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Definition of the Florens-Zmirou estimator.

Set 0 < m < M and define O(m, M) = {oc € C'(R) : m < infyero(z) < supyepo(z) <
M, sup,cp |0/ ()| < M}. Note that each o € © satisfies the global Lipschitz and linear growth
conditions, hence the corresponding equation

dXt = O'(Xt)th,

X, = X©er?
has a unique strong solution. For A > 0 we observe a path t — X, at equidistant times

0,A,2A,..., NA =1. When z € R is visited by the observed path (i.e. X; = z for some ¢ € (0,1))
we define the Florens-Zmirou ([Florens-Zmirou, 1993]) estimator of the diffusion coefficient o by
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2
UFZ(wth) = N_1
> on=0 L{X,a—zl<ha}
Local Time.

For any Borel set A define the occupation measure of the set A as u(A4) = fol 14(X;)ds, ie.
the amount of time the path (X;)o<¢<1 stayed in A. Then measure p has Lebesgue density L
([Revuz and Yor, 1999], [Bjork, 2013]) called the local time (chronological local time) of X at

time one . For every positive Borel measurable function f the occupation formula: fol f(Xy)ds =
Jz f(z)L(z)dz holds.

Lemma. For every p > 2 holds sup(, jce Eo[LP(2)] < Cp.

Proof. By the Tanaka formula L(z) = |X; — x| — | Xo — z| — fol sgn(Xs — z)dX, < | X7 — Xo| +
| fol sgn(X — x)dXsl. Using the Burkholder-Davis-Gundy inequality we obtain

o E (| X1 — XoP] <E,[| [ o(X)dW,|P] < CoEq[| fy 02(X,)ds|5] < C,MP.
e E,[| f01 sgn(X, — 2)dX,P] < CE, || f01 sgn?(X, — x)0%(X,)ds|3] < C,MP.

Error of the Florens-Zmirou estimator.

Theorem 1. Consider interval K, some positive v > 0 and let L = {inf ex Lr(xz) > v}. Let
ha ~ A%, Then for every x € int(K) holds

sup Eq (1 - |03 (2, ha) A M? — 0 (2)[?] < CAF,
cEO

where the constant C' depends only on the set K and level v.

Notation. We will write f, < g, (resp. go = fo) if for every o € © holds f, < C- g, with constant
C > 0 depending only on K and v.



Proof.

1 (Bias and martingale part) For n = 0,..., N — 1 define

1 (n-‘rl)A 2 1 (TL+1)A 5
Nn = K(/nA O'(Xs)dWs) — K/nA g (Xs)ds

e E,[n.]|Fn] =0 and in particular E,[n,n.,] = 0 for n # m.
e E,[n2|F,] < 1. Indeed, by the Burkholder-Davies-Gundy inequality:

) ) (n+1)A 4 (n+1)A , )
A’E, (2| Fa) < Eg[(/ o(X,)aW,)" | 7] +IEC,[(/ o2 (X,)ds)*| Fu

A A

(n+1)A 9
< EU[(/ 0%(X,)ds) \}‘n} +AZ< AL,
nA

We decompose the estimation error into martingale and bias parts:
|0z (@,ha) — 02(1?)| =
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Mav:,A Ba;,A

< ’Z |X"A —z|<ha}lin

1{|X,LA z|<ha}

(The “good” high-probability set ) Denote by w(A) the modulus of continuity of the path
(Xt)ie(,1): 1-e.

w(A) = sup | X — Xl
0<s,t<1
[t —s] <A

Set 0 < e < 1/6 and let & = 3/2 — 3¢ > 1. Define the event R = {w(A) < hX}. Then for
every p > 1 holds

ya
2

P, (R) S hya' (Alog (2471))" 5 A% log (2471 %, (1)

In particular P,(R¢) < A%/ for p big enough.

