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Convergence analysis of an adaptive edge finite
element method for the 2D eddy current equations

C.CARSTENSEN*and R.H.W.HOPPET
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Abstract — For the 2D eddy currents equations, we design an adaptive edge finite element method
(AEFEM) that guarantees an error reduction of the global discretization error in the H(curl)-norm
and thus establishes convergence of the adaptive scheme. The error reduction property relies on a
residual-type aposteriori error estimator and is proved for discretizations based on the lowest order
edge elements of Nédélec’s first family. The main ingredients of the proof are the reliability and the
strict discrete local efficiency of the estimator as well as the Galerkin orthogonality of the edge element
approximation.
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1. INTRODUCTION

Given a bounded, simply connected domain Q ¢ R with polygonal boundary I =
dQ, consider the 2D stationary eddy currents equations

curlycurlj+o0j = InQ (1.1)
t-j =0 onT (1.2)

where y, o are positive constants, f € H(div;Q), and t refers to the unit tangential
vector on I'. The variational formulation of (1.1), (1.2) amounts to the computation
of j € Ho(curl; Q) := {q e H(curl; Q)| t-q=0 onI'} such that

a(j,q) =£(q), qe&Ho(curl;Q). (1.3)
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Here, the bilinear form a(-,-) : Ho(curl; Q) x Ho(curl; Q) — R and the functional
£(+) : Ho(curl; Q) — R are given by

a(j,q) = /[xcurlj curl g+ oj - q]dx
Q
q) = /f-qu.
Q

In the sequel, we denote by || - |curl:o the standard graph norm

2 2 1/2 .
Batlalie) . aeH(our:Q)

allcuri;a == (||curlq
and by || - || the energy norm

lalla:=a(a,a)?, qeH(url;Q)

which are equivalent, i.e., || - [[cun:@ =~ || - ||a-

We assume that 75 (Q) is a shape-regular simplicial triangulation of Q and refer
to () and &4 (w), o C Q, as the sets of vertices and edges of &, in  C Q.
We denote by hr the diameter of an element T € %;(Q2) and by hg the length of
an edge E € &4(Q). Further, we refer to wg = T, UT_ as the union of the triangles
T. € F1(Q) sharing the common edge E € &4 ().

The variational equation (1.3) is discretized by the lowest order edge elements
of Nédélec’s first family

Nes(T) = {Ha €R?,IBER Vx=(x,%) €T qX) =a+p <_X)1(2>}
with the degrees of freedom

/tE-QdS, Eecén(T).
E

The associated curl-conforming edge element space Nd; (€2; 7 (Q2)) C H(curl; Q)
is given by

Nd1(Q; F4(Q)) :={qu € H(curl; Q)| aqu|r € Nd1(T), T e Fx(Q)}
and we refer to Ndy o(Q; 7 (€2)) as the subspace
Nd10(Q; 74 (Q)) :={qn € Nd1(; Z4(Q))| t-qu =0 onT}.

Then, the edge finite element discretization of (1.3) reads as follows: Find jy €
Nd1 0(Q; F4(Q)) as the solution of

a(jH,aqn) =€(anH), agn € Nd1o(2; TH(Q)). (1.4)
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An adaptive edge finite element method (AEFEM) consists of successive loops of
the cycle
SOLVE — ESTIMATE — MARK — REFINE. (1.5)

Here, SOLVE means the numerical solution of the edge element approximation
(1.4). We remark that efficient multilevel iterative schemes are available [3,6,13—
16,21]. They are based on the Helmholtz decomposition of the edge element space
according to

Nd1,0(Q; Zh (Q)) = Nd9 o(Q; T (Q)) © Ndi (Q; Th (Q)). (1.6)
Here, Nd(l)_’O(Q; 1 (Q)) refers to the subspace of irrotational vector fields

NdS (Q; Fh (Q)) = {dn € Nd1,0(2; T (Q))| curlgy =0} 1.7)
and Ndi ((€; J (L)) is given by

Nd3o(Q; F4(Q))
= {gn € Nd1,0(Q; Zh(Q))| (an,dN)oe =0, gpe Nd?o(Q; T (Q))}. (1.8)

Denoting by S o(€; 71 (L)) the finite element space of continuous, piecewise lin-
ear finite elements with respect to .7 (Q2), we have the representation [17]

Nd? 5(Q; Tn (Q)) = grad S10(Q; Tn (). (L.9)

Consequently, Ndl{o(Q; I (Q)) can be interpreted as the subspace of weakly sole-
noidal vector fields.

