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Summary. Averaging techniques for a posteriori error control are established for
differential and integral equations within a unifying setting. The reliability and effi-
ciency of the introduced estimator results from two grids 7 and 7y with different
polynomial degrees for a smooth exact solution. The proofs are based on first order
approximation operators and inverse estimates. For a finer and finer fine mesh 7,
the estimator becomes asymptotically exact. The abstract framework is applicable
to a finite element method for the Laplace equation, boundary element methods for
Symm’s and the hypersingular integral equation or transmission problems.
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1 Introduction

The striking simplicity of averaging techniques in a posteriori error control as
well as their amazing accuracy in many numerical examples have made them
an extremely popular tool in scientific computing over the last decade. Given
a discrete stress or flux pp, and a post-processed (smoothened) approximation
App, the a posteriori error estimator reads

na = |lpn — Apnl|.

There is not even a need for an equation to compute the estimator 14, and
hence averaging techniques are easily employed everywhere. The most promi-
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nent example is occasionally named after Zienkiewicz and Zhu [ZZ], and also
called gradient recovery but preferably called averaging technique in the lit-
erature. The most frequently quoted paper is [ZZ] for the P1 finite element
method for some Laplace equation on some domain w and some local averag-
ing operator Apj, on the piecewise constant gradients p;, = Duy, followed by
linear interpolation. The estimator n4 = ||pn, — Apr|| is then computed with
respect to the norm || - || on L?(£2).

In the work of Zienkiewicz and Zhu [ZZ], there was no rigorous justification to
interpret n4 as some computable approximation of the (rigorous) exact error
|lp— pr|| with p = Du, but there arose quite some numerical evidence for that.
The first mathematical justification of the error estimator 774 as a computable
approximation of the (unknown) error ||p — p|| involved the concept of su-
perconvergence points. For highly structured meshes and a very smooth exact
solution p, the error ||p — App| of the post-processed approximation Apy,
may be (much) smaller than the error ||p — py|| of the given ps. Under the
assumption that ||p — Apyl|| is sufficiently small in relative terms, written
lp — App|| = h.o.t = higher-order terms, the triangle inequality immediately
verifies reliability, i.e.,

llp — pr|| < Craina + hoo.t.,

and efficiency, i.e.,
na < Ceg |[[p — pu|| + h.o.t.,

of the averaging error estimator n4 (even with Cie) = Cog = 1). However, the
required assumptions on the symmetry of the mesh and the smoothness of
the solution essentially contradict the use of adaptive grid refinement when p
is singular. Moreover, the proper treatment of boundary conditions remains
unclear.

The first mathematical verification by Rodriguez on reliability of n4 on un-
structured grids has been indicated in the literature [R1, R2, N, BR] but was
not mentioned in the (otherwise comprehensive) works [AO, BS, EEHJ, V].
The first author was unaware of Rodriguez’s result [R2] when he started
to work on the mathematical justification [CV] that ended in the surpriz-
ing and new conclusion that, in fact, all averaging techniques are reliable
[BC1, BC2, C1, C2, CA, CF1, CF2].

A corresponding technique for the boundary element method was initiated
with extraction and recovery techniques in [WSS], [SWe], [SchMW], [SchHW],
[SSW] and was proposed thereafter in a small series of works of the two authors
[CP1, CP2] and in [FP]. In the latter works, an approximation Apy, is com-
puted as some best approximation of p, based on a higher-order spline space
on some coarser mesh. For some smooth exact solution, the resulting approxi-
mation error is of higher order. The corresponding error estimator is therefore
efficient. Reliability follows provided the quotient of the mesh-sizes is suffi-
ciently small. These two arguments, called approximation assumption (AA)
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and discrete property (DP), allow a unified analysis of reliability and efficiency
of NA-

This paper links the two discretization methods, namely the finite element
method and the boundary element method, in that there is one abstract set-
ting provided in which an averaging scheme is seen to be reliable and efficient
without any reference to some saturation assumption or superconvergence.
The paper is roughly organized in two mayor parts: In Section 2—4, we pro-
vide and analyze the analytical setting for our averaging method, while the
remaining Sections 5-8 of the paper discuss concrete applications. Namely, in
Section 2 we state and prove our abstract main result in Theorem 2.1, which is
commented in Section 3. The essential condition for Theorem 2.1 is a discrete
property (DP). We stress the difference of (DP) and a saturation assumption
and remark on further generalizations of Theorem 2.1. In Section 4, the es-
sential condition is studied in detail and characterized as some strengthened
Cauchy inequality of related spaces. Section 5 considers the introduced averag-
ing technique for the finite element method for a model example. Section 6 is
an overview of a recent work [CP1] on averaging for Symm’s integral equation.
In Section 7, we treat the hypersingular integral equation following [CP2, FP].
Finally, the last application of our abstract analysis concerns the boundary
integral formulation of a transmission problem in Section 8.

2 Abstract Setting

We consider the abstract framework of the Lax-Milgram lemma with a finite
dimensional subspace S, of a real Hilbert space H with corresponding norm
Il - |l Let {-,-) be an elliptic and bounded (but possibly non-symmetric)
bilinear form on H, i.e., there are constants 0 < Ce;; < Chq such that

C’anuH%{ <{u,u) and (u,v) < Cpal|lu|lxllv|lr forallu,veH. (1)

The (linear) Galerkin projection Gy, : H — S}, is characterized by the Galerkin
orthogonality

(v—Gpv,vp) =0 forall v, €S) and v € H. (2)

An immediate consequence is the quasi-optimal convergence, also known as
Céa’s lemma:

H’U — Gh'U”H < (Obd/ccn) H161§1 ||1) — Uh”H for all v € H. (3)
vy ESh

Given an unknown solution u € H for a prescribed right-hand side f = (u,-) €
H*, the discrete solution uy, := Gpu is computed. In order to approximate the
energy norm of the (unknown) error

e :=1u— Up, (4)
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we are given a second finite-dimensional subspace Sy of H. Then, the a pos-
teriori error estimator for ||u — wup|| reads

= i — . 5
s u,?lelg,,”uh vE|lH (5)

The justification below is based on one approximation assumption (AA) and
some discrete property (DP) of S;, and Sy where, in applications below, S,
corresponds to a lower polynomial degree ansatz but a finer mesh when com-
pared to Sy, and w is smooth. Moreover, as the triangulation 7} corresponding
to Sy, will be a uniform refinement of the triangulation 75 corresponding to
Sy, we assume that S, and Sy are linked through the mesh-sizes h and H:

Ony = i - i - =o0(1), AA

n = min flu— v/ min fu—ovsllz = o(1) (AA)
o . lve — vnlln

¢:= max min —————— < Cen/Cha. (DP)

v eSu\{0}vn€Sn  |lv|ln

Theorem 2.1. With the notation from (AA) and under assumption (DP)
there holds

nv /(14 0nm) < |lelln < Cra(ny + min flu — vi ) (6)
vy ESH
with
Crel := Cha/(Cenn — ¢Cha). (7)

