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Tilings and sugar melting
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A large tiling



1. Random tilings 

<latexit sha1_base64="KszuhohlG4aVH+QsHi1SKN5UmKI="></latexit> !

These are 2d projections of a 3d picture
2d tiling          Piling up cubes in the corner of a room



1. Random tilings 

Model for random piling/sugar melting

- Choose N randomly, with probability proportional to 

These are 2d projections of a 3d picture
<latexit sha1_base64="KszuhohlG4aVH+QsHi1SKN5UmKI="></latexit> !

- Choose a piling with N cubes, randomly

(Boltzmann law:    energy per cube, T temperature)

2d tiling          Piling up cubes in the corner of a room

<latexit sha1_base64="UKNHMYEOge2LtEHFt2RuLTBfQGk="></latexit>
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Random choice of tiling of the hexagon

1. Random tilings 

There are 
<latexit sha1_base64="T70AtKVv2rBT3MYVIyzl8r8wvzk="></latexit>Y

i<j

`i - `j
i- j tilings of the trapezoid

having green tiles sticking out at positions <latexit sha1_base64="73Z7EvPYPqKeOTenV5dGnU5LqmM="></latexit>

`1 > `2 > . . .

There are<latexit sha1_base64="gdJU3B9tzxz8BhCK1oc418bhPWI=">AAAEn3icpVNLb9QwEHbbBcryaAtHLi4rpCKtqk1VaHuoVKlC9IDQgvpCTVTZzuSh9SOynW2rkF/CFX4U/wY7G62a5cCBuXgy38z4+8YZWvDc2NHo99LySu/Bw0erj/tPnj57vra+8eLcqFIzOGOKK31JiQGeSzizueVwWWgggnK4oJNjj19MQZtcyVN7V0AkSCrzJGfEutD1+lr4SclU52lmidbq5np9MNoeNYb/doLWGaDWxt </latexit>

=) tilings of the hexagon
<latexit sha1_base64="iGBODqODUTHDEc4aWlPWI5XL5mI="></latexit>

P(`) =

✓Y

i<j

`i - `j
i- j

◆2

having green tiles crossing the vertical section

at positions <latexit sha1_base64="73Z7EvPYPqKeOTenV5dGnU5LqmM="></latexit>

`1 > `2 > . . .

Probability to see                is proportional to <latexit sha1_base64="yv8R0S6FZ+97I96lnwFh+khxHEY="></latexit>

`1, `2, . . .
<latexit sha1_base64="uEK23jm0ESDsGCvlgJ+4JS2AOlk="></latexit>

P(`)
<latexit sha1_base64="gdJU3B9tzxz8BhCK1oc418bhPWI="></latexit>

=)

(Gelfand-Tsetlin 1950, Cohn-Larsen-Propp 1998)



A tiling



Probability to observe          close to each other

Random choice of tiling
<latexit sha1_base64="B9eMg2ksWcD3gU99n+K1TLJVcaI="></latexit>

`i, `j is small 
<latexit sha1_base64="kMkpor5G+K64hVMXErDnDO0yc1o="></latexit>�! are not independent from each other<latexit sha1_base64="yv8R0S6FZ+97I96lnwFh+khxHEY="></latexit>

`1, `2, . . .

They rather tend not to be close to each other !

1. Random tilings 

<latexit sha1_base64="iGBODqODUTHDEc4aWlPWI5XL5mI="></latexit>

P(`) =

✓Y

i<j

`i - `j
i- j

◆2



Observation: 

1. Random tilings 

For very large tilings chosen at random

there is a (non-random) curve c such that

- outside c: frozen tiles
- inside c: fluctuating tiles (surface looks rough)

Arctic circle phenomenon

with probability ~1 when N is large

Questions

- Describe c/the distribution of

- describe the law of (microscopic) fluctuations inside c

<latexit sha1_base64="/dYjuCpPpzZp8FX7DCyiesF11og="></latexit>
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A large tiling
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Spectrum of (random) matrices



