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Hypergeometric-type family of solutions to KP hierarchy

Variables: p = (p1, p2,...), parameters: ¢ = (q1,92,...), ¢ = (c1, ¢y ... ).
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Hypergeometric-type family of solutions to KP hierarchy

D)= ek, Y(2) =18, az

Definition

eirt =3 eXuna W=D, (p/1)s(q/h)
A

Young diagram A

sx Schur function, j
p/h=(p1/h, p2/hs...), c(ij)=j—i
; ] content of a cell
q/h=(qi/h,q2/h,...).
L

. h2e
Genus expansion: F = E " E fe (kv k) Phy - - - Pk
g>0,n>1 " ki,....kn
e (ki,....ky) ‘correlators’ or (generalized) Hurwitz numbers
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Specializaion: enumeration of maps (ribbon graphs)
%) K o
)= et Y@ =Y adt
k=1 : k=1

Fo S S gt = g3 T S o o)
g30.>1 " Kk X

eV =1 +Y, Y(Z) =72 fg,(kl,...,k,,) = Z ~: maps of given m
combinatorial type
(g,(k1,---skn))

A map is a graph embedded to a closed surface such that each connected component of the
complement is homeomorphic to a disk.

g = genus(C),
n = the number of vertices
@ (k1,...,kn,) = valencies of the vertices

272g:n—%2k,-+#(faces)
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Specializaion: Hurwitz numbers

e} k [e s}
) =Yad Y@= ak,
k=1 : k=1

N i
| (kg kn)Phy - - - Py = 1° |0g(§ e=tpex V(R0 l))SA(P/h)SA(Q/h)>
g>0m>1 " ke

_ 1
..... kn) = > 7:C—CP! with  TAut(y)[
the ramification data
(g:(k1,---,kn))

Hurwitz numbers enumerate ramified coverings of CP?.
= == K
C ===l o < ¥z (C)

- x — g = genus(C),
3L = o == % x . .

— " (k1, ..., ko) = ramification type over oo

OZP_(/Y"\; : m:2g—2+n+Zkf

W

%
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Specializations: types of Hurwitz numbers

Hurwitz numbers o(y) Variations  Y(z)

usual e’ simple z

r-spin (atlantes) e orbifold zm
monotone ﬁ double > qmz™
strictly monotone (maps) 14y

hypermaps I4+uy)l+vy)

BM-Sch numbers (I4y)m

weighted 1+>02, ck{(—k!
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Rationality and z-coordinates

n-point functions

Hg,n(X17 (R aXn) = Z fgy(klw,kn)Xlkl ... Xr,f”
P

Rationality principle

There exists a suitable local change of coordinates X = X(z) such that with certain
assumptions on ¢ and Y, Hg , becomes a rational function in zy, ..., z, after substitution
X,' = X(Z,').

It follows that Hg , can be written in a closed form for any particular (g, n).
Topological recursion is an inductive procedure to compute H, , explicitly
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Rationality and z-coordinates

n-point functions

Hg,n(X17~-~aXn): Z f g:(k....kn )X ' Xk
Ke,eo kn

Rationality principle

There exists a suitable local change of coordinates X = X(z) such that with certain
becomes a rational function in zy, . .., z, after substitution

assumptions on v and Y, Hg p
X,' = X(Z,').

Maps: X(2) = 1= & z = =0,
Hoa— 7212023(z1 + 22 + 73 + 212223) L 1 \/m
0,3 = 7 Bl Vil a3
(1-2z3)(1—22)(1— 22) 2X;
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Rationality and z-coordinates

n-point functions

Hg,n(X17 o aXn) = Z fg’(kl’m’kn)xlkl ... Xr,f”
P

Rationality principle

There exists a suitable local change of coordinates X = X(z) such that with certain
assumptions on ¢ and Y, Hg , becomes a rational function in zy, ..., z, after substitution

X,' = X(Z,').

Hurwitz numbers: X(z) = ze 2.

Hox — 212223
BT 1—z2)1-2)1-2z)
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Rationality and z-coordinates

n-point functions

Hg,n(Xh e 7Xn) = Z fg7(k1’___,kn)X{q e X,f"
kiy.eskn

Rationality principle

There exists a suitable local change of coordinates X = X(z) such that with certain
assumptions on v and Y, Hg , becomes a rational function in zi, ..., z, after substitution
X,' = X(Z,').