Proof. The lower estimate (efficiency of 7ys) is an immediate consequence of
the triangle inequality: For any vy € Sy, there holds

v < llelln + llu — ve [l
A passage of vy to the minimum in (AA) yields

v < el 4+ opr min flu —vpln < lefln (1 + onm)-
vp ESh

This establishes efficiency of np;. To prove the reliability of nas, let ey € Sy
be the best approximation of e, i.e.

e—e = min |e—wv 8
le —enllze = min lle—val. (8)
By the definition of ¢ in the discrete property (DP), there holds

min [leg — valln < qllen||x-

vy €Sh

The Galerkin orthogonality of Gy, and the boundedness of the bilinear form
(-,-) followed by the aforementioned estimate lead to
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(e.en) = min {e,en —vn) < qChallellrflesnllr.
Combining this with the ellipticity and boundedness of {-,-), we obtain
Ceallell? < {e,e) = {e.e —em) + (e em) < Cralleln(lle — emlln + allenln).
Now, the stability estimate ||eg||7 < |||l proves

—1
el < _ CenCa
1 qO]lObd

e

lle —em|lx = Cra min |le —vg||n.
VHESH
If uy and up gy denote the best approximations of u resp. up in Sy, the special

choice of vy = upyg — upy and a triangle inequality yield

lell# < Cra(llu —wml|lr + [lung — unllrn) = Crea( min [Ju — vyl +nar)-
vgESH

This concludes the proof of the reliability. (|

3 Comments

Some remarks are in order before a list of applications enlightens the abstract
results of the preceeding chapter.

3.1. Efficiency and Reliability. The discrete property (DP) is not neces-
sary for efficiency of 7ny;. The reliability depends essentially on the discrete
property (DP) in that, up to some approximation error

h.o.t. := i —
0 ,min lw — vl

there holds reliability in the sense of
llell < Crer(nar + heo.t.).

However, this is reasonable only if h.o.t. ~ d,x||e||% is indeed of higher order.
In fact, there holds

lelln < Cret(nar + onmllelln)-

Then, for oy < C'I_1 there holds

el ’

llelln < Cret/(1 — 0paCrel) Nas-

3.2. Constants in the Symmetric Case. In the important case that the
bilinear form (-,-) is symmetric, it is a scalar product. The induced norm
vl :== (v,v)*/? is an equivalent Hilbert norm on H. Moreover, Gy, is the
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orthogonal projection onto S;, with respect to {-,-). Then, (3) holds with
(Cpa/Cen)*/? replacing Chq/Cen, and Gy, is characterized by the best approx-
imation property [[v — Gpv| = migl lv = vp] for all v € H.

Vh €Sh

In the symmetric case, one usually states (6) with respect to the energy norm
=Nl =11, ie. Cha =1 = Cepy. Asymptotic exactness of nys then follows
for ¢ — 0 in the sense of Cye; — 1. Moreover, the reliability constant Cie =
1/(1 — q) from (7) can be improved to Cye = 1/(1 — ¢?)*/? by the following
refined stability estimate: Using the symmetry of orthogonal projections and
the same arguments as in the proof of Theorem 2.1, we obtain

lexll® = (e en) = {e,en) = min {e,en —va) < glleflflen].
vhL €ESh

This implies the refined stability estimate |leg| < ¢|le]|. Together with the
Pythagoras theorem, there holds

lell® = lle — enl* + leull® < lle — exll* + g*llell*.

This yields |le|| < [lex|l/(1 — ¢*)'/?, and we obtain the reliability of 75, with
the improved constant Cye = 1/(1 — ¢?)'/2.

3.3. Remarks on the Saturation Assumption. Assumption (DP) is just
a definition of d,y with the possible interpretation discussed in Section 3.1.
A much stronger statement is the saturation assumption of the form

onir = lu = Grull/lle]l < Coar <1 (SA)

in the symmetric case || - [[% = || - || etc. of the preceding subsection. Recall
that Gy denote the Galerkin projection onto Sg. With uy := Ggu, a triangle
inequality for e = u—ug +ugy —uyp, plus (SA) leads to the reliable a posteriori
error estimate

lell < Mlun —umll/(1 = Csat)

for the different hierarchical estimator |Jup, — ug|]. It has been the starting
point of our analysis to avoid a strong assumption on the actual size of d,p
like (SA) because it is hard to check in practise.

3.4. Verification of Assumption (DP). This subsection outlines the argu-
ments sufficient for (DP) in an abstract (and non-local) framework. Examples
follow in the remaining applications of this paper. For an appropriate semi-
norm | -| and the mesh-size parameter H > 0 associated with Sy, an inverse
estimate is of the form

|’UH| < CianiaHvHHH for all vy € Sy.

The exponent o > 0 depends only on the energy (Sobolev) space, e.g., H = H*
or H = H~“. Moreover, | -| may allow an approximation estimate of the form
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min |[vg — vp||ln < Capxh®|vm| for all vy € Sp.
VR ESH

The combination of the two estimates yields

- lve = vnlln
=  max min ——————— < CanxCinv(R/H).
q SN {0} vnES) ||UHHH = Capx mv( / )

Hence, for any mesh-size h sufficiently small relative to H, (DP) follows.

3.5. Other Averaging Techniques. Under assumptions (AA)—(DP), we
obtain reliable error estimators 774 whenever we replace the minimum of the
best approximation by an arbitrary operator Ay : H — Sy,

na = |lun — Agup|x > min ||up — vgllx = 9. (9)
v ESH

Thus, each averaging technique yields a reliable error estimator [BC1]. Clearly,
the efficiency of 14 is some further property of the chosen operator Ag. Ac-
cording to Céa’s lemma (3), the Galerkin projection Ay = Gy always leads
to an efficient and reliable error estimator since

(Cenn/Cra) [[v = Grollx < min |[lv —vyllx < |[v—Guvl|x.
vHESH

3.6. Generalizations. Theorem 2.1 can be generalized in several ways.
In the following, we give some simple examples, for which the analysis from
Section 2 also works: (i) For the Hilbert space H, there holds ey = uy — upp
for the best approximations in the proof of Theorem 2.1. However, the linearity
of the best approximation is not needed, and the argument remains valid in
the case that H only is a reflexive Banach space: There still holds the Lax-
Milgram lemma, and the best approximation problem (8) still allows for a (in
general non-unique) solution ey . Finally, a triangle inequality proves stability
lew |7 < 2|le|lx. We must therefore assume 2¢C;'Cha < 1 in (DP) and are
led to reliability with Cie = 2de/(Cell — Qqud).

(ii) Theorem 2.1 also holds when we consider weakly non-linear problems.
More precisely, let A : H — H* be a uniformly monotone and Lipschitz
continuous operator on the Hilbert space H, i.e. there holds, for all u,v € H,

Cenllu — v||§_( < {Au— Av,u —V)prxy and |[Au— Av|p < Challu — v||x,

where (-, )7 x# denote the duality brackets. Also in this context, there holds
the Lax-Milgram lemma. The (nonlinear) Galerkin projection Gy, : H — Sp
is characterized by the Galerkin orthogonality

(Av — A(Gpo) ,vp)p+xn =0 for all v, € Sy, and v € H.