2. Spectrum of (random) matrices

A matrix is a table filled with numbers

A matrix of size n x n represents a linear transformation
<latexit sha1_base64="Dc2G9EKOisTx/S4I+R9S7jyNKDg="></latexit>

x1 7�! A(1, 1)x1 +A(1, 2)x2 + · · ·+A(1,n)xn
<latexit sha1_base64="MdzZZR3xnW2oo5bKcEL7kctYJGM="></latexit>

x2 7�! A(2, 1)x1 +A(2, 2)x2 + · · ·+A(2,n)xn

<latexit sha1_base64="qhVtoPnvJgeccvPcbLKxE9mxhaY="></latexit>

xn 7�! A(n, 1)x1 +A(n, 2)x2 + · · ·+A(n,n)xn

<latexit sha1_base64="Atz2YotooCcTsY7z8dlqakR1Gaw="></latexit>...

<latexit sha1_base64="BliJCLrJa0YXme3XlZOUa08liEo="></latexit>0

BBB@

A(1, 1) A(1, 2) · · · A(n, 1)
A(2, 1) A(2, 2) · · · A(2,n)

...
...

A(n, 1) A(n, 2) · · · A(n,n)

1

CCCA

Example: for n = 2

represents the rotation of angle      in the plane <latexit sha1_base64="5z++H9GYb0THSbg/Xw7eUqXQlZU="></latexit>

(1, 0)
<latexit sha1_base64="f4kxD64V3xr1vEFzp19Mvs7J3xU="></latexit>

cos ✓

<latexit sha1_base64="4kLyaAZqF8Bn5SVTWlP82UGFCVM="></latexit>

sin ✓

<latexit sha1_base64="JhgGN/jo7nn2ro1MtaqSReEQvac="></latexit>

- sin ✓

<latexit sha1_base64="F9MIq+orF1MKuEZslxEBApGGr6I="></latexit>

cos ✓<latexit sha1_base64="9gHpcY9DOLgNPP1MhbP1XJVMBb0="></latexit>

ei✓ =

<latexit sha1_base64="jffJubSjYMQR9s8WgfrhEQWdfGE="></latexit>

(0, 1)
<latexit sha1_base64="q+Jfoejw0RjrOynPm3ola0pfrvQ="></latexit>✓

cos ✓ - sin ✓
sin ✓ cos ✓

◆

<latexit sha1_base64="dhwaYMebk00laPTs2I6K85qB7+E="></latexit>

✓



2. Spectrum of (random) matrices

Given a matrix H of size n x n
<latexit sha1_base64="/i28cxTbE4tDvoQMJZTCjEh4Z5E="></latexit>

v = (v1, . . . , vn) is an eigenstate with eigenvalue <latexit sha1_base64="tHG8WbTfrnVztvCjcwAtIYVPaks="></latexit>

E

if H acts on      as
        rescaling by the factor E

<latexit sha1_base64="xBP7BgL4zrzg3BvA+aQ/chKH1so="></latexit>v

<latexit sha1_base64="xBP7BgL4zrzg3BvA+aQ/chKH1so="></latexit>v

<latexit sha1_base64="I4xkZqkvfZIasANz6qweEq0k6M0="></latexit>

H · v = (Ev1, . . . ,Evn)

<latexit sha1_base64="yERLorF64VsaQ19nnwuGbxBgDQ4="></latexit>w

<latexit sha1_base64="HrEYy8qSetZd0r7l0lLhohszmFQ="></latexit>

H ·w

Under certain assumptions on H (hermitian)

there are exactly n eigenstates (up to scale)
and n corresponding eigenvalues <latexit sha1_base64="omOXdWztCZuA4EJS1OmwUIRgiz4="></latexit>

E1 > · · · > En

= spectrum of H



- How does                                     behave ?

2. Spectrum of (random) matrices

Random (hermitian) matrix of size n x n 
<latexit sha1_base64="omOXdWztCZuA4EJS1OmwUIRgiz4="></latexit>

E1 > · · · > Enrandom spectrum <latexit sha1_base64="wezzfNCjO/iprq0n5uwNaPQe4yg="></latexit>�!

