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SUMMARY

The partition of unity for localization in adaptive finite element method (FEM) for elliptic partial
differential equations has been proposed in Carstensen and Funken (SIAM J. Sci. Comput. 2000; 21:
1465-1484) and is applied therein to the Laplace problem. A direct adaptation to linear elasticity in
this paper yields a first estimator #; based on patch-oriented local-weighted interface problems. The
global Korn inequality with a constant Ckom yields reliability |||u — up ||| <Ckom#y, for any finite element
approximation uy, to the exact displacement u. In order to localize this inequality further and so to involve
the global constant Ckoem directly in the local computations, we deduce a new error estimator y; . The
latter estimator is based on local-weighted interface problems with rigid body motions (RBM) as a kernel
and so leads to effective estimates only if RBM are included in the local FE test functions. Therefore, the
excluded first-order FEM has to be enlarged by RBM, which leads to a partition of unit method (PUM)
with RBM, called P; + RBM, or to second-order FEMs, called P, FEM. For P, + RBM and P, FEM (or
even higher-order schemes) one obtains the sharper reliability estimate |||u — up|||<py . Efficiency holds
in the strict sense of y <S|llu — upl|.

The local-weighted interface problems behind the implicit error estimators #; and y; are usually not
exactly solvable and are rather approximated by some FEM on a refined mesh and/or with a higher-
order FEM. The computable approximations #; <n;, and fy <y are shown to be reliable in the sense of
llu — up || < min{sf, iy }+osc. The oscillations osc are known functions of the given data and higher-order
terms if the data are smooth for first-order FEM.

The mathematical proofs are based on weighted Korn inequalities and inverse estimates combined with
standard arguments. The numerical experiments for uniform and adapted FEM on benchmarks such as an
L-shape problem, Cook’s membrane, or a slit problem validate the theoretical estimates and also concern
numerical bounds for Cxem and the locking phenomena. Copyright © 2007 John Wiley & Sons, Ltd.
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C. CARSTENSEN AND J. THIELE

1. INTRODUCTION

Residual-based a posteriori error estimators for a finite element method (FEM) with computed
approximation uj for the unknown exact displacement u are well established in computational
mechanics [1-6]. A typical form of an explicit estimator reads np with

2. 2 2
Ngi= Y nr+ Xng
TeT Eeé

with local contributions: The volume contribution of one element r/% =h2T||diV on + flizzery 18
the residual diva(uy) + f on each element T € 7, 7 is the triangulation (the set of element
domains) of the domain Q, taken in L?-norm over the triangle and weighted with the local mesh
size hr := diam(7); the edge contribution nZE =hgllJjll2, £ is the jump of the discrete stress field
o, with its jump J;, of its normal component taken in its LZ-norm over the edge and weighted
with the local mesh size hg := diam(E).

The estimator 7, is known to be efficient and reliable in the sense that there exist constants
CR.eff and Cg re1 and higher-order terms such that there holds

CR,effnR —h.o.t.<|lu — up ||1,2<CR,re1”]R + h.o.t.

The constants Cg ff and CRg re1 do not depend on the mesh sizes k7 or Ag but in a mild form on the
minimal angle or the largest aspect ratio of the element domains in a (shape) regular triangulation.
In elasticity, the constants may well depend on the material parameter. Note also that |lu —uy|1.2 is
the error u —uy in its semi-norm which is equivalent to the energy norm; but again, the equivalence
constants depend on the material parameter.

Moreover, it is observed in [7] for the Poisson problem, that the strict estimation of Cg eff and
CR.rel 18 (almost) useless as a termination criterion: the overestimation is up to a factor 10 and
much higher in practical examples. For sharp error control, one requires implicit error estimators
such as the equilibration error estimator #7gg [8] or the patch-residual error estimator p, [9-11].

A direct adaptation to linear elasticity in this paper yields a first estimator »;, which is based
on patch-oriented local-weighted interface problems. The global Korn inequality with a constant
Ckorn Yyields reliability |[|u — unl|| <Ckom#y, for any finite element approximation u, to the exact
displacement u. In order to localize this inequality further and so to involve the global constant
Ckorm directly in the local computations, one deduces a related but new error estimator y; . The
latter estimator is based on local-weighted interface problems with rigid body motions (RBM) as a
kernel and so leads to effective estimates only if RBM are included in the local FE test functions.
Therefore, the excluded first-order FEM have to be enlarged by RBM, which leads to a partition
of unit method (PUM) with RBM, called P; + RBM, or to second-order FEMs, called P, FEM.
For P; + RBM and P, FEM (or even higher-order schemes) one obtains the sharper reliability
estimate |||u — uy|||<uyy . Efficiency holds in the strict sense of py <lllu — uyl|l. In the following,
a<b abbreviates a<<Cb with a multiplicative generic constant C.

The local-weighted interface problems behind #; and p; are usually not exactly solvable but
are rather approximated by some FEM on a refined mesh and/or with a higher-order FEM.
The computable approximations #; <#y and jiy <y are shown to be reliable in the sense of
lu — uplll S min{7y, fiy} + osc. The oscillations osc are known functions of the given data and
higher-order terms if the given data are smooth.
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PARTITION OF UNITY FOR LOCALIZATION IN FINITE ELEMENT ERROR CONTROL

The mathematical proofs are based on weighted Korn inequalities and inverse estimates plus
standard arguments. Numerical bounds for Ckem and locking phenomena are provided as well.

The remainder of this paper is organized as follows: necessary notation and assumptions on
the continuous and discrete model are summarized in Section 2. The localized error estima-
tor #;, and its reliability and efficiency are established in Section 3. The constant in the local
Korn’s inequalities are involved in g of Section 4 where the reliability and efficiency of py
are proved and numerical approximations of Cgkoem are studied. The numerical realization of
the implicit a posteriori error estimators #;, and y; through their finite element approximations
i, and fi is discussed in Section 5. The numerical experiments of Section 6 for uniform and
adapted FEM on benchmarks such as an L-shape problem, Cook’s membrane, or a slit problem
validate the theoretical estimates. A brief discussion of some main results in Section 7 concludes
the paper.

2. PRELIMINARIES

This section introduces the necessary notation and assumptions and presents the well-established
facts about the mathematical model and its finite element discretization.

