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Summary. The reliability of frequently applied averaging techniques for
a posteriori error control has recently been established for a series of finite
element methods in the context of second-order partial differential equations.
This paper establishes related reliable and efficient a posteriori error estimates
for the energy-norm error of an obstacle problem on unstructured grids as a
model example for variational inequalities. The surprising main result asserts
that the distance of the piecewise constant discrete gradient to any continuous
piecewise affine approximation is a reliable upper error bound up to known
higher order terms, consistency terms, and a multiplicative constant.

Mathematics Subject Classification (2000): 35J20, 49J40, 65N30

1 Introduction
1.1 Averaging techniques for a posteriori error control

While a posteriori error control and adaptive mesh design is well established
for (elliptic) partial differential equations [AO,BSt,EEHJ, V], their exploi-
tation for variational inequalities started very recently [BSu,CN,LLT,V1,
V2]. Amongst the a posteriori error estimation techniques are averaging
schemes firstly justified by super-convergence properties on structured grids
with symmetry properties. Their recent justification on unstructured grids in
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[BC,CA,CB,CF1,CF2,CF3] raises the question: How can averaging tech-
niques be possibly reliable (i.e., be guaranteed upper bounds) for variational
inequalities?

Our mathematical investigations recast this question into the design of a
weak approximation operator that is compatible with the obstacle conditions
and still enjoys local orthogonality properties to generate higher order terms.
Utilising the operator J from [C1] and its dual J* this paper provides an
affirmative answer for a simple obstacle problem with affine obstacle and
studies the nonconforming case.

1.2 Continuous and discrete obstacle problems

Given a bounded Lipschitz domain Q in R, d = 2,3, f € H'(Q), g €
H'(T'y), up € H'(T'p), and x € H'(RQ) such that the closed and convex
subset

K:={ve H(Q):v=uponTlp, X < v almost everywhere in 2}

of H'(R) is non-void, the obstacle problem under question reads: Seeku € K
such that

1.1) (Vu; Viu —v)) < (f;u —v) —I—/ gu—v)ds forallveK.

'y
Here, (-; -) denotes the L2—pr0duct and I'p is aclosed subset of I' := 92 with
positive surface measure; 'y := ['\I'p. It is known [R,GLT,K] that (1.1)
has a unique solution. The finite element approximation employs a (closed
and convex) discrete set K (i.e., a subset of a finite-dimensional subspace
of H'(Q2)) and reads: Seek u;, € K, such that

(Vup; V(up, — o)) < (f5up — vp) +/ glup —vp)ds
VY

(1.2) for all v, € Kj,.

There exists a unique discrete solution u;, whose error e := u — u, is in some
sense quasi-optimally small; we refer to [F,N] for a priori error estimates and
focus on a posteriori estimates in this paper. The choice

Ky :={v, € S"(T): vy, =upponTp, xu < v

(1.3) almost everywhere in 2}

can model a conforming (i.e., K; € K) or non-conforming (i.e., K, € K)
discretisation. Here, S!(7) is the P;-finite element space defined through
a regular triangulation 7 of  into triangles and tetrahedra if d = 2 and
d = 3, respectively, [BSc,Ci]; x, € S '(7T)isan approximation to x, up j €
SYD)Ir 1S an approximation to up and we assume K, # 0.
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1.3 Overview of new results

Our first result (Theorem 2) employs [BC,CB,C1,CV] and standard estimates
for the proof of

IV —up)ll S nm+ (0n; x —up —w) + [Vl
(1.4) FIUREV £+ 1Y 028/05 1 2y -

Here, | - || denotes the L?(2)-norm and * < substitutes “< up to a multipli-
cative mesh-size-independent constant ’; throughout this paper, this constant
exclusively depends on the shape of the elements through the interior angles
in the triangulation but not on the elements’ lengths. Moreover, w is arbitrary
in H'(Q) with u, + w € K, w|r, = up — up, vanishes at nodes on I'p,
on is a known discrete residual, 27 and hg are local mesh sizes, and

(1.5) ny :=min{||py — Vuy| : pp € SYT)?, pp-n=gon N NTy};

where n denotes the outer unit normal on I'y and N is the set of nodes in 7~
(pn - n interpolates g at all nodes on I"y). Consistency is included in the arbi-
trary choice of w to assess the errorin K, # K andup j, # up;inthe absence

of contact near the boundary, with (-); := max{-, 0} and (-)_ := min{-, 0},
(1.6) IVwl S 1A %02up /052 ) + IV O — )4

The estimate (1.4) can be recommended for practical error control since
(on; x —uy —w) can be evaluated. Closer investigations reveal that this term
can indeed be replaced by consistency, averaging, and higher order terms.
Our main result (Theorem 3) implies