There still holds Céa’s lemma (3), and we prove Theorem 2.1 with the same
techniques.

(iii) A generalization of our averaging method in the context of the FEM-BEM
coupling and saddle point problems which allow an LBB condition is slightly
more involved and shall therefore appear elsewhere [CP3].
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4 Characterizations of Discrete Property (DP) in Hilbert
Spaces

In this section, let V and W be closed subspaces of the real Hilbert space H
and let V1 denote the orthogonal complement of V,

Vi={zeH :YWweV (x,v)y =0}
The main focus is on the uniform estimate

Ini‘I/l lv —w|lx < c||w|n for all w e W. (10)
ve

Obviously, there holds ¢ < 1, and we discuss the case of ¢ < 1 in the following.
This plus the optimal constant is characterized in Theorem 4.1 in terms of

<vl 7w>H
YyLw =  sup SUp T
vlevi\{o} wew{o} lvH[lllwllz

and

_ o —wlln
quw = sup min——m——

' wew\{0} v€V  [Jwl|x

Notice that ¢s, s, is called ¢ in the discrete property (DP) of Section 2.
The estimate vy 1 y < 1is known as strengthened Cauchy inequality between
V4 and W. (In fact 0 < cos(<(VE, W)) := yy1 < 1 defines the angle
<(V+, W) between the spaces V+ and W.)

The following result, which is essentially taken from [B], states that the opti-
mal constant in (10) equals ¢ = qv,w = Yy + w and the estimates (ii)-(iv) are
in fact equivalent characterizations of ¢ < 1.

Theorem 4.1. There holds qvw = vy w < 1, and for any constant ¢ > 0
with ¢ < 1 the assertions (i), (ii), (iii), (iv) are pairwise equivalent.

(i) wew =avw <c

(ii) there holds V1 — c2 ||[vt |y < mingew [[vt — wl|y for all vt € VL,

(iii) there holds /(1 — c2)/2 (|[vt|lx + [[wln) < vt +wl|lx for all (vh,w) €
VEx W,

(iv) there holds min,ey ||[v — w||n < c||w|lx for all w e W.

Proof. The equivalence of yy1 y < ¢ < 1 with (ii) and (iii), respectively, can
be found in [B, Lemma 3.1], where V is substituted by V. The equivalence of
gv,w < cand (iv) is obvious since qy,w is, by definition, the optimal constant
in (iv). Thus, it only remains to prove the equality vy 1 w = qv,w: Given
vt € Vi v € V,and w € W, there holds (v, w)y = (v, w — v)y <
|t ||2¢]|w — v]|3¢. Since v € V is arbitrary, we obtain

(W, wh < v i flo = wliw < qvwllo® el for all w e W,
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whence vy 1w < qv,w. To prove the converse inequality, we construct se-
quences v;- € V+\{0} and w; € W such that [Jw;|[+ =1 and

limy oo (v, wi)n /|05 [ = qv,w. Without loss of generality we assume
qv,w # 0 since gy, = 0 implies V' = W and thus v, = 0 as well.
For qv,w > 0, let w; € W be a sequence with

lwillx =1, lim min|v —wj|lx =qv,w >0, and minlv—wj|x > 0.
j—oo veV veV

Let IT : H — V denote the orthogonal projection onto V' and choose v; :=
ITw;. Then, there holds

vy = w2 = min flv —wj»,
and v3 1= w; — v; satisfies v} € V\{0} and

(v wy)w = (), wy —vi)r = lwy — o3 = lwy —vjllllv; [l

Finally, we obtain

v we
Yyiw > lim % = lim ||w; — vl = qv,w-
imoe oyl d=ee
This concludes the proof. O

5 Finite Element Method for the Laplace Problem

We consider the following model example on a bounded Lipschitz domain
NCcRYd=2,3,
—Au=f in £,
u=0 onlIp CofN, (11)
Ou/dv=g onIn=0NIp.

We assume that I'p is closed and that the right-hand side f and the given
normal flux g allow for a weak solution

uweH=HhR):={uec H(Q) : u|lr, =0}, (12)

of (11). Provided I'p has positive surface measure, the Friedrichs’ inequality
shows that

(u,v}z/ Vu-Voudz (13)
Q
defines the energy scalar product with equivalent norm ||-||3 := ||-[| ~ [|[| 51 ()

on H. The weak form of (11) allows for a unique solution v € H in the usual
sense
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(u,v}:/ fvdx—i—/ gvds, forallv e H. (14)
2 I'n

The lowest order conforming FE discretization of (14) uses 7j,-piecewise affine
and globally continuous functions: Let 7;, be a regular triangulation [in the
sense of Ciarlet] which consists of triangles, for d = 2, and tetrahedra, for
d = 3, respectively. For p € N, let PP(7}) denote the vector space of functions
wp, € PP(7;,) which are polynomials of total degree < p on each element T €
Th. Let h € L*°(§2) denote the local mesh-size of 7, defined by h|r = diam(T)
for T € Ty,

To apply the averaging technique, let 7y be a regular triangulation of {2
and let 7, be obtained from ¢ € N red-refinements of 7y, i.e., we recursively
refine each element T' € Ty (-times into 4 congruent elements. In particular,
H/h = 2¢. With

SY(Th) == {up € PP(Tn) NC(2) : up|r, =0} CH,
set
Sn=8h(Ty) and Sy =SH(Tw). (15)

Finally, we denote by H*(7) the space of all 7-piecewise H® functions for
s> 0.

Theorem 5.1. Provided u € H N H*™(Ty) for some ¢ > 0 and { large
enough, Assumptions (AA)—~(DP) hold and therefore Theorem 2.1 applies with

v = [lun — Grunl.
Proof. Recall the local inverse estimate
||H wH||L2(Q) < CinV”vaHLz(_Q) for all wy € PI(TH),

where ¢,y > 0 depends only on the shape of the elements in 7y and the
gradient V is evaluated elementwise. In particular, this holds with wg = Voug
for all vy € P?(7y). Moreover, the Bramble-Hilbert lemma implies

HVU - V(th)l|L2((2) < CapX||hD2U”L2(Q)

for all continuous v € H(2) N H%(7},) and P, the nodal interpolation oper-
ator. Together with H/h = 2¢, the combination of both estimates proves

¢:= max _ min Jom = vall < CapxCiny /2"

vnesSu\{0} vn€Sn [l

Therefore, (DP) is satisfied for ¢ sufficiently large. Note the best approxima-
tion result |u — Gupul| = O(h) and |lu — Ggul| = O(H'*). Given a fixed
parameter ¢, (AA) follows. O



Averaging Techniques for A Posteriori Error Control 11

Remark 5.1. Since the energy norm is based on the local L2-norm, we can
write 1y as a sum of local contributions

) 1/2 )
mi=( 2 wdr;) " with mary = [ Vun = V(Grun)lrar.  (16)
T;€TH

The refinement indicators s ; can be used for an adaptive mesh-refining
strategy.

