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Abstract

The effective behaviour of stationary micromagnetic phenomena is modelled by a convexified Landau-Lifshitz min-
imization problem for the limit of large and soft magnets Q without the exchange energy. The numerical simulation of
the resulting minimization problem has to overcome difficulties caused by the pointwise side-restriction |m| < 1 and the
stray field energy on the unbounded domain R?. A penalty method models the side-restriction and the exterior Maxwell
equation is recast via a nonlocal integral operator Z. As shown in [Numer. Anal. Macrosc. Model Micromagnet, sub-
mitted for publication; Analysis, Numerik und Simulation eines Relaxierten Modellproblems zum Mikromagnetismus,
doctoral thesis, Vienna University of Technology, 2003], the discretization leads to a nonlocal problem with piecewise
constant ansatz and test functions and (dense) stiffness matrices with closed form formula for their entries. This paper
addresses the numerical solution with Newton—Raphson schemes and the scientific computation of effective micromag-
netic simulations.
© 2004 Published by Elsevier B.V.
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1. Introduction

Stationary micromagnetic phenomena of static or quasi-static processes are usually based on a varia-
tional model named after Landau and Lifshitz [3,13]. The magnetic body Q is a bounded Lipschitz domain
in RY for d =2, 3 on which the microscopic vector-valued magnetization
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m,: Q— R

minimizes the magnetic energy E,(m) subject to the side-restriction [m| = constant that depends on the tem-
perature. The effective magnetization vector m : @ — R? is a spatial average of the microscopic magnetiza-
tion m, and so averages out the small oscillations which m, is enforced to develop for small values of the
exchange energy parameter o > 0. For large and soft magnets, the parameter o vanishes in the magnetic
energy

Ey(m) ::/Qd)(m)dx—/gfmdx—i—%/w\Vu|2dx+oc/Q|Vm|2dx. (L)

This is justified in [9] where it is proven that the effective model for « — 0 is E¢(m) where the effective
magnetization m : Q@ — R? obeys the averaged side-restriction |m| <1 (with the aforementioned constant
normalized to 1). Notice that the approximation even of an effective magnetization zero is a nontrivial
highly oscillatory problem [14,16,17,20,24,26]. In contrast to that, this paper follows [8,7,22] and adopt
the effective model directly. This relaxed problem (RP) [9,26] reads: Minimize

1
E;(m) ::/Qd)**(m)dx—/gf-mdx—i—z/w|Vu|2dx, (1.2)

subject to the side-restriction

|m(x) |[< 1 for almost every x € Q. (1.3)
Given some direction e € R?, called easy axis, |e| = 1, and an orthonormal basis (e, z,, z3, . . ., z;) of R,
i.e. 7y, ..., Zgare an orthonormal basis of the orthogonal complement of span {e}, the (uniaxial) anisotropic
energy density ¢**, e.g. of Cobalt, in (1.2) reads
1 d
¢ (m) = > (m-z;)* forall me R’ (1.4)
=2

This specifies the first term out of three of (1.2) and we restrict to the uniaxial case in the following. The
second is a linear relation with the applied magnetization f, a given function in L*(Q; R?); here and below we
employ standard notation for Lebesgue spaces, e.g. f € L?(2) means that f is measurable (i.e. the pointwise
limit of some sequence of continuous functions) and L? integrable (i.e. [ olf (x)|* dx < oo) while L*(Q; RY)
means L*(Q) x - -- x L*(Q) in d components. The third term in (1.2) models the stray field energy in R¢.
Given a magnetization m (as the argument in £;"(m)) the associated magnetic potential u allows a Laplace
operator Au to equal zero outside Q, equals divm in a weak sense in (2, and involves a Neumann boundary
condition [0u/On] = —m - n for the jump [-] on dQ, where n denotes the outer normal on the boundary 0%Q.
Thus, u is a function of m defined by

Au = divm in R? in the sense of distributions. (L.5)

Here and below, m is an L> function on Q and extended by zero outside the magnetic domain Q2. Then,
Vu is uniquely determined and belongs to L*(R?; R?) and hence the third energy term is finite. This con-
cludes the short description of the effective model via (RP). In fact, (RP) has solutions [9] which are unique
[20,22]. The numerical simulation of the effective magnetization as a minimizer in (RP) already overcame
the severe difficulty of highly oscillating micromagnetizations. But there remain the convex side-restriction
Im| < 1 and the unbounded domain R? in the far field equation.