The following step ESTIMATE invokes the efficient and reliable aposteriori
error estimation of the global discretization error. This area has reached some state
of maturity documented by a bundle of monographs and numerous research arti-
cles published during the past decade (cf. [1,4,5,12,23] and the references therein).
With regard to the development, analysis, and implementation of a residual-type
aposteriori error estimator for edge element discretizations of the eddy currents
equations in 3D we refer to [7]. Its adaptation to 2D problems results in the estima-

tor
nhi= Y ni+ Y né (1.10)
TeTu(Q) Ecéh(Q)

The element residuals nr, T € J1(Q), and the edge residuals ng, E € &4(Q), are
given by

nf = M f—ojnlér (1.11)
ng = he||[xcurlju]llse +helllve-oip]liée (1.12)

where [-] denotes the jump of the respective quantity across E € & (Q) and j{, €
Nd?}O(Q; Th(Q)) refers to the irrotational part of j.
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N A ZON S

T bisec(T) bisec2/(T) bisec2r(T) bisec3(T) red(T) bisec5(T)

Figure 1. Possible refinements of one triangle T in the step REFINE. Data representations and a
MATLAB realization are provided in [9].

However, up to now, the convergence analysis of the full adaptive scheme (1.5)
is restricted to conforming and mixed finite element methods [10,18,19].

The bulk criterion in the step MARK was introduced and analyzed in [8,11,18]
for displacement-based AFEMSs. Here, it leads to a selection of a subset .7 of
elements T € %4 (Q2) and a subset ., of edges E € & () such that

omi< Y nd+ Y né (1.13)
Te Ec.#,

for some universal constant 0 < 1 < 1.
The convergence analysis further involves the data terms

phi= Y wd, ugi=n|div|, (L14)
Ecéu(Q)

which have to be controlled by selecting a subset .74 of edges E € &4 (Q) such that

forsome0< % <1
Oopify < Y, HE (1.15)
EE.///Q,

The final step REFINE involves the refinement of elements and edges selected in
MARK. Typical refinements of a triangle T € % are displayed in Fig. 1.
The main result of this paper to prove the following error reduction property.

Theorem 1.1 (error reduction property). Let j, and jy be the adaptive edge
element approximations to j with respect to 4(Q) and (). Then, there exist
positive constants p, < 1, 1 < v < 2, and C depending only on 9, 1 < v < 2,in
(1.13), (1.15) and on the shape regularity of the triangulations such that

i —inlla < pulli —jnllZ+Cud (1.16)
ue < pouf. (1.17)

The paper is organized as follows. Section 2 is devoted to the reliability of the
error estimator ny. The main ingredient in the proof is the strict discrete local effi-
ciency which is addressed in Section 3. Together with the reliability of the estimator,
the bulk criteria (1.13), (1.15), and the orthogonality of the edge element approxi-
mation, it allows the proof of the error reduction (1.16), (1.17) which will be done
in Section 4.
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2. RELIABILITY OF THE ERROR ESTIMATOR

Throughout this paper, A < B abbreviates A < CB with a mesh-size independent,
generic constant C > 0. Finally, A =~ B abbreviates A < B < A. The paper adopts
standard notation for Lebesgue and Sobolev spaces and norms.

Denoting by g :=j —jn the global discretization error, the main result of this
section establishes the reliability of the error estimator 1.

Theorem 2.1. There holds
I 2t S 1A + 1 - (2.1)
The proof of (2.1) uses the decomposition of the error into its irrotational and
its weakly solenoidal part which allows to estimate both parts separately. It relies on
the Helmholtz decomposition of Ho r(curl; ©) according to
Ho,r(curl; Q) = HJ 1 (curl; Q) & Hg - (curl; Q) (2.2)
into the subspace of irrotational vector fields
HY r(curl; Q) := {q € Hor(curl;Q)| curlq =0}
and the subspace of weakly solenoidal vector fields

Hor(curl; Q)
= {q e Hor(curl;Q)| (a,9%00 =0, q° € HY -(curl;Q)}.