IV =)l S+ min g =V Gor = un) + V]

ane
3/2
HIREV £+ T £l 2oz + 102 206 8/05 2y
A7 T O = xn = w- I+ AL = 30— w)-IDY2.
The term ||h7 f 2T, 18 the L?-norm over the shrinking domain U7p, a
union of a few layers of elements near I'p; e.g., if f € L>(£2) we have
T fll2om S I lee@ iz,

and see that this term is of higher order (h.o.t.). In case x = y; and no contact
near the boundary, the estimate reduces to

(1.8) IV —up)l|l Snu+  min_ gy — V(xp — up)ll +h.o.t.
eSI(T)

The finer estimate of Theorem 3 refines (1.7)-(1.8) in the substitution of
lgn — V(xn — un)llr2(@) by the refined norm [lg, — V(xn — un)llr2(q,) on
a smaller computable region €2; around the free boundary of the contact
zone. Numerical examples convinced us that this refinement is necessary for
efficient approximation and error control.
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1.4 Affine obstacles

If the obstacle x = xj is globally affine, then Vx;, = A is constant and
qn = pn + A in (1.8) provides

(1.9) IV —up)ll S nu+hot

Hence, the averaging estimator 7, (from the variational equality) is indeed
reliable for the obstacle problem up to a multiplicative constant and up to
known higher order terms. It is stressed that the averaging estimator ny, is
efficient; the proof is provided by a triangle inequality

Ny < |IV(up —u)|| + min
(1.10) x{IVu = ppll : pr € ST, py-n=gon NNTy};

in case u is sufficiently smooth (e.g. u € H>**(Q)), the minimum in the
right-hand side is of higher order. In the practical examples of this paper,
the estimator n4 > 7 is employed with a local averaging. Owing to [C2],
na < ny and hence 74 is reliable and efficient.

It appears to us that the reliability of averaging techniques is always
related to smooth data (up, g, and f) and hence rough obstacles might be
excluded from the assumptions; this is seen in our analysis by consistency
terms which are not always of higher order and may dominate the error esti-
mate. Consequently, this paper does not focus on coarse approximation of
rough data.

1.5 Plan of the paper

The rest of this paper is organised as follows. Preliminaries and notation is
introduced in Section 2 where we recall a few results and state some basic esti-
mates. Section 3 is devoted to the a posteriori error estimates and their proofs.
Section 4 outlines the numerical realisation of an adaptive mesh refinement
strategy based on our a posteriori error estimates. Section 5 reports on three
examples where the estimate of the error in the energy norm is extremely
accurate.

2 Preliminaries

This section firstly recalls notation on the triangulation and recalls the approx-
imation operator J and some of its established and adapted properties in
Lemma 1-4. The section closes with the concept of the continuous and dis-
crete residuals and nodewise Kuhn-Tucker conditions in Lemma 6.
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Throughout this paper, # € K solves (1.1) and uj, € K}, solves (1.2). The
aim s to prove reliability of the aforementioned estimators. We let H),(Q) :=
{ve H(Q) : v =0o0nTp} and define S},(7) := SY(T) N H(Q).

Let (¢, : z € N) be the nodal basis of S'(7). Note that (¢, : z € N) is
a partition of unity and the open patches

2.1) w, ={xeR:0<g@,(x)}

form an open cover (w, : z € N') of  with finite overlap.

Let K := N\ I'p denote the set of free nodes and let £ denote the set of all
edges (d = 2) or faces (d = 3) appearing for some 7 in 7. In order to define
a weak interpolation operator J : H},(Q2) — S}(7) we modify (¢; : z € K)
to a partition of unity (¥, : z € K). For each fixed node z € N '\ K, we
choose a neighboring node ¢(z) € K and let ¢(z) := z if z € K. In this way,
we define a partition of \V into card(K) classes 1 (z) ;= {Z € N : ¢(Z) = z},
z € K. For each z € K set

(2.2) Yo=Y g and @ i={xeQ:0<y(x))
¢el(@)

and notice that (¢, : z € K) is a partition of unity. It is required that €2, is
connected and that ¥, # ¢, implies that ', N 0€2, has a positive surface
measure.

For g € L'(Q) define

23) Jg:= Zgz(,oZ e SH(T) where g, :=(g:v.)/(1;9.) € R.
zek

The local mesh-sizes are denoted by 47 and he where hr € L£°(T) denotes
the element size, h7|r := hy := diam(T) for T € 7, and the edge size
he € L*°(UE) is defined on the union or skeleton UE of all edges E in £ by
helg := hg := diam(FE). The patch size i, := diam(£2,) is defined for each
node z € K separately. For z € N\ K set h, := diam(w,) and for T € T
let wr := U,ernnS2(;). Note that the sets of patches (wr : T € 7) and
(22, : z € K) have a finite overlap.