A coupling of the piecewise constant discretization of the effective magnetizations m;, with a (noncon-
forming) finite element discretization of the magnetic potentials u;, in [8] required a bounded domain Q that
surrounds the magnetic body Q. Therein, a penalty scheme successfully treated the side-restriction |my| < 1.
In [7,16,17,22], the exterior problem is equivalently recast utilizing integral operators. This paper reviews
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the full model and its discretization with an a priori and a posteriori error analysis in Section 2. The focus is
then on the performance of the simple Newton—Raphson scheme with penalty term in a multilevel frame-
work of adaptive mesh-refining algorithms. Section 3 defines the numerical algorithms proposed while Sec-
tions 4 and 5 report on numerical tests and general conclusions about the performance. A numerical
example from [7] with known exact solution and a scientific computing experiment from [8] with a practical
application are treated. A short Section 6 summarizes a few observations and comments on future
developments.

2. Exact and discrete models and a priori and a posteriori error control

This section presents the exact effective model proposed for the numerical simulation of the macroscopic
magnetization vector m € L*(Q; R?); it introduces the reformulation of the stray field energy contribution
by the Helmholtz projection 2 as well as the penalty formulation for the side-restriction |m|< 1; while this
section continues with the description of the discrete models, it ends with a review of a priori and a poste-

riori error control from [7]. Let m = (m, ..., m,) be a magnetization and denote with G : R\ {0} — R the
Newtonian kernel,
Sllog |x for d = 2,
Glx) =4 . e for x # 0, 2.1)
v/ (2 —d)x] ford > 2,

where the positive constant 7, is the surface measure of the unit sphere, e.g. y, = 2x, y3 = 4n. With the con-
volution operator

d
Z 0G/dx; +m;)(x) for all x € R,

one can prove u = ¥m € H [OC(R"), i.e. u = %m has a weak derivative in L*(B(0, R)) for any ball B(0, R)
around the origin 0 with arbitrary radius R. Moreover, one can show that Vu = V(%#m) =: Zm belongs to
L*(R?, RY) and satisfies (1.5). The Helmholtz projection operator

2 : (R RY) — L*(R;RY)

is the L* orthogonal projection onto the linear and closed subspace of all the gradients [10,17,22,23]. Hence,
the stray field energy in E;"(m) reads

/ |Vu|2dx=/ (#m) - mdx.
R4 R4

The Gateaux derivative (also called first variation) of (RP) yields the Problem (P): find
(Z,m) € L*(Q) x L*(Q; RY) such that

Pm+D¢d”(m)+Aim=f ae. in Q, (2.2)

220, m|<1l, Al-|m|)=0 ae. in Q. (2.3)

The variable 1 is the Lagrange multiplier for the side-restriction |m| < 1 and (2.3) are the associated
Kuhn-Tucker conditions. The term #m from the stray field energy density is based on the projection prop-
erty 2> = 2 and yields a problem (2.2) on the bounded magnetic domain Q.

This problem (P) is well-posed in the sense that there exists a unique solution. Given a positive and small
penalty parameter ¢ (possibly a given function of x in Q) the penalization of (P) reads (P,): Find
m, € L*(Q;R?) such that
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?m, + D¢ (m,) + 2.m, =f ae.in Q, (2.4)
Jo :=¢ 'max{0,1— |m,| '} ae. in Q. (2.5)

Problem (P,) is well-posed in the sense that there exists a unique solution. The spatial discretization of
(P) and (P,) is based on a partition of Q into a finite number of measurable subsets of Q. Let 7 be a finite
set of closed subsets of Q which are the closures 7 = int(7) of pairwise disjoint Lipschitz domains in-
t(T) C Q. Then #°(7) denotes the linear subspace of 7 -piecewise constants, e.g. the mesh-size function

h:=hy; € £°(T)CL*®(Q) defined by k|, := hy := diam(T) for all T € T

[Recall that ()| denotes the restriction of a function (*) onto 7.] Another example is f~ € #°(7;R?), the
piecewise integral mean of the given right-hand side f € L?(Q; R?) defined by

fm:mﬁ/mmxmmmef
T

Also, lete:=¢, € £°(7 ) bea piecewise constant penalty parameter function. Then, a consistent Galer-
kin discretization of (P,) with J -piecewise constant trial and test functions reads (P.;,): Find m, in
Z°(7;R?) such that