2.1. Mathematical model—Lamé—Navier equations

The elastic body Q C R? is viewed as a planar-bounded Lipschitz domain with polygonal bound-
ary 0Q=TpUTIYy. It is loaded by applied volume forces f e L2(Q; R?) and surface traction
g € L*(I'y; R?) on some (relatively open) part I'y of the boundary 6Q with exterior unit normal v.
The elastic body is supported on the remaining closed part I'p := 0Q\ I'y where the displacement
field is prescribed by the Dirichlet part up € H' (Q; R?). It is important for Korn’s inequality and
the unique existence of weak solutions below that I'p is closed and has a positive length. The
remaining case of a pure Neumann problem with I'ny = 0Q and I'p = @ requires a slightly different
functional analytical setting and is hence excluded here for the ease of this presentation.

A linear elastic material behaviour is modelled with the two positive Lamé parameters A and p
which define the fourth-order isotropic material tensor C. That is, the stress tensor ¢ is a linear
function of the linear Green strain &(u) := (Du + (Du)")/2, the symmetric part of the functional
matrix Du = (uj);x=1,2 of all first-order partial derivatives u;  := du;/0x; of the (unknown)
displacement field u,

o(u) := Ce(u) := Atr(e(u)) I + 2ue(u)

For each material point x € Q, g(x), and ¢(u)(x) are symmetric 2 X 2 matrices with the trace and
a row-wise divergence, e.g. the scalar tr(e(u)) =divu =u;,1 + u2 2 and the vector dive = (1 +
0j2)j=12

In the aforementioned notation, the strong form of boundary-value problem with the Lamé-
Navier equations in linear elasticity reads: seek u € H'(Q; R?) with

—dive(w)=f inQ (1)

cu)yv=g only )

u=up onlIp 3
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2.2. Weak formulation

The Sobolev space H'(Q; R?) := {ve L%(Q:; R?) : Dv e L%(Q; R**?)} consists of L2-functions
(i.e. Lebesgue measurable functions with integrables squares) with a square-integrable weak deriva-
tive Dv. Define the restriction of H'(Q; R%) with homogenous Dirichlet boundary values as

V.= H]%(Q; Rz) ={ve H\(Q; R%*):v=0on I'p}

The weak form consists of the bilinear form a(u, v) and the linear functional b(v), defined by

a(u,v) :=/ a(u):s(v)dx:/Cs(u):s(v)dx “)
Q Q
b(v)::/f~vdx+/ g-vds 5)
Q I'n

forall u,ve H! (Q; Rd). Then, given the data of Section 2.1, the weak formulation of the Navier—
Lamé equations reads: seek u € H L IR{d) such that u =up on I'p and that

a(u,v)=b() forallveV (6)

According to the positive definiteness of the material tensor C and Korn’s inequality, namely
[ DvllL2) < Ckomlle() 12y forallveV 7
1DVl 12y < Ckomelast[C!/2e(0) | 2y for all ve V (8)

the bilinear form « is a scalar product on V (here we require that I'p has a positive length). The
unique existence of a weak solution u is then a consequence of the Riesz representation theorem
in the Hilbert space (V, a). More remarks on Korn’s constants and even numerical approximations
will be given in Sections 6.1-6.3.

2.3. Regular triangulations

Each of the studied FEM is based on a shape-regular triangulation . of the domain Q in closed
triangles which is specified in the following. The set 7 consists of closed triangles with positive
area such that their union U7 covers the domain and its boundary

U7 =0=QUdQ

The intersection 7 N K of each pair of distinct triangles 7 and K in .7 satisfies one of the three
conditions: TN K is either empty, a common edge, or a common vertex also called node of
the two

TNKe{@lusUANUT forall T,KeT

Here and in the following, & is the set of all edges (of some triangle) in .7 and ./ is the set of all
nodes (or vertices of some triangle) in .7 . A shape-regular triangulation is a triangulation in the
aforementioned sense in which the triangles have an interior angle = 1; i.e. the interior angles are
bounded below away from zero uniformly (independent of the mesh sizes). All the constants below

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
DOI: 10.1002/nme



PARTITION OF UNITY FOR LOCALIZATION IN FINITE ELEMENT ERROR CONTROL

may and will depend on the minimal angle in 7 without further mentioning this fact. [In other
words, 7 has no hanging nodes and is locally quasiuniform.] Related notations are summarized
below. For each element domain 7 € 7 of diameter A7 := diam(7) and area |T|>0, §(T)C &
denotes the set of the three edges, ./ (T) C /" denotes the set of the three vertices or nodes. Each
edge E with E C 0Q satisfies either E CI'p or E C Ty and this is denoted by E € &p and E € &N,
respectively. All the remaining edges satisfy E ¢ 0Q written E € &q. This defines a partition

E=8E6qUEDpUEN

Given any edge E € & of length hg := diam(E) there is one fixed unit normal vg and one unit
tangential vector tg; v=vg for an edge E € &p U &N on the boundary.

For any edge E € & and any element 7 € .7, its midpoint (centre of inertia) is denoted as mid(E)
and mid(T'), respectively.

The hat function ¢, of some node z € ./" is defined by the values ¢,(x) for a node x € .47,
namely ¢, (z)=1 and ¢,(x)=0 for x € 4"\ {z}, followed by a linear interpolation on each
triangle (¢, € P1(7") in the notation of the following subsection). Then, the patch of a node is the
open set

w; :={xeQ:0#px)}
which is the interior of the set .7 (z) of neighbouring elements
w;,=U7T(z) where 7 (z) ={Te€T :zeT}

The set of free nodes " := A"\ I'p consists of all vertices which have a positive distance to
the Dirichlet boundary I'p. The remaining nodes on the Dirichlet boundary read A4p := A "N 7.
The notation is restricted to d =2 dimensions for the ease of this discussion but allows a well-
established modification to d = 3. Although details are not always displayed, the main results of
this paper hold for d>2.

2.4. Three finite element methods: Pi, P + RBM, P

The FEM is essentially described by the finite element space (FES) V}, of the test function space.
The geometric boundary conditions on I'p are homogeneous in all three cases of V, C V and
prescribed by up for each node along I'p (see below).