Example (JACEH])

If Y(z) and ") are polynomials, then H, , becomes rational after the change

Xi = X(z), X(z) = ze V(YD)
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Xi=X(z), X(z)=ze ¥Y@),

Theorem ([BDKS])

For each (g, n) with 2g — 2+ n > 0 there is a universal closed expression for Hg , as a finite
sum of the form

P(Jh ;Jn)
Hg.n = Z B 70 + const.
P . Q
d Z; d z;  dX(z
Di=Xix = 0 dz Q= %z = 1-zY' () (Y(2),

and Pgl,;""j") is a polynomial combination of the functions of the form

d

Zi k ..
o W00 @), (ag) @) k21oij=1on

Z,'—ZJ'
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Xi=X(z), X(z)=ze ¥VG),

Z1 1[’3 pal

) Q1 z1—20 21— 23+szz 23 23— Z1+Qszs 21 z3— Zz_w(o)

Hos = 4=

’ 2Y[1]72 /+ //Y[Z] ’ 2Y[2]+ //y[l] (0
H171 — (wl) 1 24511 ’Lpl 1 + D]_ (wl) 214olw1 1 + w1(2)~
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g=0,n>3:
D1...D,,H0,n:ZD{I...D{;"[Vf...v{;"] Z
Jieedn ~E trees with
n numbered vertices
—vitp val b
n_ gV (y)ay ~( eVit(y) |y Y(z) H zz;
. Q SN ey
=1 (iJ)€E(7)

The equality implies that the poles on the diagonals z; = z; cancel out on the right hand side
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Xi=X(z), X(z)=ze ¥Y@),

If'(y) and Y'(z) are rational functions then Hg , is rational in the case 2g —2 + n > 0.
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Xi=X(z), X(z)=ze ¥Y@),

If'(y) and Y'(z) are rational functions then Hg , is rational in the case 2g —2 + n > 0.

The unstable n-point functions are given explicitly by

Dy HO,l = Y(Zl),
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Topological Recursion

Concept of topological recursion (CEO-recursion): an overview

@ Hg ,is a rational function in z, ..., z,.

@ lts possible poles are at z; = a; where {a1, a»,...,an} are the critical points of X(z).

o Consider H, , as a rational function in z;. The loop equations determine the principal
parts of its pole at z; = a; for j = 1,2,..., N inductively in (g, n).

@ A rational function is uniquely determined by the principle parts of its poles (up to an
additive constant which is fixed by the condition of vanishing at z; = 0). Hence, Hg , is
determined by the loop equations uniquely.
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Topological Recursion

Concept of topological recursion (CEO-recursion): an overview

@ Hg ,is a rational function in z, ..., z,.

@ lts possible poles are at z; = a; where {a1, a»,...,an} are the critical points of X(z).

o Consider H, , as a rational function in z;. The loop equations determine the principal
parts of its pole at z; = a; for j = 1,2,..., N inductively in (g, n).

@ A rational function is uniquely determined by the principle parts of its poles (up to an
additive constant which is fixed by the condition of vanishing at z; = 0). Hence, Hg , is
determined by the loop equations uniquely.

Hg.n is determined by its behaviour at the points beyond the convergency domain of its power
expansion at the origin!
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Topological Recursion

Remarks:

o Rationality is an essential ingredient of the topological recursion and there is no way to
apply (and even to formulate) it in the case when v (y) and Y(z) are general power series.
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Topological Recursion

Remarks:
o Rationality is an essential ingredient of the topological recursion and there is no way to
apply (and even to formulate) it in the case when v (y) and Y(z) are general power series.
@ An application of the topological recursion requires explicit knowledge of the critical points
aj of the function X(z). Their positions are determined by a high order algebraic equation.
So that even in the cases when the topological recursion holds true it is not always useful
for practical computations.
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Topological Recursion

The actual relations of topological recursion are formulated in terms of correlator differentials:

Wg,n = di... dan,n = Z fg,(kl ..... kn) H kiX,'kiildXh (ga n) 7& (Oa 2)
Ky...kn i=1

wo,2 = didaHo 2 + (Xf‘l‘ﬁif)z
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Topological Recursion

The actual relations of topological recursion are formulated in terms of correlator differentials:

Wen =1 daHgn =D fy .. [[&XI X, (g.n) #(0,2)

wo,2 = didaHo 2 + (Xf‘l‘ﬁif)z

Proposition
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Topological Recursion: initial data

Spectral curve data (X, X, wp 1,wo 2):
@ ¥ = CP! with affine coordinate z;

@ X is a local coordinate on ¥ near the point z = 0;

@ wo1 = (zl)dx 2) 5 differential on ¥;

le d22

® woo = 5 a bidifferential on & x ¥.
(21— 2)

Analyticity assumptions:

o 9X extends as a global meromorphic (i.e. rational) 1-form on ¥ such that all its zeroes
ai,...,ay are simple;
@ Y(z) extends as a global rational function such that dY is nonvanishing at ay, ..., an.
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Topological Recursion

Definition

The sequence of symmetric differentials w, ,, g >0, n > 1 on ¥ = CP? satisfy topological
recursion with the spectral curve data (X, X, wo,1,wo 2), if for each (g, n) with 2g —2+n>0
the form w, , viewed as a 1-form in the first argument satisfies:

o Rationality: w,,, extends as a global rational differential form on 3".