Questions When n is large

<latexit sha1_base64="SjZ4Mmqb4Mt3agYvQpRvQqMcpq8="></latexit>

E1 = max(E1, . . . ,En)

- How do                        distribute ?<latexit sha1_base64="omOXdWztCZuA4EJS1OmwUIRgiz4="></latexit>

E1 > · · · > En

When the random model does not have a preferred direction

Probability to find        near        at precision   
<latexit sha1_base64="9MpqzPy5+JfGglH/6fmGTNmg6L8="></latexit>

Ei
<latexit sha1_base64="o6bfh2mzODcUwJPGMDtEuPr8+ks="></latexit>xi

<latexit sha1_base64="l0xf23wguckLiRkYTBfeCm+qpnU="></latexit>

� ⌧ 1

is proportional to 
<latexit sha1_base64="fP2KSnCktiQljzaQjqHuizXRzmY="></latexit>

�n · ⇢(x) ·
Y

i<j

(xi - xj)
2

(1900 … Dyson, Wigner, Mehta … 1960)
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What happens for 
independent random variables ?



3. Independent random variables

Consider

<latexit sha1_base64="cNPlMM7dpGmClucTX8N/3ee9cak="></latexit>y1, . . . ,yn

a random variable Y 

Make n independent measurements of it : 

Central limit theorem

<latexit sha1_base64="cDhX1wuZCXyisGlyvwx/CBLnppg="></latexit>

⇢(y)

<latexit sha1_base64="2riDv11j8hziTnEru5NrMUfh5xM="></latexit>y

(Gauß law)

<latexit sha1_base64="5k1kKpuHbqXRs/qxDOMUK1LsVv0="></latexit>

µ = Mean(Y)
<latexit sha1_base64="oOa2BSiACBqO3Vh3O1D3WNYAWIE="></latexit>

� = Variance(Y)

<latexit sha1_base64="TuQWUEVHHNh0dLHbljMKLdDMicg="></latexit>�

<latexit sha1_base64="swgBPLNkI+JH20kyOPWI0IRzhdA="></latexit>µ

<latexit sha1_base64="L/fMR8T//3hVLkjbHA3wXWK/s6U="></latexit>

y1 + · · ·+ yn ⇡
n large

nµ+
p
n� s

-4 -2 2 4

0.1

0.2

0.3

0.4

random, with Gaußian distribution<latexit sha1_base64="ZJbzQODNpEJLD7OXqKLq6yhu+KQ="></latexit>s



 and  Non-random 

3. Independent random variables

Fluctuations of the maximum

Assume 

<latexit sha1_base64="cNPlMM7dpGmClucTX8N/3ee9cak="></latexit>y1, . . . ,yn

(Fisher-Tippett 1928, Gumbel 1935, Gnedenko 1942)

Make n independent measurements : 

<latexit sha1_base64="ttqwzEwJbKrvoUVP3o2yTMZnwB0="></latexit>

⇢(y) ⇡
y large

y↵e-�y�

Then
<latexit sha1_base64="ZxmXFrY54rQeta8lWFvZNOHtkHo="></latexit>

an =
⇣ ln(n)

�

⌘1/�

with  
<latexit sha1_base64="tW4Mq6OxJ5WSPe7VG7c2wN/DNjE="></latexit>

�,� > 0

<latexit sha1_base64="BjsjRWCzOUeCImcg+ah0Y6c7LIQ="></latexit>

bn = (an)
1-� ⌧ an

<latexit sha1_base64="m56D9NubNmt03lQxViFgPUQfboU="></latexit>

⇢(⇠) = exp(-⇠- exp(-⇠))     random with Gumbel distribution
<latexit sha1_base64="Q4Uvc2i7bo6Ggke8rE55oqmgs8c="></latexit>

⇠

<latexit sha1_base64="vqaKj9BIDZWv4ug+CZC+vVZhlYk="></latexit>

mn = max(y1, . . . ,yn)

<latexit sha1_base64="0ZAjlwK6PqxQoI4Wv9on6W2IyFU="></latexit>

mn ⇡
n large

an + bn⇠



3. Independent random variables

<latexit sha1_base64="AktSK23Bo8f9vYScfSgkdDawBxs="></latexit>

max(y1, . . . ,yn) = an + bn⇠
<latexit sha1_base64="103qnLfGfZIEZm7PSpE2cfL9E2w="></latexit>mn =

