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A Posteriori Error Control for Finite Element Approximations
of the Integral Equation for Thin Wire Antennas

In this paper we discuss a finite element approzimation method for solving the Pocklington integro-differential equation
for the current induced on a straight, thin wire by an incident harmonic electromagnetic field. We obtain an a posteriori
error estimate for finite element approximations of the equation, and we prove the reliability of this estimate. The theoret-
ical results are then used to motivate an adaptive mesh-refining algorithm which generates very efficient meshes and
yields optimal convergence rates in numerical experiments.
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1. Introduction

The problem of electromagnetic scattering from a thin wire antenna by an incident harmonic electromagnetic field is
extremely important in electrical engineering. A standard model for this problem is the Pocklington integro-differential
equation for the current induced on the wire by the incident electromagnetic field. Once the induced current is known
the scattered field can then easily be obtained from this current by means of a standard integral representation. Sup-
pose that the wire, modeled as a thin, perfectly conducting, hollow tube lies along the z-axis in the interval
U = (—1,1). Let the radius of the wire be a > 0 and the wave number of the incident field be k > 0. Then the current
u satisfies the Pocklington equation

<j+ ¢) j u(€) Gz — £) dE = f(2), (1)

on U and the boundary conditions u(+1) = 0. Here G: R — C is defined, for z € R, by

2

exp{—ik(2? + 4a? sin? %0)1/2}

1
G(z) = — J do
) 2 ! (2% + 4a? sin? %0)1/2

and f: U — C is a known function, being a constant multiple of the z-component of the incident electric field on the z-
axis, see [9].

Many numerical methods of solving Pocklington’s equation have been considered before, especially in the electrical
engineering literature (see [2] for an extensive discussion and bibliography of such methods). Generally these have been
Galerkin type methods (called the ‘method-of-moments’ in the electrical engineering literature). However, few rigorous
convergence results have been proved for these methods (see [13] for some results). In this paper we establish a residual-
based a posteriori error estimate for a finite element approximation scheme. The estimate motivates a particular adaptive
algorithm for automatic mesh-refinement which performed efficiently in numerical experiments, see [6] (numerical results
for many algorithms are described and compared in [6] so, for brevity, we simply refer to [6] for numerical results).

The operator Pu on the left-hand side of (1.1) has similar mapping properties to those of a hypersingular integral
operator [14—16]. We refer to the survey [5] for references to the literature regarding adaptive algorithms and a poster-
iori error control for hypersingular equations which is mainly concerned with closed curves; open antennas are not
boundaries of Lipschitz domains and so require mesh-adaptation, a different functional analytical setting, and the
efficiency of the a posteriori error estimate remains an open question since the arguments of [3] are not applicable.

The paper is organized as follows. The mapping properties of the operators involved in (1.1) in suitable Sobolev
spaces are recalled from recent literature in Section 2. Existence and regularity of weak solutions is explained in Section 3,
while we report in Section 4 on the finite element discretization and a priori error estimates for non-uniform meshes. The a
posteriori error estimate is proved to be reliable in Section 5 and a resulting mesh-refining algorithm is described.

2. Preliminaries

We introduce some function spaces. For s > 0, let Hj_ denote the fractional order (Hilbert) Sobolev space of functions
on R which are 277-periodic, with norm || - ||, , see Definition 8.1 of [10] for the specific definition that we use, and
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Chapter 8 of [10] for a general discussion of these spaces (these spaces are also discussed in Chapter I of [17], see in
particular, Exercise 4.4). We use the spaces Hj_ in this situation since they are particularly simple to define, in terms
of Fourier series rather than Fourier transforms, and are sufficient for our present 1-dimensional setting — the relation-
ship between the 27-periodic Sobolev spaces and the usual Sobolev spaces is discussed in [17]. We also let H,? denote
the dual space, (H3,)', of Hj_, see Definition 8.8 in [10].