Remark 5.2. With ITy the L? projection onto P!(7)?, we define

= i Vup — = ||Vup — g (V . 17
fur quI;ﬁl?TH)dH un = qallr2(@) = [[Vun — g (Vun)|| 20 (17)

Since V(Gguy) € P (Tx)?, there holds uy < nas. Therefore, ur is efficient
up to terms of higher order under the assumptions of Theorem 5.1. The math-
ematical analysis of the reliability of ©j; — although supported by numerical
evidence — remains open.

6 Symm’s Integral Equation

In this section, we consider Symm’s integral equation
Vu=f onl (18)

with a relatively open subset I" C 02 of the boundary 9f2 of a bounded
Lipschitz domain £2in R?, d = 2, 3. The operator V is the single-layer potential

Vu(z) = /F w(z, y)uly) ds,, (19)

where ds denotes the integration on the manifold I', and x(x, y) denotes (up to
a multiplicative constant) the fundamental solution of the Laplace operator,

1
—;10g|x—y| for d = 2,
k(z,y) = ] B (20)
+2—|x—y| for d = 3.
T

The variational formulation of (19) needs Sobolev spaces on the boundary.
First, the space
HY2(002) = {u|sn : ue HY(RY)}

of traces of H' functions associated with the trace norm
HUHH1/2(8Q) = inf{HﬂHHl(Rd) HRTRS H! (Rd) with a|p = u}

Moreover, we consider the subspace
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HY>(I') = {u|p : ue HY/?(802)},

where the norm of v € H/2(I") is defined as the minimal norm of any exten-
sion, i.e.

HU’HHI/Z(F) :inf{||ﬂ||H1/2(6m : ﬂe Hl/z(aﬂ) with a|p :’u}
Furthermore, there are Sobolev spaces
HY?(I') = {u e H'/?(082) : supp(u) C T}

associated with the usual H'/2(I") norm. Finally, the corresponding spaces of
negative order are defined by duality with respect to the extended L? scalar
product,

H-Y2(I) = H"Y*(I')* and H~Y*(I') = HY*(I")*.

Remark 6.1. There are other equivalent definitions of the involved Sobolev

spaces, e.g., by real oder complex interpolation, a Fourier norm, or Sobolev-
Slobodeckij norms [W, McL].

For a particular right-hand side f in (18) and I' = 942, Symm’s integral
equation is an equivalent formulation of the Laplace problem (11) with I'p =
012, cf. [McL]. For d = 3 and provided additionally diam(2) < 1 for d = 2,
the operator

V. H Y2 — HY*(I) (21)

is an isomorphism between the two Hilbert spaces ENI’UQ(I’) and HY?(I")
which build a dual pairing with respect to the extended L? scalar product
(-,+). The energy scalar product

(u,v) := (Vu,v) foru,v € H- V(I (22)

induces an equivalent norm || - |3 := || - | on H = H-Y/2(I").

Let 7;, = {I1,...,I,} be a regular triangulation of I" with local mesh-size
h € L>=(I'), h|r, = diam(I7}). Each element I'; of 7}, is supposed to be a
connected (affine) boundary piece for d = 2 and a (flat) triangle for d = 3,
respectively.

For an integer p > 0, PP(7;,) denotes the space of all piecewise poly-

nomials of degree < p [defined on reference elements I'2? = [0,1] and
I35 = conv{(0,0),(0,1),(1,0)} and 3P, = conv{(0,0),(0,1),(1,0), (1,1)}

for d = 2,3, respectively].

For the averaging error estimation, we consider again the lowest order case:
Let 7y be a regular triangulation of I" and obtain 7, by £ € N red-refinements
of Ty. Adopt the aforegoing notations for 7y and 7}, accordingly and define
the discrete spaces

Sn=P%T,) and Sy =P (Tn). (23)
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Theorem 6.1. Provided uw € H N H*(Ty) for some € > 0 and { large
enough, Assumptions (AA)—~(DP) hold and therefore Theorem 2.1 applies with
v = [lun — Grunl-

Proof. Local inverse estimates for fractional order Sobolev spaces [DFGHS,
GHS] read

IH g p2(r) < eieP | H || gr-a(ry  for all vy € PP(Ty) and & € R.

(24)
The constant cﬁf > 0 depends only on the shape of the elements in 7y, the
polynomial degree p € Ny, and the parameter a > 0. Since ﬁa(F) is a closed
subspace of H*(I"), the corresponding dual spaces H~*(I") = H*(I')* and
H-(I') = H(I)* satisty H-(T") € H(T)* with [0l (ry < [oll 7o .
Therefore, we may apply (24) for the energy norm ||-|| ~ || - || fo(ry- This leads
to

HHI/Q’UHHLZ(F) < cﬁ;p|||vH||| for all vy € PP(Ty). (25)
[Note that, for a closed boundary I" = 842, there holds H*(I') = H*(I')
with equal norms.] Moreover, with the L?-projection II¥ onto P?(7}), there
holds [CP1]

|v — H}::U”ﬁ—a(p) < cZ};’)’(Hho‘vHN(p) for all v € L*(I). (26)

Here, CZ};’)’( > 0 depends only on the shape of the elements in 7}, the polynomial

degree p € Ny, and « > 0. Together with H/h = 2¢, the combination of (25)
and (26), fora=1/2and || - || ~ || - ”ﬁ*l/?(l‘)’ proves

C

lor — vall H1 jo
T S GGy /272,

q:= max min
vneSu\{0} vn€Sn  [lv||

This proves (DP) for ¢ sufficiently large. Assumption (AA) follows from best
approximation results [u — Guul] = O(h3?), |u — Gpul| = O(H?/?*t%),
cf. [SaS]. O

In contrast to the FE method from the previous section with H™ norms, the
energy norm || - || ~ || - HH,I/Q(F) is non-local, i.e., it cannot be written as a

sum over non-interacting local contributions. The following theorem asserts
the equivalence of the energy norm based error estimator 75, and the weighted
L? norm based error estimator

par = || H'Y? (un — Grun)l| 2 (r)- (27)
This leads to the equivalent error estimators
i = llun = Mgunl| and == |[HY? (un = Dun)l| 2, (28)

where IT3; denotes the L? projection onto P1(7p). Under the assumptions of
Theorem 6.1, pas, perr, and nyy are reliable and efficient in the following sense.
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Theorem 6.2. There are constants Cy,Cs > 0 which only depend on the
shape of the elements in Ty and the quotient H/h = 2° such that

v <np <Crpm and pp < py < Canu. (29)

Proof. The estimate nys < npr follows from the best approximation property
of Gy and was already mentioned in the introduction. Since we consider
globally discontinuous polynomials, IT} is also 7y-elementwise orthogonal.
Hence,

lun — M gunll 2y < llun — Grunllpzcr)-

This proves pug < ppr. According to the mesh generation of 7; from Ty,
there holds up, — Gguy € P'(73,). An inverse estimate (25) yields ||h'/?(uy, —
Grun)|lr2(ry < "Uup — Grup|) and, therefore, with H/h = 2¢, that
par = 22|02 (up = Grrun)| p2cry < 2% .
To prove n < Cﬂ,’i,un, define v = uy, — I jup € L*(I'). With 1 the identity
on L?(I'), the operator (1 — II};) is a projection, whence v = (1 — II};)v. An
application of (26) proves
H,
nm = Joll = 11— 1ol < el B 0l oy = pr. O

Remark 6.2. For an adaptive mesh-refining algorithm, one may localize the
error estimators ups and pj7, respectively, to obtain refinement indicators,

e.g.