<latexit sha1_base64="Bn/K9vRwwNGz9uEMSgn9kzvfdZQ="></latexit>

bn

<latexit sha1_base64="VfSmUN/H0zd3yOMAQUKlrzA6eT4="></latexit>an

Prob. distribution of y Prob. distribution of
<latexit sha1_base64="9bNegAnALUdk7+bUxn5W6D0JTMg="></latexit>

⇠

-4 -2 2 4 6 8

0.1

0.2

0.3

<latexit sha1_base64="ZxmXFrY54rQeta8lWFvZNOHtkHo="></latexit>

an =
⇣ ln(n)

�

⌘1/�

<latexit sha1_base64="BjsjRWCzOUeCImcg+ah0Y6c7LIQ="></latexit>

bn = (an)
1-� ⌧ an

<latexit sha1_base64="GFUnl3muQG9+wUFVXg7Gx2VcCDY="></latexit>

⇠

(Gumbel’s law)

<latexit sha1_base64="9rMrOJK9kXmIkDcOTrUhjKIXQ/w="></latexit>

⇠ exp(-⇠)



3. Independent random variables

Summary

The behavior of the sum and the max
of independent n random variables with n large
is well-understood since ~a century
(Gauß’s law, Gumbel’s law, etc.)

Universality phenomenon
it depends very little on the random model considered

(on the details of          ) 
<latexit sha1_base64="s1BkDrydk2D6TMU3EgWkDfAqkAc="></latexit>

⇢(y)



4 

What happens for eigenvalues 
of large random matrices ?



4. Eigenvalues of large random matrices

In random tilings

In both cases, probability to find them around

<latexit sha1_base64="34aDn4Gweg1ZoaEIbFSgyeJYM30="></latexit>

E1 > . . . > En

<latexit sha1_base64="Ru+pVLxucyhFru04EiHuqrCVTVg="></latexit>

`1 > · · · > `n are integers

In random matrices are real numbers

<latexit sha1_base64="8X/IE1v7Z7avPZ63Eo8xFsEqwjQ="></latexit>x1, . . . , xn

at precision           is proportional to  <latexit sha1_base64="l0xf23wguckLiRkYTBfeCm+qpnU="></latexit>

� ⌧ 1
<latexit sha1_base64="Xi0IiyMvIYmNRZi4BJmLPUxKJ90="></latexit>Y

i<j

(xi - xj)
2

these random variables are strongly correlated<latexit sha1_base64="wezzfNCjO/iprq0n5uwNaPQe4yg="></latexit>�!

The previous laws (Gauß, Gumbel, etc.) do not apply !

( <latexit sha1_base64="o6bfh2mzODcUwJPGMDtEuPr8+ks="></latexit>xi tends to avoid being close to      )  <latexit sha1_base64="TOPuBQGJHZJLDC6Y2KnrI6778ys="></latexit>xj



Fluctuations of the maximum

4. Eigenvalues of large random matrices

Consider a random (hermitian) matrix of size n x n
with independent Gauß-distributed entries with variance 

Tracy-Widom 1992

     random with Tracy-Widom distribution
<latexit sha1_base64="Q4Uvc2i7bo6Ggke8rE55oqmgs8c="></latexit>

⇠

-4 -2 2 4

0.1

0.2

0.3

0.4

<latexit sha1_base64="jLHD9IzhwFudpW2kxjnHxnGbiLU="></latexit>

⇢(⇠)

Quite different from Gumbel’s law !

Describes as well fluctuations of 
<latexit sha1_base64="ED4tPx5MYTLb/d2FrVi98yTNOxQ="></latexit>

`1
on vertical section of large random tilings

Universal !