It is easy to see that § € Ho () satisfies the error equation

a(e,Q) = r(q)7 oS HO,F(Q) (23)
where the residual r is given by
r(a) = (f,q)o0 —a(jn,q). (2.4)

In view of the Helmholtz decomposition (2.2), we decompose the error ¢ € Ho (Q)
according to

g = q°+ql, ej0 € H8_’r(curI;Q), q* € H&r(curl;Q). (2.5)

Then, it follows readily from (2.3) that the irrotational part Q and the weakly
solenoidal part qL satisfy the error equations

ag,a") = r(d®), q’eHJ(Q) (2.6)

a(g,q) =r(a), a €Hor(Q). 2.7)
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In order to establish an upper bound for the L?>-norm of er we make use of the
representation

HY - (curl; ) = grad H3(Q)

and introduce the Scott-Zhang interpolation operator B :H&ﬁr(Q)—>Sl7o(Q; Th(Q))
which has the following properties [22]:

Rio = o, ¢ € S0(2; T (Q)) (2.8)

lgradPyollor < lloradellopy, T € Fu(Q) (2.9)

|l —Puolor < hrllgradellop,, T € Fh(Q) (2.10)
lo—Puolloe < h¢’lloradgllope,  E € 6n(Q) (2.11)

with Dt and Dg being given by

Dr == {T' € T(Q)| A(T)NAH(T) # 2} (212)

De == J{T' € F(Q)| (TN AMi(E) # 2). (213)

Lemma2.1. There holds
€150 S Y helllve oiulllfe +ud- (2.14)
Ecén(Q)

Proof. We have & = grady for some y € Hg(Q). Then if we choose ° =
grady in (2.6) and observe r(grad(Ryw)) = 0, we obtain

€150 = llorady§q < (ogrady-grady)og
= r(grady) =r(grad(y —Ryy)). (2.15)

If we apply Green’s formula, observing divjy |t =0, T € %4, and take (2.10), (2.11)
into account, we find

r(grad(y — Ryy))| (2.16)
= [(f,grad(y —PRyy))oqo —a(jn.grad(y — Ryy))|

=1 > (divfy—Ryy)or
TeTn(Q)

+ Y ([ve- oinl(v —Puw))oe

Ecéu(Q)
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< X ldivfllor Iy —Paw)lor

TeT(Q)
+ Y lve-oinllloglv—Rivloe
Ecéu(Q)
< Y hrlldivifor lgradylo,o,
TeJu(Q)
+ Y hllve- oinllogllgrady oo,
Ecéu(Q)
1/2 1/2
< (3w ) (3 laradvigo
Teh(Q) Te(Q)
1/2 1/2
+(_ 3 relveoinlibe) (3 loradvio,)
Ecu(Q) Ecéh(Q)
1/2
S (it (3 rellve-oinllBe) ) I@loa
Ecén(Q)
Using (2.16) in (2.15) gives the assertion. O

For the estimation of the weakly solenoidal part qL of the error, we use a vector-
valued counterpart of Ry given as follows

P - HL(Q) NHo r(curl; Q) — Ndy o(Q; J4(Q)) (2.17)

Pug:= Y (te-q,0e)0eqf.
E€én(Q)

Here, ¢e € S10(E; F/2(E)) denotes the nodal basis function associated with the

nodal point mid(E) with respect to bisection of E. Moreover, ¢f € Nd1 0(Q; %4 (Q))
stands for the canonical edge element basis function associated with the edge E, i.e.,

/ ter - QE ds= 5E,E’-
E'eéh(Q)

Referring to DZ, E € 64(Q) and D%, T € J4(Q), as the sets
DE := | J{T € Z(Q)| E€&u(T)}
D7 := [J{De| E € &u(T)}

we have the following properties of P.
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Lemma2.2. Letq e HY(Q)NHor(curl;Q). Then, there holds