For any subset w (patch, triangle, or edge), let Py(w) denote the vector space of all algebraic
polynomials viewed as real-valued functions on w of total degree at most k =0, 1, 2. Then

P(T) ={v, e L®°(Q): YT €7, vu|1 € P(T)}

denotes the piecewise polynomials of degree at most k where piecewise is with respect to the
shape-regular triangulation .7 ; in general, the functions in P (") are discontinuous. The globally
continuous functions in P;(7) and P>(J") form the P; and P> FES

PFES(7)! = (P(7)NCEQQ)? and P, pFES(Z) := P(7)NV fork=1,2

Observe that (¢, :z € .47) is the nodal basis of P{IFES(7") and (¢, :z € ") is the nodal basis of
P; pFES(9).
To define the partition of unity method, namely the intermediate P; + RBM FES, let

RBM := {ve P;(RY; RY) : ¢(v) = 0} )

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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denote the RBMs. Their product with hat functions, namely {¢,v:ve€RBM]}, is added to
P pFES(Z7). We define a new method via replacing H L [Rd) by

Vi := P1p Xx RBM(7) := span{p, v:v €RBM, z € 4’} (10)

Given up j as a piecewise linear (for P and P;4+RBM) or piecewise quadratic (for P») interpolation
of up along I'p extended by/to a function on Q (by a P;, P; + RBM or P; interpolation), the
discrete problem reads: seek uj, in up , + Vj, such that

a(up,vp)=>b(vy) forall v, eV (1
Recall that V), := P.(Z)? NV fork=1,2 and V), := (P1p X RBM(T))¢ NV for the three FEM
under consideration.
2.5. Error and residual

For a discrete FE solution u; and the discrete stress oy := o(u;,) we define the volume residual
R(up) for each triangle 7' and the edge residual J (uy) for each edge E by

R(up):=f+divgo(uy) onTeT (12)
0 for Eeép  =&6NTD
Jwp)|g :=loplveE=3 onve — 8 for Eeén:=E6NTN (13)

(017, — o, |t )vg for E€&q:= &\ (EnUéD)
Here and throughout divy is the elementwise-defined divergence and E =07 NJT- € & and
two distinct T+ € 7. An elementwise integration by parts proves that the functional
Res :=b —a(up,-)eV*

equals, for any argument ve V,
Res(v) = (R(up), v)2¢) — 2 / J(up)vds
EecéJE

The error e := u — uy, is defined for the exact solution u € H'(Q; [Rd) of (8) and some discrete
solution uj, from Section 2.4 computed by one of the P, P| + RBM, P, FEMs. The energy norm
Ill - Il of a displacement w € HY(Q; R?) is defined by

llwll? = 1C" e} g, = /Q e(w) : Ce(w) dx = a(w, w)

Since this paper does not focus on non-homogeneous Dirichlet conditions, these are described
in an abstract form by #np only. Recall that displacements in V, €V vanish along I'p while
(u — up)|I'p =up — up j, does not. Hence

b = inf lIlw!l
weH (Q;RY)
W|rp=Up—up,n

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
DOI: 10.1002/nme



PARTITION OF UNITY FOR LOCALIZATION IN FINITE ELEMENT ERROR CONTROL

is non-zero (but of higher order when up is smooth). Then set

[IRes|ll«:= sup Res(v)/l|[v]|
v e V\{0}

[IRes|||—1:= sup Res(v)/[|Dvll;2q)
v e V\{0}

Note that (7) implies
lIRes |||+ < Ckomelast I Res|l| -1 (14)

Theorem 2.1
The following bounds hold np<|lle|ll, [IIRes|ll+< lle]ll, and [[le]l|I><n3 + [IRes]|2.

Proof
This is essentially well known, we give the proof for completeness: let v € V be minimizing
a(e +v,e+v) and w := e + v. Then ||e + v||| =#p and a(e +v,-) =0 on V and

llell? = llle + vllI> + llvllI> = nd — a(e, v)
<y + lIRes|lL vl

= 1p + lIRes|ll«(llelll* — np)'/?

This proves ;12D< |||e|||2<112D+ |||Res|||§. The remaining assertion |||Res|||«<|||e]|| follows immediately
from the definition of |||Res]] . ([

3. LOCALIZED ERROR ESTIMATOR #y,
This section is devoted to a first localization approach. It is straightforward in the sense that it is

an immediate generalization of the ideas from [9] and treats the residual of the elastic problem as
if it was a residual of a vector Laplace problem.

3.1. Definition of ny,
For the FE solution uy, define the functional Res,(v) for v in V := Hﬁ(Q; [R{d) by

Res; (v) := / @, R(up) -vdx —/ o, J(up) -vds
Wy v EoNw; v
For each node z in /" define 5, as

1/2
;/’Z = sup Resz(v)/||¢z/ Dv”Lz(wz)
o, v#EO VeV

and as a global error estimator define 1y by r]f =D e 112_

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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3.2. Reliability of n.

The error estimator # is reliable.

Theorem 3.1 (Reliability of n;)
Assume that u is the solution of the model problem (6) and that u; solves the discrete problem
(11) for Py, P; + RBM, or P, FEM. Then

lIRes||| -1 <L and |||Res|||>k<CKornelast77L (15)

The constant Ckormelast 1S defined by (8).

Proof
Let v € V. An integration by parts, the Galerkin orthogonality, and the partition of unity ) ,- ¢_ =1
lead to

Res(v):/(f+dng—ah)~vdx— > /[Jh]onvds
Q Eeﬁg E

=2 (/ (Pz(f-irdiV.y”Gh)'vdx—/ qoz[oh]vE~vds)
Q &a

zeN

1/2
= Y Res;(v)< Y ﬂz||(ﬂz/ Dvll2(,

zeN” zeN

1/2
< ( > ||¢1/ZDU||L2(WZ)) =n DV 12q)
zeN”

This proves the first inequality of (15); the second follows from (8). O

3.3. Efficiency of ny.

The proof of efficiency of 5, requires a weighted Poincaré-Friedrichs inequality. Define || - ||, :=
a, (-, )"/? and distinguish two cases for V,, namely

1/2 .
{ve HY () : 192> Dvll 12y, <00 and vy, =0} if z7eTp
Vei= ! ial/2 _aol
v € Hipo (@) 1@z " Dull 12y, <00 and vdx=0} ifzeH
Wz

For the following tool and throughout this subsection let d =2 and let 7 consist of triangles.