We will also require spaces of functions, or distributions, defined on U. For any 2s-periodic function, or distribu-
tion, T' we let T'|; denote its restriction to the set U (see Section 1.4 of [17] for the definition of the restriction of a
distribution); we let supp T’ denote the support of 7' in the interval [—z, 7] (see Definition 1.3 of [17] for the definition
of the support of a distribution). Now, for s € R, we define the following spaces and norms:

H*(u) = {u: u=u"|, withu® € H} },

. * k *
gy = inf {1y : 0 € H, and ]y = u),

H*(U) = {u:u =i, witha € H;_ and suppa C U},

||U||H-<(U) =l H

for any u € I-:T‘*(U), we let 4 € Hj_ denote the extension, by zero, of the function w to [—um, 7], and then to R by 27-
periodicity.

It can be shown that, for s >0, H5(U) = H*(U)' (in fact, H*(U) can be defined to be H*(U)). Let (-,-)
denote the usual L>(U) inner product, or its extension to the dual pair of Sobolev spaces H~'/2(U) x H'/*(U).

The space H*(U), with s > 0, can also be defined by interpolation, see (1.9) in [15], but the above definition is
equivalent to the interpolation definition, see Lemma 1.1 of [15]. We also note that H*(U) = H*(U), when 0 < s < %
H'?(U) = H(%Q(U) C HS/Q(U)7 and H(U) = Hi(U), when i < s < 1 (where these spaces are defined in [11] and these
results are proved there, see Theorems 11.4 and 11.7).

When 1 < s <1 the elements of H*(U) are continuous, so they satisfy the boundary condition u(£1) =0 in the
classical sense, whereas the elements of H'/?(U) satisfy u(+1) = 0 in a generalized sense.

We now define various linear operators on H*(U) and H*(U). Firstly, for any s € R and u € Hj_, let Du denote
the distributional derivative of w; if w € H*(U), with u = u*|;;, u* € Hj,, then we defined Du = (Du")|,, (this defini-
tion is independent of the extension u” of u). Next, it can be shown that the kernel G may be written in the form

1
=——1 R 2.1
()=~ logls| + R(z),  :€R, (2.1)
where the function R € C*°(R \ {0}), and, near z =0,
OR O*R
— < —_— < .
rE+[5E @ s [5F @) < oskl (22

for some constant ¢ > 0, see Lemma 4.1 in [12]. Now, for any u € C°(U) and z € U, let

Vu(z) = —% J w(&)loglz — | dZ and Lu(z) = J u(8) R(z—¢) dg.
U U

It is well-known that for each s € R the operator V can be extended to the space H 5(U) to yield a bounded operator
V. H(U) — H**'(U), while it follows from the smoothness properties (2.2) of the function R that L can be extended
to a bounded operator L : H*(U) — H**3(U) (see, for example, the discussion on pp. 368—371 of [16]). In view of these
results we can define a bounded operator P : H*(U) — H*~'(U) by

Pu=(D*+k)(a"'V+L)u, uEFI’S(U).

The operator P represents the left hand side of eq. (1.1), together with the boundary conditions u(+1) =0, in the
setting of the space H*(U). Then, given f € H*~1(U), the problem can be rewritten as the equation

Pu=f. (2.3)

3. Existence and regularity results

It has recently been shown that P is non-singular and satisfies a Garding inequality.

Theorem 3.1 (Theorem 2.1 in [13]): For 0 < s <1 the operator P : H*(U) — H*Y(U) is non-singular. Further-
more, when s = 1 there is a compact operator C : H'?(U) — H~Y*(U) and a constanty > 0 such that, for allu € H/*(U),

—Re((P + C) u,u) > VHUH%U/Z(U) . (3.1)
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Solutions of (2.3) typically have a square root type singular behavior at the end points +1 which precludes
Theorem 3.1 from holding for s > 1. Despite this, higher regularity results can be obtrained by augmenting the usual
Sobolev spaces with functions which describe this singular behavior.

We define the following functions: let o, (z) = |z F 1|, for z € U, and let y, be C* functions on R such that
0 <y, <1,%. =1near +1 and ¥, = 0 near F1. For each s € [1,2) we define the space Z°(U), consisting of functions
w: U — € of the form

w= a0y +a0 Py, +v, (32)

where a; € R and v € H*(U) (Lemma A.2 in [15] shows that Qiﬂxi € H*(U) for s < 1). We can identify 2*(U) with
R? x H*(U), and we write elements of 2°*(U) in the form {a_,a,,v}. The norm on 2*(U) is defined by

{a—, av, v}l o) = la-] + s + vl oy -

The operator P acts on elements of Z°(U) (see Theorem 1.8 in [16]), and solutions of (2.3) can be represented in the
form (3.2).