PHOH = QH, 0w € Nd1o(Q; FH(Q)) (2.18)
IPuallor < llall1pz (2.19)
[eurtPualjor < llall1pz (2.20)
ld—Prallor < brilallpz (2.21)
la—Puallog < he2ldlypz - (2.22)

Proof. The interpolation property (2.18) follows readily by definition of Ry.
Using the shape regularity of the triangulation and the trace inequality, for T €
T (Q) we get

IPuallsr S Y [(te-d, 9e)oel
Ecéu(T)

2 2
<hs Y Ite-alloelleeloe < llallpz
Ecéu(T)

which proves (2.19). The stability property (2.20) can be shown in a similar way,

whereas the approximation properties (2.21) and (2.22) can be verified by Bramble—
Hilbert type arguments. O

Lemma 2.3. There holds

le'5as Y MWlf—oinllir+ Y helllxcurjullde.  (2.23)
Teh(Q) Ecén(Q)

Proof. We use the fact that H&r(curl;Q) is continuously imbedded in H:(Q) N
Ho r(curl; ) and there exists a positive constant C depending only on Q such that

la* .0 < Cllcurl ™ o.0-
We choose g™ := g~ in (2.7). Taking r(Py&") = 0 into account, it follows that

HeiL||§url;95a(qL>eiL) :r(eiL_PHeiL)- (2.24)

By Stokes’ theorem and the approximation properties (2.21), (2.22) we find

r(g" —Pug') = (f,§ —Pug oo—a(n,g —Pug’) (2.29)
< Y f-oiullorlg —Pagllor

Tey (Q)
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+ 3 hxeunjullloglle — Pretlloe

Ecéu(Q)

S Y trlf-oinlor]| I8 ooz
TeZ(Q)

1/2 :

+ 3 b lxcuntin]llogllg llour o2
Ecén(Q)

S[ > helllxeurljullfe+ X h%Hf—GJ'HH%,T} lg [0
Ecéu(Q) T (Q)

S| 3 rellzowtivllzes ¥, ®If-oiulbr] I lano
Ecu(Q) TeH(Q)

Inserting (2.25) into (2.24) gives the assertion. g

Proof of Theorem 2.1. Combining (2.14) from Lemma 2.1 and (2.23) from
Lemma 2.3 proves the reliability (2.1) of the estimator. O

3. STRICT DISCRETE LOCAL EFFICIENCY

The strict discrete local efficiency of the error estimator 1y states that up to the
local data terms ug the H(curl)-norm of the difference j, —j in the fine and coarse
mesh approximations can be locally bounded from below by the local contributions
nt and ng of the estimator.

Theorem 3.1. Let E € 4(Q) bearefined edgewithE =Ty NT,, T, € 64 (Q),
1 <v <2 and wg = T{UT,. Then there holds

13+ € S llin—in i oe + HE- (3.1)
The proof of (3.1) is carried out by means of the following results.

Lemma3.1. Let E € &4(Q2) be arefined edge. Then there holds

M2 1If = o inllB.0e <1 lin—in 5 o (3.2)
Proof. We choose @ € S10(0e, Zh(we)) such that

(grad goe)oe = ol * [ (F i) dx.
T

It follows that

19720190 [ < 1= 0310 = [ (F = ) -0rad e ¢

e
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Since grad ¢ is an admissible test function for the edge element approximation
jh, We have

/ojh-grad%de:/f-grad(pwde.
[0 (3

Consequently, we obtain

% 1= 0iulBwe = 1% [ (0/Gn—in)) -orad g ox

WE
< P lin—inllowe |If — oinllo.ce-

Applying Young’s inequality gives the assertion. O

Lemma 3.2. For arefined edge E € &4 (Q2) there holds

hel| [x curljn] |13 (3.3)
S leurl Gn—jr)l13 oe + 1 lin—in 13,0 + 1 If = Ginll o -

Proof. We choose y,,. € Nd; o(wE, Fh(oe)) such that

¢ | _ [){CUI’”HHEV, 1<v<2 E=EUE
B Vaele = 1 o, E, € &(int(ae) \E).