-1 *k _ g
T = ; :
|T] /(Wmh)(x)dx—i—Dd) (my|;) + Ayl;my |, =1,|, forall T € 7 (2.6)
T

Jnly = (el;) ' max{0,1— | m,|,| "'} forall T € 7. (2.7)

The discrete model (P, ;) can be reformulated as a minimization problem to apply the direct method of
the calculus of variations and to show the well-posedness, i.e. the unique existence of solutions.

The numerical computation of the unique solution my, is the topic of the subsequent sections.

This section ends with a review of the a priori and a posteriori error analysis in [7] under the present
notation. Throughout, let (4, m) and (4,, m,) solve (P) and (P, ;) respectively. Then, there is an .7 -inde-
pendent constant C > 0 such that

i 2 *k ok 2 p 2 p 2
|#m — ?}thLZ(w’) + [|1D¢™ (m) — D¢ (mh)”Lz(Q) + || 4m — AhthLZ(Q) + ||8/“hthL2(
2 *x *k 2
C1 + el ) (Im = s+ 1D () = (D87 () 5 + m = ) )

+ C”S”LOC(Q)H\/E;LmHI%Z(Q)' (2.8)

Here and below, m (resp. (D¢™(m)) ) denotes the 7 -piecewise integral mean of m € L*(Q; RY) (resp.

D¢**(m)) and hence the ﬁrst three terms on the right-hand side of (2.8) are best approximation errors. The

last term Clle| (o [l Ve Jm|[; 2o) of order O(¢%) is the penalty error. If we suppose m and /. smooth (i.e.
m € H'(Q;RY), Ddb**( ) € H'(Q;RY), and /m € H'(Q;R?)) then (2.8) verifies

|#?m — 2y + D97 (m) — D™ (my)|| 2 ) + [14m — Zpmy | 20) + [[eAsmy]| (o) = Oe + h).

In the same spirit, there holds an a posteriori error estimate
122m — 2y |2 g, + IDG™ (m) — D™ ()72 g
< 2{||Sihmh||§2(g> + lle | Ay | {(f — ;) — (Zmy, — (Pmy) ;) }H] 1 o

(= 1) = (Zmy — (Zm;) )im —m) 2 | (2.9)
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The right-hand side of (2.9) is not fully computable as it contains m — m. Since |m| < 1 there follows
[m —my||;~q <2 and, hence, by Hélder’s inequality

(f—17) = (Pmy, — (Pm;) 7 );m —mz) 20 < 2|(f —17) — (Zmy, — (Zmy) ;)11 o)
For m € W'>*(Q;R?), the Poincaré estimate leads to
(—17) = (Zmy, — (Pmy) ;);m —mz) . < CAH{E = 17) = (Zmy, — (Pmy) 7 )}]11g)

with a constant C = Cp|[m|| ;1)

The two resulting a posteriori error estimates are reliable (in the first case as no assumption on the
smoothness of the unknown solution mis included) but not efficient (as the estimate behaves too
coarse—cf. [7] and the numerical examples below); or, conversely, efficient (as the second estimate shows
the higher convergence rates) but not reliable (or it appears doubtful to assume a higher smoothness like
m € W' (Q; RY)). This phenomenon is called reliability—efficiency gap in [5]: What is reliable is not efficient
and what is efficient is not reliable. The reason is a lack of control over the term |[m —my|[> ). The esti-
mates allow control over ||z; - (m —my,)|| ;2 forj=2,3,...,dvia [|[D¢™ (m) — D™ (m,)| ;2o but not over
|e - (m —m,)|,2 and so we lack any improved estimate over |[m —my||,2 o < [|m —my |2