Theorem 3.2 (Weighted Poincaré—Friedrichs inequality)
ForveV,

. 1/2
10l 2o,y <Cpr diam(a,) [ 92> Dl 2,

The constant Cpr depends on the shape [and the boundary conditions] of the patch, but not on its
size.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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Proof
See [9, 10]. O

Theorem 3.3 (Efficiency of ;)
Assume u is the solution of the model problem (6) and uj, is the solution of the discrete problem
(11). Then, for every node z € A",

1/2
A, = sup|C2e(@ ) 120,y /192> Dl 126y, <00 (16)

veV;

and
N <ANC e — up)|l 120, (17)

With C4 := max,c_ A; there holds efficiency of #; in the sense of
N <V3CAIC2e(u — up)l 12 (18)

Proof
Given any v € V,, the product rule leads to

IC (@ 0) 172, = Adiv (9, 0)172 g, + 2ulle(@0) 172 g
<. (div v) + v - Do ]2, + 2l0.(DV) +v® D172 g,
This and Theorem 3.2 prove
IC e )l 1200 < A2V 2010, Dl 20y + AP Nl Lo 1V 120y + @10l 0, Dol 12
+ @' 1o L@ 1Vl 120,
<@ 4+ @) (1 + Cpr diam(@,) | D, [l L) 10> Dvll 120,
Since |Dg,|diam(w;)<oo is bounded from above independently of the mesh size, this proves

A;<o00.
An integration by parts, a Cauchy inequality, and (16) yield for any v e V,

Resz(v):/ ¢Z(f+diVyah)~vdx—/ @, loplve -vds
w; UéNm,

:/ Ce(u —up) :e(p,v)dx

<IC e — up)ll 120 1C2e(0 V)l 1200
<||IcY? A loY?D
<l e(u — Mh)”LZ(wZ_) e U||L2(wz)

This proves (17). Equation (18) follows from

2 2 2 1/2 2 2 1/2 2
=Y 1< X CRIC e —up)lis, , <3CRNC e — up)l3a g, O
zeN zeN N
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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3.4. Remarks on ny,

The usability of #; is limited, because Ckomelast 1S an unknown global constant which enters the
estimate of |||Res|||x and so of |||e|||. This motivates another estimator y; in Section 4. There, the
solvability of the local problems is an important issue. The arguments for #; can be adopted from
[9, 10]. It turns out that the definition of V, implies for each node z € /" that there exists a unique
solution v, € V, with

/ ¢@,Dv; - Dwdx =Res;(w) forall weV, (19)
Q

Moreover

1/2
n.= o> Du:ll 20, (20)

4. LOCALIZED ERROR ESTIMATOR gy

4.1. Definition of
For each node z in 4" define p, by

1/2
mi= s Res;)/l022C )l 20,
@} 2C25(0)20,veV

1/2
. 2
= ( > uz>
zeN

At this stage, u, =00 and u; = oo are possible and below we will exclude the Py FEM.

As a global error estimator define

4.2. Reliability of uy

Assume u to be the solution of the model problem and uj, a numerical approximation of u obtained
by an appropriate FEM.

Theorem 4.1
We have the following bound on

IC2e(u — un)ll 20y <o 1)
Proof

This is obtained along the arguments of the previous proofs indicated in the following:

ICYZeu — w2, = /Q e(u —up): Celu —uyp) dx

1/2
<Y wllo*C e — up)ll o

zEN

cl/2

<l e —up)lz2q .

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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4.3. Weighted Korn’s inequality

The proof of efficiency of y; requires a weighted Korn’s inequality. This section aims to prove
that there exists a constant Cwgom, Such that there holds

1/2 1/2
”(Pz/ Dw||L2(wz)<CWK0rn||(PZ/ S(U))”LZ((,)Z) for all w e W; (22)

with W defined as follows:

1/2 .
{lo, 10 E V. 1902 %6W) 12, <00, and vlr, =0} if zeTp

W, = . 12
Vw, iV EV, |l 8(v)||L2(wZ)<OO, and

Wz

vdx = 0} ifze
Let R"*" denote the set of skew symmetric matrices, the gradients of RBMs.

skew

Theorem 4.2 (Generalized weighted Korn’s inequality) B
Given a Lipschitz domain Q C R" and a positive weight function ¢ € C°(Q) with ¢(x)>0 for all
x € Q, define

Q= {(x, xps) e R i x €Q, 0<x, 1 <(x)}

and assume that Q is also a Lipschitz domain in R"*!. Then there exists a constant Cywgom Such
that

[ min, lp'2(Dv = $)l 12y <CwWkomll @' *e() | 2y forall veV (23)
€

Remark 4.3
A scaling argument reveals that Cwkom depends on the shape of Q2 and ¢ only but not on the size
of Q.

Proof
Given v € V, define the function 0 € H'(Q; R"*!) by setting
O(x, Xp41) 1= (v(x), 0)
On Q there holds a Korn’s inequality with a constant Cggom for 0. Thus, there exists a skew

symmetric matrix S € [Réﬁ;vl)x("H), such that

105 = 81l 2,6 <CakomIED) 2 24)

Since 9 is independent of x,,| and vanishes in the last component, the last row and the last column
of the matrices Dit and (i) only vanish

0 0
A Du : An e(u
Du= and &(n)= ()
0 0
0O ... 00 o ... 00
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
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Table I. Numerical approximations of the eigenvalue problem (25) with the p-version of the FEM on four
different meshes (not-displayed) on the reference triangle Tir to illustrate the conjectured upper bound 5.