<latexit sha1_base64="u7NWT1ijFSv93yhEISEIWbJT17s="></latexit>

E1 = max(E1, . . . ,En) ⇡
n large

2�
p
n+ �n-1/6 ⇠

<latexit sha1_base64="MxcLjArC+25u0Z5T0Mv80+A8NRE="></latexit>

�2

<latexit sha1_base64="oSfhWmPZYCOSMvN4uMDFCvOn/Vc="></latexit>

⇠
exp

�
- 4

3⇠
3/2

�

8⇡
p
⇠



Consider a random (hermitian) matrix of size n x n
with independent Gauß-distributed entries with variance 

4. Eigenvalues of large random matrices

n large : macroscopic distribution of eigenvalues becomes non-random
(Wigner 1950)but its shape is not universal

-2 -1 1 2

0.5

1.0

1.5

2.0

large n density of eigenvaluesposition of n eigenvalues

E

<latexit sha1_base64="dspjsrREqJ2Svya6cda6RLPw9+E="></latexit>

⇠
1p
n

<latexit sha1_base64="MxcLjArC+25u0Z5T0Mv80+A8NRE="></latexit>

�2

<latexit sha1_base64="Zk2UOfkej+x9zf7pZBvizRxKv0c="></latexit>

-2�
p
n

<latexit sha1_base64="lPpMx9EvWVVhd+ebOvyKhqxHW9E="></latexit>

2�
p
n

<latexit sha1_base64="myRtWSfh0onDII+O8ze5ltPPao8="></latexit>

4�
p
n



4. Eigenvalues of large random matrices

-2 -1 1 2

0.5

1.0

1.5

2.0

<latexit sha1_base64="O7HoGgzL7K6KGRcU0x3/br3suLY="></latexit>p
nx

The probability distribution of finding a eigenvalue at 
at distance

<latexit sha1_base64="WpzeqiSxAj0XbL9RVzxV2ZRlUFY="></latexit>

rp
n

from an eigenvalue at 
<latexit sha1_base64="Up8NjgvNm3QttdnpMWKOWQ6sLAQ="></latexit>p
nx

when n becomes large, is also known 

<latexit sha1_base64="dspjsrREqJ2Svya6cda6RLPw9+E="></latexit>

⇠
1p
n

(Wigner, Dyson, Mehta 50s …)

Pair correlations

<latexit sha1_base64="Zk2UOfkej+x9zf7pZBvizRxKv0c="></latexit>

-2�
p
n

<latexit sha1_base64="lPpMx9EvWVVhd+ebOvyKhqxHW9E="></latexit>

2�
p
n



5 

Energy levels of 
heavy atomic nuclei



in n-dimensional space

- H is not random: it is specified by the components of
- the system and their interactions

5. Heavy atomic nuclei

In quantum mechanics

- the state of a system is represented by a point
 

- the time evolution is described by a matrix
 

<latexit sha1_base64="XUM4QIE+Mi6n7lSkD36is/vmafk="></latexit>

H

<latexit sha1_base64="CD0XnC2CfMs9Zr+HFiT/GQlUbfw="></latexit>

i h
X(t+ �)- X(t)

�
⇡

�!0
H · X(t) (Schrödinger’s equation)

<latexit sha1_base64="dJ1kbp+d/WoNRcV4DiR+s4/i5hg="></latexit>

X(t) = (x1(t), . . . , xn(t))

<latexit sha1_base64="rejplYvLZTkJBVbvB4KXy3uAC3o="></latexit>

� small



In general, understanding the evolution of the system
 

= finding the states with fixed energy (eigenvectors of H)
and the value of these energies (eigenvalues of H)

For heavy atomic nuclei (between 70 and 100 protons)
 H is very complicated !

Wigner’s idea (1950s) 
statistics of eigenvalues of H may look like the 
statistics of eigenvalues of a typical large matrix chosen at random

5. Heavy atomic nuclei



2 Chapter 1. Introduction

Figure 1.1. Slow neutron resonance cross-sections on thorium 232 and uranium 238 nuclei.
Reprinted with permission from The American Physical Society, Rahn et al., Neutron resonance
spectroscopy, X, Phys. Rev. C 6, 1854–1869 (1972).