3. Numerical algorithms

This section presents the details on the numerical algorithms with emphasis on the Newton—-Raphson
solver. Since there is a small penalty parameter involved, the performance of the documented schemes
will be studied in the subsequent sections. The discrete equations with respect to a triangulation
F ={Ty,..., Ty} lead to the unknown coefficients x € R*" of

:ZZ Xy @ € L¥(Q;RY). (3.1)

Here, one abbreviates [,1] :=j and [j,2] :=j + N in 2D (and furthermore [},3] :=j + 2N for 3D) to fix the
order of the coefficients and ¢, := yr,€, is the vector valued function with the value e, = (01, . .., d4) [i.e.
the kth canonical unit vector for Kronecker’s é,5] on T; which vanishes outside 7. In terms of the coeffi-
cients (3.1) and with the abbreviate notation g := s\Tk and X := (X1, - -+ Xjka)) € R, the discrete problem
(P, ;) reads

| T Z Zx[,x / (2@ ,) dx + & "max{0, 1— | x;| "' }x; + D™ (x;) — ful,, =0¢€ RY,
for all k=1, 2, ..., N. This nonlinear system of equations is recast as

F(x) =0 ¢ R?

and then solved by the Newton—Raphson scheme. The following termination criterion is based on sugges-
tions in [15].

Algorithm 3.1. [Newton—Raphson]. Input: Let x¥) € R™ be a given initial vector.

(i) Call Newton—Rhapson scheme to compute x(V), ..., x® ¢ R until

| F(x®) |< 1072 +107° | F(x?) | or k& =100.
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(i1) In case k = 100 stop with an error message. Otherwise call Newton—Rhapson scheme with initial vec-
tor x* to compute x**V .. x() € RN until

| F(x) |< min{107 | F(x“"D) [} or ¢=100.

(iii) In case £ = 100 stop with an error message. Otherwise x'” is an approximation of the (unique) zero of
F.

Output: Either error message or the number ¢ of iterations and x := x“” as an approximation to the zero of
F.

The evaluation of F(x) and DF(x) is possible with a closed form formula for the stiffness matrix
A € RV of the operator 2 defined by

sym
Ajjsip) = /Rd (POuy)  @dx = — /aT /ar G(x — y)n¥ (x)n};k)(y) ds, ds, (3.2)
J k

with outer normal vectors ¥ and n® on the boundaries 0T; and 0Ty}, respectively (cf. [22,23]). The com-
putation of the double boundary integral can be performed exactly [6,11,18]. The following algorithm is
formulated for 2D but works for 3D analogously. In particular, it shows that F(x) and DF(x) can be assem-
bled in linear complexity up to one matrix—vector multiplication.

Algorithm 3.2. [Compute F(x) and DF(x)]. Input: x € RN A € Rgvmsz defined by Aj; g == [ w2 (Popp)
@[, dx, and z € R? such that D¢**(x) = (x - z)z for all x € R? and set b:= Ax; M := A.

Compute:
forj=1to N
mhT = (xp1, %) € R

(b[j,l]ab[/,Z])T = (b[;,l]ab[/,z])T + |T|(mhT - z)z — J.T/de;

11 12 11 12
(M;ﬁa M-aﬁz) s (M;ﬁa M-;ﬁz>+ EAEEY?
M.ii M.i/ Mji M.ii
if £:= |mhT|>1
T T _ —
(b, by2)" = (b, b)) + ' 1T5|(1 — £ )mhT;

M} M1..2> (Ml.! M1._2> 1 0
i 5= 4 o +8.1|T~{(1 —Zl)( > + £ mhT ®th}'
21 2 21 22 J ;
<ij M M;; M 4 0 1

]

endif
endfor.
Output: DF(x) =M € R} and F(x) = b € R*".

The rectangular elements employed throughout this paper guarantee that DF(x) is always positive def-
inite. Our calculations confirmed this in the sense that they did not show any instabilities.