Consequently, we have

W ae I 0 < e ll[x curljn][i§ e = he /[%CU”JH} (e~ W) do. 3.4)
E

Since v, is an admissible test function for the edge element approximation j,, we
have

/ (xcurljp-curly,_ +0jn- W, ) dx= /f Y AX (3.5)
WE (@
On the other hand, taking y,,_[5q: = 0 and curl (ycurljy)|r =0, T € F4(Q) into
account, Stokes’ theorem vyields

/[xcurIjH] (te- Y, )do = —/XcurIjH -curly,, dx. (3.6)
E g
The combination of (3.4), (3.5) and (3.6) followed by Cauchy inequalities leads to
ne llzeurtiullBe = he [Lxcurtiul- (te - ¥, do

E
(lin=Jnllo.we + [If = o llo.0e) W e llo.0e

+ he [[eurljn — curlji[o,0e [lcurl W, lo,oc -

N
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This and observing the inverse inequality [lcurly,,_|lo.ve S hgt | W o 0,0 allows
to conclude the proof. O

Lemma 3.3. For arefined edge E € &4 (Q) we have

W ||f — o jnll3.w +Nell[x curlinl e (3.7)

: : 2 2 1:0 -0 12
Sl —imleunoe + 05 in— 1 R116.0c -

Proof. The proof of (3.7) follows readily by combining Lemma 3.1 and Lemma
3.2. O

Lemma 3.4. For arefined edge E € & () there holds
hel|[ve - ojnlllge < IR k1.0 +1E- (3.8)
Proof. We choose ¢e € S; o(@e, Zh(we)) such that
ee(mid(E)) = [ve - ojn]. (3.9)

Since ¢ is piecewise affine along E, it follows that

2hE/[VE'GiH]<PEdS= he [[[ve - ojn]l§e. (3.10)
E
Since ¢e |y, = 0 and divjy =0 on T, Green’s formula applied to T results in
/aj& -gradq)de:/ojH -grad(pde:/[vE-ch}(pEds. (3.11)

(03 [ E

Observing grad ge € Nd? (g, 7h), we have

0— /(Gjﬂ—f)-grad(pde (3.12)
W
= /divf(pde+/cjﬂ-grad(pde.
W (05

Combining (3.11) and (3.12) gives

he [ [ve - oiu] geds (313)
E

< e J1divElo.oe [|9Elo.0e +he iR iR llo.oe | 9radeeo.oe -
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Finally, observing that (3.9) implies

2 .
loelloe < M2 ve - oinllloe

N

loradge 0. < he? Ve oin]loe

(3.10) and (3.13) give the assertion. O

Proof of Theorem 3.1. The proof of (3.1) in Theorem 3.1 now follows readily
by combining Lemmas 3.1-3.4. O

4. PROOF OF THE ERROR REDUCTION PROPERTY

We now combine the reliability of the error estimator, the strict discrete local effi-
ciency of the estimator and the Galerkin orthogonality of the edge element approx-
imations to deduce the error reduction property (1.16) of Theorem 1.1.

Proof of Theorem 1.1. Observing || - |lcurt. = || - ||a, the reliability (2.1) of the
error estimator ny and the bulk criteria (1.13), (1.15) imply

2 2 2 2 2
lglasna S D ni+ D, né+uh-
Te sy Ee.#,

Using the strict discrete local efficiency (3.1), it follows that there exists a constant
C > 0, depending only on ¥,,1 < v < 2, in the bulk criteria (1.13), (1.15) and on
the shape regularity of the triangulations such that
lgll3<Clin—inl3+Cui. (4.1)
Due to the Galerkin orthogonality of the edge element approximations and the nest-
edness of the edge element spaces we have
a(j —jnjn—jn) =0

which implies

lin—inlad =i —inla— i —inl3- (4.2)
Combining (4.1) and (4.2) yields

Cllj =Jnlla < (€= D)l ~inllz+Cpuf

and hence, (1.16) follows with p =1—1/C.
For the proof of (1.17) consider K € Z(€2) such that K C T € J(Q) with
Eu(T)N.3 # 2. Then, T is at least halved, and hence,

1
MRS D MET X ME=pA—5 D ME.
Ec./3 E€éu(Q)\ 45 Ec.s
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Observing (1.15), it follows that

which proves (1.17) with p, =1 — 1%, /2. O
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