Theorem 3.2 (Theorem 2.2 in [13]): For 1 < s < 2 the operator P : 2°(U) — H*Y(U) is non-singular.

4. Discretization and a priori error estimates

The results of Section 3 can now be applied to Galerkin methods for the numerical solution of eq. (2.3). The abstract
formulation of general Galerkin methods, and the derivation of convergence results from Garding inequalities, is well-
known so the discussion will be brief and proofs can be omitted; we refer to [7], [8], or [14], for example, for more
details.

To apply Galerkin methods to the problem we first reformulate eq. (2.3) in an equivalent form: given
fe H'Y2(U), find v € H/?(u) such that, for all £ € HY?(U),

(Pu,&) = (f.&). (4.1)
Next, we define a mesh 7 :={Uj,...,Un} to be a partition of the interval U into the subintervals U; = [z;_1, z;],
j=1,...,N, where -1 =zy <2y <... <y = 1is an arbitrary collection of points in U. For each j=1,..., N, let h;
denote the length of U; and let h := max{hi, ..., hy}. Given a mesh 7, let SL(U) be the space of continuous functions,

with support in U, which are polynomials of degree one on each element of the mesh 7.
Now, a Galerkin solution of (4.1) is a function u, € SL(U) such that, for all &, € SL(U),

(Puz,&7) = (f,&x) - (4.2)

As a consequence of the non-singularity of the operator P and the Garding inequality (3.1), Galerkin solutions u, of
(4.2) exist and convergence quasi-optimally to the exact solution u of (4.1) as h — 0.

Theorem 4.1 (Theorem 3.1 in [13]): If f € H-Y>(U), then there exist constants hy € (0,1), C > 0, such that for
h € (0,hg) the problem (4.2) has a unique solution u, € SL(U) and

[|u — Un”ip/?((]) <C 4 ;%E(U) flu— ¢n||H1/2(U) ) (4.3)

where w € HY?(U) is the unique solution of (4.1).

It follows from Theorems 11.5—7 in [11] that SL(U) ¢ H*(U) for s < 3/2. The approximation properties of the
spaces SL(U) are well-known and can be summarized as follows, see Ch. 4 of [1] or p. 677 of [7].

Theorem 4.2: [f 0 <t < s <2, t <3/2, then there exists a constant C = C(s,t) >0 such that, for h >0 and
any v € H*(U),

inf v =@l aen < Ch¥ o
(o= 9lag) ol

.0 ) (4.4)

Convergence properties of the scheme can now be derived from Theorems 4.1 and 4.2 (note that by Theorem 3.1,
if f € L*(U) then the solution u € H'"(U) for all ¢ > 0, and [|ul| g1y < Vel fll12(), for some constant y, > 0).

Theorem 4.3 (Theorem 3.3 in [13]): If f € L*(U), then for each € > 0 there exist constants hy € (0,hg), C. >0
such that, for h € (0,hy),

1 = wall oy < Ch (1 f 2o (4.5)

(uy exists by Theorem 4.1).
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The rate of convergence of the Galerkin scheme can be improved by augmenting the approximation spaces
SL(U) with the singular functions Qli/ 2y 4+ of Section 3, that is, by defining the space

7 () = {0, 0" x,} ® SLU).

It follows from Theorems 11.5—7 in [11] that ZL(U) C 2*(U), for s < 3/2. Theorem 4.1 also holds for the spaces
Z1(U) and we have the following analogue of Theorem 4.2, see Lemma 4.1 in [7].

Theorem 4.4: If 1 < s < 2, then there exists a constant C = C(s) >0 such that, for each h >0 and any
we Z(U),

inf w — o < ChS Y2 wl| s 4.6
bl ) lw = @l grrw) < lwll 2+ (4.6)

The convergence properties of the augmented Galerkin scheme now follow from Theorems 4.1 and 4.4, see Theo-
rems 4.4, 4.5 in [7] for details of the proof.