Mesh 1 Mesh 2 Mesh 3 Mesh 4
p DOF Cref DOF Cref DOF Cref DOF Cref A?
1 3 1.0000 6 1.7164 15 2.3232 45 3.2165 0.4310
2 6 2.2360 15 3.2967 45 3.9287 153 4.3574 5.2621
3 10 3.2124 28 3.8993 91 4.3254 325 4.5420 4.7660
4 15 3.5801 45 4.2000 153 4.4766 561 4.6089 4.7302
5 21 3.7573 66 43310 231 4.5459 861 4.6405 4.7149
6 28 3.9076 91 4.3939 325 4.5798 1225 4.6564 4.7103
7 36 3.9992 120 4.4330 435 4.5986 1653 4.6658 47118
8 45 4.0707 153 4.4601 561 4.6109 2145 4.6723 47145
9 55 4.1280 190 4.4809 703 4.6201 2701 4.6774 4.7176
10 66 4.1740 231 4.4977 861 4.6275 3321 4.6817 4.7204
11 78 42124 276 45118 1035 4.6338 4005 4.6853 4.7230
12 91 4.2446 325 4.5239 1225 4.6392 4753 4.6885 4.7252
13 105 4.2724 378 4.5344 1431 4.6440 5565 4.6913 4.7272
A? 4.4440 4.6031 4.6786 4.7141

Let the matrix S € R{" be the leading upper submatrix of S. Then

ﬁ |Dii — §|*di = / o(x)|Du — S|? dx
Q Q
and similar expression holds for [[E(0)][,» @ Then (24) reads

[ oulDu— SP i< Coiun [ ot o 0

4.4. Numerical computations of Ckomn

This subsection illustrates (23) numerically. By noticing &(g) =0 for g € RBM, we reformulate
(23) as follows: seek Crer with

2 fTref(/)ref|D(f_g)|2dx
Cip= max min

FeH (Tpy? REM [, orrle(f)I2d =
ref) /RBMgG Tref (pret X

Therein, Tr.r = conv{(0, 0), (0, 1), (1, 0)} denotes the reference triangle and ¢,.; equals @ .¢(x, y) =
1 —x —y for (x, y) € Tiet-

This problem can be transformed into a generalized eigenvalue problem which is solved by
FEMs with polynomial degree p>1 on a series of fixed meshes graded towards the origin.

Table I displays numerical approximations for p =1, 2, ..., 13 and the Aitken A? extrapolation
values. Theorem 4.2 guarantees that Cref<00 is a fixed constant.

4.5. Mesh-independence of Cwgkorm

The previous two subsections illustrate that Cwgom<0o depends in a mild way on ¢,. This
subsection analyses that Cwkom 1S bounded by Ci.r and mesh parameters such as the minimal
angle in the triangulation. The technique is to glue the estimates for individual elements together.
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Lemma 4.4
Let T be a triangle of the triangulation 7 and let ¢, be the nodal basis function of some node

zeT.Forall fe HY(T; [Rd) there exists some RBM g € RBM(T') with

102" D(f = D)ll2er) <Crllgz*e(Nll 2 e

The constant C7 depends on the shape of T but not on its size.

Proof
This follows from a transformation argument from (26) and C.f<0o with Theorem 4.2. The details
are omitted. O
Theorem 4.5
Given any f € H! (Q)2, there exists some g € RBM(Q) such that
172
loz*D(f = @)l 2@ <Cllo: el 2 @7

The constant C is independent of f and g and solely depends on the shape of the elements but
not on their size.

igoc{: ={xeQ:q, (x)>%} C Qand given f € HY(Q; RY) employ Korn’s inequality on @ (which
has the same shape as ;) to find some g € RBM(Q) such that
IDCf = )20y <Cille() ] 20 (28)
For all T € 7, Lemma 4.4 yields
19z 2D(f — 812y <Calloz*e(P)ll 2
for some gr € RBM(T). Let g7 € L°°(Q) be piecewise gr, i.e.
grlr:=gr forall TeT
and let D4 denote the piecewise gradient. Then the last estimate reads
l9:" 2D (f — gl 2 <Callo*e ()l 200 (29)
A triangular inequality and (29) lead to

1/2
o> D(f — )12 < N0 > D7 (f — g0l 12 + 192D (g — ) 120

1/2
< Cllo*e(H)ll 2@ + C31D7 (8 — 87) 20

In the last step we used that D (g — g7 ) is piecewise constant and employed
C3 = rTnax/ @, (x)dx/|T Nw|

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (in press)
DOI: 10.1002/nme



C. CARSTENSEN AND J. THIELE

From (28)
ID7 (g — 87 12y < ID7 (87 — Pl 2y + 1D(& = Hll 20y
<V200Y° D787 — P2y + Crlle(H) 20
<V2C010 e 2 + CIV2110E 6P 12 w)
= (C1 + V2019 el 120
Altogether, one proves the assertion with C =C;, + C3 V2(Ci + C). U

4.6. Efficiency of yui.

This subsection aims at an analysis of the efficiency of y .

Theorem 4.6 (Efficiency of 1)
Assume u is the solution of the model problem and uj; a numerical approximation of u obtained
by an appropriate FEM. Then there holds for every node z

1/2
Az = sup |C%e(,0)ll 12y /I1C 202 e ) | 12,y <00 (30)

weW,

and
1 <ANCY e — un) 2w, 31

With C4 := max,c 4 A; there holds a global efficiency of y in the sense of
1 <V3CAIC e — up)l 20 (32)

Proof
An integration by parts and Cauchy inequalities with (30) yield

Res; (v) =/ @, (f +divyop) -vdx — / o, lop]-vds
w; UéNw,

=/ Ce(u —up) :e(p,v)dx
Wz
<NC e — un) |l 120 1€ a0 0) | 120y
1/2
<NICY e — up)ll 20y A 1C2 0226 (0) | 12

A division by ||Cl/2<p;/28(v)||Lz(wZ) yields (31). Equation (32) follows as (18) in the proof of
Theorem 3.3. It remains to prove (30) with the same techniques as in the proof of (16). We have

IC" 260, 0)ll 2(0,) = IC 2 (@,£(0) + 0 @ Dp ) ) 1240,
<NICY 20,60 120 + IC* W@ DY)V 120,

<NIC 20,6 12(0.) + IC2 D || L (@) 1011 120
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DOI: 10.1002/nme



PARTITION OF UNITY FOR LOCALIZATION IN FINITE ELEMENT ERROR CONTROL

where (v ® D(pz)“) denotes the symmetric part of v ® D¢,. Theorem 3.2 followed by (22) yields
1/2
vl 22w,y < CprAZ Il " DVll 24,

1/2
< CPFhZCWKorn”(Pz/ S(U)”Lz(wz)

Cprh;Cwk 172
< IO 261260 2 o,

Altogether one deduces
A<l + 21+ 4/ WD, |l L (w.) CPrh; CWKom 0

5. NUMERICAL REALIZATION

Since the localized estimators are implicit, i.e. they require the exact solution of local problems,
we need to study numerical approximations #;, and i to those estimates #; and yy , respectively.

