ Y(AX. Y).B(X.Y))
(X,Y)es?

As for general D the V-category D-Mod-D is monoidal.



Example

Let V be Set, then a V-category is a usual category. Let A,
B, C be small discrete categories, identified with sets
ObA=A ObB =B, 0bC=C. An A-B-bimodule F is
identified with a function F : A x B — Ob Set,

(a, b) — F(a, b). The set of morphisms is

(A-Mod-B)( = J[ Set(F(a b),G(a,b)).

acA,beB

The composition of bimodules F : A — Band H: B — C is
(F Xp H) A= C,

(F @5 H)(a,c) = | | F(a, b) x H(b,c).

beB



The horizontal composition of 2-morphisms described by

F H
A?B?Cis

(A-Mod-B)(F, G) x (B-Mod-C)(H, K) —>
(A-Mod-C)(F @5 H, G @5 K)
((fas : F(a,b) = G(a,b))an,(hoe - H(b, c) = K(b, ¢))pc) —

(I_l fab X hbc)a,c-

beB



The horizontal composition of 2-morphisms described by

F H
A?B?Cis

(A-Mod-B)(F, G) x (B-Mod-C)(H, K) —>
(A-Mod-C)(F @5 H, G @5 K)
((fas : F(a,b) = G(a,b))an,(hoe - H(b, c) = K(b, ¢))pc) —

(I_l fap X hbc)a,c-

beB

Proposition

For any complete and cocomplete symmetric monoidal closed
category V the multiplication ®g is a V-functor.



Tensor cocategory

Since the set-like category V is additive, the )-categories
A-Mod-B are additive as well. For an arbitrary V-category £
we have the diagonal V-functor A : £ — &', where [ is a set,
gl((/\/’;)ie[, (Nj)jel) = Hiel g(M,‘, N,) For £ = .A—MOd-B we
have a left and a right adjoint to the diagonal V-functor: the
coproduct [, : €' — £ and the product [[,., : &' — €.
They are defined pointwise:

(J] M) (A, B) =] [mi(A B)).

iel i€l

(JT M) (A B) = TT[Ni(A, B)].

iel i€l



Let D be a small V-category. Let A be a D-bimodule. Denote
by

T"A=A""= Aop A---@p A n>0.

n

the n-th power of A. By definition, T°A = A®?0 =y, is the
regular D-bimodule. Denote by T.4 the D-bimodule
TA=1[2g T"A=11I,—,A®"". This is a coalgebra
(comonoid) in the monoidal V-category D-Mod-D. In fact,

TARp TA= IO_O[ IO_O[ A®pm Xp A®pn

n=0 m=0
oo m,neN oo m,neN

— H H A®Dm ®p A®Dn o~ H H A®Dm ®p A@D”'
k=0 m+n=k k=0 m+n=k



Deconcatenation comultiplication,

oo m,neEN

A:TA= ]_[ T"A= ][ J] T A®pT A= TA2pTA,

k=0 m+n=k

is defined as ]_[iozo A(x), where components of

Ay TFA = TP, T" A ®p T"A are the obvious

isomorphisms T4 — T"A®p T"A, m+n = k.



Deconcatenation comultiplication,

oo m,neEN

A:TA= ]_[ T"A= ][ J] T A®pT A= TA2pTA,

k=0 m+n=k

is defined as ]_[iozo A(x), where components of
Ay TFA = TP, T" A ®p T"A are the obvious
isomorphisms T4 — T"A®p T"A, m+n = k.

I:et A € ObD-Mod-D, B € Ob&-Mod-£. Given a V-functor
f : D — £ we can consider the restriction D-bimodule

By = (DPRD 5 gr e By - (X, Y) - B(FX, FY).



Definition
An augmented coalgebra morphism f : TA — T(3B;) consists
of

» V-functor f : D — &;

» Morphism of D-bimodules f : TA — T(:B8;)

such that

TA f » T(;B;)

Al _ Js

TA@p TAZERL T(:8;) @p T(:5;)

T.A ° Yo ! T.A

3
\'
—~~
~
=
e
~—

T(#Bs) ¥p



Define pr,: TC — T'C as the map with components
0:7"C— T'Cforn#/andid: T'C — T'C.
Proposition

Augmented coalgebra morphisms f : T A — T(zB¢) are in
bijection with D-bimodule morphisms f : T>°A — :B;.



Coderivations

Let A € ObD-Mod-D, B € Ob E-Mod-&, let

f: TA— T(:Bg), g: TA— T(zBz) be augmented
coalgebra morphisms with the corresponding V-functors
f & : D — E. Define a D-bimodule

By = (DPRD 2 g2 Re 5 V) - (X, Y) = B(FX, 8Y).
Define another D-bimodule QB = T(87) @p Bz @p T (z8z).
It is equipped with projections
pri: QB — B (:B7)°"% @b (+Bz) ®p (:85)°"
q+1+t=/

and a kind of deconcatenation comultiplication

A = (A®plepl, 10pl@pA) : QB = T(:Bp)RpB:p T (58z)
— T(;B;) ®p QB D QB &p T(ng).

This is a particular case of the following construction.



Let M(e.g. = V(1, D-Mod-D)) be an additive monoidal
category. Let C, D be coalgebras (comonoids) in M and let
V be an object of M. Then Q = C ® V ® D has an
associative comultiplication of the following kind

(Ac®1y®1p,1c®1y®Ap)

A:Q=CV®D
CRICRIVIDPCRIVRIDID=C®®QDR®D.