1/2 )
= (Y0 ) with g = | s — Thun) ). (30)

The computation of the error estimators 7y, s, and 77 needs the computa-
tion of dense matrices which stem from the Galerkin projection Gg [explicitly
or implicitly for the computation of the energy norm]. Matrix compression
techniques, e.g., hierarchical matrices or panel clustering provide an effective
implementation. The error estimator pj; avoids the computation of Gy and
can be computed in linear complexity with respect to the number N of ele-
ments.

7 Hypersingular Integral Equation

With the notation from Section 6, we consider the hypersingular integral
equation

Wu=f onl (31)
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and the hypersingular integral operator

Wu(z) = —%A%ﬁ(m,y)u(y) dsy, (32)

where v, and v, denote the outer normal vectors on I' at x and y, respec-
tively. For particular right-hand sides and I" = 942, the hypersingular integral
equation (31) is equivalent to the Laplace problem (11) with pure Neumann
boundary condition I'y = 0f2.

For an open boundary piece I g 012, the operator

W HY>(I) — H (I

is an isomorphism. For a closed boundary I' = 9f2, one has to consider the
factor spaces H§(I') = H*/R(I') = {u € H*(I') : [,uds = 0} to neglect
constant functions. Then,

W Hy*(I) — Hy V()
is isomorphic. In both cases, W maps the energy space H = H/2(I") resp.
H= H5/2(F) onto its dual, and
(u,v) == (Wu,v) foru,veH (33)

defines a scalar product with equivalent norm || - |5 = || - | on H. The
discretization is based on subspaces of SP(7},) := PP(7,) NC(I") for a regular
triangulation 7 of I" and

sz = [ {on € S7(Th) s wnlor =0} i I € O0;
0 {UhESp(Th) : fpvhdSZO}lf[':aQ_

With respect to the abstract setting in Section 2, let 7y be a shape-regular
triangulation of I" and 7}, obtained from 7y by ¢ € N red-refinements and set

Sn=83(T) and Sy = S5(Tn). (34)

Theorem 7.1. Provided u € H N H***(Ty) for some ¢ > 0 and ¢ large
enough, Assumptions (AA)—~(DP) hold and therefore Theorem 2.1 applies with
v = llun = Grrunl-

Proof. Note that there holds the local inverse estimate [CP2]
IH*Vgllrery < i llvall oy for all vy € SP(Ty),  (35)

where V denotes the arc-length derivative V for d = 2 and the surface gradient
for d = 3, respectively. The constant cﬁf > 0 depends only on the shape of
the elements in 7}, the polynomial degree p € N, and the parameter a > 0.
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In [FP] it is proven that the Galerkin projection G} onto Sf(75) satisfies, for
all v e H N HYT),
o — @Loll < i min {|W2T vl oy, [B2V (0 — Gl ). (36)

apx

The constant 2 > 0 depends only on the shape of the elements in 7j,. As

apx

before, Assumption (DP) is satisfied, provided ¢ is large enough,

: "lUH - Uh'" hil H.2 /60/2
= Wort = Onll - h B2 o2,
VH 682\{0} vinel‘rs‘lh |||UH ||| = CapxCiny /

Assumption (AA) follows from best approximation results |u — Gpul =
O(h*/?) and |Ju — Gul| = O(H?/?*%) [SaS]. O

As for Symm’s integral equation, the energy norm || - || for the hypersingular
equation is non-local and has to be localized. This can be done by H'/2-
weighted H'-seminorms. The following theorem states the efficiency and reli-
ability of the error estimator

par = | HY2V (un = Grrun)| L2y (37)
under the assumptions of Theorem 7.1.

Theorem 7.2. There are constants Cs,Cy > 0 which only depend on the
shape of the elements in Ty and the quotient H/h = 2° such that

O3 par < mar < Cy g (38)
Proof. The follows from an inverse estimate with constant Cs = ¢2 ¢*/2 and
the approximation result (36) with Cy = ¢/5;2. O

The computation of pp; involves the dense stiffness matrix corresponding to
the Galerkin projection Gg. To avoid this numerical effort, one can consider
the estimator

pir = (|2 (Y, = I8 (V) | 2 ) (39)

with the L? projection II}; onto P! (T ), which is efficient under the assump-
tions of Theorem 7.1.

Corollary 7.1. There holds p < pas- O

Remark 7.1. The reliability of 7, which is observed numerically [CP2, FP],
remains open — as for the finite element method in Section 5.

Another computationally challenging variant might be to consider the Hg
projection Py : H N HY(I') — Sy, i.e. the gradient L? projection defined by

/ V(u—Pgu)-Vog =0 for all vy € Sy. (40)
r
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The numerical realization only involves the sparse stiffness matrix from the
P! finite element method.

e = lun — Pyupl] and  pp = |[HY?V (up — Prup|rery (41)

Clearly, nyy < mp, and therefore np is reliable under the assumptions of
Theorem 7.1. The analysis for fractional order Sobolev spaces H*(I') and
a > 0 is more involved than for a < 0, i.e. for Symm’s integral equation: For
quasi-uniform meshes, there holds pup < C s since ||V (up —Prup)| p2(r) <
IV(un — Grun)| p2(r). An estimate of the type up < C pp remains open
for adaptively generated meshes. For d = 2, it is proven that np and pp are
equivalent [CP2].

Theorem 7.3. For d = 2, there are constants Cs,Cg > 0 such that
Cstumr < mp < Cs p. (42)

Proof. The lower estimate follows as in Theorem 7.2. We recall from [CP2]
that the H} projection P} onto S§(75) satisfies, for all v € H N H(I'),

v — PYof| < ek min {[|Y/2V0|| p2ry, [|BY 2V (0 = Pho) || L2 }- (43)

apx

The constant cggf( only depends on p and the local mesh-ratio

0o(Ty) == max{h;/hy : I;, I} € Tp, s.t. I; is a neighbour of I} }. (44)

From (43), we obtain the upper estimate with Cg = %2 O

apx*

Remark 7.2. If Ag denotes the L? projection onto S3(7y), define
na = lun — Agupl| and  pa = |[HY2Y (up — Agun)l|r2(r)-

Then, n4 is reliable, and one can prove that n4 and pa are equivalent. Un-
fortunately, the L? projection Ay onto S3(7y) is, in general, not H' stable.
Thus, one does neither analytically obtain nor numerically observe efficiency
of na and p4, cf. [CP2].