5.1. Solvability of local problems to compute n, and p,

The computation of #, and p, requires the numerical solution of a local problem. Recall V, and
W, from Sections 3.3 and 4.3.

Problem (Pz(l))
Seek w € V,, such that

a;(w,v) := / @, (x)Dw(x): Dv(x)dx =Res;(v) forallveV, (33)

4

Problem (Pz(z))
Seek w € W,, such that

a;(w,v) := / @, (x)e(w(x)): Ce(v(x)) dx =Res,(v) for all ve W, 34)

4

Define |-, := a(-, -)/? and note that 5, = [|w/] in (20) for Problem (P{"). To see that 5, = ||

for Problem (Pz(z)) as well, we first need to study the kernel Z; of a;. It is relatively straightforward
to check {ve H! (;):a;(v,-)=0€ W} =RBM.
Hence, it is necessary for (34) is that Res, vanishes for RBM, i.e.

RBM C kerRes, for each ze 4" (35)

Sufficient for (35) is that ¢, v is a finite element function for all v € RBM. (Res,(v) = fQ Ce(u —
up) : e(p,v) dx vanishes as a consequence of the Galerkin equations.) The condition

(RBM)¢p, €V}, foreach ze " (36)
is sufficient for (35) and in fact sufficient for the unique solvability of (PZ(Z)).
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Note that (36) is satisfied for P, and, by design, for the new P; + RBM FEM. The P; FEM is
excluded and, in fact, (35) generally fails to hold.

Theorem 5.1 (Existence and uniqueness for (PZ(Z)))
Assume that (RBM)¢@, C Vj, for z € 4. Then Problem (Pz(z)) has a unique solution w € W, and

1, =@ *C el 120, = W]l 37

Proof
The symmetric bilinear form a; is W -elliptic because

actw,w) = [ 0.0Cw0) o) =20 ) s,

followed by the weighted Friedrichs inequality and the weighted Korn inequality. Thus, the Lax—
Milgram lemma can be applied which leads to the unique existence of w. With the Cauchy—Schwarz
inequality with respect to the scalar product a; (-, -), we have for all v € W, with ||v|;>0

R.(v)?/a; (v, v) = a(w, v)*/a, (v, v)<(az(w, w)a; (v, v)/a; (v, v) = a;(w, w)

1/2
Hence, i1, = sup, ¢ y, Ro(v)?/az (v, v) = az(w, w) = oz *C2ew) |2, . O

So far, the computation of the error estimators was performed solving local problems exactly. In
practice, one computes approximative solutions using a FEM of higher order (in our example, we
used P4 elements). This yields approximations #; and fiy to np and gy . In the following, we will
examine the efficiency and reliability of these estimators.

Theorem 5.2 (Efficiency of ;. and [i)
As i, and gy are efficient according to Lemma 3.3 and Lemma 4.6, #;, and jij are also efficient.

Proof
The estimators #; and y; are computed by solving local problems (Pz(l)) and (Pz(z)) on the space
W.. Since #;, and [y, are each solved on a subspace W, C W,

m<ny and g <y U

5.2. Reliability of np<ny,

Throughout this section, we restrict to the Py FEM where uy, is piecewise affine and g := Ce(up)

is piecewise constant. On each patch @, Problem (Pz(l)) is solved for a unique solution w € V;
and 1, = |lw||;, while #j, := ||w||; for @ in W, for a fourth-order FES W, C W,.

Theorem 5.3 (Reliability of 1)
1, is bounded by

n, = |lw. . <ClW; | +h.o.t.=Cii, +h.o.t. forall z€. 4" (38)

The remaining part of this subsection is devoted to the proof of Theorem 5.3 and the study of
minimal conditions on W sufficient for (38).
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Let ./, denote the set of nodes in @, and let &, be the set of all edges with z as one vertex.
With the nodal basis function ¢;(x), j € A, define

O(x):=18 > ¢;(x)—6
je it

Given any E € &, let the other vertex of E be zg and denote the first adjoint triangle with 77 and
the second one, if it exists, with T», otherwise set | 73| := 0. Then define

T T
_Inl+1%l

Qp(x) := 69, o] 2
Z

Straightforward calculations verify

/ (/’zq)zdx = |wz|
w;

Z

f @, D,ds =0 for all edges F €&,
F

/ QDZ(DEdJC:O
,

z

|E| for E=F€é,
/(pZ(DEdS=
F 0 for all edges F € &, \ {E}

Lemma 5.4
Define f, :=1/|w,]| f(m f(x)dx and denote the jth canonical unit vector with e;. Then
Ri@e) = [ (F = £0.0; 0+ 1. el (39)
w;
R (®pej)= [ (f — f2)¢,Pre;dx — ([on]vE) - ¢j|E] (40)
Wz

Proof
Using the aforementioned identities and the fact that uy, is affine on each triangle

R (D.ej) = (divra(up), o, Pze;) 2y + (fs 0, Pzej)12q) — > / ¢, ([op]vE) - Dejds
Feé, JF

In fact, div 7 6(uy) is zero and [oj]vF is constant along F' and hence fF O, [on]vE - ejds =0.
Consequently,

R (Dzej) =(f — fz, 9. Pzej)12) + (2, 0. Pzej)12(q)
=(f - fo (/)Z(I)zej)L2(Q) + fz- ej|wz|
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The same arguments lead to

R (Ppe;) = (divrao(un), o, Prej) 2 + (f, 0. PEej) 2 — 2 / ¢ loplver®ge;ds
Feé&,JF

= (f = for 0.Q5e)) 20y — (onlvE) - €| E 0

Given any u € H| (0.; RY)/RY with [|u.||, =1 set

! @/ dx + ) 1(1) / d
v, = —— @, u;dx —Op | @,u;ds
ol e, T g lEL T e
Lemma 5.5
We have
R, (u;) =R;(v;) + h.o.t.
Proof