The nested Newton—Raphson solver in Algorithm 3.1 is part of a multilevel scheme driven by an adap-
tive algorithm. We adopted the estimators

12 12
v (D) a0 () 33
TeT TeT
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Fig. 1. Convergence history of the Newton-Raphson scheme for uniform mesh-refinement (0 =0) and different choices of the
penalization parameter ¢ = 4* with « = 0.25, ... ,3. The number of iteration steps in Algorithm 3.1 depends only slightly on o« and is
plotted as a function of N.
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Fig. 2. Convergence history of the Newton-Raphson scheme for uniform (0 =0) and adaptive mesh-refinement (0 = 1/2) and
penalization with ¢ =/ and ¢ = #*?. The number of iteration steps in Algorithm 3.1 depends only slightly on o and N, although the
meshes are highly adapted. Moreover, the figure shows the number of steps for the corresponding uniform mesh-refinement for
comparison. The increase of the computational cost with N for adaptive mesh-refinement compares with that for uniform mesh-
refinement.
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Fig. 3. Discrete magnetizations my, in Section 5 for ", ), and f (from left to right) and penalization with ¢ = /27~ on a uniform mesh

79 with N =320 elements.

AR = o

T T T 2L

H EE B3
L ! I i

0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Fig. 4. y-adaptively generated meshes 7% (with N = 5) till 77 (with N = 1604) in Section 5 for ¥ = (0.6, 0), e = (1, 0), and & = #**.
The grey scale shows the length |my| of the discrete solution.
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with the refinement indicators puz, n7, for T € 7, defined by
br = (e2n|my])|; = max{0, [my ;| — 1},
iy = (L )| (F = £7) = (Zmy — (Zm) )| sy + [TIE (34)
0y = (hr + )| (f = £7) — (Zmy, — (2my) ;)| ) + |T167-

The estimator p is reliable, ie. an upper bound for the error [|Zm — 2m||;2g, + [|D¢™ (m) —
Dqﬁ**(mh) ll2(q) up to a multiplicative constant, but cannot be efficient, i.e also a lower bound the estimator
n is reliable solely for m € W'>=(Q;R?Y), but expected to be efficient.

l l I j e

0.05 0.1 0.15 0.2 0.25

Fig. 5. Discrete Lagrange multiplier 2, on #-adaptively generated meshes 7 (with N = 5) till 77 (with N = 1604) in Section 5 for
f9'=(0.6, 0), e = (1, 0), and & = #*2. The grey scale shows the pointwise value of 4,. In the white region we have 4, =0, i.e. |my| <1

.*?I“

N w = e i

| T T T =T
! 1 L 4

0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Fig. 6. n-adaptively generated meshes 7* (with N = 5) till 77 (with N = 1886) in Section 5 for 2 = (0.5, 0.5), e = (1, 0), and & = h*>.
The grey scale shows the length |my| of the discrete solution.
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Algorithm 3.3. [Adaptive mesh-refinement]. Imput: Initial triangulation 7©, >0, and 0 <0 < 1. Set
n=0 and my, := 0.
Compute for n =1, 2, .. .until termination.

() OnT,€ 7" ={Ty,... . Ty} sete|, :=¢ =h >0, j=1,...,N.

(ii) Call Algorithm 3.1 with start vector associated to m!"" and output m{".
(i) Compute p and n from (3.3) and indicators n, := 1y, and p; := py, from (3.4) with my, substituted by mﬁ,").
(iv) Mark an element 7; € 7" provided 1, = 0 max;yiy (or w; respectively).

(v) Refine the marked elements, update n and go to (i).

Output: Sequence of 7", ™, u™, mé”) forn=1,2,....

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

Fig. 7. Discrete Lagrange multiplier 4, on y-adaptively generated meshes 7 (with N = 5) till 77 (with N = 1886) in Section 5 for
2 =(0.5,0.5), e = (1, 0), and & = #*. The grey scale shows the pointwise value of 4. In the white region we have 4, =0, i.e. jm,| < 1.

0.6 0.8 1

Fig. 8. n-adaptively generated meshes 7 (with N = 5) till 77 (with N = 2216) in Section 5 for £ = (0, 0.9), e = (1,0), and & = ¥
The grey scale shows the length |my| of the discrete solution.
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The choice 0 = 0 in Algorithm 3.3 leads to uniform mesh-refinement, whereas 0 = 1/2 leads to adapted
meshes. The remaining implementational details (on the calculations of A, #;, ; and the mesh-design in
quads) will be given in [7].