Theorem 4.5 (Theorem 3.5 in [13]): If 1 <s<2, 1 <t<3/2, t<s, and f € H"Y(U), then there exist con-
stants hg € (0, hg), C > 0 such that, for h € (0, hs),

[t = | iy < ORI ]

Hs=1(U) and |lu— “nHy"(U) < Chs*tHf”H«**l(U) : (4.7)

5. A posteriori error estimate

In this section a residual-based a posteriori error estimate is derived for arbitrary meshes. Given a mesh 7, define
x :=max{h;/h; : |j — k| = 1}.

Theorem 5.1 (Theorem 2 in [4]): For 0 < a < 1, there exists a constant Cy, such that for any ¢ € L*(U) which
is L*(U)-orthogonal to SL(U) we have

N

1/2
@1y < ela,m) <Z h§“|¢lliz<y,)> ; (5.1)

where c(a, ) is given by
Ca if a#y,
cla,m) = e )
Cip2(log(1 +x)) if a=3.
Now suppose that f € L?*(U) and h € (0,h;), so that Theorem 4.3 holds, and let R, be the residual of the
Galerkin solution u,, that is,
Ry :=f—Pu; =P(u—uy), (5.3)

where u and u, are the solutions of (4.1) and (4.2), respectively. We note that R, € L>(U) because f € L*(U) and
{0,0,u,} € Z'(U) for 1 <t < 3/2, whence Pu, € H''(U) C L*(U) by Theorem 3.2. Thus, for 0 < s <1 we may de-
fine the error indicators

n =0 Rall 2wy, G=1,...,N. (5.4)

(5.2)

As a consequence of the Galerkin conditions and Theorem 5.1 we obtain the following a posteriori error estimate for
these error indicators (note that, by Theorem 3.1, the inverse operator P~ : H*"1(U) — H*(U) is bounded, that is, the
operator norm || P! | £t () () 18 bounded).

Theorem 5.2: If0 < s < 1 and f € L*(U) then

[l = ual

1/2
N
H5(U) <c(1-s,m) ||P71||L(H5*1(U);H'~“(U)) (;Z_% ’ﬁ) : (5.5)

Proof: The essential observation is that the residual R, is L?(U)-orthogonal to SL(U) because of (4.1)—(4.2).
Indeed, for all &, € SL(U),

Therefore, Theorem 5.1 shows that

|| Rx|

1/2
N
Hs—l(U) S C(l — S,ﬂ) (Z 7]?) . (57)
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Now, u — uy = PRy so

) = |P~' Ry

Hu — Un| H=\(U) * (58)

Combining (5.7)—(5.8) concludes the proof. O

The question of the sharpness of the estimate (5.5) is clarified only for quasi-uniform meshes on closed curves,
see [3] for details. The question is unresolved for open arcs such as U.

We conclude this paper by describing and adaptive algorithm for automatic mesh-refinement.

ALGORITHM (A). Given a coarse mesh, refine it successively by halving some of its elements as follows: For any
mesh 7 compute #, ..., 7y as defined in (5.4) and refine U; if and only if

@ < NP oy me@) 1 Ra

n;>0 max 1. (5.9)

The parameter € is chosen between 0 (uniform refinement; every element is refined) and 1 (very selective refine-
ment; only very few elements are refined); 6 = % is expected to generate reasonable meshes.

If s = %, the Algorithm (A) ignores the mesh-dependence in c(%,n) for simplicity. Since the dependence on x is
very weak, this is reasonable if we deal with a moderate number of refinement steps only.

The Algorithm (A) is implemented in [6, Section 2.6] and compared with various other schemes. The numerical
evaluation of the error indicators 7, is somewhat complicated (it involves elliptic integrals) so is not described here; see
[6, Section 3.5]. Fig. 8 in [6] shows that the experimentally observed convergence rate of the error, with respect to the
L?-norm rather than the H'/2-norm, is 1 for uniform meshes and 2 for the adaptive meshes generated by Algorithm
(A). These observations are in agreement with (4.5) (which, with the usual Aubin-Nitsche argument, yields a conver-
gence rate of 1 for uniform meshes, with respect to the L?-norm) and the convergence rate of 3/2 in the H 1/2_norm
which is usually observed for adaptive algorithms. From this numerical evidence we conclude that the adaptive algo-
rithm significantly improves the performance of the discretization.
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