The experimental nuclear physicists have collected vast amounts of data concern-
ing the excitation spectra of various nuclei such as shown on Figure 1.1 (Garg et al.,
1964, where a detailed description of the experimental work on thorium and uranium
energy levels is given; (Rosen et al., 1960; Camarda et al., 1973; Liou et al., 1972b).
The ground state and low lying excited states have been impressively explained in terms
of an independent particle model where the nucleons are supposed to move freely in an
average potential well (Mayer and Jensen, 1955; Kisslinger and Sorenson, 1960). As the
excitation energy increases, more and more nucleons are thrown out of the main body
of the nucleus, and the approximation of replacing their complicated interactions with
an average potential becomes more and more inaccurate. At still higher excitations the
nuclear states are so dense and the intermixing is so strong that it is a hopeless task to try
to explain the individual states; but when the complications increase beyond a certain
point the situation becomes hopeful again, for we are no longer required to explain the
characteristics of every individual state but only their average properties, which is much
simpler.
The statistical behaviour of the various energy levels is of prime importance in the

study of nuclear reactions. In fact, nuclear reactionsmay be put into two major classes—
fast and slow. In the first case a typical reaction time is of the order of the time taken
by the incident nucleon to pass through the nucleus. The wavelength of the incident
nucleon is much smaller than the nuclear dimensions, and the time it spends inside the
nucleus is so short that it interacts with only a few nucleons inside the nucleus. A typical
example is the head-on collision with one nucleon in which the incident nucleon hits
and ejects a nucleon, thus giving it almost all its momentum and energy. Consequently

(from Mehta’s book Random matrices)

Eigenvalues of H for atomic nuclei 
= energy of particles that it can absorb (resonances)

5. Heavy atomic nuclei



18 Chapter 1. Introduction

Figure 1.8. Empirical density of nearest neighbor spacings between odd parity levels of elements
in the first, second and third long periods (histograms a, b and c respectively). To obtain these fig-
ures separate histograms were constructed for the J sequences of each element and then the re-
sults were combined. Comparison with Poisson (or exponential) distribution and Wigner surmise
(also shown) indicates that curves go from Poisson to Wigner curves as one goes from the first to
the second and then finally to the third period. This variation can be understood in terms of the
corresponding increase in strength of the spin dependent forces. Reprinted with permission from
Annales Academiae Scientiarum Fennicae, Porter C.E. and Rosenzweig N., Statistical properties
of atomic and nuclear spectra, Annale Academiae Scientiarum Fennicae, Serie A VI, Physica 44,
1–66 (1960).

Pair correlations

- Cumulative histogram of
distance between high energy
resonances in certain heavy nuclei

vs.

- Predicted probability distributions
for eigenvalues of a large random 
hermitian matrix

18 Chapter 1. Introduction

Figure 1.8. Empirical density of nearest neighbor spacings between odd parity levels of elements
in the first, second and third long periods (histograms a, b and c respectively). To obtain these fig-
ures separate histograms were constructed for the J sequences of each element and then the re-
sults were combined. Comparison with Poisson (or exponential) distribution and Wigner surmise
(also shown) indicates that curves go from Poisson to Wigner curves as one goes from the first to
the second and then finally to the third period. This variation can be understood in terms of the
corresponding increase in strength of the spin dependent forces. Reprinted with permission from
Annales Academiae Scientiarum Fennicae, Porter C.E. and Rosenzweig N., Statistical properties
of atomic and nuclear spectra, Annale Academiae Scientiarum Fennicae, Serie A VI, Physica 44,
1–66 (1960). (from Mehta’s book Random matrices)

5. Heavy atomic nuclei
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Other surprising apparitions 
of large random matrices



6. Other apparitions

Summary

Universality phenomenon: repulsive random variables
can exhibit the same statistics as the eigenvalues of 
large random matrices

Proving universality (for large classes of models
of random matrices) has occupied mathematicians
from the 60s until now, is still an active topic of research

We have encountered applications to

- random tilings
- statistics of high energy resonances in heavy nuclei



6. Other apparitions

Many other apparitions of the theory of (large) random matrices

Data analysis (economics, linguistics, phylogenetics, …)

Statistics of zeroes of the Riemann zeta function
(related statistics of prime numbers)

Random crystal growth/interface growth

Statistics of distance between pine trees in Swedish forests
(le Caer 1990)

(Krbalek-Seba 2000, Baik-Borodin-Deift-Suidan 2006)
Statistics of bus waiting times in Cuernavaca (Mexico)

(Takeuchi-Sano 2010, Sasamoto-Spohn 2010)

(Montgomery 1970) 
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