Lemma 5.4 and the aforementioned properties of @z and @, lead to

R:(uz) = (divya(un), o uz)p2q) + (f, o .u)2q) — > / @ ([onlvE) - uz ds
Eeg, JE

= (f - va q)zuZ)Lz(Q) + (fZ7 (pzuZ)L2(Q) - 2{; lonlvE - /;? P Uz ds
Eeé,

|

f (f = f).us dx / 0.0, dx
[OF 7z

‘l‘(ﬁRCSz(q)z)/ q)zl/lzdx 1 / (f—fZ)QDZ(Dde/ QU dS)

||

+ 2 <|E|Resz(<DE)/ Q@ u;ds — |E|/ f - fz)(PZq)de/ (/)z”zds>

Eeé;

Since

Res; (v;) =

1 1
Resz(d)z)/ Qudx + Y Resz((DE)/ @ u;ds
| z| [OF Eeé, | |

the above identity verifies
Res, (u;) =Res;(v;) + h.o.t.

with the higher-order (i.e. second-order) term

1
not=p [ (= pouar [ pouar— oo [ - et [ s
| w; w; || w; w;
% | e [ o 0
Ecé, |E|
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Lemma 5.6
Under the assumption of a minimum angle condition in the patch w;, we have ||v;||,<C with a
real constant C.

Proof

Straightforward calculations reveal [|D®.|l;2(,, ) + ||DCDE||Lz(wz),§h;1|wz|1/2§1, hg ~ hr etc.,
and the assertion reads ||v,|;<1. Using Cauchy’s inequality, Young’s inequality, Friedrichs’ in-
equality and the trace inequality, one deduces (where Tg is some neighbour element of E)

1
Ivell S 1D 20, L / ¢, ds
: E| JE

1
m puzdx| + Z ||D®E||L2(wz)
zl Jo, Ecé;

_ _ _ — 1/2
<ol ‘/2/ (0, luz) dx + 5 w2 S h;/ .l ds 102z 2
E

[oF Eeé,
1/2 —1 1/2 1/2
< No:*Duzll 120, + 3 (g o 2uzll 2y + 1D @Y u)ll 27,y )
€6

SIDuzl 2, S1 O

Proof of Theorem 5.3
This follows from Lemmas 5.5 and 5.6:

|R;(uz)l < |R;(v;) +h.o.t]

lwll: = IR;llws=sup <
lusl:20 Mizllz a0 loaz I
1R Nl vzl }
< sup ———— +h.o.t.<C|ill; + ho.t 0
lu-20 Nzl

It is stressed that the theorem requires only that @ belongs to the FES employed to solve the
local problems.

5.3. Reliability of iy, iy for other situations

The arguments of Section 5.2 essentially apply for the other FE schemes to compute u, as well as on
the spaces V, and W, which determine #; and y; . However, the design of @, and ®r may be more
involved. In order to cancel the possibly non-constant terms div g |7 and [0}, ]-vE on E one requires
@, and @ to have higher-order cancellation properties, e.g. fT @, 0.qgdx = fT @, Dpq dx =0 for
all g € P((T) and [, g ©,0;r dx =0 for all r € P{(E). By adding proper element-bubble functions
and proper edge-bubble functions, this can indeed be achieved. At the end, it is required that @, and
all the employed @ belong to V, and W,. Fourth-order FEs are sufficient for that and, eventually,
guarantee reliability up date oscillations. We omit further details because of their purely technical
character.
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6. NUMERICAL EXPERIMENTS FOR RELIABILITY AND EFFICIENCY

The energy error and error estimators are computed for P;, P; + RBM, and P, finite elements
for four examples on an L-shaped domain Q= (—1,0) x (—1, 1) U[0, 1) x (0, 1), for the Cock’s
membrane problem and the slit domain Q= (-1, +1)?|[0,1) x {0}. The implementations follows
[9,12,13] in MATLAB with element-oriented adaptive algorithms from [9].

6.1. L-shape example

The L-shaped domain Q without Neumann conditions (i.e. dQ=1p) leads to Cgom = V2 and
Cxormelast = CKorn/+/21t = 0.0050990195 has been confirmed by our numerical experiments for
Young’s modul £ =100000 and Poisson ration ¢ =0.3. The pure Dirichlet problem (1)-(3) is
specified by f = 0 and up given by the exact solution which reads in polar co-ordinates (r, ¢)

o

ur(r, ) = %(—(1 + o) cos((1 + o)) + (c2 — (1 + w))cr cos((a — D))

o

up(r, ) = ;—'u((1 + o) sin((1 + 1)) + (c2 + o — Deysin((o — Do)

[ —+—lllellifor P, uniform

I —-oe- CKomelas|anor P' uniform O ¥
[ —+— lllelll for P, +RBM uniform

-0 - poor P1+RBM uniform

Illelll resp. error estimators

I —— lllelll for P, uniform
-—o-n for P2 uniform
F ——lllelll for P1 adaptive
[ = ¢ = Crometast M for P, adaptive
[ —s— lllelll for P, +RBM adaptive
- poor P1+RBM adaptive
| —— lllelll for P2 adaptive
-0 -n for P2 adaptive
10°° 1 1

10' 10° 10° 10* 10°

N

Figure 1. Convergence history for energy error |||e]| and estimators Ckomelast/;, and fiy as functions of
the number of degrees of freedom N for P;, P; + RBM, and P, FEM on uniform and adapted meshes
in the L shape example of Section 6.1.
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for the exponent o= 0.544483737 which solves o sin(2w) + sin(2wa) =0 for v =3n/4 and for
c1 =2(A+2w)/(A+ ). We refer to [13] for meshes, algorithms and further details in this benchmark
and focus on the compressed output displayed in Figure 1. The convergence rates (= twice the
negative slope) in this double logarithmic scales of all the plots of the convergence history confirm
the theoretical expectations based on the singularity r* of the exact solution. For uniform mesh
refinements the three FE schemes support the convergence rate o (i.e. the slope —a/2) while the
adaptive meshes display the optimal convergence rate 1 for P; and P; + RBM and 2 for P,
FEM. The energy error |||le||| and its numerical upper bound Ckomelast?];, are relatively close for
the P; + RBM and the P, FEM. A comparison with jij suggests |||e|l|<fy <Ckormelast/f;, With a
good agreement of ||le]|| and fiy .