In the following we write || - ||, 4 instead of || - || .»(a) and || - || abbreviates
| - l2.q. Similarly, we denote by |- |1.2.4 := ||V |2, the semi-normin H!(A)
and | - |1 » abbreviates | - |1 2.q-

Theorem 1 ([C1,Cl,CV,CB)). The operator J is H'-stable and first-order
convergent, i.e.,
Q4 |lhy' (g — I+ lIhg (g — IDlary + 18 — Jgha S 1gha

forg e HB(Q). Moreover, for f € L*(Q), there holds

@5 (fig=J9 Slgha (ki min|f ~ fl5g)" O

zell
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Lemma 1. We have, for all v € HIIJ(Q),

(f; v—Jv)—I—/ gw—Jv)ydx — (Vuy; V(v — Jv))
Iy

1/2
Slvliz min ([Vuy — pall + ”hg/ (& — pn-mlary + 115V FDD.
preSI(TH

Proof. The lemma is, at least implicitly, included in [CB] (and also in [BC,
CF1,CF2]) and so we merely sketch its proof. From (2.5) we have by
Poincaré’s inequality

(f;v—=Jv) S lillh3 V£

An integration by parts of —(pp; V(v — Jv)) and divyVu, = 0 reveal that
the last two terms in the left-hand side of the asserted inequality equal

(g —pn-n)w—Jv)yds+ (pp — Vup; V(v — Jv))
VY

+(divr (pp, — Vup); v — Jv)
S ol (112 = pi- iy + 1oy = Val
(2.6) +llh divy (pr — Vun)l)
by (2.4) and Cauchy inequalities. This and a 7 -elementwise inverse esti-

mate of the form A7 || divy(py, —Vup)llor S llpn — Vupll2.r conclude the
proof. |

Lemma 2 ([BCD)). Assume up € H'(I'p) N C(Tp), uplg € H*(E) for
all E € € such that E C I'p, and let 8§uD/8s2 denote the edgewise second
derivative of up along I'p. Suppose up j, is the nodal interpolant of up, i.e.,
upn(z) = up(z) forall z € N N Tp. Then there exists wp € H'(Q) such
that wD|rD =uUp — Up,p, SUPPp Wp - UTGT,TQFD;MJ T,

lwplloo = lup — upplloors, lwplia S IhY*82up/ds2lrr,. O
Definition 1. Define Tp :={T € T : T NTp # B} and
T.:={T €T\ Tp: (xn—uplr =0}.

The following lemma shows (1.6) and estimates the terms which include w
in (1.7).

Lemma 3. Suppose that u p satisfies the conditions of Lemma 2, that x |r, <
up.p, and that (x — uy)— < wp in |J7Tp with wp from Lemma 2. Then we



Averaging techniques for obstacle problems 231

have
i < Y ?03up /85 - d
min |wli2 S by 0zup/9s”llar, + (X —un)+h2  an
weH (Q)
uptwek
: 2 —1 2
min (lwfi,+ 3 7' (= — w13
l:he+wéK) TeT\Tp
+ 3 I o G = 0 = w)- )
Tel,

3/2
S A 2up /053 0, + 100 — un)+ 13,

+ >R =137+ D 1 I 1O = x)—lla.r-

TeT\Tp Tel,

Proof. Set w := (x — up)+ + wp and notice u, + w € K. Then |w|;, <
[(x —un)+l1.2+|wpli 2. Utilisingwp|r = 0and x, < uponeachT € T\7p
we haveoneach T € 7 \ 7p

(X = xn —w)—llo,r = 1(x — xn — (X —un))-ll2r = [1(x — xn)-ll2.7-
Then, Lemma 2 proves the assertions. O
Remark 1. Since ||wp|loc = llup —Up.illoo,rp, by Lemma 2, the assumption
(x —up)— < —llup —upplloo,r, in|J Zp implies (x —u;)— < wpinlJTp.

Lemma 4 ([BC,CB]). Let g|z € H'(E) N C(E) for all E € & such that
E CTyand, foreachnode 7 € N NT y where the outer unit normal n on 'y
is continuous (hence constant in a neighbourhood of z as Uy is a polygon),
let g be continuous. Assume that the set

SN(T,g):={pneS"(T) :VEe&,z€ ECTy, pr(2) ne = g(2)

is non-void. Then (dg g /ds denotes the edgewise surface gradient of g on 'y )

. 1/2
min (IVan = pull + 10 = pu - oy )
PhESl(T)d

. 3/2
< min [Vuy — gl + 18 9gg/3slary. O
qneSy(T.g)

Remark 2. Ford = 2 the conditions on g in Lemma 4 suffice for S}, (7, g) #
@ [CB].

Definition 2. Define o € (H},(Q2))* and o, € SY(T), for v € H)(Q), by

@7 o) == (f1v) + / gvds — (Vu: Vo),

I'n

(2.8) on:= Z((f; ¢:) +/F 8@z ds — (Vup; V(/)z))lﬁz/(l; ¢:).

zell
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Remark 3. Note that 0 < p(e — w) for w € H'(Q) satisfying w|r, =
up —upypand x —u, < w (since uy +w € K). If u, € K we may choose
w = 0. If not, let, e.g., Pxuy, be the projection of u;, onto K with respect to
|- 1.2 and w := Pxuj — u, minimises |w|; o among all w with u;, +w € K.