This section will be concluded with a few remarks on the fast (approximate) evaluation of the stiffness
matrix A of Algorithm 3.2 for the nonlocal operator 2; further details on this 2#*-matrix approach will
appear in [21]. Given two elements T; and T} with (large) positive distance, the entry

Ao kp = // Gxaéx,; (x—y)dydx forl1 <j,k<Nand <o f<d

is approximated by replacing the (smooth) integral kernel

aZ

gaz/}(xvy): (x_y) foro‘»ﬁ:172a--~ad

0Ox, Oxp

by a tensor product of polynomials in x and y. For certain sets of elements ¢,7 C .7 and associated do-
mains Ug resp. Ut with large distance (obtained by a cluster tree partitioning of .7, cf. [2]), let vectors
x{7) € Ua, y7) € Ut and polynomials p(¢), p{¥) on Ua resp. Ut be given and define

1 2
Splr,y) =) Z 2,5 YN P (x)ple) (v)  for x € Ug and y € Ur.
mp=1 my=

Given any T; € ¢ and T} € 7 the fast approximate evaluation of the submatrix A% of A ¢ [Ri\;an ,
A/,f := A[j k5, i based on the approximation

Ajjo kp z/T /T Zop(x,y) dydx = Z Zgoc[f mlyym, {/T Pf,fl)(x)dx}{/r PmZ( )dy}
J k J k

mp=1 my=

| i I ; I Z I .

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Fig. 9. Discrete Lagrange multiplier 2, on 7-adaptively generated meshes 7 (with N = 5) till 77 (with N = 2216) in Section 5 for
3 = (0, 0.9), e = (1, 0), and ¢ = h*2%. The grey scale shows the pointwise value of 4. In the white region we have 4, =0, i.c. jm,| < 1.
Except on the vertices, we see that there is almost no penalization.
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It is shown in [25,19] for other integral kernels that storage and matrix-vector multiplication with #2-
matrix are of linear complexity O(N) instead of O(N?). Finally, the #-matrix approach can also be
employed for a fast evaluation of the refinement indicators [22,21].

4. Numerical experiments with known exact solution

This section presents some numerical results obtained with the multilevel adaptive solver of Section 3.
The example is adopted from [7] to study the performance of the solver.
The unit square Q = (0,1)? is filled with a uniaxial magnetic material (1.4) with easy axis e = (—1,1)/v/2

and z = (1,1)/v/2. Then,

error estimators n, p
au
error estimators n,
3

(R EE R

IR R RN

error estimatorsm n
3
*

L2 A N 25 BE S BE BN K NI

10° 10' 1;)2 10° 10*

number of elements
Fig. 10. Experimental convergence of the error estimators 5 and y in Section 5 for £, £2, and £ (from top to bottom) and uniform,
n-adaptive, and p-adaptive mesh-refinement corresponding to the penalization parameter ¢ = /> There is (up to a multiplicative
constant) no improvement of the convergence behaviour by the adaptive mesh-refining strategies, although we observe some local
mesh-refinement towards the corners for 1 and %, cf. Figs. 4 and 6.
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. (y(x),1) for x € w,
(mx), ) = { (xa(1 =y, (x) 7 (1 = 3,(x)) *y(x),0)  for x € Q\ o,

defines the solution with a singular gradient at the three vertices (0,1), (1,0), (1,1) on the boundary of the
magnetic body Q = (0, 1)? with given right-hand side

(4.1)

f:=2m+ (m-z)z+/m e L*(Q;R?). (4.2)
Here,
(I,1) —x
yx)i=—>+—— and w:={x€Q 1,1) —x|< 1}
(x) 1) —x] { I (1,1) —x[< 1}

The adapted meshes and several conclusions on the reliability—efficiency gap are drawn in [7] and hence
not repeated here. The convergence history for Algorithm 3.1 is depicted in Fig. 1 for uniform mesh-refin-
ing and Fig. 2 for adaptive mesh-refining. In both cases, the number of iterations increases moderately with