Associativity means the following equation

Q 2 CoQeQ®D

AJ{ = ll@A
C®Q@Q®D C®C®Q@C®Q®D€BQ®D®D
which is verified. For any / > 1 the iterated comultiplication
A Q- P C*¥oQwD
g+1+t=

with values in / factors is well-defined. Apply to C = T(:B;),
D = T(gBg).




Definition
The object Coder(f, g) of (f, g)-coderivations is the equalizer
of a pair of morphisms of V

D-Mod-D(T A, QB) ﬁD'M°d'D(1’A

B
D-Mod-D(T A, T(;B;) ®p QB & QB ®p T(:Bz)),

where 3 denotes the composition

D-Mod-D(T A, QB) 21128
D-Mod-D(TA, T(;B5)) ® D-Mod-D(T A, QB)®
& D-Mod-D(T A, QB) ® D-Mod-D(TA, T(:5;))
2P, D-Mod-D(TA®p TA, T(:8;) ®p QB)®
® D-Mod-D(TA®p TA, QB ®p T(58z))

DMLDEL D Mod-D(TA, T(18:)2nQBOQBED T (355)).



The abelian group Coder(f, g)" equals the abelian group

{r € D-Mod-D(TA,QB)" | re A=A.(fRpr®r®pg)
TA— T(:B;) ©p QB® QB @p T(:Bz)}.



The abelian group Coder(f, g)" equals the abelian group

{r € D-Mod-D(TA,QB)" | re A=A.(fRpr®r®pg)
TA— T(:B;) ©p QB® QB @p T(:Bz)}.

Proposition

The abelian group Coder(f, g)" is isomorphic to
D-Mod-D(TA, $B;)": for an element r € Coder(f,g)" we
have

r:A(3).(f®p FRpg): TA— QB.

On the other hand, for any ¥ € D-Mod-D(T A, 3z)" this
equation determines an element r € Coder(f, g)".



Theorem
The morphism of V

X = [D-Mod-D(TA, :B;) = 1 @ D-Mod-D(TA, ;8;) @ 1

PO b Mod-D(T A, T(;87)) ® D-Mod-D(T A, :B;)
® D-Mod-D(T A, T(;:58;))

€)
25 D-Mod-D((TA)®3, T(:B;) @p :B; ®p T(:B5))
o 6
DMoIDATN b Mod-D(TA, QB))]
induces an isomorphism for an arbitrary set-like category V:
D-Mod-D(T A, Bz) = Coder(f, g).

There is a morphism

Coder(f,g) — D-Mod-D(T A, TB).



A.c-categories

Let A be a D-bimodule equipped with a degree 1 morphism
b: T>°4 — A, which we identify with T A LNy RN A,
that is, an element b € V(1[—1], D-Mod-D(T A, A)) such
that b| 704 = 0. There is a (1, 1)-coderivation of degree 1,
b:1—1:TA— QA, given informally as
b=A®.(1opbopl): TA— QA. Formally,

b= bV(1,x), where

V(L v) : V(A[-1], D-Mod-D(T A, A))
— V(A[~1], D-Mod-D(T A4, QA)).

The morphism x : D-Mod-D(T A, A) — D-Mod-D(T A, QA)
is given in Theorem. Acting with the multiplication map

13 QA — T.A we produce a degree 1 morphism
b=bV(1,u®): TA—= TA.



Its value is computed due to expression of b:

b.pr,=b. ,u(3) pr,
— (TA LY (TAyer! Zomeet!

®DIQpbRpl1ED!

LT A).




Its value is computed due to expression of b:

b.pr,=b. ,u(3) pr,
— (TA LY (TAyer! Zomeet!

®DIQpbRpl1ED!

» T'A).

Remark )
The expression b? : TA — TA equals r. ;3 for a degree 2
(1,1)-coderivation r : TA — QA with

re = Z (1%2Y ®@p b, ®p 197%) . by 414,
y+p+z=k

=bo . by TFA — A



The V-category B-Mod-C is tensored over V on the left and
on the right. E.g. the right action

B-Mod-C RV — B-Mod-C, (M,X)— M X,
(M & X)(A,B) = M(A, B) @ X.

In a particular case we consider the right action of
1[1] € ObV on A € Ob D-Mod-D:

sAL A E A @[1)).



The V-category B-Mod-C is tensored over V on the left and
on the right. E.g. the right action

B-Mod-C RV — B-Mod-C, (M,X)— M X,
(M & X)(A,B) = M(A, B) @ X.

In a particular case we consider the right action of
1[1] € ObV on A € Ob D-Mod-D:

sAL A E A @[1)).

Definition

The pair (A,b: TsA — sA), degh =1, by = 0, is called an
enriched A-category if b> = 0. Equivalently, if

b. u(3) b= 0, see the previous slide.



Example

Let D be a small V-category and let A be a differential
monoid in D-Mod-D. That is, degree 0 morphism

my : A®p A — A is an associative multiplication, degree 0
morphism 71 : yp — A is its unit (where yp is a regular
bimodule), degree 1 differential d : A — A (an element of
V(1[-1], D-Mod-D(A, A)) = D-Mod-D(A[-1], A)) is a
derivation and d? = 0. We convert A into an enriched
A..-category by setting

o~ ®D0'

—(A[1] @p A[1] 7O Ay AT A S Al1]),
by = (A[1] 2 A% A% A[)).

Other components b, vanish. One checks that bh? = 0.



Thank you for your attention!