8 Integral Equation for a Transmission Problem

This section is devoted to a transmission problem which involves the integral
operators of Section 6 and 7, from where notation is adopted. Given (f,g) €
H'Y2(I') x H=Y2(I') along the boundary I' = 92 of a bounded Lipschitz
domain 2 C R?, the strong form of the transmission problem reads: Find
u” € HY(2) and u™ € H}, () with

Loc

Au” =0in 2, Au" =0in R\ (45)
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with some radiation condition on u™ at infinity and

ou~  out
- — 1 —
u- =u’ + f 5~ 9y +g onl. (46)

This is equivalently formulated by the boundary integral equation [CoS]

uy 1 f . 1/2 —1/2
A(¢)_(§+A)(g) in H c HY2(I') x H-Y2(I) (47)
with the Calderén projector (in symbolic form)
-KV
A= ( W K’)' (48)

The operator V is defined in (19), and W is defined in (32) with kernel x(z,y)
from (20). Moreover, K denotes the double layer potential operator and K’
its adjoint defined by

K;H1/2(F)—>H1/2(F), Kv(:c)*/v( )ai} K(x, y)dS,m (49)
K':H Y*(I) — H™ (D), /(;5 (x,y)dsy. (50)

Duality is understood with respect to the extended L? scalar product,

((;),(Z)>H:<u,1/)>+<v,¢> for (u, ), (v,0) € H = HY*(I') x Hy Y/*(I).
(51)

The transmission problem (45)—(46) and the boundary integral formula-
tion (47) are equivalent in the following sense [CoS, CS2]: If (u—,u™) €
HY(2) x H} . (R¥N\ ) solves the transmission problem, then (u,¢) € H
solves (47), where u := u™|p — [ u” ds € H1/2( I') and ¢ := Ou™ /Ov|r €
Hy, 1/2( I'). Conversely, if (u,$) € H solves (47), then the Cauchy data of u~
are given by (v, 0u™ /Ov)|r = (u + uo, ) with

TVg+V u)d
f r 1 ds
The solution (u~,u™) is then obtained from the representation formulae in {2

and R9\ (2.

The mapping properties of the involved boundary operators [McL] shows that
A :'H — H is continuous and H-elliptic with respect to the canonical norm
(v, 0)||3, == ||UHH1/2 T ||1/JH§{,1/2(F). In fact, elementary calculations show

that the (non-symmetric) bilinear form
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{(w,0), (0, 0)) = (A ) () (52)

induces an equivalent norm || - || which satisfies

I )7 = N6l + lullfy = Cenll(w, @17, for all (u,¢) € H (53)

with the energy norms || - ||y and || - ||w from Section 6 and 7, respectively.
Note that || - || is indeed a Hilbert norm, but (-,-) is not the corresponding
scalar product! Let 7y be a shape-regular triangulation of I" and let 7, be
obtained from Ty by ¢ € N red-refinements. Set P{(7T) := {v, € PP(T) :
Jrvnds =0}, set

Sn=385(Th) x PY(T) and Sy = S3(Tu) x P (Tw).

Theorem 8.1. Provided (u,¢) € HN(H>¢(Ty) x H'*¢(Ty)) for somee > 0
and £ large enough, Assumptions (AA) and (DP) hold and therefore Theo-

rem 2.1 applies with ny; = min I(un, dr) — (va, du)|-
(v, WH)ESH

Proof. Assumption (AA) follows from the regularity of (u,¢). The inverse
estimates (25) and (35) lead to

1Y 2 (Vo Y|z ry < ey N, )l for all (v, én) € S

Since the L?-projection II) : L*(I") — P°(7},) preserves the vanishing integral
mean (i.e., Iy € PY(T) provided [, ¢g ds = 0), (26) and (36) yield

I(vr, 1) = (G} vrr, Im )| < 102 (Vor, du)ll ez

where G;" : Hé/z (I') — S} (7) denotes the Galerkin projection with respect
to W from Section 7. The combination of the previous two inequalities results
in

l(ver, vm) — (vn, Pn) || h,1,0 H,2,1/22/27

= max min < ey Cine
(v ) ESH\{0} (v, 1on)ESH (e, Pu)l -
This implies (DP) for sufficiently large £. O

Remark 8.1. For an adaptive mesh-refinement, the non-local energy norm is
localized via the localization arguments from the previous sections; further
details are straightforward and hence omitted.

9 Numerical Experiments

This section provides some numerical experiments for the proposed error es-
timation. We only consider the symmetric case, where (-,-) defines a scalar
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product and give the numerical results with respect to the energy norm, cf.
Section 3.1-3.2. Throughout, we compare uniform mesh-refinement with an
adaptive mesh-refinement, which is based on the local contributions of our
averaging error estimators as refinement indicators.

9.1. Adaptive Mesh-Refinement. The mesh-refinement strategy is for-
mulated in the following adaptive algorithm from [CP1], which is stated for
the finite element method from Section 5.

Algorithm 9.1 Choose a regular initial coarse mesh ’T}SO), k=0,¢¢eN and
0<6<1.

(i) Obtain ’Th(k) ={T1,..., Ty} from Tlgk) ={71,...,7n} by £ uniform refine-
ments.

(ii) Compute the approximation ugk) for the current mesh ’Z;I(k).

(iii)Compute the error estimator ny; and the corresponding refinement indi-
cators nar,; from (16).

(iv)Mark element 7; for red-refinement provided the corresponding refinement

indicator satisfies nar,; > O max{nas1,..., MmN}
(v) Use a red-green-blue mesh-refinement strategy to obtain a reqular coarse
mesh Tlgﬁ_l), update k, and go to (i). O

Note that we do the adaptive mesh-refinement on the coarse grid level to
obtain a sequence of meshes Tlgk). Surprisingly, our numerical experiments
give empirical evidence that one may choose £ = 1 in Algorithm 9.1. That is,
the corresponding fine mesh 'Z;I(k), on which we compute our discrete solution

up, is obtained by one uniform refinement of Tlgk). We remark that the choice
of # = 0 leads to uniform mesh-refinement. To obtain an adaptive mesh-
refinement, we choose 8 = 0.5 in the subsequent experiments.