Lemma 5. We have, for all w € HY(Q) satisfying w|r, = up — up.p,

1 2 1o
Ele_ w|1,2+§|€|1,2 =(fie—w—J(e—w))

—(Vuh;V(e—w—J(e—w)))—I—/ gle—w—J(e—w))ds
Iy

1
(2.9) —i—ilwl%’z + (on; e —w) —o(e — w).
Proof. Note thate —w € HLI)(Q). The definition of J (e — w) yields, e.g.,

Z(Vuh; Vo) (s e —w) /(15 ¢:) = (Vuy; VI (e — w))
zell

and eventually leads to

(onse—w) = (f; J(e—w)) — (Vuh;VJ(e—w))+/ gJ(e —w)ds.
Iy

This and some elementary calculations show
ole —w) —(opie—w) =(fre—w—J(e—w))
-I-f gle—w—J(e—w))ds — (Vu; V(e — w))
Iy
+(Vup; VJ(e —w)) = (fie—w — J(e —w)) — (Ve; V(e —w))
+/ gle—w—J—w))ds — (Vuy; Ve —w — J(e — w))).
VY

Since 2(Ve; V(e —w)) = |e — wl{, + le|f, — [w|{ , we deduce (2.9). O

Our motivation for the definition of pj is that its nodal values reflect
Kuhn-Tucker conditions.

Lemma 6. We have o, < 0 < uj, — x5 almost everywhere in Q2 and, for
zek,

0n(2)(xn(z) —up(z)) =0.
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Proof. Given z € K and a real number w define v, € S'(7) by v;,(2) == w
and v, (¢) = uu(¢) for ¢ € N\{z}. If x,(z) < w we have v, € Kj, and
calculate with (1.2)

(un(z) = w)(Vup; Vo) = (Vuy; V(up — vp))

< (fiuy _Uh)+f glup —vp)ds

'y

= (@) —w)((f39) + /F ¢9. ds).

N

According to (2.8) this gives (after a division by (1; ¢,) > 0)

0 < (un(z) — w)on(z).

A discussion of w € R under the restriction x;(z) < w yields the asser-
tions. O

3 A posteriori estimates

This section is devoted to the precise statement and the proof of (1.4) and
(1.7)—(1.8) of the introduction.
The combination of the next result with Lemma 4 provides a proof of (1.4).

Theorem 2 (A posteriori estimate I). If w € H' () is such that u, +w €
K, ie, w|lr, =up —upypand x —u, < w, then

. 1/2
le—wliz+leh2a S min (IVuy — pull + I1hg* (g = pa - mllary)
PhGSI(T)d

HIRZV I+ [wli 2+ (ons X — up — w).
Proof. Since u, + w € K we have g(e — w) > 0, cf. Remark 3. Moreover,

on <0 < u— yx almost everywhere in €2 by Lemma 6 so that (¢; u — x) <0
and hence

(on;e —w) —ole —w) < (op; e —w)
= (on;u—x)+ (0n; x —up —w) < (0n; X — up — w).

Utilising this estimate and Lemma 1 in (2.9) we deduce the assertion. O

The following lemmas are needed to obtain other bounds for (gj,; e — w).
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Lemma 7. Let z € N be either an interior point of Q or suppose that each
open half-space with boundary point 7 has a non-void intersection with Q.
Suppose T € T is such that z € @r and set Q. := Q. Uwr. Let wy, € S'(T)
satisfy wy(z) = 0and 0 < wy on QZ. Then,

(3.1) lwallyg Sh min  [|[Vw, — ¢;ll, g.-
28 zqzeSI(Tlfzz)d <hae,

Proof. The left- and right-hand side of (3.1) define semi-norms || - ||; and || - ||,
respectively, on S! (T'g.). We claim that ||wy, ||, = 0 implies [Jwy||; = O for
all w, € SYT) with w,(z) = 0 < Whlg, - Indeed, if Vw, equals some
q. € ST |g~27)d it is (TIQZ)—piecewise constant and continuous, whence wy,
is affine on QZ. Since wj(z) = 0 we obtain that wj(x) equals an - (x — z)
forall x e flz andsomen € R, |n| =1,andsome o € R.Let H := {y €
R? :m - (y — z) < 0} intersect with €., (H N €2, # @ is obvious for z €
and assumed for z € N\Q). Forx € H N .,

(3.2) O<wp,(x)=an-(x—z)andm - (x —z) <O.

For m = +n, (3.2) implies ¢ < 0 and for m = —n, (3.2) yields 0 < «.
Together, « = 0, i.e., w, = 0 and so ||wy|; = 0. Since || - ||; and || - ||,
are norms on the finite-dimensional affine space {w;, € S'(7|g.) : wy(2) =
0,0 < wplg_}, they are equivalent. The constant C > Oin || - ”j <Cl -
depends on T g, - A scaling argument concludes the proof. |

Remark 4. 1f z € N is a boundary point of Q and {x € Q : |x — z| < &} is
convex for some ¢ > 0 then z does not satisfy the condition of Lemma 7. Con-
vex corners may yield difficulties for positive second order approximation
operators [NW].