1 -+ unif., e=~h i 1l —+ unif., e=h -
< n-ad.,e=h o n-ad.,,e=h

12t - p-ad.,e=h . 12t < _
= unif., e = h3/2 -

1} « m-ad., € = b - 10f -+ i
+ p-ad., € = -

number of steps in Newton—-Rhapson scheme
@

number of steps in Newton-Rhapson scheme
@®

2 E 2 b
. . \ L . ,
10° 10’ 10% 10° 10* 10° 10' 10° 10° 10*
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- n—ad., e=h
1t - pad.,e=h 1
= unif., e = h3/2
ot « n-ad., e = h3/2 1
“* p,-ad., g = h3/2

number of steps in Newton-Rhapson scheme
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T

1:)2 10
number of elements
Fig. 11. Convergence history of the Newton-Raphson scheme for uniform (0 =0) and adaptive mesh-refinement (6 = 1/2) and
penalization with ¢ = h and & = 1> for {1, £?, and f* (from top to bottom). The number of iteration steps in Algorithm 3.1 depends
only slightly on o and N.
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the number of unknowns in the multilevel meshed iteration. The smaller the parameter o the larger is the
discretization error discussed in [7] but the smaller is the computational effect displayed in Fig. 1. Since the
difference is not too large, we omitted a refined strategy which begins with a moderate « and eventually
increases o from level to level. In fact, it seems that the choice « = 3/2 yields a fair compromise with
k < 20 iteration steps for each level.

5. Numerical example on a practical application

The final set of examples concerns the ferromagnetic beam Q = (—1/2, 1/2) x (—5/2, 5/2) [8] with easy axis
e = (1, 0) loaded with three different loads f’ = (0.6, 0) parallel, f2 = (0.5, 0.5) diagonally, and f* = (0,
0.9) orthogonal to the easy axis. Fig. 3 displays the effective magnetization vectors and their lengths in a
grey scale computed with 0 = 0 in Algorithm 3.3 on 7®). We observe some moderate changes of the ori-
entation near the vertices of 2 and hence run Algorithm 3.3 with 0 = 1/2 for #-adapted meshes shown in the
respective Figs. 12-14. Therein, the magnetic potential #m,, is displayed as well on a neighbourhood of Q.
It is stressed that the isolines indicate the fact that the approximation is in the entire space R? and not re-
stricted to a bounded subset as in [8]. The discretization history of the meshes and a picture of the approx-
imation of J, are given in Figs. 4 and 5 for f", in Figs. 6 and 7 for f%, and in Figs. 8 and 9 for f. In
contrast to the FE model in [8] and as quite some surprise to us, there is a moderate refinement towards
the vertices only. Fig. 10 shows the empirical convergence history and (as the true effective magnetization
is unknown) plots the estimators p and 5 as functions of N for uniform and adaptive mesh-refinements. It
turns out that, in fact, adaptive refinements—although superior—are not really necessary here [7]. The con-

Fig. 12. Discrete magnetization m;, (zoom on the left) on the y-adaptively generated mesh 7 (with N =236) and corresponding
potential u, (right) for constant exterior field £ = (0.6,0) and penalization parameter ¢ = 4*2. The grey scale in the zoomed magnet
displays the length |m,| of the discrete magnetization. On the right, the pointwise value of u, is shown by grey scale and some isolines
have been drawn.
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Fig. 13. Discrete magnetization m, (zoom on the left) on the n-adaptively generated mesh 7 (with N =212) and corresponding
potential uy, (right) for constant exterior field f* = (0.5, 0.5) and penalization parameter ¢ = #*2. The grey scale in the zoomed magnet
displays the length |m,| of the discrete magnetization. On the right, the pointwise value of u;, is shown by grey scale and some isolines
have been drawn.

0.8

0.6

Fig. 14. Discrete magnetization m, (zoom on the left) on the n-adaptively generated mesh 7@ (with N =248) and corresponding
potential u, (right) for constant exterior field ¥ = (0, 0.9) and penalization parameter ¢ = 4*2. The grey scale in the zoomed magnet
displays the length |m,| of the discrete magnetization. On the right, the pointwise value of ), is shown by grey scale and some isolines
have been drawn.
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vergence history of the Newton-Rhapson scheme for ¢ = 4 and #*? in Fig. 11 is similar to the previous
example and so proves that our proposed adaptive multilevel scheme of Algorithm 3.3 with a nested
Newton—-Raphson scheme performs well for real-life scientific computing.