In the formulation of Algorithm 9.1, we consider the local contributions 1z ;
of nas as refinement indicators. Alternatively, one may choose the local con-
tributions of the (efficient) error estimator pp from (17),

pmy = min ||Vup —qllr2r;) = [Vun — Ha(Vup)||z2r;).  (54)
q€P(7;)

9.2. Visualization of Numerical Results. In all experiments we plot
the Galerkin error ||u — up|| and the error estimators na; and g against the
number n = #7;, of fine grid elements for uniform (§ = 0) and adaptive (0 =
0.5) mesh-refinement, respectively. Throughout, we choose the parameter ¢ =
1 in Algorithm 9.1. The error is computed by use of the Galerkin orthogonality

e = unll® = full® — flunl?. (55)

The squared energy norm of the discrete solution uy reads |lux||?> = x - Ax
with the stiffness matrix A and the coefficient vector x corresponding to wp,.
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The norm |Jul|? can, in principle, be computed exactly. However, we use the
value ||ul|? which is obtained by Aitkin’s AZ-extrapolation as follows: For

a sequence ’];Lk of uniformly refined meshes, we compute the sequence of

B2 (k)
I, h

energies Ej := |||u§L where u; ’ is the discrete solution corresponding to

the triangulation Th(k). Extrapolation of the sequence Ej then yields a good
approximation of [Ju]|?.

From our analysis in Section 2 and Section 5, respectively, we know that 7,
and u 7 are efficient, i.e. there holds

prr < ar < Ceellu — unl|

with efficiency constant Cog < 1495 and the approximation constant §,y =
lu = Grull/|lu — up| from Assumption (AA). Provided d,p stays bounded,
we therefore expect that the curves corresponding to nas and pj have at
least the same slope as the curve corresponding to [|u — uy||. For smooth
u, Opg tends to zero with h. Therefore, the experimental efficiency constant
Cot := nu/|lu — up|| < 1 —0ppm is expected to satisfy Cog < 1 at least for
the limit case for a finer and finer mesh-size h. Therefore, the absolute values
and hence the curves of the error estimators should be below the curve of
the error. Provided s is also reliable, i.e. |Ju — up| < Creimas, the quotient
llw — wp|l/nas is bounded. In this case, the slopes of the curves corresponding
to |lu — up|| and nas are the same, i.e. the curves are parallel.

To study the efliciency and reliability of 1y even in the case that the solution
u is non-smooth, we plot the experimental reliability constant Cye := |Ju —
up|l/mam and the approximation constant dpz in dependence on the number
n = #7T}, of fine grid elements. The Galerkin error ||u — Ggul| for the higher-
order method is computed as in (55).

9.3. Finite Element Method with Smooth Solution.

For our first numerical experiment, we adopt the notation from Section 5. We
consider the Dirichlet problem (11) on the unit cube 2 = [0,1]*> C R? with
FD = 942 and

f(x) = (K*7?/2) sin(z1kn/2) sin(zokm/2).
The exact solution is then given by
u(z) = sin(z1kr/2) sin(zakm/2),

and therefore u satisfies the smoothness assumptions of Theorem 5.1. Accor-
ding to the Bramble-Hilbert lemma, we expect that uniform mesh-refinement
leads to the optimal order of convergence O(h) for the error ||u — up||, which
is computed by (55). Aitkin’s A%-extrapolation yields [Ju|? = 44.4132.

In Figure 1 we plot the error [lu — up|| as well as the estimators s and pip.
Note that the optimal order of convergence O(h) for Pl-elements corresponds
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Fig. 1. Error |lu — un| and error estimators s and w7 in Example 9.3 in depen-
dence on the number of fine grid elements n = #7;,. We observe optimal order of
convergence O(n~'/?) for error and error estimators and independent of uniform
[indicated by unif.] and adaptive mesh-refinement [indicated by ad.]. The values of
the error estimators nas and pr coincide up to rounding errors. The error estimation
is reliable and efficient.

to O(n~'/2) in terms of elements n = #7;,. Both, uniform and adaptive mesh-
refinement, lead to the optimal order of convergence for the error. Moreover,
we observe that 7nys and py; coincide and that both are efficient and reli-
able. We stress the reliability of ny; which is analytically only predicted for
sufficiently large ¢ € N, whereas we use the minimal possible choice ¢ = 1.
Moreover, note that we have only proven u < npr. In our experiment, there
holds even pr = nar up to rounding errors.

In Figure 2 we plot the approximation quotient d5g. From standard approx-
imation results and h ~ H for the local mesh-sizes, we know that the nomi-
nator converges like O(h?), whereas the denominator is O(h), i.e. we expect
Onm = O(h). This is what is observed experimentally in Figure 2. Moreover,
we plot the experimental reliability constant Cye := ||u—up||/nar- We observe
that it is slowly decreasing with absolute values about 1.13 at the end of our
computations.

9.4. Finite Element Method with Weakly Singular Solution.
For our second example, we again adopt the notation from Section 5 and
consider the Dirichlet problem (11) on the L-shaped domain £ = [—1,0]* U
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Fig. 2. Quotient dng = |Ju — Gru|/|u — us| in approximation assumption (AA)
and experimental reliability constant Cier := [u — up|/na for Example 9.3. For

both, uniform [indicated by unif.] and adaptive mesh-refinement [indicated by ad.],
onm tends to zero with the theoretically expected order (’)(nil/Q) with n = #7p.
The experimental reliability constant C,. is slowly decreasing with absolute values
~ 1.13 at the end of the computations (n = 32768 resp. n = 24016)

[—1,0] x [0,1] U0, 1]> with I'p = 942, cf. Figure 3 which also shows the initial
coarse mesh ’TI&O). The right-hand side is constant f(z) = 1. The solution u(z)
is known to be a bubble u € H'+2/375(0), for all £ > 0, with singularity at
the reentrant corner (0,0). Therefore, uniform mesh-refinement is expected to
lead to a suboptimal (experimental) convergence rate for the error [|Ju—up|| =
O(h?/3) which can usually be cured by adaptive mesh-refinement.

In Figure 4 we plot the error |Ju — up|| and the error estimators 7y and
w1, where the error is computed by (55) with the extrapolated value [Jul|?> =
0.214076. As in Example 9.3, we observe that for both, uniform and adaptive
mesh-refinement, the error estimators nys and pp coincide up to rounding
errors. Independent of the mesh-refining strategy, the error estimators are
reliable and efficient. For uniform mesh-refinement, we observe a suboptimal
order of convergence O(n~2/%) which corresponds to O(h*/®). This is slightly
better than the expected order of O(h?/?). For adaptive mesh-refinement,
we retain the optimal order of convergence O(n’l/ 2) after a preasymptotic
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05 05 1

Fig. 3. In Example 9.4, we consider the L-shaped domain 2 = [—1,0]* U [-1,0] x
[0,1] U [0, 1]. The initial coarse mesh ’T}(IO) consists of N = 6 rectangular triangles.

phase (up to about n = 900 elements), where we observe the same order of
convergence as for the uniform refinement.

In Figure 5 we plot the approximation quotient 0y and the experimental
reliability constant Cie := |[u — up]||/nas. For uniform mesh-refinement, the
corner singularity of u dominates the convergence behavior so that we observe
Ong = O(1). For adaptive mesh-refinement, however, we obtain the optimal
order dpg = O(n‘l/ 2). The experimental reliability constant Cye is slowly
decreasing in case of adaptive mesh-refinement with absolute value about
1.15 at the end of our computation (n = 43040). In contrast, for uniform
mesh-refinement, Ci is slowly increasing and is about 1.39 at the end of our
computation (n = 24565).