The next result shows that g;, can be controlled by averaging terms.

Lemma 8. We have, for T € T,

hrllenllzr S hrll fll2.0r

i 1/2
+ min V”h — 2 + h ( _ . n) 5 ) ,
qreslmwr)d(n arl2wr + 718 — gr - W l2rynoer)

2 2
hzlonliar Shlflizer
) 12
4+  min IVuy — grll2,or + A7 118 — gr - 1) 2, rynd0r)-
qreslmmr)d( rior T W84 Tandor)

Proof. Set J*f = Y _(f;9.)/(1; ¢.) ¥ and note that J*f is the first
summand in the definition of o in (2.8). We have || J*f 2.7 < || f ll2.0, and
| fliar S 1 fli2e for T € T, cf. [Ci,CV,CB]. Note also that 1% <

~
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(¢ < hdand [Ylior S 0y IWelor S Y2 forall T € T with
T C .. Using this in (2.8) we deduce

—d/2
lonllar S 1 fll2wr + E hy | (Vuy; Vo) —/ gy: ds|,
7eK,TCQ, Ty

(33) lenhar SIfhzer + ) h;"”‘luwh;wo—/gsazdsl.

7eK,TCQ, Iy
Let g7 be an element of S' (leT)d . An elementwise inverse estimate shows
holdivr(gr — Vun)l2.or S 1VUr — qrll2.0;-

This, an integration by parts, divyVu, = 0, |¢;]12 S hf/z_l, ol < hf/z,
and noting that for z € T N K there holds w, C wr lead to

(Vup; Vo) — / @97 -nds = (Vup —qr; Vo)
VY

. d/2—1
—(divrgr: 9) S B NIVuy — gr e,

This, the fact that each element 7 belongs to a finite number of patches 2.

only,3.3),and f;, . @.(g—qr-n)ds < h* " h*(g—qr-m)larynier
conclude the proof of the lemma. O

Definition 3. Witheach T < 7T,

T, ={TeT:TNI'p=@,3x,y e KNwr,
Xn(X) = up(x), xn(y) < up(y)},

we associate some zr € K N w7 such that x,(zr) = u,(zr) and set er =
QZT U wr,

T,=(KeT:IT€T.K<Q,). ad Q:=|JT.
TeT

Remark 5. For each T € 7; we preferably choose z7 € Q (i.e., 27 &€ 92 if
possible). This allows us to impose the condition of Lemma 7 in as few nodes
as possible on the boundary.

Remark 6. The region 2; may be regarded as a layer between the discrete
contact zone and the discrete non-contact zone.
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Lemma 9. Assume that for each T € 7T; for which zy € K N Ty the inter-
section of Q with any open half-space with boundary point z is non-void.
For all w € HY(Q) satisfying wlr, =up —upyand x —u, < w, we have

Qnie—w) S > lhy' G = xn —w)-l3 7
TET\T[)

. 2 2 2
+ min  [VOu—u) — gl + 1K Voul
TeT QzESI(Tlg}ZT )? T

+ > hrllenllarle = whaw
TETD

+ Y hrllonlarlihz' x = xn = w)—lla.z-
TeT.

Proof. Since (op; e — w) = Y ;o7 fT on(e — w) dx we may estimate the
contribution fromeach T € 7 separately. In the first case we assume T € 7p.
Since ¢ — w = 0 on I'p, Friedrichs’ inequality implies

(3.4) / on(e —w)dx S hrllonlla,rle — wli 2.0
T

In the second case we assume 7' € 7, T NT'p = @, and xplw, < Unlw,-
Lemma 6 guarantees o, |7 = 0 and so

3.5 / on(e —w)dx = 0.
T

In the third case we assume T € 7; and so there exist y, zr € K N w7 such
that x,(zr) = u,(z7) and x;,(y) < up(y). The conditions of Lemma 7 are
satisfied for zy by assumption. Since x, < up, x < u,

X—=xn—w_—+xn—up < (X —up —w)— <e—w.

Because of g, < 0, this leads to

(3.6) /Qh(e—w)dxS/Qh(x—Xh—w)—dx+/9h(xh—uh)dx.
T T T

Owing to Lemma 6 we have 0,(y) = 0 and so ||oxll2.r < hArlonli 2w, by a
discrete Friedrichs’ inequality. This, (3.6), and Lemma 7 show

/ onle —w)dx < hilonh 2w (107 (X — 310 — w)—llo,7
T

(3.7 + min

|
q:€S! (Tlézr )4

VOt = un) = a:llr.a.,)-
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In the remaining fourth case we assume T € 7, and obtain with (3.6)

(3.8) / on(e —w)dx < hrllonllar bz O = xn — w) |l
T

The summation of (3.4), (3.5), (3.7), and (3.8) verifies the assertion. O

The combination of the next result with Lemma 4 provides the proof of
(1.7) and so leads to the reliability of all averaging techniques.