6. Conclusions
The final section presents conclusions, comments, and remarks on future developments.
6.1. Resume

In the large and soft body limit of micromagnetics, the effective magnetization vector, i.e. the space aver-
age of the micromagnetic magnetization vectors, can be calculated directly from an effective model (P).
Therein, the exterior field problem can be recast via some Helmholtz projection operator £ that allows
a nonlocal problem for L™ functions on the magnetic domain Q. The convexified pointwise side-restriction
lm| < 1 can be involved in a penalization problem (P,). The associated discrete problem (P, ;) acts on piece-
wise constant trial and test functions. The work [7] presented a throughout a priori and a posteriori error
analysis of the discretization errors.

This paper presented an adaptive multilevel scheme with a nested Newton—Raphson iteration for the effi-
cient solution of the discrete effective model. The numerical experiments of this paper illustrate the almost
linear complexity of the scheme. Although a direct solver is employed here, an iterative scheme for the lin-
ear subproblems might easily be involved and is supported by an J#-matrix approach [21]. The overall
empirical experience of this paper and that of [7] supports the subsequent remarks.

6.2. Effective modelling of effective magnetization

The model (P, ;) allows the efficient simulation of the effective magnetization vectors. This yields a mac-
roscopic approximation of a multi-scale problem with a complicated microscopic structure which would be
impossible to compute by a resolution of the fines scale phenomena. We refer to [4] for a one-dimensional
trivial example of non-convex minimization problem that illustrates that cluster of local minimizers in the
high-dimensional global non-convex minimization problem yield an extremely difficult discrete problem
one should not assume to be able to solve accurately.

6.3. Competition with [8]

The adaptive mesh-refinements can be very important to improve the empirical convergence rates. In
many cases, however, the discrete model (P, ;) does not really require a local mesh-refining. This is in con-
trast to the discrete model of [8] where every vertex of the domain Q yielded a local mesh-refinement to-
wards it. In this sense, the presented Algorithm 3.3 is superior to the suggested schemes of [8]. This is
particularly true for the accuracy of the magnetic potential u := ¥m which is a macroscopic quantity
(e.g. it is smooth and does not exhibit oscillations) in the exterior unbounded domain. This point is mod-
elled exactly in (P,;) while the truncation error of a bounded neighbourhood Q of the magnetic body is
NOT included in the analysis of [8] (for simplicity).

6.4. Fast evaluation of integral operator

Comparing the CPU times, the #’-matrix approach yields a fast evaluation in Algorithm 3.2 and then
is comparable with a finite element coupling as in [8]. Thus, the frequent reservation against the integral
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approach with reference to the dense matrices is no longer a valid argument [12,22,23,21]. This will be par-
ticularly important for 3D simulations [22].

6.5. Stabilization and penalization

The penalty parameter & = h* for o > 1 small, such as ¢ = 4¥? seems to be a good compromise between
accuracy (o large) and the condition of the discrete system of equations (« small). In contrast to other sit-
uations in convexified problems [1], a further stabilization appears unnecessary. The adaptive multilevel
scheme appears to be capable of an effective numerical simulation.

6.6. Future developments

The a posteriori error estimates in this paper show the reliability—efficiency gap for the error estimators u
(proven to be reliable) and # (expected to be efficient). This dramatic lack of error control requires to be
overcome in the future for reliable and accurate numerical simulations.

The effective simulation of large soft magnets is presented in this paper. For other situations the effective
regimes are unclear, an effective model equation is unknown. It would be very desirable to simulate those
regimes with a macroscopic discretization as well.

Finally, some type of asymptotic expansion of the generic situation for E,(m) from (1.1) in terms of a
very small positive « is very desirable. As the equations change type, continuous trial and test functions
of piecewise first-order need to be involved. Higher order discretizations are valuable but rise the difficulty
of a conflict with the pointwise side-restriction |m| < 1.
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