9.5. Symm’s Integral Equation.
Finally, we consider the integral formulation of the Poisson problem

AU =0in 2 and U =gonlI =912, (56)
which is formulated as Symm’s integral equation [McL]
Vu=(K+1)g, (57)

where V is the single-layer and K is the double-layer potential from (19)
and (49), respectively. Then, the exact solution of (57) is just the normal
derivative u = U/dn of the solution U from (56) on the boundary I

We adopt the notation from Section 6. The presented numerical results are
taken from [CP1]: We consider a rotated L-shaped domain shown in Figure 6.
The Dirichlet data are chosen such that the exact solution U € H*(£2) of (56)
reads

U(z) = r?/3 cos(2¢/3) in polar coordinates x = r (cos ¢, sin p).

Then, the exact solution v € H~/2(I") of Symm’s integral equation (57) is
given by
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Fig. 4. Error |lu — un| and error estimators nas and w7 in Example 9.4 in depen-
dence on the number of fine grid elements n = #7},. For uniform mesh-refinement
[indicated by unif.], we observe a suboptimal order of convergence O(n~%/®) for
error and error estimators. This is cured by our adaptive mesh-refining strategy [in-
dicated by ad.], which leads to optimal order of convergence O(n~'/?). The values
of the error estimators nas and prr coincide up to rounding errors. Independent of
the mesh-refinement, the error estimation is reliable and efficient.

u(z) = 2 (w(p) () /3 (58)
with
[ cos(p) cos(2¢/3) + sin(p) sin(2¢/3)
wlp) = (sin(<p) cos(2¢/3) — cos(i) sin(2tp/3)) : (59)

Figure 6 shows the initial coarse mesh TIS,O) as well as the exact solution u
from (58) plotted against the arclength of I'. The singularity of w at (0,0)
is visible at arc-length parameter s = 0 and s = 2 by periodicity. Aitkin’s
AZ%-method gives |Jul|? = 0.404116.

We consider uniform (6 = 0) and adaptive mesh-refinement (§ = 1/2), where
we use the local contributions of the error estimator pyy from (30) as refine-
ment indicators in Algorithm 9.1. Again, we restrict to the minimal choice
{ =1 to obtain 7}, from Tg.

Figure 7 shows the numerical results on the convergence of the error ||u — up||
and of the error estimators ny; = ||up —Ggup| and par, N and ppr from (27)—
(28), respectively. We plot the error and the error estimators in dependence
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Fig. 5. Quotient dng = |Ju — Gru|/|u — un| in approximation assumption (AA)
and experimental reliability constant Ciel := ||u — un|/nar for Example 9.4. For uni-

form mesh-refinement [indicated by unif.], the corner singularity of u dominates the
convergence behavior so that we observe g = O(1). For adaptive mesh-refinement
[indicated by ad.], we observe optimal convergence of dpg = O(n~/?). The ex-
perimental reliability constant Ci.i is slowly decreasing in case of adaptive mesh-
refinement with absolute value ~ 1.15 at the end of the computation (n = 43040).
However, for uniform mesh-refinement, C.. is slowly increasing with absolute value
~ 1.39 at the end of the computation (n = 24576).

on the number of fine grid elements n = #7;,. Note that an experimental
convergence rate O(h*) now corresponds to O(n~") in terms of fine grid
elements, since we are dealing with a 1D discretization.

Uniform mesh-refinement leads to a suboptimal order of convergence O(h?/3)
which is due to the singularity of the exact solution at the reentrant cor-
ner and which can be predicted theoretically. The fact that the slope of the
corresponding error estimators even is 2/3 gives empirical evidence that the
estimators are reliable and efficient although the solution lacks the regularity
assumed in Section 6. The proposed adaptive algorithm cures that shortcom-
ing in the sense that it leads to the optimal order of convergence O(n~3/2)
for the error, where we used the local contributions of pj; as refinement in-
dicators. Due to numerical instabilities in the computation of the matrices
corresponding to Gy, we can only present the results for uys, nays and 17 up
to about n = 300 elements in the case of adaptive mesh-refinement. This cor-
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Fig. 6. In Example 9.5, we consider a rotated L-shaped domain (2 (left). Further-
more, the plot shows the initial coarse mesh ’T}(IO) with NV = 8 elements and uniform
mesh size H = 1/4. The exact solution u from (58) is plotted over the arc-length
s=0,...,2 (right), where s = 0 and s = 2 correspond to the reentrant corner (0, 0),
where u is singular.

responds to an error about 10~7/2 for the higher order method. The explicit
values of nys and n as well as the explicit values of pps and py; coincide
up to 2% so that there is no difference visible in the corresponding curves.
Moreover, all four estimators show numerical evidence for efficiency and relia-
bility. The computation of p7 is stable as it only involves the computation of
some L2-mass matrices, and the condition numbers of which are O(1) under
some mild restrictions on the triangulation. The pr steered mesh-refinement
retains the optimal order of convergence O(n=3/2).

10 Conclusions

In this paper we provided an abstract analytical setting for the study of the
reliability and efficiency of a posteriori averaging error estimators. The ab-
stract setting applies to the Galerkin method for both, differential and inte-
gral equations under weak assumptions on the finite elements or boundary
elements gave the analytical fundament that these error estimators are reli-
able and efficient estimators for the (unknown) error ||u — up||. The strongest
assumption is a (piecewise) high regularity of the exact solution u. We re-
called an adaptive algorithm from [CP1] which steers the mesh-refinement
with respect to some localized error estimators. In the numerical experiments
we considered examples with different regularity. In our experiments and in
the experiments of [CP1, CP2, FP] the adaptive strategy retains the optimal
order of convergence and is therefore superior to uniform mesh-refinement.

However, there are still some gaps in the analysis: First, the introduced error
estimators are only proven to be reliable if the parameter £ € N in Algo-
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Fig. 7. Error |u — up| and error estimators nas, nm, pm, and pm for uniform

[indicated by wnif.] and pr-adaptive [indicated by ad.] mesh-refinement in Exam-
ple 9.5. Uniform mesh-refinement leads to a suboptimal order of convergence. This
is improved by the proposed adaptive strategy, which retains the optimal order of
convergence. In both cases, the error estimation is reliable and efficient. The error
estimators nas and nr as well as py and ppr coincide up to 2%.

rithm 9.1 is large enough. In the experiments we used the minimal choice
{ = 1 throughout. Nevertheless, we always observed the reliability. Second,
the analytical verification of the introduced error estimators needs a high
regularity assumption on u. However, this regularity assumption might be
nonsatisfied in practice. Since our numerical experiments indicate that this
assumption can be weakened, it would be desirable to have a refined analysis
that covers these cases as well, i.e. which either avoids a regularity assump-
tion on w or explains the good performance of the indicator-based adaptive
strategy analytically.
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