@ Projection property: wg,, has no poles other that ay,. .., an.
@ The principal parts of its poles at ay, ..., ay satisfy the Linear and Quadratic Loop
Equations.
LLE: w,., € d=
X =
QLE: (wg1011(2,2,22. )+ D We n41(2 20 )wgp  5111(2, 2,) ox 9=
g1+8=8
J1HJ2:{2,...,H}
where = is the space of functions on ¥ defined in a vicinity of the points ay,...,ay and

spanned by the functions of the form D*f, k >0, where f might have a pole at a; of order at
_yd _1_d
most one, and D = XTX =5Z4



Topological Recursion

The sequence of symmetric differentials w, ,, g >0, n > 1 on ¥ = CP? satisfy topological
recursion with the spectral curve data (X, X, wo 1, wo 2), if for each (g, n) with 2g —2+n >0
the form w, , viewed as a 1-form in the first argument satisfies:

@ Rationality: w,,, extends as a global rational differential form on 3".

@ Projection property: wg , has no poles other that ay, ..., ay.
@ The principal parts of its poles at a1, ..., ay satisfy the Linear and Quadratic Loop
Equations.
Poposition

If (X, X, wo,1,wo,2) satisfy the natural analyticity assumptions, then the Rationality, Projection
property, LLE, and QLE determine the forms w, , uniquely
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Blobbed Topological Recursion

Theorem

Let ¢(y) and Y(z) satisfy the natural analyticity conditions. Then the corresponding correlator
differentials wg , encoding generalized Hurwitz numbers correspond to the spectral curve data
(Z, X, WO,l, WQ72) Wlth

_ dX(z) dzydz;
Y =CP! X = ¥(Y(2) = Y(z)2X2L = —1 2
, ze ] wo,1 (2) X(2) ' wo,2 @ —2?’

and satisfy the Rationality property, LLE, QLE

The only (possibly) missing ingredient of TR is the projection property.

Proof: it is an obvious corollary of the very structure of the closed formula for wg,
(and a similar formula for the expression entering the QLE).
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h2-deformations

Extend the definition of the potential F and the corresponding correlator functions Hg , and
correlator differentials wg , by allowing the initial functions ¢ and Y depend in h? as power
series, i.e. replace ¥ and Y in the definition of F by

Uy, h) = DGy = vly) + O(r?),
Y(z,h) = Z §i(h?)z' = Y(z) + O(h?).

Then:
e a formula for wy , is valid in (almost) unchanged form;

@ the spectral curve equation is determined by the & = 0 components of zZ and Y.
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h2-deformations

Assume that 1 and Y satisfy the natural analyticity assumptions. Then, the rationality, LLE,
andA QLE /lo/d true for any h?-deformations of the initial data such that the coefficients of 2k
in and Y are rational
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h2-deformations

Assume that 1 and Y satisfy the natural analyticity assumptions. Then, the rationality, LLE,
andA QLE /lo/d true for any h?-deformations of the initial data such that the coefficients of 2k
in and Y are rational

General principle

For given 1) and Y there exist suitable their h?-deformations IZ Y such that the Projection
property holds true and wg ,'s satisfy Topological Recursion

This principle is not proved in full generality but there are many cases where it does work.
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h2-deformations

Some cases for which the projection property (and thus the TR) is proved

e?)| Y(z) are polynomials (or rational functions) =1, Y=Y
¢(y) =y, Y(z) is a polynomials (or a rational function) ¢ =1, Y =Y
¥ (y) polynomial, Y(z) rational U(y) = S(R0y)Y(y), Y=Y
Y(y) =y, e"® is rational b =1, Y(2) = 55507 Y(2)
u/2 _ g—u/2
S =
(u) ;

Maxim Kazarian Topological recursion in Hurwitz theory



Operator formalism

F = C|[p1, p2, - - -]] (bosonic) Fock space
0) =1, (0|]: F—=C, f+ f(0)
Jk ES k@,,k, J_k = Pk, k > 0, Jo =0

Dy :sx+— Z(iJ)e)\ V(h( — 1)) sx
Then, |
eﬁF — ebwez;ﬁl qkkir?k|0>

All operators involved belong to the Lie algebra gA[oo of infinitesimal symmetries of KP
hierarchy. This implies that e is a KP tau-function
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Operator formalism

F = C|[p1, p2, - - -]] (bosonic) Fock space
0)=1, (0:F = C, fs f(0)

J = kapk, J_k = Pk, k>0, Jo =0

'Dw 1S\ Z(i,j)e)\ ’lﬁ(h(_/ — I)) S\

Then,
qrd_
eéF = eDweE;}il kkhk |0>
Set -
H, = Z ey He = Z H H (X))
g=0 {1,..on}=l, la @

Then we can represent Hy as a vaccuum expectation value

J

n e Xm o kI
Hy = (0] H(Z m Jm> P e )
i=1 \m

=1

Maxim Kazarian Topological recursion in Hurwitz theory



Computation of H, ,, basic steps

©0 ©0 90

© 0

Represent Hy as a Vacuum Expectation Value.

Apply the known commutation relations for the action of g/;\[m in order to compute
explicitly these VEV's as power series.

Apply inclusion/exclusion arguments to extract connected correlators

Apply Lagrange inversion formula in order to represent the result in a closed form
1
Xm[,m emw(Y(z))G ) = G(z ; X = Ze—w(Y(Z))
> X7 ()= gz )

Take care about the details: special cases, the contribution of singular terms etc.

Check the obtained relations by numerical computer experiments.
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