Theorem 3 (A posteriori estimate II). Assume that for each T € T; such
that zr € KCNT y the intersection of Q with any open half-space with bound-
ary point zy is non-void. For all w € H'(Q) satisfying W|r, = Up —Up
and x — u, < w, we have

le —wlia+lelin < min (Vi — pull + (g = pr-mllary)

Ph€

+ min_ [V(xn — un) — qull2.,

qneS!(Ty)4

1/2

+(O0 1 N2 1= 0 = w)—llar) " + w2 + 13V £

TeT,.

—_ 1 2 1/2

HOYD I == w—l32) "+ (X 21,

TeT\Tp TeTp

Proof. As in the proof of Theorem 2 we have

le —wliz+leliz S ml?T (IVun = pull + Ihg* (g = pa - m)ll2ry)

pHe

HIREV £ + w1 + (on; e — w).
Employing Lemma 9 and absorbing |e — w|; » we have

2 2 .
le—wli, +leli, S min_ ([[Vuy — pyl|
1,2 1,2 e SH (T

1/2
Flhd* (g — pr - lary)? + IBEV P + Jwl?
+ > Mk o= xn = w- 137 + 187 Vel
TGT\TD
+ ) hillonls p + min VO — un) — ¢ 3
TEXT:D 2T Z 4:51(Tlg, ) 12,9

39+ Y hrlonlarlhy! (x —xn = w)—l2.7-
Tel.
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Lemma &8 shows

1hZVoul®> + > hilleallsr + Y hrllonllarlhz' O = xa — w)—ll2.z

TeTp TeT,
2 2 —1 2
SV + D by = —w)-I3 7
TeT\7p
. 1/2 2
+ min ~ ([Vup — qrll2.0r + hy' 118 — g7 - W) ll2.,ryno0r)
TeTqTGS](Tl")T)d

B.10) 4+ > bz fllawr 1h7 = xn = W)l + Y hFI 13 0y

Te7, TeTp

Let p, € S'(T)? denote the minimiser of

min_ (1Vuy — pall + g (g = pi - mllary)-
pheSH(T)

Since pylo; € S'(T |y )? for all T € T and since the patches w7 have a
finite overlap we have

. 1/2 2
> min (IVun — grlawy + 1118 = gr - W la.rynoor)
TeT qr €S (T |wy )4

2
3.11) S min  (IVun = pall + b (g = pi-mllary)
PhES'( )4

A similar argument and the definition of 7; show

. 2
E min - [|V(xp —un) — q:ll; ¢
9:€8'Tlg, ) 2.8

TeT;
3.12 < min VO —un) —aqnll3 g -
(3.12) S min VG0 —u) = anlig,
The combination of (3.9)—(3.12) proves the theorem. ]

Remark 7. Two applications of the triangle inequality indicate efficiency of
the error estimate of Theorem 3 in case x, = X,

min_ (IVuy = pull + g (¢ = pi - Wlla.ry)
hGS](T

+ min [V(up — xn) — gull2,e, < leli2
qreSU(To)?

+leli2., + 11X — xnl1,2.9

+2 min_ (Ve — pull + 18> (g — pu - m)llary)
preSU(TH

+ min  [Vx —qull2,e,.- O
gneSN(Tp)?
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4 Numerical Realisation

In the examples presented in the subsequent section we have y, = x, 'y = ¢,
Xlr, <upp,and f € H 2(Q). Then the error estimate of Theorem 3 reduces
to

leli12 S min y IVur — pall

pheSH (T

4.1 + min  [|[V(up — xn) — gnll2,@, +h.o.t,
greS (T

where h.o.t. denotes higher order contributions which only depend on given
right-hand sides. In the numerical experiments we do not compute the min-
ima in (4.1) but calculate an upper bound for the first two terms by applying
the operator A : L*(Q)? — S\ (T, g) and B : L*(Q)* — S'(T)? of [CB],
defined for p € L?>(2)?> and 'y = ¥ by

(4.2) Ap=Bp:=)_ p.o.
zeN

with p, 1= Ial_l fw7 pdx € R? for z € NV i.e., we calculate
Vi, — AVuy|| + IV (un — xn) = BVup — xn)llag, -

We refer to [CB] for a definition of A in case I'y # @ where g — (AVuy) -n
vanishes at all nodes z € N N Ty.

Our numerical approximations are obtained with the following projected
SOR algorithm proposed in [E].

Algorithm (APSOR) Tnput: 0 < w :=3/2 < 2,8 = 1073 > 0, and u}’ €
S'(T) with u\”|r, = up .

(a) Set uzo) = max{u,ﬁo), xn}and k ;= 1.

(b) Set K := K and uzk) = uglk*l).