6.2. Cook’s membrane example

The data of the Cook’s membrane benchmark example can be found in the literature [12, 13];
f, E, v are as in Section 6.1. Numerical experiments supported Cgorn =5.2974 and Cxornelast =
0.116394014 which is 21% smaller than Cgom/+/2u. The convergence history of Figure 2 is
computed from llelll® = lulll®> — lunll*> with the value ||ju||| = 1.34751271200664 from careful
extrapolated simulations. In contrast to the good accuracy of the estimators fi; and 7, in the example
of Section 6.1, the estimation of this subsection, although supporting |l|el||<ft;. <CKormelastlL, 1S

—+— lllelll for P1 uniform
-e- Cmme‘as‘ n. for P‘ uniform
—— lllelll for P1+HBM uniform

- e -u for P1+RBM uniform

Illelll resp. error estimators

—+— lllelll for P2 uniform
-—e-u for P2 uniform
-2

107 —x— lllelll for P1 adaptive

-6 - CKome‘as‘nL for P‘ adaptive

—s— lllelll for P1+RBM adaptive

- ¢ — u_for P, +RBM adaptive

—x— lllelll for P2 adaptive

- ¢ - u for P, adaptive

107 L P | L P | L MR |
2 3 4 5

10 10 10 10 10

N

Figure 2. Convergence history for the energy error |||e||| and estimators Ckomelast?jy, and fi, as functions
of the number of degrees of freedom N for Py, P; +RBM, and P, FEM on uniform and adapted meshes
in the Cook’s membrane problem in Section 6.2.
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i ::111-5'|
1.5 45
4
‘I f=
3.5
005 3
2.5
0 =
2
S e s s
1
Atk
0.5
s ; ; 5 i ; ;
-1.5 -1 -0.5 0 0.5 1 1.5

Figure 3. Deformed adapted mesh for P;rp elements of the slit domain of Section 6.3 with 360 degrees
of freedom and a displacement magnification by the factor 1000.

less accurate with overestimation of the magnitude of [7] for the Laplace problem. The estimation
is better for adapted meshes and the various experimental convergence rates seem in agreement
with expectations from the literature.

6.3. Slit domain example

The slit domain Q= (-1, +1)%\[0, 1) x {0} of an elastic material with f, E, v from the previous
examples is displayed in a deformed configuration in Figure 3. The Dirichlet boundary is on
the left side with up = 0 on I'p := {—1} x (—1, +1) while the surface lead vanishes except
for {x € 0Q:x =41} where g(x) = (0, £1). Numerical simulations support Cxom = 5.3458 and
CKomelast = 0.01927466033063 which overestimates Ckom/+/2u by a factor 1.19. (This illustrates
numerical difficulties and |||u||| =0.0119655862938.) The convergence history of Figure 4 allows
similar conclusions as before, but jij is very close to |||e||| (7. is scaled by an overestimated factor
CKom)'

6.4. Locking

One important effect in the numerical computation of solutions in linear elasticity is locking: as
Poisson’s ratio v tends to 0.5 and the solution is obtained with Lagrange elements, the solution
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10_1 T T T

10°

—+— lllelll for P1 uniform

-e- CKomelaS'anor P1 uniform

—+— lllelll for P1+RB uniform

Illelll resp. error estimators

- e-u for P1+RBM uniform

—+— lllelll for P2 uniform

-o-u for P2 uniform

107 F s lllelll for P, adaptive

-%- CKDmeIw n, for P, adaptive

—x— lllelll for P1+RBM adaptive

- ¢ - y_for P.+RBM adaptive

—x— lllelll for P2 adaptive

- ¢ - u for P, adaptive

10—5 1 1
10 10° 10 10" 10

Figure 4. Convergence history for the energy error |||le||| and estimators Ckomelast?jy, and fi as functions
of the number of degrees of freedom N for P;, P; + RBM, and P, FEM on uniform and adapted
meshes in slit domain from Section 6.3.

degenerates. Figure 5 shows the energy error for the three types of elements with adaptive refinement
for the values v=1{0.4, 0.45, 0.49, 0.499, 0.4999}. An examination of the new P; + RBM FEM
elements shows that they also have this locking property while the adaptive P, FEM compensate
for this effect best.

Similar remarks apply to the uniform mesh refinements (not displayed). For large meshes of
degrees of freedom (say N>30000) the convergence rate is much improved in Figure 5; the
reasons for this remain unclear, although adaptive FE schemes are observed to have a positive
effect for the locking phenomenon [13].

7. DISCUSSION

The localized Pj-error estimator is a reliable error estimator, but requires the global Korn’s constant.
This difficulty is circumvented and localized by using our proposed P; +RBM FEM. The numerical
experiments show that the solution itself is not much better than the solution with P FEM. The
localized error estimator yy , however, estimates the energy error very accurately. The use of P,
FEM shows the best results, y; is again a good reliable error estimator.

A comparison of the computation times of the three methods to compute a solution with a given
error tolerance shows that the P>-method needs the least time. At first glance this appears strange
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—+— v=0.4 for P, uniform \,\\\ - \+¥ \+\*
— + —v=0.4 for P2 adaptive \* NN hy
—+— v=0.4 for P1+RBM uniform —4— . v=0.499 for P2 uniform RN : + : . 4
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Figure 5. Convergence history for the energy error |||e]||| as a function of the number of degrees of freedom
N for P;, Pi1+RBM, and P, FEM on uniform and adapted meshes in locking example on L-shaped domain
in Section 6.4 for adaptive mesh-refining for various Poisson rations v=0.4, 0.45, 0.49, 0.499 and 0.4999.

but can be explained like this: if one looks at the computation time of one iteration in all the three
cases, it can be seen that between 80 and 90% of the time is consumed by the computation of the
error estimator. Considering one triangle, it bears 9 degrees of freedom in the P; + RBM FEM
case and requires the solution of three local problems for the error estimator, while in the P, case
a triangle has 12 degrees of freedom but also generates only three local problems. This means
that a certain number of degrees of freedom (and thus a certain quality of the solution) requires
a higher number of elements in the P; + RBM FEM, etc. and thus a lot more local problems
to be solved—and this results in a much higher computation time. One possible conclusion from
the numerical experiments is the recommendation of the adaptive P, FEM combined with the
localized error estimator proposed in this paper.
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