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2 AdS/CFT dictionary: mass-conformal dimention corre-
spondence

Begin by writing the action of a scalar field of mass m in AdSd+1

1

2

∫
dd+1x

√
g
[
gµν∂µφ∂νφ+m2φ2

]
. (1)

Derive the equation of motion for a scalar field in AdSd+1 and deduce it’s boundary behavior. It
is a good idea to use Poincaré coordinates. Show that the near boundary behavior (z → 0) of the
classical solution is

φ(z, ~x)→ zd−∆[α(~x) +O(z2)] + z∆[β(~x) +O(z2)] , (2)
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where ∆ is one of the roots of
∆(∆− d) = m2L2 . (3)

The easiest way is as usual by Fourier decomposition

φ(z, ~x) =
∑
~k

ei
~k·~x φ̃(z,~k) . (4)

Show that in the momentum space the equation of motion is

z5∂z

(
1

z3
∂zφ̃

)
− z2k2φ̃−m2R2φ̃ = 0 (5)

the two independent solutions of which are

φ̃(z,~k) =

 k2z2I∆−2(kz) −→ k∆z∆ as z → 0 normalizable

k2z2K∆−2(kz) −→ k4−∆z4−∆ as z → 0 non-normalizable
(6)

where I∆−2 and K∆−2 are the modified Bessel functions (see wikipedia).
As we discussed in class α(~x) is regarded as a “source” function while β(~x) describes a physical

fluctuation.

3 AdS/CFT dictionary: field - operator correspondence

Using the basic AdS/CFT dictionary guess which are the supergravity fields that are dual to the
energy momentum tensor, the supersymmetry currents, the SU(4) R-symmetry current as well as

the operators Tr (FµνFρσ) and Tr
(
Fµν F̃ρσ

)
.

Pick one out of the tree complex scalars (say Z) of N = 4 SYM and consider the operators made
out of Z` times the operatos above (all inside a single trace). For example Tr

(
Z`Tµν

)
. Repeat the

exercise that you did above to recognize the KK tower of the fields you found before.

4 Conformal invariance constrains 2 and 3 point functions

Show that the 2-point function is

〈O∆1
(x1)O∆2

(x2)〉 =
δ∆1,∆2

|x1 − x2|2∆1
. (7)

Using Poincaré symmetry show that it can only depends on (x1 − x2)2. Then using inversion
symmetry show that it must vanish unless ∆1 = ∆2. Finally, scaling symmetry fixes the exponent.
Similarly, check that the 3-point function is given by

〈O∆1(x1)O∆2(x2)O∆3(x3)〉 =
c123(λ,N)

|x1 − x2|∆−2∆3 |x2 − x3|∆−2∆1 |x3 − x1|∆−2∆2
(8)

where ∆ = ∆1 + ∆2 + ∆3 and the c123 is the OPE coefficient

Oi(x)Oj(0) =
∑
k

cijk
Ok(0)

x∆i+∆j−∆k
(9)

that can only depend on λ and N .
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4.1 Tree level calculation of 2- and 3- point functions

In this exercise I want you to calculate 2 and 3 point functions (7) and (8) respectively using usual
filed theory technics. This calculation will be useful for getting factors of N right from the field
theory side.

Compute the correlation functions of the composite operators

O(x) ∼ Tr
(
Xi1 · · ·Xi`

)
(x) (10)

at tree level by performing the Wick contractions. The propagator of a scalar field

〈Xma(x1)Xna′(x2)〉 =
δmnδaa

′

4π2(x1 − x2)2
(11)

a is an index in the adjoint representation of the color SU(N) while m,n = 1, · · · , 6 are the
fundamental SO(6) indices. Normalize in such a way that the 2-point function

〈O∆1(x1)O∆2(x2)〉 =
δ∆1,∆2

(x1 − x2)2∆1
(12)

will not come with any factor. What will be the overall normalization of the 3-point function?

〈O∆1
(x1)O∆2

(x2)O∆3
(x3)〉 ∼ 1

(x1 − x2)∆12(x2 − x3)∆23(x3 − x1)∆31
(13)

5 2 and 3 point functions from the bulk

Using the bulk-to-boundary propagator K∆(z, ~x) for a scalar field with conformal dimension ∆
derive the 2 and 3 point functions (7) and (8) respectively from the AdS side.

1. The two point function is extremely simple: just send z → 0 and extract a factor z∆.

2. For the 3-point function you have to do an integral over the intermediate interaction point
(z, ~x) in the bulk ∫

AdS

dz d4x

z5

3∏
i=1

C∆i

(
z

z2 + (~x− ~xi)2

)∆i

(14)

To succeed in doing the integral without even trying (hep-th/9905049) you should take the
following steps. First, use a translation to set ~x3 = 0. Then, use an inversion around 0
(xµ → xµ/|x|2) to set ~x′3 =∞. The integral simplifies

∼ (x′13)2∆1(x′23)2∆2

∫
H

dz d4x

z5
0

z∆1+∆2+∆3
0

z2∆1 [z2
0 + (~x− ~x′13 − ~x′23)2]∆2

. (15)

Finally, using translation invariance and Feynman parametrization for the ~x part of the inte-
gral and then carrying out the z integral you can finish the job.
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