(i) Choose z € K.
(ii) Compute the minimising ¢* for

1
SV + 19l = (fou + 1) - / g (u +tg,) ds
Iy
among all ¢ € R such that u;lk) +tp, € Kj,.
(iii) Setv, :=u'¥(z) + . If

(1 — 0 (2) + wv, — (@) (W @) — 1 () > 0

k) . _

setu, = (- a))uﬁlk) + wt*@, and otherwise u;k) =y

=u, +t'e,.
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(iv) Set K := K\ {z} and go to (i) if K # ¢.
(c) Setuy := uﬁ,k) and stop if |u§lk) — uﬁ,k_l)h,z <.
(d) Setk :=k+ 1and goto (b).

Output: approximation u, of the discrete solution.

The implementation was performed in Matlab in the spirit of [ACF]. The
following adaptive algorithm generates the sequences of meshes 7y, 71, 75, ...
in this paper which are uniform for ® = 0 or adapted for ® = 1/2 in (4.3).
For details on the red-blue-green-refinements in the algorithm we refer to

[V].

Algorithm (Ag) (a) Start with a coarse mesh 7y, £ = 0.
(b) Run Algorithm (A?S9R) to compute u;, on the actual mesh 7.
(c) Define

M:={zeK:uz) = xn2),
AT €Iy e NNT, z €T, xn(y) <un(y)},
’f}::{Teﬂ:ElzeM,TQ@}.

For T € 7; compute the refinement indicator

IVu, — AVuylla, if 7 ¢7;,
nr =\ 3 (IVin — AVuyllar )
IV n — xn) = BV un — xi)llor) T €T,
and the estimator ny := (ZTeT n%)l/z for the energy error ey := ||V(u —
up)ll2.Q-

(d) Mark the element T for red-refinement provided

4.3) nr > © max ny.
T'eTy

(e) Mark further elements (red—blue—green-refinement) to avoid hanging
nodes and generate a new triangulation 7, . Update £ and go to (b).

Remark 8. (i) For simplicity, we computed 7Z; to approximate 7.
(i1) The choice of the factors in the definition of 14 7 is motivated by the
efficiency estimate of Remark 7.
(iii)) The computed estimator ny is in fact efficient according to [C2].

5 Numerical Experiments

The theoretical results of this paper are supported by numerical experiments.
In this section, we report on three examples of problem (1.1) on uniform and
adapted meshes.
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5.1 Example with smooth rotational symmetric solution [LLT]

Let f := —2o0n Q = (—3/2,3/2)? and up(x, y) :=r?/2 —In(r) — 1/2
where r := (x> + y?)!/? on the Dirichlet boundary I'p := 9. For x;, =
x := 0 the exact solution of problem (1.1) reads

P22 —InGr) —1/2  ifr > 1,
ulx,y) = {0 otherwise.

Note that u € H*(£2). In our numerical experiments the coarse triangulation
Ty of Fig. 1 consists of 16 squares halved along a diagonal.

The top plot in Fig. 1 shows a sequence of triangulations generated by
Algorithm (A1 /2). The algorithm refines the mesh in the complement of the
contact zone {(x, y) € Q : x>+ y? < 1} in which the solution vanishes. The
approximate discrete contact zone {T" € Ty : uy(xr) = xp(x7)}, where xr
denotes the center of a triangle 7', is plotted in white while its complement
is shaded (we chose this color since in most of the examples the comple-
ment of the contact zone is refined and appears darker). The bottom plot of
Fig. 1 displays the solution u;, on the adaptively generated mesh 7g with 881
degrees of freedom. In Fig. 2 we plotted the error and its estimator versus
the degrees of freedom for uniform and adaptive mesh refinement. A loga-
rithmic scaling used for both axes allows a slope —« to be interpreted as an
experimental convergence rate 2« (owing to & o< N2 in two dimensions).
We obtain experimental convergence rates 1 for both refinement strategies.
The error on the adaptively refined meshes is however smaller than the error
on uniform meshes at comparable numbers of degrees of freedoms. The plot
shows that ny serves as a very accurate approximate of the error ey: The
entries (N, ey) and (I, ny) almost coincide.

5.2 Example with corner singularity

Using polar coordinates (r, ¢) on the L-shaped domain  := (=2,2)\
[0,2] x [-2,0],up :=00onTp := 0, x5, = x :=0, let
[ 9) = —r*Psine/3) (y{(r)/r + y{ (1))

A 1 sin20/3) —
3 Y1(r) sin(2¢/3) — ya(r)

where,
1 if ¥ <0,

)= —-6r°+157* - 10/ +1 if0<7r <1,
0 if1 <7,
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Fig. 1. Adaptively refined meshes 7y (left upper) to 73 (right lower) (top) with approx-
imate discrete contact zone shown in white and solution uj; on 7g with 881 free nodes
(bottom) in Example 5.1.
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10° 10

Fig. 2. Error and error estimator for uniform (® = 0) and adaptive (® = 1/2) mesh-
refinement in Example 5.1.

for7 :=2(r — 1/4), and y»(r) := 0if r < 5/4 and y»(r) := 1 otherwise.
The exact solution of (1.1) is then given by u(r, ¢) := r*3 y,(r) sin(2¢/3)
and has a typical corner singularity at the origin. The coarsest triangulation
7y of Fig. 3 consists of 48 halved squares.