Proof. (Proof of (1))

Set p > 0. By Markov’s inequality we just have to show that there exists a constant C),
depending only on p and the upper bound of o, such that

p
2

E,[w(A)P] < C, (A]og(QAT)) . (2)

e (2) holds for Brownian motion - [Fischer and Nappo, 2010].

o Let dX; = o(X;)dW,. By Dambis, Dubins-Schwarz theorem X, = Bt 52(x,)as for some
Brownian motion B. Consequently

| X — Xs| = |Bf0‘ o2(x s — Bz or(x.yas| < wP ([t = s|M?)



3 (Bias part error) When |X,A — x| < ha we have

1 (n+1)A ) ) 1 (n+1)A
— |o%(Xs) — o (z)|ds < —/ | Xs — x|ds
A /nA A nA

< — |Xb - XnA‘dS + |X7LA -z
A nA
< W(A) + ha.

Consequently 1g - Bz A S ha.

4 (Martingale part error) Denote ngol 1{x,a—z|<ha} = N(2,ha). Then, on the event R we

have Th
N h 1 z+ha 1
’M _ 7/ L(z)dz| < —/ L(z)dz. (3)
Nha  ha Jona ha Jina-hgsle—ai<ha+hg)
Indeed by the triangle inequality
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— / L(z)dz.
{ha—h% <|z—z|<ha+h%X}

Denote for simplicity {z : ha —hX < |z—z| < ha+hX} = A and observe that the Lebesgue
measure of A is 4hX. Using first Markov’s and next Holder’s inequalities we obtain

a(p—1)
P (i/ L(z)dz> ) SE {i(/ L(2)d2)"] £ ha” /IE LP(2)]dz < eI < A
o hA N - ~ o hpA 4 ~ hg " o ~ YA ~

for p big enough. Consequently there exists a high probability event Q C R, P, (Q°) < A?/3,

such that Y&"2) ig hounded from below on QN L. Now using martingale properties of 7,
Nha
we obtain:
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<
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Finally
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5 (Conclusion) We have shown
1 2
Eo[leng - 077 (2,ha) = 0®(@)P] SEolleng - Mza + 1z - Bi )] S Nha +hA ~ A,

Furthermore

ol

Eo[lznge - |07z (z, ha) A M? — 0% (z)°] SP-(Q°) S A

Corollary. Let ©* = O(m, M) x {b € C(R) : b is Lipschitz and sup,cp b(z) < M}. For (0,b) €
©* consider diffusion Y defined by the SDE: dY; = b(Yy)dt + o(Yy)dWy, Yo = zg. Then for the
event L and x defined as before, given that ha ~ A%, we have

sup Eop[1z - |02y (z,ha) A M? = o?(z)|] < C(L)AS.
(o,b)eO*

Proof. Using boundedness of coefficients b and ¢ one can easily verify the assumptions of Girsanov
theorem. The laws of diffusions X and Y on C([0, 1]) are equivalent and

%(X) = exp (/o :2(5;3) dX, — %/0 cl;(())i)) ds) = exp (/0 g(();i)) dW, — %/0 32(())2)) ds).

Denote 1. - |02 ,(x,ha) A M? — 02(x)| = €, a. By Cauchy-Schwarz we obtain

Eop[Ern] = E, :&C,A%(X)]
- wfesen ([ 2G5 [ )
< Eofeacn( [ X))
< E,[€2 AR, [eXp (2 01 g(é)) dWsﬂ%

We just have to argue that E, [exp ( fol Zb(X'f)dWsﬂ is uniformly bounded. Since

E, {exp (/01 2(b0_1)2(X8)d5>] < 00

by the Novikov’s condition the process M; = exp (fot 2(bo 1) (Xs)dWs — fot 2(60*1)2(X5)ds) is a
martingale and consequently

Eo[exp (/01 2(bg‘1)(XS)dWs)} - Eo{exp (/01 2(ba—1)z(xs)ds)]



Theorem. (Florens-Zmirou,1993)
Let X satisfy
dXt = b(Xt)dt+U(Xt)th, t€[0,1],

where b is a bounded function, with two bounded derivatives, o has three continuous and bounded
derivatives and furthermore m < o < M for some positive 0 < m < M. If Nh3 tends to zero,

then
/Nha (M _ 1) B L(x)"?z,
o?(z)

where Z is a standard normal variable independent of L(x).
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