The sequence of triangulations generated by Algorithm (A ;) in Example
5.2 and displayed in the top plot of Fig. 3 shows a refinement towards the ori-
gin where the solution has a singularity in the gradient and a refinement in the
region {(x, y) € Q: 1/4 < (x> + y*)!/? < 3/4} where the solution has large
gradients. This behavior can also be seen in the bottom plot of Fig. 3 where
we plotted the numerical solution u;, on triangulation 7g with 572 degrees
of freedom. Fig. 4 shows that the adaptive Algorithm (A;,,) improves the
experimental convergence rate about 3/4 for uniform mesh-refinement to
the optimal value 1. Note that for uniform mesh-refinement we expect an
asymptotic convergence rate 2/3 due to the corner singularity. The error in
the region where u has a large gradient seems to dominate in this preasymp-
totic range with N < 10°. Again, the entries for ny and ey almost coincide
and this behavior improves for increasing numbers of degrees of freedom.

5.3 Example with unknown exact solution

Let f := 1on Q := (-1, D2, up :==0o0onTp := 9Q, 'y := @, and
x (x,y) :=dist((x, y), €2). In this example the exact solution of (1.1) is not
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045

Fig. 3. Adaptively refined meshes 7, (left upper) to 73 (right lower) (top) with approx-
imate discrete contact zone shown in white and solution uj; on 7g with 572 free nodes

(bottom) in Example 5.2.
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Fig. 4. Error and error estimator for uniform (® = 0) and adaptive (® = 1/2) mesh—
refinement in Example 5.2.

known and cannot be expected to be smooth since y & H?(). The coarsest
triangulation 7, of Fig. 5 consists of 64 elements with x, = x on 7.

This example is different from Examples 5.1 and 5.2 in the sense that the
solution and the obstacle are non-smooth along the lines C = {(x, y) € Q:
x =yorx =1—y}. Algorithm (A ;) refines the mesh towards these lines
as can be seen in the top and bottom plot of Fig. 5. Moreover, the approxi-
mate discrete contact zone reduces to these lines. Note that f + Au = 0 in
Q2 \ C. Since the mesh is aligned with the lower dimensional contact zone
C there holds u — Iu = 0 on C, where [u € K; < K denotes the nodal
interpolant of the exact solution u. Hence, an integration by parts shows
(f;u—1Iu) = (Vu; V(u—Iu)). Fromthis and (1.1)-(1.2) withv = Tu = vy,
it follows that

2
leli2 < |u—Tuli> S lh7 D ull2,0\c

is linearly convergent and much smaller than the last term in (1.10) which,
here, is not of higher order. Consequently, the estimator may be expected to
be reliable but not efficient as displayed in Fig. 6, where we compared 14
to an approximated error e),. In the approximated error ey, = |ug — uy, 12
the function u;_, € S 1/ 4») is the solution of the discrete problem (1.2)
with the triangulation 7, , obtained from two red refinements of 7; if ® = 0

and two successive adaptive refinements of 7; based on Algorithm (A ;)
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Fig. 5. Adaptively refined meshes 7y (left upper) to 73 (right lower) (top) with approx-
imate discrete contact zone shown in white and solution u; on 7g with 1149 free nodes
(bottom) in Example 5.3.
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Fig. 6. Error estimator and approximated error for uniform (® = 0) and adaptive (® =
1/2) mesh-refinement in Example 5.3.

if ® = 1/2. It remains unclear whether this is a good approximation of
the actual error ey ; for uniform mesh refinement the approximated error e/
converges faster than expected.

5.4 Remarks

(i) The numerical results for Examples 5.1-5.2 show that the adaptive Algo-
rithm (A /) yields significant error reduction.

(i1) The error estimate performed extremely accurate although its realized
version is reliable but not necessarily efficient.

(iii) As an initial function for Algorithm (A?SOR) we defined u\" (z) = x4 (z)
for all z € K and uzo)lr », = up on 7Ty for the first mesh and successively
the prolongation to 7, of the solution u#; on 7; for subsequent refinement
levels (nested iteration). In the above examples, Algorithm (A7S9R) termi-
nated after at most ten iterations.

(iv) The meshes generated by Algorithm (Ag) show local symmetries. A
similar error estimator as ny designed for second order partial differential
equations performed well also on randomly perturbed meshes without any
symmetry [CB,BC].

(v) The error estimator is reliable and efficient in Examples 5.1 and 5.2. It is
reliable (but possibly not efficient) in Example 5.3 owing to non-smoothness
of the obstacle.
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